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Introduction.

In his paper [7], being inspired by a classical treatment of static magnetic fields
in the three dimensional Euclidean space, T. Sunada studied the flow associated with
a magnetic field on a Riemann surface. A closed 2-form B on a complete Riemannian
manifold M is called a magnetic field. Let Q= Qg denote the skew symmetric operator
on the tangent bundle TM of M satisfying B(u, v) = <{u, Q(v)) with the Riemannian metric
{, ) for every tangent vectors u and v. The Newton equation on this setting is of the
form V= Q(y) for a smooth curve y on M. We call such a curve satisfying this equation
a trajectory for B. In terms of physics it is a trajectory of a charged particle moving on
this manifold under the action of the magnetic field. The aim of this paper is to give a
light in terms of magnetic fields on dynamical systems for a manifold of complex space
form. The most important dynamical object associated to a Riemannian manifold is
the geodesic flow. Consider the case without an action of magnetic field, B=0. The
Newton equation turns out to V;j=0, hence trajectories are nothing but geodesics. In
the same way as the geodesic flow corresponds to geodesics, we can define a flow
associated with a magnetic field in the following manner. One can easily check that
every trajectory y(¢) for B has constant speed, hence is defined for — oo <t<o0. We call
a trajectory normal if it is parametrized by its arc length. The magnetic flow
Bg,: UM— UM on the unit tangent bundle UM is defined by

By (v)=v/?), veUM, —o0<t<w,

where y, denotes the normal trajectory for B with 7,(0)=v. If y is a trajectory for B,
then the curve o(f)=7y(Af) with a constant A is a trajectory for AB. This represents a
dynamical property of trajectories for B.

On a Riemann surface, magnetic fields are of the form f- Vol with a smooth
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function f and the volume form Vol. When f is a constant function, it is called uniform.
The feature of trajectories are well-known for a uniform magnetic field k- Vol on a
surface of constant sectional curvature. On a sphere S?(c) of sectional curvature c,
normal trajectories are small circles, which can be seen circles (in usual sense of Euclidean
geometry) of radius (k2+c¢)~ /2 if we canonically embed S*(c) in R3. On a Euclidean
plane R? they are circles of radius 1/|k|. In these two cases, every trajectory is closed.
The prime period of a normal trajectory is 2n/,/k2+c on S%(c), and 2n/| k| on R2. On
a hyperbolic plane H?(—c) of sectional curvature —c, the feature is quite different.
When the strength | k| is greater than ﬁ , normal trajectories are still closed with prime
period 2xn/,/k*—c, but when | k| s\/—c_ , normal trajectories are open curves and go to
some points on the ideal boundary as t— 4+ co. Moreover, when |k|=\/? normal
trajectories are horocycles (see [4] and [7]).

We shall now consider magnetic fields on manifolds of higher dimension. We call
a magnetic field uniform if the associated skew symmetric operator is parallel VQ=0.
This means that the magnetic field has constant strength. On real space forms of
dimension greater than 2 we find there exist no nontrivial uniform magnetic fields.
Another typical example of uniform magnetic fields is a Kahler magnetic field on a
Kéhler manifold. Let (M, J) be a Kéhler manifold with a complex structure J. We cail
a scalar multiple of the Kéhler form B, a Kdhler magnetic field, here the Kihler form
is given by Bj(u, v)=<u, Jv). In contrast with the feature of trajectories for uniform
magnetic fields on surfaces of constant sectional curvature, it is quite natural to study
Kihler magnetic fields on manifolds of constant holomorphic sectional curvature. For
a complex space C", the flat case, the situation is trivial. For a complex projective space,
we announced in [1] that every trajectory for a Kahler magnetic field is a small circle
on a totally geodesic embedded 2-sphere, hence is simply closed. We study in section
1 the case of a complex hyperbolic space CH"(—¢) of constant holomorphic sectional
curvature —c. We give explicit expressions of trajectories and point out that the feature
of trajectories changes according to the strength | k| of a Kédhler magnetic field k - B,
is greater or smaller than \/? . Under these consideration we shall be concerned in
section 2 with dynamical theoretic relationship between the geodesic flow and Kihler
magnetic flows. Two flows ¢, and y, on a manifold N are said to be smoothly conjugate
in the strong sense if there exist a diffeomorphism f: N— N and a nonzero constant
6 such that /" 'og@,o f =y,. We show that, in the same way as the sense n=1, Kihler
magnetic flows for CH"(—c) are classified into three classes according to the strength
of Kéhler magnetic field. We also point out that Kéhler magnetic flows for a complex
projective space are strong smoothly conjugate each other.

Our proof is based on the fact that a complex hyperbolic space is a base manifold
of a principal S*-bundle n: H}"*!'—CH?", which corresponds to the Hopf fibration
§2"*1CP". Once we take horizontal lifts of trajectories, we find that they are helices
of order 3, which satisfy linear ordinary differential equations in C"*!. Solving these
equations we can give their explicit expressions, which are very useful in our argument.
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Our results are natural generalization of the result of [7] on uniform magnetic flows
for a hyperbolic plane.

§1. Trajectories for Kihler magnetic fields.

We shall start with giving some fundamental notations on a complex hyperbolic
space. Consider a Hermitian form on C"*! defined by

Kz, wh=—zoWo+ 3 2},
i=1
for z=(zq, - * ", 2,), w=(Wg, -+, w,)eC"*1 . On the real hypersurface H{"*'={ze
C"*1| (z,z)=—1}, the group S'={e} acts freely; z—e”z. We denote by
n: H?**1 > CH" the principal S!-fiber bundle. For ze H{"*!, the tangent space is
represented by

T,H"*'={(z,u) | ue C"*!, Refz, uy =0},
and is decomposed into horizontal and vertical subspaces # ,H?"* ' @ 7", H{"* !, where
H H  ={(z,u) | ueC"*!, Lzuy=0}, and ¥ HI""'={(zil2) | Ae R} .

The tangent space T, CH" is identified with the horizontal subspace #,H3""*, and
represented by

T,.,CH"={dn((z,w) | ze H}"**, (z, e # HT" '} .

Since the restriction of the Hermitian form ¢ , ) on T,C"*'~C"*! to # ,H"*! is
positive-definite, we can define a metric on CH" by

4
{u, v) =?Re<<u, vy, u,ve T,,(Z,CH”:J?ZH%"“ ,

with a positive constant c¢. With the complex structure J induced by the canonical
complex structure on C"*?!, the Kihler manifold CH"=CH"(—c) is called a complex
hyperbolic space of holomorphic sectional curvature —c.

We use the same < , > to denote the pseudo-Riemannian metric Re{ , ) on C"*!
and its restriction on H3"*!, Let V and V denote the Riemannian connections associated
to <, > on C"*! and H?"*! respectively. We put N=N(z)=(z, z)e T,H3?"*', which is
the “unit” normal vector at ze H2"*1. The relations between V, ¥ and the Riemannian
connection V on CH"(—4) are as follows:

LemMa 1. (1) For any vector fields X, Y on H**1cC"*! we have V Y=
VyY—{(X, Y)N.

(2) For horizontal vector fields X, Y on H{"*' we have in regarding them as vector
fields on CH™(—4) that Vy Y=V Y+ (X, JY)JN.
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Proor. (1) Since (Y, N>=0 and VyN=X, we have
0=VX<Y3 N>=<VXYs M'i’(Y, VX1v>=<VXYs N>+<Y, X> .
Therefore we get

<VXY9 N>

VY=V, Y- N

N=V,Y+(V,Y, NS N=V,Y—(X, Y>N.

(2) Similarly we have

VY, JN) IN=F ¥ VY, IND
{JN, JN) (N, N)

Since (Y, JN) =0 we find
0=V, Y, IN)=(V, Y, IN)+<Y, V4 JN)
=(V,Y, INY+(Y, VyJN—{X, JN>N)
=V, Y, IN) + Y, JVyN)
=V Y, INY>+ Y, JX)=(V, Y, IN>—(X,JY),

and get the relation.

VvV, Y=V,v— JN=V,Y+(V,Y,INDIN .

By using this fundamental relation, we shall give explicit expressions for trajectories
for Kdhler magnetic fields on a complex hyperbolic space. We here mention to some
fundamental properties of trajectories for Kdhler magnetic fields. Let y be a trajectory
for a Kihler magnetic field k+B; on a Kaihler manifold (M, J,{,)). If f is a
+ holomorphic isometry of M, then the curve foy is a trajectory for +k-B,. Two
trajectories y; and y, are called congruent if there exists a holomorphic isometry f with
y2=/f°7;. On a manifold of complex space form CP"(c) or CH"(—c), it is clear that
trajectories for k- B, are congruent. When we change the Riemannian metric
homotbhetically; { , >—a?-{, ) for some positive constant a, the curve o(t)=7y(t/a) is
a trajectory for the Kéhler magnetic field (k/a) - B,. In our study for Kidhler magnetic
fields on a complex hyperbolic space, we may therefore consider only the case of
CH"(—4).

As a direct consequence of Lemma 1, we can conclude that every horizontal lift §
of a trajectory y for a Kihler magnetic field k - B, on CH"(—4) into H?"*1! is a helix
of order 3:

V,~37= k'J’}%
Vidj= —k-§ +JN
ViIN= Jy .

Here we should note that {JN, JN) = — 1 and the equation of helix seems a bit different

from usual one. If we regard § as a curve in C"*!, we get by Lemma 1 that § satisfies
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the following linear ordinary differential equation:
y—F=kij .

Solving this equation under the initial condition that y(0)=n(z) and $(0) =dn((z, u)), we
have ’

~(Z)_{(4—’(2)—1/2{(d€ﬂt—ﬂe“t)z+(e“t—-eﬁt)u} , if k#£2 ,
PI= et Fit)z+ 1) if k=42,

where a=(ki+/4—k?)/2 and f=(ki—./4—k?)/2. Rewriting these we have

PROPOSITION 1. The trajectory y for the Kdihler magnetic field k + B, on CH"(—4)
with y(0)=n(z) and J(0)=dn((z, u)) is written as

Wt)=n(cos\/k*—4t/2 - z+(k*—4)"2sin/k>— 412+ (—kiz+2w), if |k|>2,
yO)=n({(1Fit)z +tu})) , if k=%2,

W) =n(cosh/d—k2/2 - z+(4—k?)~V2sinh J4—k21/2 - (—kiz+2u)), if |k|<2.

Therefore it lies on a totally geodesic embedded hyperbolic plane n((Cz@® Cu) n H2"*1)
of sectional curvature —4.

A trajectory y for a Kéhler magnetic field is said to be closed if there exist ¢, such
that y(¢,)=7(0) and J(z,) =(0). We call a positive number the prime period of y if it is
the minimum positive number satisfying these equalities. The expressions (or the
Comtet’s result) lead us to the following.

COROLLARY. The feature of trajectories for the Kdihler magnetic field k- B; on
CH"(—c) are as follows.

(1) When | k| >\/? , they are simply closed with prime period 2n/, k2 —c.

(2) When lkls\/_ , they are two-sides unbounded simple open curves. Here a
trajectory v is called two-sides unbounded if the sets {y(t)|t>0} and {y(t)|1<0} are
unbounded.

Since |z, w)|>1 if n(z)#n(w), by use of Proposition 1 one can easily get the
following property on trajectories for a Kihler magnetic field of weak strength.

PROPOSITION 2. Consider a Kihler magnetic field k- B; with |k| <\/? on a
complex hyperbolic space CH™(—c). Given two distinct points p=m(z), g=mn(w) on CH"
we can find two and only two trajectories for k - B; joining them. One is from p to q and
the other is from q to p. Their length | between these points are the same; it satisfies

sinh?, /c—kzl/2=i(c—k2)(|(<z, wy[2—1).
c

A complex hyperbolic space CH" is identified with the open unit ball D,(C)
={x=(xy, """, x)€C" | (x, x) =D -, x;X;<1} in C" by the map
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@: CH"31(zy, * * *, z))>(21/20, " * *» ZalZ0) € D,(C) .

The topological boundary dD,(C)={xeC" | (x, x)=1} is the ideal boundary as a
Hadamard manifold. Under this identification the image of trajectories lies on a complex
plane and can be seen as circles on C” like the following figures.

|k|>e k=tAlc k<

We here mention the asymptotic behavior of two-sides unbounded trajectories.
Let y be a trajectory with J(0) = dn((z, u)) for a Kdhler magnetic field k - B; on CH"(—¢).
When the strength |k| is not greater than \/? , the limits y(co)=lim, , y(¢) and
Y(—oo)=lim,_, __ y(¢) exist in CH", the compactification with the ideal boundary. We
shall call these points the points of infinity of y. If | k|<\/? they are distinct, and they
coincide if k= +./c. For example, on CH"(—4) we have

lim & y(t)—(221+(ki+‘/4—k2)u‘ 22,,+(ki+\/4—kz)u,,)
o Dzo+(ki+/A—k g 2zo+(ki+/A—k ) uy)

im o y(t)_<zz1+(ki—,/4—k2)u1 2z,,+(ki—./4—k2)u,,)
220+ (ki—/d—kDuy 22+ (ki—/d—kZ)u,

t— — o
if |k|<2, and

lim Goy(r)= lim qsoy(,):(ixi_{a, _L)
t— o t——aw ZOi“luo Zoiiuo

if k=+2. When k= i\/? we consider the geodesic p with p(0)=dn((z, +Ju)). On

CH"(—4) it satisfies the equation p(¢)=mn(cosh?-z+sinht-Ju), hence lim, , ®op(t)=

lim,_, ®o-y(¢). This means that if y crosses to a geodesic going to the single point of

infinity then they cross orthogonally. With these properties we may call trajectories for
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i\/? + B; are horocyclic.

We denote by n the outer normal vector of D,(C) at a point p of infinity for y, and
by m the outer tangent vector at p of the circle which is the image ®@-y. We shall call
the angle between n and m the magnetic angle of y at p. The magnetic angle of trajectories
for k- B; do not depend on the choice of trajectories and on their points at infinity:
the angle is cos ™! /(c—k?)/c. Summarizing up we have

PROPOSITION 3. On CH"(—c) trajectories for the Kihler magnetic field +./c * B,
are horocyclic, and trajectories for k + B, with |k|<\/—5 have distinct points at infinity.

For given two distinct points on D,(C) we have a unique complex plane containing
them. We therefore find out that the property in Proposition 2 is inherited to the ideal
boundary.

PROPOSITION 4. Consider the Kdhler magnetic field k-« B, with |k| <\/? on a
complex hyperbolic space CH"™(— ¢). Given two distinct points at infinity we have two and
only two trajectories for k - B; joining these points.

§2. Kaihler magnetic flows.

In the previous section we found that trajectories have similar properties as those
of geodesics. By use of the explicit expression of trajectories we shall study Kéihler
magnetic flows, magnetic flows associated with Kdhler magnetic fields. Our main result
is the following.

THEOREM 1. Let B=k- B, be a Kdihler magnetic field on a complex hyperbolic
space CH™(— c) of holomorphic sectional curvature — c. The feature of the Kdhler magnetic
flow B, depends on the strength | k|.

) rIf Ik|<\/_c~ , then the Kihler magnetic flow Bo, is smoothly conjugate to the
geodesic flow @, in the strong sense;

fk—l oBop,o fi= Dve=rkztve

for some diffeomorphism f, on UCH"(— c).
2 If |k|>\/? , then B, is smoothly conjugate to the rotation flow By@,, where

By=./2c - B; in the strong sense,
S toBo.o fi=Bop im=zyve if k>{c,
filoBoo fi=Boo_yimayve I k<—ic
for some diffeomorphism f, on UCH"(—c).
(3) Whenk= i\/? , the Kdhler magnetic flow B, is so called the horocyclic flow,

and is not smoothly conjugate in the strong sense to other magnetic flows for Kdihler
magnetic fields of strength not equal to /c .
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PrOOF. As usual we only treat the case ¢ =4. We first note that the geodesic flow

¢, on UCH"(—4) is represented by (p,(dn(( ))=d7t(Ao(t)( )) with the matrix

zZ z
u u

cosht+I sinht-1
Ay(t)= eMat(2(n+1); C),
ol (sinht-[ cosht-I> & % ©)

where enotes the transposed vector of (z,u) an eMat(n+1, enotes the
h “)d h d f (z,u) and IeMat(n+1,C) d h

u

identity matrix. We define A4,(¢r)e Mat(2(n+ 1); C) by

A(t)=
. _ 2 _ -
[ cosh 4—k2t/2~<1 0)+smh Ak ( il 21) it |kl<2,
o I /4 — 2 21 kil
4((1+zt)I el ) —
tl (1xir)!
I 0\ sin/k?’—4t/2 (—kil 21) .
Jk*—412- + . , f |k|>2,
{ °s / (0 I) k2—4 21 kil it k|

where O e Mat(n + 1, C) denotes the zero matrix. By Proposition 1 we find that the Kdhler
magnetic flow Bo, for B=k - B, is represented by

() {2 0f)

We first treat the case that k>2. Put g, =(/ k2—4+k)”2/ﬁeR and set

P—— 1 .<—i/8k'1 Sk'l)
TEE=VA N\ g T gt 1)’
then we have

Pt At)- Py

=((cos./k2—4t/2+isin,/k2—4t/2)-1 (0] >
0 (cos</k*—41/2—isin/k>—4t/2)-1)

Hence we get O; 1 - 4,(1) - Qu = A, 5(/k?—4t/2) with Q, = P, - P; }5. Since Q, acts on
the horizontal subbundle #H2?"*! and is commutative with the S'-fiber action, it
induces a diffeomorphism f; on UCH”"(—4) such that

fk-1 °B(P:°flc=Bo§0Jk2—4z/2 s
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where B0=2\/7-B,. As (— B)p(v)= — By _(—v), we have A_k(t)=<é _?I>Ak(——t)

<é _01), hence we can find for k< —2 a diffeomorphism f;, on UCH"(—4) such that

fl<_1°B‘Pt°ﬁc=Bo‘P—Jk2—4z/2 .

Next we treat the case that |k|<2. Put g=(Q2—./4—k?)Y? and define Q, e
Mat(2(n+ 1); C) by

0. 1 .<k/sk-1 —iak-1>
T 2@k \ gl kg l)
We then have
O ' - A1) O =Ao(4—Kk*1]2).

Since we can easily check that Q, acts on # H?"*! and is commutative with the S!-fiber
action, we can conclude that there exists a diffeomorphism f, on UCH"(—4) satisfying

fl:loB(Ptoﬁc=(p\/4—k2t/2 s

hence we obtain Theorem 2.

We now make mention of the hyperbolicity of magnetic flows. We shall call a flow
¥, on a manifold N satisfies the Ayperbolic condition if the tangent bundle TN has a
continuous splitting TN=E'® E*® E* into three dy,-invariant subbundles with the
following properties. The line bundle E’ is tangent to the flow, and for the stable and
unstable subbundles E* and E“, there exist positive constants C, 4 such that for >0

lap I <Ce™*|IE|| if CeE*,  |ay_[Ol<Ce” || if {eE”.

It is well-known that the geodesic flow on UM of a complete Riemannian manifold M
satisfies the hyperbolic condition if M is of bounded negative curvature. Since the action
of Q, on # H?"*! (in the proof of Theorem 1) is commutative with the induced actions
of isometries on CH", we find that the classification of Kihler magnetic flows holds
for a complete manifold of constant negative holomorphic sectional curvature. Therefore
we have

COROLLARY. Let M be a complete Kdihler manifold of holomorphic sectional
curvature —c. If the strength of the Kihler magnetic field B=k - B, is smaller than \fc— ,
then the magnetic flow Bo, satisfies the hyperbolic condition. When M is compact, its
topological entropy is \/c—k?/2.

Finally we concern with K&hler magnetic flows on a complex projective space
CP"(c) of holomorphic sectional curvature c¢. Let #: S?"*!—CP" denote the Hopf
fibration. The tangent bundle TCP" can be denoted as {df((z, u)) | ze S*"* ' = C"*, ue
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C"*1,((z,u)=0}. By the similar argument as in section 1, we obtain an explicit
expression of trajectories for Kihler magnetic fields on CP*(c) (see [1]). We find that
Kahler magnetic flow B, for B=k - B, on UCP"(4) is represented as

meli(0)) e 2an() - o))

with the matrix A4, e Mat(2(n+ 1), C) defined by
~ I O siny/k2+4¢/2 ( kil 21 >
A(t)=cos /k*+41/2- + . .
df)=cos/ k= +41f (o 1) [kZi4 _2  —kil
This flow is a rotation flow with prime period 2n/./k%Z+4. Putting &§=(/k*+4+
k)'2//2 and

5 1 ( i1 i’/a}-l)
T2+t \ =151 §-1)°

we have
Bite A0 B,

_((cos./k2+4t/2+isin./k2+4t/2)-1 o )

o (cos</k2+4t/2—isin/k>+4t/2)- 1)
Hence we get O; ! - A(t) - O, = Ay(VkZ+4t/2) with O, = P, - P;*. One can easily check
that J, acts on the horizontal subbundle #S2"*! which is identified with TCP". Since
A(t) corresponds to the geodesic flow ¢, and §, is commutative with the S!-fiber
action, it induces a diffecomorphism f, on UCP(4) such that f o B, f, =@ /iz5g.2-
We therefore get the following.

THEOREM 2. Let B=k - B, be a Kdhler magnetic field on a complex projective space
CP"(c) of constant holomorphic sectional curvature c. The Kdhler magnetic flow Bo, is
smoothly conjugate to the geodesic flow ¢,, which is a rotation flow in the strong sense.
More precisely, we can find a diffeomorphism f, on the unit sphere bundle UCP"(c) such
that [ oBoo fi= @ mveyve-

Since the action of §, on #S?"*! is commutative with the induced actions of
isometries on CP", we have that for a complete manifold of positive holomorphic
sectional curvature every two Kihler magnetic flows are smoothly conjugate in the
strong sense.
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