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1. Introduction.

This paper is concerned with the strong ergodic theorems for commutative
semigroups.

Let C be a nonempty closed convex subset of a real Banach space X. A mapping
T: C—C is said to be asymptotically nonexpansive if for each n>1,

(1.1) ITx—Ty|<(+a,)Ix—yl  forall x,yeC,

where lim,_, , a,=0. In particular if a,=0 for all n> 1, T is said to be nonexpansive. We
denote by F(T) the set of fixed points of a mapping 7 from C into itself. Let
T ={T(t) : t=0} be a family of mappings from Cinto itself. 7 is called an asymptotically
nonexpansive semigroup on C if T(t+s)= T(t)T(s) for every t,s=>0, and there exists a
function «(*) : R* - R* with lim,_, , «(f)=0 such that

(1.2) I T@x—TEy | <A+a) | x—yll

for all x,yeC and t>0. In particular, if a(t)=0 for all t>0, then J is called a
nonexpansive semigroup on C.

Baillon [2] and Bruck [3] proved the strong ergodic theorem for nonexpansive
mappings in Hilbert spaces : let T be a nonexpansive mapping from C into itself and
let xeC. If F(T) is nonempty and lim,_ , || 7"x— T"**x || exists uniformly in k=
0,1,2,---, then {T"x: n>1} is strongly almost convergent as n— co to a point of
y in F(T), i.e.,

1
lim — Y T'**x=y  uniformly in k=0,1,2,---.
n—w i=0
The corresponding result for nonexpansive semigroups is the following:
let {T(¢): t>0} be a nonexpansive semigroup on C. If ﬂ,ZOF(T (t)) is nonempty and
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lim, , ,, || T(t)x— T(t + h)x || exists uniformly in h >0, then { T(t)x : ¢t >0} is strongly almost
convergent as t —» oo to a point of y in ﬂ > oF(T(Q), ie.,

t
lim % J T(s+h)xds=y uniformly in h>0.
o ]

Kobayasi and Miyadera [14] extended these theorems to the case of uniformly con-
vex Banach spaces. Recently, the author [17] obtained the same conclusion for
asymptotically nonexpansive mappings. On the other hand, Hirano, Kido, and
Takahashi [11] provided nonlinear ergodic theorems for commutative semigroups of
nonexpansive mappings in Banach spaces. Recently, the author [18] generalized their
results to the case of commutative semigroups of asymptotically nonexpansive mappings.
Our results enable us to handle simultaneously ergodic theorems for asymptotically
nonexpansive mappings and semigroups, i.c., we can establish the weak almost
convergence of {T"x: n>1} (xeC) and {T(t)x : t>0} (xeC) in a unified way.

Our first purpose is to prove the strong ergodic theorem for commutative semigroups
of asymptotically nonexpansive mappings. It seems to be the first time that a unified
approach of the strong ergodic theorem for nonlinear semigroups is established.

The second purpose is to provide the ergodic theorem for affine semigroups in
general Banach spaces, which is proved by modifying the proof of our first ergodic
theorem. See [9] for the characterization of affine semigroups.

This paper consists of five sections. Section 2 is a preliminary part. Section 3
contains some lemmas. In Section 4, we prove the strong ergodic theorem (Theorem
1) for commutative semigroups of asymptotically nonexpansive mappings. Theorem 1
is the first main result which allows us to treat the strong almost convergence for
asymptotically nonexpansive mappings and semigroups in a unified way. See Corollaries
2 and 3. In the last section, Section 5, we briefly investigate the ergodic theorem for
affine semigroups in general Banach spaces.

2. Preliminaries.

Let C be a nonempty closed convex subset of a real Banach space X and let G be
a commutative topological semigroup with the identity. We shall use the same notation
asin [11] and [18]. Let X* be the conjugate space of X. The value of x*e X* at xe X
will be denoted by (x, x*). For a subset E of X, coE denotes the convex hull of E,
clcoE the closed convex hull of E.

Let m(G) be the Banach space of all bounded real valued functions on G with the
supremum norm. For each s€ G and fem(G), we define an element r,f in m(G) by
(rfXt)=f(t+5s) for all te G. The mapping r,: fisr,f is a continuous linear operator
in m(G) for all se G. Let D be a subspace of m(G) and let u be an element of D*, where
D* is the conjugate space of D. Then, we denote by u(f) the value of u at fe D. To
specify the variable ¢, we write the value u(f) by u,{f(t)) or {f(®)du(r). When D contains
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a constant function 1, an element u of D* is called a mean on D if || u || =p(1)=1. It is
known that ye D* is a mean on D if and only if

inf{f(t): teG}<u(f)<sup{f(?): teG}

for every fe D; see [6]. Further, let D be invariant under r, for every s€ G. Then, a
mean on D is said to be invariant if u(r,f)=p(f) for all se G and fe D. For se G, we
can define a point evaluation d, by d,(f)= f(s) for every fe m(G). A convex combination
of point evaluations is called a finite mean on G.

Let 7 ={T(t): te G} be a commutative semigroup of mappings on C, i.c.,

(a) for each te G, T(t) is a mapping from C into itself, and
(b) T(s+t)x=T(s)T(t)x for all s,teG and xeC.

F(T)=(),.cF(T(s)) denotes the set of common fixed points of {T(s): seG}. F(T)
may be possibly empty. A function u(-): G— C is said to be an almost-orbit of
T ={T@):teG} if

seG | teG

@.1) lim |:Sup Il (e + 5) — T(2)us) IIJ =0,

where lim ;v(s) (v(s)=sup,.q || u(t +s)— T(t)u(s) | for se G) denotes the limit of a net
v(+) on the directed system (G, <) and the binary relation < on G is defined by a<b
if and only if there is ce G with a+c=»b.

Let a subspace D of m(G) satisfy the following property (*):

*) D contains a constant function 1 and is invariant under 7, for every seG .

For each x* e X*, a function h,.: t—<u(t), x*> isin D. -
Suppose that the weak closure of {u(f):te G} is weakly compact. By [11,
Proposition], for any ue D* there exists a unique element u, in X such that

(2.2) ' Sty X*) = J u(t), x*>dp(t)

for all x* € X*. We write u, by [u(t)du(t). If u is a mean on D, then | u(t)du(t) is contained
in clco{u(t) : te G}. Therefore, fu(t)du(t)e C. Also, if u is a finite mean on G, say

M=

#:

i

aién (tiEG, a;>0,i=1,2,---,n, z ai=1),
1 ]

13

then
nCu)= 3 au(e) .

Let 7 ={T(t): te G} be a commutative semigroup on C. 7 is said to be a commutative
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semigroup of asymptotically nonexpansive mappings on C if the following condition (c)
is satisfied:

() For each te G, there exists a(t)>0 such that
| TO)x—T@Ey |l <(1+a®) | x—y|  forall x,yeC
with

2.3) lim a(t)=0 .

teG
If X is uniformly convex and C is bounded, the set F(Z) is nonempty bounded closed
convex (cf. [22]) and the weak closure of an almost-orbit {u(¢): te G} of J is weakly
compact by the reflexivity of X.

3. Lemmas.

Throughout this section, X is a uniformly convex real Banach space, C a nonempty
bounded closed convex subset of X, G a commutative topological semigroup with the
identity, 7 ={T(t): te G} a commutative semigroup of asymptotically nonexpansive
mappings on C satisfying (c) in Section 2, and {u(t): te G} an almost-orbit of 7.
Moreover assume that a subspace D of m(G) satisfies the property (*) in Section 2 and
G is totally ordered, i.e., for all a, be G, either a>b or b>a holds.

In what follows, we suppose that an almost-orbit {u(t) : ¢t € G} satisfies the following:

3.1 lim || u(t + h)—u(z) || exists uniformly in heG.
teG

Then, u( +) is called asymptotically isometric (cf. [3]). Since lim, ¢ || u(t + h)—u(t) || exists
for each he G (see [18, Lemma 2]), in (3.1) we require the uniformity of the limit in
heG. Put d=sup, ¢ | x || and M =sup, 4(1 + ().

LEMMA 1. For any ¢>0 there exist ro(e) € G and s,(€) € G such that

” T(")(Zn:l aiu(si)>_ Z a; T(r)u(s;)

i=1

<e

for any r>ro(e),n=1,ay, -, a,20 with 377 a;=1, and s, - - -, 5,2 50(e).

FRroOOF. Since X is uniformly convex and C is bounded, by Bruck [4, Theorem

2.1] there exists a strictly increasing, continuous, and convex function y: R* — R* with
1(0)=0 such that

T(t)( Z": aixi)"' i a; T(t)x;
i=1 i=1

3.2
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S(1+cx(t))y_1< max [ll X —x; | = I T@)x; — T()x; “])

389

1<i,j<n 1+ of2)
for any teG,n>1,a,, - - -, a,>0 with Z;’zla,: 1, and x,, - - -, x, e C.
For any >0, we can choose 6 >0 such that
Y (O <e/M
because y~! is continuous and y~1(0)=0. Then, by (2.3) there exists ro(¢)€ G such
that

ar)<o/8d
for all r>ry(e). Also, from (2.1) and (3.1), there is s,(¢) € G such that

sup | |1u(s)— s+ h) | — | uls) —u(s +1) || <54

and
sup || u(t+s)— T(t)u(s) | <o/4
teG
for any s, s’ >s0(€). Let n>1 and s, * - -, 5,>50(€). If r>rq(e), then

Il () —uls;) | —

T+ o0) I T(ryuls:) — T(r)uls;) |

< || uls;) —uls;) | — || uls;+r)—uls;+7) | + 1| u(s; + 1) — T()uls;) |
+ | T(r)uls;) —uls;+r) || +alr) || uls;) —uls;) |
<6/4+6/4+6/44+5/4=0
for all 1<i, j<n. Therefore, by (3.2) we have

“ T(r)( 3 a,-u(si)) ~ ¥ a,T(us) | <My~'(6)<e
i i=1

=1

for any @, -+, 4,20 with }"_ a;=1.

The following lemma plays a crucial role in our discussion.

d

Lemma 2 [18, Lemma 7). For any invariant mean p on D, u, belongs to

F(T) A () .gcleofult) : t=s5).

LEMMA 3. Let p and A be invariant means on D. Then we have u,=u,.

PROOF. Let p and A be invariant means on D. Then, by Lemma 2, U, U €
F(T) 0 (\,cg¢clco{u(t) : t>s}. By Lemma 1 and (2.1), for any £ > 0 there exist ro( =ro(e)) €
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G and sy(=s5¢(¢)) € G such that

(3.3) sup || (s +q) — T(q)u(s) | <e/3

and

3.9 “ T(t+ r0)< i a,-u(s,-)) — Z": a; T(t+rou(s;) | <&/3
i=1 i=1

for any s>sq,n>1,a,, -+, a,>0 with Z:'l=1 a=1,s,,---,5,28, and teG. Since
u, € clco{u(s) : s>s,}, there exists an element Z:'; , bau(s;) in the set co{u(s): s>s,} such
that

(3.5) <¢/3M .

u,— _Z.l bau(s;)

Then, noting that u, e F(9), it follows from (3.3), (3.4), and (3.5) that

(3.6) i bu(t+s;+ro)—u, || < i bu(t+s;+ro)— i b; T(t +ro)uls;)
+ i b; T(t+rou(s;)— Tt +r0)( i biu(si)) "
i=1 i=1
+ H T(t+ r&(i‘, b,-u(si)) —T(t+ro)u,
<e/3+¢/3+¢/3=¢
for all teG.

Fix x*€ X* with || x* || =1. Because y is an invariant mean on D, we have that

| <ty —uz, X*5 | = plult)—uy, x* |

'=21 biuu(t+s;+ro)—u,, x*> ‘

=,/‘t< Z biu(t+s;+ro)—u,, X*>
i=1

<sup bu(t+s;+ro)—u, | <e
teG || i=1
by (3.6). Since ¢ is arbitrary, we conclude that u,=u;. O

REMARK 1. If the norm of X is Fréchet differentiable, Lemma 3 holds good with-
out the assumption (3.1). See [18, Lemma 8].
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4. Ergodic theorems.

Asin [11], a net {u, : aeI} of continuous linear functionals on D is called strongly
regular if it satisfies the following conditions;

(a) SUP || || <+ 005

)  limp(1)=1;

ael

(¢) lim || g, —r*u, | =0 for every seG,
ael

where r¥ is the conjugate operator of r, for se G.
The first main result of this paper is the following.

THEOREM 1. Let D be a subspace of m(G) containing a constant function 1 and
invariant under r, for every s€ G. Let C be a nonempty bounded closed convex subset of
a uniformly convex real Banach space X and let {u(t): te G} be an almost-orbit of a
commutative semigroup 7 ={T(t): te G} of asymptotically nonexpansive mappings on C
such that the function t— {u(t), x*) is in D for each x*e X*. Suppose that u(-) is

‘asymptotically isometric and let {u,: a1} be a strongly regular net of continuous linear

JSunctionals on D. Then, | u(t + s)du,(s) converges strongly to an element u, in F() uniformly
in te G, and u,=u, for invariant means p and A on D.

ProoF. By Lemma 3, u,=u, for invariant means on x and 4 on D. Let u be any
invariant mean on D. As in the proof of Lemma 3, for any &¢>0 there exist
ro(=ro(e)) € G, s;(=s;(¢)) € G, and b;(=b,(g)) >0 with z:'; ,bi=1(1<i<m) such that

4.1)

i

m
biu(t+s;+ro)—u, | <e/6 sup || u, |
=1 a

for all teG. Since {u,: ael} is strongly regular, there is ao(=a,(€)) €I such that
4.2) I e —1Foq Il <&/3d

4.3) I e =151 || <€/6d

foralli=1,2,---,m, and

(4.4) 11—p(1)<e/3d

for every a>a,. By (4.2),

(4.5)

Ju(s + t)du,(s)— ju(s +t+ro)dus)
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:

<sup | w(@ |l * | pa—17 1 | <&/3
qe G

J u(s + t)du(s)— Iu(s + )d(r} pXs)

for all te G. Also, we have that

(4.6)

u,— f u(s+t+ro)dus)

= Sup <uu - J‘u(s +t+ ro)dl‘a(s)’ X*> .
fIx*ll<1
< sup |<u, x*) —f(u,,, xX*>dp(s)
Jlx*l<1
+ sup J(u —uls +t+ro), x*>dp(s)
[Ix*ll <1

for every te G and ael. From (4.4), the first term of (4.6) is estimated as

4.7) sup

fIx*ll <1

<uw x*> - I('ﬂu x*>dﬂa(s)

< sup [ <u x*Y|[1—p1)] <ef3
Ix*l <1

for all a>a,. By (4.1) and (4.3), the second term of (4.6) is estimated as

(4.8) sup J {u,—u(s+t+71o), x*>dp,(s)

x>l =1

r

(u, —u(s +t+ro))du,(s)

IA

"(“u — i biu(s+s;+ro+ t))dua(s)

r~

+
Ms

biu(s+s;+ro+t)duls)— f u(s +t+rg)du(s)

J i=1

— Y bu(g+s;+71o)

<sup
qeG

“sup || 4, |l

P i biu(s +ro+ )d(rgu.)s) — i byu(s +ro + t)du,(s)
i=1 i=1
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<8/6+Sug u(g) || - max || r¥u,—u, |l
qe

1<i<m
<g/6+¢/6=¢/3
~ for all a>a, and teG. Then, it follows from (4.7) and (4.8) that

<2¢/3

u,— ju(s +t+ro)du,(s)

for all «>a, and te G. Consequently, combining this with (4.5), we have that

<é

J u(s + t)dp,(s)—u,

for every a>0a, and teG. O

Throughout the rest of this section, suppose that X is a real uniformly convex
Banach space and that C is a nonempty bounded closed convex subset of X. Using
Theorem 1, we can get the strong ergodic theorems for asymptotically nonexpansive
mappings and semigroups.

Let N={0,1,2,---} and let Q=1{q, m}s me~ D€ a matrix satisfying the following
conditions:

00

@  sup Y |quml<+o0;

nz20 m=0

) lim ) g,.=1;

R0 m=0

(C) hm Z IQn,m+1_qn,m|=0-

n—>c0 m=0

Then, Q is called a strongly regular matrix.
Let T be an asymptotically nonexpansive mapping from C into itself satisfying
(1.1) and let {x,} be an almost-orbit of 7, i.e.,

lim [sup | Xptm— T™x, |l:|=0 .
0

n—oo | m>

PutG={0,1,2,---},7 ={T": ie G},and D=m(G)in Theorem 1. We obtain the follow-
ing corollary. For its proof, see [11] and [18].

COROLLARY 2. Supposethatlim,_, , | x,— X, 4 || exists uniformlyink=0,1,2, - - -.
Then, the following hold:

(i) n7t Z:';; X+ converges strongly to some point of F(T), as n— co, uniformly
ink=0,1,2,---.

(ii)  If Q={qp m}n men is a strongly regular matrix, then 2:’: o0 In,mXm+x cOnverges
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strongly to some point of F(T), as n— oo, uniformly in k=0,1,2, - -.

(i) (1—r)Y 72  r'x;+y converges strongly to some point of F(T), as r11, uniformly
ink=0,1,2,---.

REMARK 2. If Xis a real Hilbert space, C= —C, and T'is odd (i.e., — Tx=T(—x)
for all xe C) asymptotically nonexpansive, the assumption of Corollary 2 is satisfied.

Let Q: R* x R* — R be a function satisfying the following conditions:

(*

(a) sup | Q(s, t)|dt < + 00 ;

520 Jo

r

® lim | QG 0ldi=1;

st Jo

r

(c) lim | Q(s, t+h)—Q(s, t)|dt=0 for all h>0.
(V)

-
s

Then, Q(-, -) is called a strongly regular kernel. Let 7 ={T(t) : t>0} be an asymptot-
ically nonexpansive semigroup on C satisfying (1.2) and let a function u(*): R* - C
be an almost-orbit of 7, i.e.,

s> a0

lim [sug | w(t + s)— T(t)u(s) II] =0.

PutG=R*,7 ={T(t): teG},and D={vem(G) : v( -)is a strongly measurable function
on G} in Theorem 1. We get the following results.

COROLLARY 3. Suppose that lim,_, ., || u(t)—u(t+ h) || exists uniformly in h>0 and
that u( *) is strongly measurable. Then, the following hold:

(i) s~ 1! j":) u(t + h)dt converges strongly to some point of F(J), as s — o0, uniformly
in h>0.

(i) IfQ(-, *)is astrongly regular kernel, then j: O(s, Hu(t + h)dt converges strongly
to some point of F(J), as s — o0, uniformly in h>0.

(iii) 4 j: e~ *u(t + h)dt converges strongly to some point of F(J), as A0, uniformly
in h>0.

5. Concluding remarks.

In this section, we briefly investigate the ergodic theorem for affine semigroups
in general Banach spaces.

Throughout this section, we suppose that C is a nonempty closed convex subset
of a real Banach space X, G a commutative topological semigroup with the identity.
Now we consider a commutative semigroup J ={T(t): te G} on C which satisfies the
following conditions:
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(d) For each te G, T(¢) is affine, i.e.,
T(tYax+ (1 —a)y)=aT(t)x +(1 —a)T(t)y for all 0<a<]1 and x,yeC;
(e) There exists a constant M >0 such that
[ TEx—T@EylI<M|x—y| for all teG and x,yeC.

Then, we call 7 ={T(t): te G} an affine semigroup on C for simplicity.

In what follows, let 7 = {T(t) : t€ G} be an affine semigroup on Candlet {u(t) : te G}
be an almost-orbit of 7.

For each ¢>0 and re G, we set

F(Tr)={xeC: | T(r)x—x|<e}.
F(T(r)) may be possibly empty. F,(T(r)) is closed convex because T(r) is affine. Since
G is commutative, there exists a net {4, : a eI} of finite means on G such that

(5.1 lim || 4, —r¥2, =0,

ael

for every se G, where I is a directed set. See [6]. We can prove the following lemma
for this net {4,: ael}, which is analogous to [18, Lemma 6]. Its proof is a simple
modification, and hence we omit it.

LEMMA 4. Suppose that F(T) (=(),.c F(T(s)) # &. For any ¢>0 and qe G there
exists oy(e, q) €I satisfying

J-u(w +5)d,(s) e F(T(q))

Jor all a>0y(e, q) and weG.

PROPOSITION.  Let {u(t) : te G} be an almost-orbit of 7 ={T(t): te G} and suppose
that the weak closure of {u(t): te G} is weakly compact. Then, F(I)+# 5.

PROOF. Let {4, : ael}beanetoffinite means on G satisfying (5.1). Since [ u(t)d(¢)
is contained in clco{u(t) : t€ G} which is weakly compact by the assumption, there exists
asubnet {4,,: feJ} of the net {4, : a eI} such that w-limg _ ; f u(t)dA,,(t)=y. Then, yeC.
We will show that ye F(9).

Let ¢e>0 be arbitrarily given. Fix x*e X* with || x*| =1. Let seG. Since T(s)
is affine, note that w-limg_, | T(s)u(t)d4, () =w-limg T(s)(f u(t)dA, S0)=T(s)y. Also,
{T(r)u(p) : p, re G} is bounded by the assumption. Put d = sup,.,cq ll T(nu(p) ||. By (2.1),
there exists so( =54(¢)) € G such that

(5.2) sup |ut+q)—T@u(q) | <e/5

for all g>s,. Considering what is mentioned above and (5.1), we can choose
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B(=B(e, s)) e J so that

(5.3) | Aay =1 sohe, | <2/5d,
5.4 | Aday —TSoha, | <&/5d,
(5.5) ‘ < y— ju(t)l,, L(0), x*> <g/s,
and
(5.6) _ ‘ < f T(s)u(t)dA, () — T(s)y, x*> <g/s.
From (5.3),
5.7 I f u(t)dA, (t)— ,[u(t + 5o + 5)4,,(t)
= ‘ Ju(t)la,(t)— Ju(tﬂ(r?+ soPasht)
<sup [[w(g) | - l| day — 7S+ s0ha, | <€/5 .
qeG
By (5.4),
(5.8) “ JT(s)u(t +50)dA,,(t)— j T(s)u(t)dA,,(t)

< sup || Tu@) || - || Ap, — 13 Aq, Il <€/5 .

p,reG

Also, by (5.2) we have

ju(t + 50+ 5)dA, (t)— JT(s)u(t +5o)dA, (1) ”
=< Suwp Il ulz +q)— T(D)ulq) | <e/5 .

Consequently, combining this with (5.5)~(5.8) we get

<y— fu(t)dia,(t), x*>

j u(t)da, () — J u(t + 5o +5)dA, (t)

I <y— T(s)y, x*> | <

+ ‘

§

Ju(t + 50+ 5)dA, (1) — J‘ T(s)u(t + s0)dA,,(t)
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+ “ f T(s)ult + 5o)dA,,(8) — fT(s)u(t)dl,ﬂ(t)

+‘ < f T(s)u(t)dA, (1) — T(s)y, x*>
<e/S+¢e/5+¢/5+¢/5+¢/5=¢.
Since ¢ is arbitrary, y=T(s)y for all se G. Therefore, F(J)# . O

We can show the next lemma by Lemma 4 and Proposition in the same way as
the proof of [18, Lemma 7].

LEMMA 5. Suppose that a subspace D of m(G) satisfies the property (*) in Section
2 and that the weak closure of {u(t): te G} is weakly compact. For any invariant mean
u on D, u, belongs to F(T) N (), qclco{u(t): t=s}.

Using Lemma 5, we have the following lemma similarly as the proof of Lemma 3.

LEMMA 6. Suppose that the assumption in Lemma 5 is satisfied. Let yu and A be
invariant means on D. Then we have u,=u,.

The second main result of this paper is the following.

THEOREM 2. Let D be a subspace of m(G) containing a constant function 1 and
invariant under r, for every se G. Let C be a nonempty closed convex subset of a real
Banach space X and let {u(t):te G} be an almost-orbit of an affine semigroup
T ={T(t): te G} on C such that the function t+— {u(t), x*) is in D for all x* € X* and let
{u, : ael} be a strongly regular net of continuous linear functionals on D. If the weak
closure of {u(t): te G} is weakly compact, then j'u(t+s)du¢(s) converges strongly to an
element u, in F(J") uniformly in te G, and u,=u, for invariant means p and A on D.
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