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\S 1. Introduction.

In [7], we considered a piecewise linear transformation $F$ on $R^{k}$ into itself.
Roughly speaking, we determined the eigenvalues of the Perron-Frobenius operator $P$

corresponding to the transformation $F$ by the zeros of the Fredholm determinant
$\det(I-\Phi_{n}(z))$ (the definition of the Fredholm matrix $\Phi_{n}(z)$ will be given in the next section).

We denote by $J^{o},$
$J^{cl}$ and $\Delta J=J^{cl}\backslash J^{o}$ be the inner, the closure and the boundary

of a set $J$. Set

$\xi=\lim_{n\rightarrow}\inf_{\infty}ess\inf_{x\in I}\frac{1}{n}\log|$ det $D(F^{n})(x)|$ ,

$\lambda=\lim_{n\rightarrow\infty}\sup\sup_{J}\frac{1}{n}$ log $\#\{w\in\Psi:|w|=n, \langle w\rangle\cap\Delta J\neq\emptyset\}$ ,

where $D(F^{n})$ is thejacobian matrix of $F$“, $\sup_{J}$ is the supremum over all possible convex
polyhedrons $J,$ $W$ is a set of words, and $\langle w\rangle$ is a parallelopiped which corresponds to
a word $w\in W$ (see \S 2 for precise definitions). We say that $F$ is expanding if

$\lim\inf-1$ ess inf log min $|$ the eigenvalue of $D(F^{n})(x)|>0$ .
$ n\rightarrow\infty$ $n$ $x\in I$

Our theorem in [7] is:

THEOREM A. Assume that $F$ is expanding and $\xi>\lambda$ .
(i) Then for any $\epsilon>0$ , there exists an integer $n_{0}$ and for $n\geq n_{0}$ and $|z|<e^{\xi}$

‘ $\lambda-\epsilon$

$z^{-1}$ belongs to the spectrum of the Perron-Frobenius operator $P$ restricted to va if and
only if

$\det(I-\Phi_{n}(z))=0$ .

(ii) The eigenfunctions $ofP$ on $L^{1}$ associated with eigenvalues modulus 1 belong to $\mathscr{B}$ .
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Here a family of functions $\mathscr{B}$ is defined by:

DEFINITION. Let as be the set of functions $f\in L^{1}$ for which there exists $\{C_{w}\}_{w\in\#}$

such that $f_{N}(x)=\sum_{|w|\leq N}C_{w}1_{w}(x)$ converges to $f$ in $L^{1}$ and that

$\sum_{n=1}^{\infty}e^{-\lambda^{\prime}n}\sum_{|w|=n}|C_{w}|<\infty$

for any $\lambda^{\prime}>\lambda$ .
Set for $f\in \mathscr{B}$ and $\lambda^{\prime}>\lambda$

$\Vert f\Vert_{\lambda’}=\inf\sum_{n=1}^{\infty}e^{-\lambda^{\prime}n}\sum_{|\nu|=n}|C_{w}|$ ,

where inf is taken over all $\{C_{w}\}_{w\in\alpha^{\Gamma}}$ which satisfy the above condition.

By the norms $\Vert\cdot\Vert_{\lambda},,$
$\mathscr{B}$ becomes a locally convex linear space. This is an extension

of $BV$, the set of functions with bounded variations, in one-dimensional cases, since
for$f\in BV$ there exists $\{C_{w}\}_{w\in\nu^{-}}$ such that $\sum_{n=1}^{\infty}r^{n}\sum_{|w|=n}|C_{w}|<\infty$ for any $0<r<1$ . Note
that $\mathscr{B}\supset BV$ in one dimensional case.

We will explain the transformation which we will comsider in this article. Let
$v_{1},$ $\cdots,$ $v_{k}$ be independent vectors in $R^{k}$ . Let $\mathscr{A}$ be a finite set, and for each element
$a\in \mathscr{A}$, which we call an alphabet, there exists a parallelopiped $\langle a\rangle$ , that is, for each
$a\in \mathscr{A}$ there correspond a vector $p^{a}$ and constants $\alpha_{1}^{a},$

$\cdots,$ $\alpha_{k}^{a}>0$ , and each $\langle a\rangle$ satisfies

$\langle a\rangle^{o}=\{p^{a}+\sum_{i=1}^{k}x_{i}\alpha_{i}^{a}v_{i}$ : $0<x_{i}<1\}$ ,

$\langle a\rangle^{cl}=\{p^{a}+\sum_{i=1}^{k}x_{i}\alpha_{i}^{a}v_{i}$ : $0\leq x_{i}\leq 1\}$ ,

$\langle a\rangle\cap\langle b\rangle=\emptyset$ $(a\neq b)$ .
The piecewise linear transformation $F$, which we will consider in this article, is a mapping
from $ I=\bigcup_{a\in d}\langle a\rangle$ into itself, for which there exist matrices $M^{a}$ and vectors $q^{a}(a\in \mathscr{A})$

and the restriction $F^{a}$ of $F$ to $\langle a\rangle$ satisfies

$F^{a}(x)=M^{a}(x-p^{a})+q^{a}$ ,

and det $M^{a}\neq 0$ for each $a\in \mathscr{A}$. Moreover, we assume
$M^{a}v_{i}=\lambda_{i}^{a}v_{i}$ ,

for some constants $\lambda_{i}^{a}$ , that is, $v_{i}’ s$ are eigenvectors.
In this article, we will consider the zeta function

$\zeta(z)=\exp(\sum_{n=1}^{\infty}\frac{z^{n}}{n}\sum_{p;p=F^{n}(p)}|\det D(F^{n})(p)|^{-1})$ .
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We will prove as in one-dimensional cases ([5], [6]):

THEOREM B. Assume that $F$ is expanding and $\xi>\lambda$ . Then the zeta function $\zeta(z)$

satisfies $\zeta(z)=\det(I-\Phi_{n}(z))^{-1}$ .

Combining the results, we can show that the eigenvalues of the Perron-Frobenius
operator restricted to $\mathscr{B}$ in the domain $|z|<e^{\xi-\lambda}$ are determined by the singularities of
the zeta function.

To make the notations simple, we consider a transformation $F$ which has no
periodic points on $\bigcup_{a\in d}\Delta\langle a\rangle$ . In [7], we considered a wider class of piecewise linear
transformation, for which each $\langle a\rangle$ is a polyhedron and we do not assume that each
$v_{i}$ is an eigenvector $(1 \leq i\leq k)$ , that is, $F^{a}$ may have a rotation. As we will discuss in \S 3,
to consider the zeta function, this general class seems too large.

2. Preliminaries.

We will summarize the notations. A finite sequence of alphabets $w=a_{1}\cdots a_{n}$ is
called a word. We denote the set ofwords by ut and for a word $w=a_{1}\cdots a_{n}$ , we denote

1. $|w|=n$ (the length of w; for the empty word $\epsilon$ , we put $|\epsilon|=0$),

2. $\langle w\rangle=\left\{\begin{array}{l}\bigcap_{i=1}^{n}F^{-i+1}(\langle a_{i}\rangle)ifw\neq\epsilon\\ Iifw=\epsilon\end{array}\right.$

3. $w[k]=a_{k}$ for $1\leq k\leq n$ ,
4. $w[k, l]=a_{k}\cdots a_{l}$ for $1\leq k\leq l\leq n$ ,
5. $F^{w}=F^{a_{n}}\cdots F^{a}$ ’, ($F^{\emptyset}=identity$ map),
6. $\eta(w)=\prod_{i=1}^{n}|\det M^{a_{i}}|^{-1}$ .

We denote $\Psi_{n}$ the set of words with length $n$ and $\langle w\rangle\neq\emptyset$ .
We define $a_{1}^{x}a_{2}^{x}\cdots(a_{i}^{x}\in \mathscr{A})$ , the expansion of $x\in I,$ $ F^{i-1}(x)\in\langle a_{i}^{x}\rangle$ , where

$F^{i}(x)=\left\{\begin{array}{l}xi=0\\F(F^{i-1}(x))i\geq 1\end{array}\right.$

REMARK. For each $a\in \mathscr{A}$, the mapping $F^{a}$ can be extended to $R^{k}$ and we can
define $(F^{a})^{-1}$ from $I$ into $R^{k}$ . Therefore, for any $x\in I$ , we can define $(F^{a})^{-1}(x)=ax\in R^{k}$ .
In a same way, for any word $w$ , we can define $wx\in R^{k}$ . If $ wx\in\langle w\rangle$ , then, of course,
$F^{|w|}(wx)=x$ , that is, the expansion of $wx$ equals $ wa_{1}^{x}a_{2}^{x}\cdots$ . For this case, we say that
$wx$ exists.

In this article, we only consider parallelopiped $J$ for which there exist vector $p^{J}$

and $\alpha_{1}^{J},$

$\cdots,$
$\alpha_{k}^{J}>0$ and

$J^{o}=\{p^{J}+\sum_{i=1}^{k}x_{i}\alpha_{i}^{J}v_{i}$ : $0<x_{i}<\iota\}$ .

We considered in [7] the signed symbolic dynamics with the set of faces $D=\bigcup_{p=0}^{k-1}D_{p}$ .
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For each face $\partial\in D_{p}$ , there correspond a set of integers $1\leq j_{1}<\cdots<j_{p}\leq k$, a finite
sequence $\beta_{j}$ of $0$ or 1 for $i\neq j_{1},$ $\cdots,j_{p}$, and for a parallelopiped $J$, a face $\partial$ of $J$ is

$p^{J}+\sum_{i=j_{1},\cdot j_{p}}..,x_{i}\alpha_{i}^{J}v_{i}+\sum_{i\neq j_{1},\cdot j_{p}}..,\beta_{i}\alpha_{i}^{J}v_{i}$
: $0<x_{i}<1,$ $i=j_{1},$ $\cdots,j_{p}$

Put for $i\neq j_{1},$ $\cdots,j_{p}$

$\pi_{i}^{J}=\{p^{J}+\beta_{i}\alpha_{i}^{J}v_{i}+\sum_{j\neq i}x_{J}\alpha_{j}^{J}v_{j}$ : $x_{j}\in R,j\neq i\}$ ,

and we say that the face $\partial$ of $J$ is generated by planes $\pi_{i}^{J}(i\neq j_{1}, \cdots,j_{p})$ . Then $R^{k}$ is
divided into several regions by the planes $\pi_{i}^{J}$ with $i\neq j_{1},$ $\cdots j_{p}$, one of them contains $J^{o}$

in its inside. We call this region by the interior region generated by a face $\partial$ of $J$, and
we denote its boundary by $J^{\partial}$ and we will simply call it a screen of $J$. We define
$\sigma(J^{\partial}, x)=+1$ , if $x\in R^{k}$ belongs to the interior region generated by a face $\partial$ of $J$ and
otherwise we put $\sigma(J^{\partial}, x)=-1$ (Figure 1).

$s(\partial)=+1/2$

FIGURE 1

For a word $w$, we can naturally define $\sigma(F^{w}J^{\partial}, x)=\sigma(J^{\partial}, wx)$ . As we mentioned
before, we will prove Theorem $B$ only for the case which has no periodic points which
pass $\bigcup_{a\in d}\Delta\langle a\rangle$ . Henoe we need not take care of $x\in J^{\partial}$ .

For a word $w$ , we denote $w^{\partial}$ instead of $\langle w\rangle^{\partial}$ , and we denote

$d=\{a^{\partial} : a\in \mathscr{A}, \partial\in D\}$ .
NOTATIONS. (1) For alphabets $a$ and $b$ , we say that a screen $\tilde{J}$ of a paral-

lelopiped $J$ crosses $ab$ if $ J\subset\langle a\rangle$ and $ F^{a}(\tilde{J})\cap\langle b\rangle\neq\emptyset$ (cf. Figure 2). Set

\langle ab, $\tilde{J}\rangle$ $=\left\{\begin{array}{ll}\{\{\chi\in\langle b\rangle:\sigma(F^{a}(\tilde{J}), x)=+1\}\} & if \tilde{J} crosses ab ,\\\{\emptyset\} & otherwise ,\end{array}\right.$

$\Delta\langle ab,\tilde{J}\rangle=\Delta(\bigcap_{K\in\langle ab,J\rangle}K)$

$=\Delta\{x\in\langle b\rangle:\sigma(F^{a}(\tilde{J}), x)=+1\}$ .
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A screen $K^{\partial}(K\in\langle ab,\tilde{J}\rangle)$ with a face $\partial\in D$ such that $K^{\partial}\neq b^{\partial}$ for any $b^{\partial^{\prime}}\in\tilde{\mathscr{A}}$ is
called a new screen generated by $F^{a}(\tilde{J})$ in $\langle b\rangle$ , and we denote by $ New\langle ab,\tilde{J}\rangle$ the
set of new screens of \langle ab, $\tilde{J}\rangle$ . Put

$\Delta_{0}\langle ab,\tilde{J}\rangle=(\Delta\langle ab,\tilde{J}\rangle\backslash \Delta\langle b\rangle)\cap F^{a}(\tilde{J})$ ,

and $\Delta_{1}$ \langle ab, $\tilde{J}\rangle$ is the union of $\tilde{K}\backslash F^{a}(\tilde{J})$ such that $\tilde{K}$ is a new screen generated by
$F^{a}(\tilde{J})$ in $\langle b\rangle$ and $(\tilde{K}\backslash F^{a}(\tilde{J}))\cap\Delta\langle ab,\tilde{J}\rangle\neq\emptyset$ .

$\Delta_{2}\langle ab,\tilde{J}\rangle=\bigcup_{\tilde{K}\in New\langle ab,J\rangle}\tilde{K}\backslash $
($\Delta_{0}\langle ab,\tilde{J}\rangle\cup\Delta_{1}$ \langle ab, $\tilde{J}\rangle$).

We also put $\Delta_{0}\langle a,\tilde{J}\rangle=\tilde{J}$.

FIGURE 2

(2) For a word $w=a_{1}\cdots a_{n}(n\geq 2)$ and an alphabet $b$ , we call a screen $\tilde{J}$

of a parallelopiped $J$ crosses $wb$ if

$ J\subset\langle a_{1}\rangle$ ,

$ F^{a_{i}}(\Delta_{0}\langle w[1, i],\tilde{J}\rangle)\cap\langle a_{i+1}\rangle\neq\emptyset$ $(1\leq i\leq n-1)$ ,

$ F^{a_{n}}(\tilde{K})\cap\langle b\rangle\neq\emptyset$ ,

for some $\tilde{K}\in New\langle w,\tilde{J}\rangle$ , where $ New\langle w,\tilde{J}\rangle$ is the set of new screens generated
by $F^{w[1,n-1]}(\tilde{J})$ in $\langle a_{n}\rangle$ . New screens are already defined for $|w|=2$ in (1). For
$\tilde{K}\in New\langle w,\tilde{J}\rangle$ , a screen $L^{\partial}$ is called a new screen generated by $F^{w}(\tilde{J})$ in $\langle b\rangle$ if
$L^{\partial}\neq b^{\partial}$

’

for any $b^{\partial}’\in\tilde{\mathscr{A}}$ where $ L\in\langle a_{n}b,\tilde{K}\rangle$ , that is,

$L=\{x\in\langle b\rangle:\sigma(F^{a_{n}}(\tilde{K}), x)=+1\}$ ,

and $\partial\in D$ . We denote by $ New\langle\omega b,\tilde{J}\rangle$ the set of new screens $L^{\partial}$ which is generated
by $\tilde{K}\in New\langle w,\tilde{J}\rangle$ . Set

$\langle wb,\tilde{J}\rangle=\bigcup_{\tilde{K}\in New\langle w,7\rangle}\langle a_{n}b,\tilde{K}\rangle$
,
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that is, the union is taken over all new screens $\tilde{K}$ generated by $F^{w[1,n-1]}(\tilde{J})$ in
$\langle a_{n}\rangle$ . We call a new screen $ K^{\partial}\in New\langle wb,\tilde{J}\rangle$ generated by $F^{w}(\tilde{J})$ in $\langle b\rangle$ is
(0) of type $0$ , if $K=\bigcap_{L\in\langle wb,J\rangle}L$,
(1) of type 1 if $K^{\partial}$ satisfies $\partial\cap(F^{a_{n}}(\Delta_{1}\langle w,\tilde{J}\rangle)\backslash \Delta\langle b\rangle)\neq\emptyset$ and not of type $0$,

(2) of type 2 otherwise.
Set

$\Delta\langle wb,\tilde{J}\rangle=\Delta(\bigcap_{K\in\langle wb,J\rangle}K)$ ,

$\Delta_{0}\langle wb,\tilde{J}\rangle=\Delta(\bigcap_{K\in\langle wb,J\rangle}K)\backslash \Delta\langle b\rangle$ ,

$\Delta_{1}\langle wb,\tilde{J}\rangle$ is the union of $\tilde{K}\backslash \Delta_{O}\langle wb,\tilde{J}\rangle$ such that $\tilde{K}$ is a new screen of type $0$

generated by $F^{w}(\tilde{J})$ in $\langle b\rangle$ and $(\tilde{K}\backslash F^{w}(\tilde{J}))\cap\Delta\langle wb,\tilde{J}\rangle\neq\emptyset$ , and

$\Delta_{2}\langle wb,\tilde{J}\rangle=\Delta(\bigcup_{K\in New\langle wb,J\rangle}\tilde{K})\backslash (\Delta_{0}\langle wb,\tilde{J}\rangle\cup\Delta_{1}\langle wb,\tilde{J}\rangle)$ .

Set

$s_{k}=\left\{\begin{array}{l}1kiseven\\0kisodd\end{array}\right.$

and for $\partial\in D_{i}$ , we also set for $0\leq i\leq k$

$s(\partial)=s_{i}=(-1)^{i}/2$ .

We also use the notation
$s(J^{\partial})=s(\partial)=s_{i}$ if $\partial\in D_{i}$ .

For a parallelopiped $J$ in $ J\subset\langle a\rangle$ , put $\sigma^{*}(F\tilde{J}, ff)=+1$ , if $\sigma(F\tilde{J}, x)=+1$ holds for
all $ x\in\langle b\rangle$ or if $\tilde{J}$ crosses $ab$ and $\tilde{b}$ is a screen of some $ K\in\langle ab,\tilde{J}\rangle$ , otherwise
$\sigma^{*}(F\tilde{J},\tilde{b})=-1$ .

DEFINITION. We denote by $F\tilde{\mathscr{A}}$ the set of new screens of type $0$ or 1 generated
by $F^{a}(a^{\partial})$ in some $\langle b\rangle(a, b\in \mathscr{A}, \partial\in D^{\langle a\rangle})$ , that is, $ F\tilde{\mathscr{A}}=\bigcup_{a,b\in d}\bigcup_{\partial\in D^{\langle a\rangle}}New\langle ab, a^{\text{{\it \^{o}}}}\rangle$ .
For $n\geq 2$ , let $F^{n}\tilde{\mathscr{A}}$ be the set of new screens of type $0$ or 1 generated by $F^{a}(\tilde{J})$ in
some $\langle b\rangle(a, b\in \mathscr{A},\tilde{J}\in F^{n-1}\tilde{\mathscr{A}}, J\subset\langle a\rangle)$ , which does not belong to $\bigcup_{k=1}^{n-1}F^{k}\tilde{\mathscr{A}}$.

Set

$\tilde{\phi}_{1}^{\overline{a}}(5)=[\frac{s_{k}}{\# D}+s(\tilde{a})\sigma^{*}(F\tilde{a}, 5)]\eta(a)$ ,

and for $\tilde{a}\in\bigcup_{n=0}^{\infty}F^{n}\ovalbox{\tt\small REJECT}$
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$\phi(\tilde{a}, b)=\sim f_{0}^{z\tilde{\phi}_{1}^{\tilde{a}}(b)}z2s(\tilde{a})\eta(a)\sim$ $if\tilde{b}\in\cup n\infty=0F^{n}\tilde{\mathscr{A}}otherwiseif\tilde{b}\in\tilde{\mathscr{A},}$ is a new screen generated by $F\tilde{a}$ ,

and we define the Fredholm matrix $\Phi(z)$ an infinite dimensional matrix on $\bigcup_{n=0}^{\infty}F^{n}\tilde{\mathscr{A}}$

for which the $(\tilde{a}, b)\sim$ component equals $\phi(\tilde{a}, 5)$ .
We also need to define finite dimensional matrices $\Phi_{n}(z)$ . Thus we will prepare

several notations.
Set $ B_{k}\langle wb,\tilde{J}\rangle$ be the set of $K^{\partial}\in F^{k}\tilde{\mathscr{A}}$ such that $\tilde{J}$ crosses $wb$ , and $k^{\partial}$ is of type 1

generated by some $\tilde{L}\in New\langle w,\tilde{J}\rangle$ . Note that $if|w|\leq k$, then $ B_{k}\langle wb,\tilde{J}\rangle=\emptyset$ , especially
$ B_{0}\langle wb,\tilde{J}\rangle=\emptyset$ for any $w\in W$ and $b\in \mathscr{A}$ . Let

$ C_{n,1}\langle wb,\tilde{J}\rangle=\bigcup_{k=1}^{n}B_{k}\langle wb,\tilde{J}\rangle$ ,

$ D_{n,1}\langle wb,\tilde{J}\rangle=\bigcup_{k>n}B_{k}\langle wb,\tilde{J}\rangle$ .
For $l\geq 1$ , set

$ C_{n,l+1}\langle wb,\tilde{J}\rangle=\bigcup_{m\geq 2}C_{n,l}\langle w[m, |w|]b,\tilde{J}^{\prime}\rangle 7^{\prime}\in D_{n,1}\langle w[1,m],J\rangle$

$ D_{n,l+1}\langle wb,\tilde{J}\rangle=,\bigcup_{\tilde{J}\in D_{n,1}\langle w[1,m],\tilde{J}\rangle}D_{n.l}\langle w[m, |w|]b,\tilde{J}^{\prime}\rangle$ ,

$ C_{n}\langle wb,\tilde{J}\rangle=\bigcup_{l\geq 1}C_{n,l}\langle w,\tilde{J}\rangle$ ,

$ D_{n}\langle wb,\tilde{J}\rangle=\bigcup_{l\geq 1}D_{n,l}\langle w,\tilde{J}\rangle$ .

Now we will fix $n\geq 0$ and construct the Fredholm matrices which have coefficients
$\bigcup_{k=0}^{n}F^{k}\ovalbox{\tt\small REJECT}$ We need not renew screens which belongs to $ C_{n}\langle wb,\tilde{J}\rangle$ . Let

$ New_{n}\langle w,\tilde{J}\rangle=New\langle w,\tilde{J}\rangle\cup D_{n}\langle w,\tilde{J}\rangle$ ,

and we call a screen of type $(n, 0)$ if it is of type $0$ of $ New_{n}\langle w,\tilde{J}\rangle$ or it belongs to
$ D_{n}\langle w,\tilde{J}\rangle$ , and of type $(n, 1)ifitbelongstoC_{n}\langle w,\tilde{J}\rangle$ .

Set $\phi_{n}(\tilde{J},\tilde{L})=\phi(\tilde{J},\tilde{L})$ for a screen $\tilde{J}\in\bigcup_{k=0}^{n-1}F^{k}\ovalbox{\tt\small REJECT}$ ($ J\subset\langle a\rangle$ for some $a\in \mathscr{A}$), and for
$\tilde{J}\in F^{n}\tilde{\mathscr{A}}$
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$\phi_{n}(\tilde{J},\tilde{L})=$

$\left\{\begin{array}{l}z\tilde{\phi}_{*}^{\tilde{J}}(L^{\partial})+\sum_{w\in\alpha^{r}}\sum_{p,{}^{t}\{c\langle nO)},2s(\tilde{J})z^{|w|-1}\eta(w[1,|w|-1])\tilde{\phi}_{*}^{\tilde{K}}(L^{\partial})\tilde{K}\in New_{n}\langle w.\tilde{J}\rangle\\ New_{n}\langle w\iota yP^{G()}|w|\sum_{\tilde{\int_{n1}^{\geq 3}}\rangle\ni L^{\partial}},2s(\tilde{J})z^{|w|-1}\eta(w[1,|w|-1])\end{array}\right.$

$ifif$ $L^{\partial}\in dL^{\partial}\in\bigcup_{k=1}^{n}F^{k}\tilde{\mathscr{A}}$

,

and a Fredholm matrix $\Phi_{n}(z)$ is the $\bigcup_{k=0}^{n}F^{k}\tilde{\mathscr{A}}$ matrix whose $(\tilde{a}, 5)$ coefficient is $\phi_{n}(\tilde{a}, 5)$ .
Using the Fredholm matrices $\Phi_{n}(z)$ , we get Theorem A (cf. [7]).

DEFINITION. Let $J$ and $K$ be parallelopipeds.
(1) $K^{\partial}$ is inside of J, $ifK^{\partial}$ is generated by $(k-1)$-dimensional planes $\pi_{1}^{K},$

$\cdots,$
$\pi_{l}^{K}$

and $\pi_{i}^{K}$ is between $\pi_{i}^{J}$ and $\pi_{i}^{\prime J}$ , where $\pi_{i}^{J}$ and $\pi_{i}^{\prime J}$ are the planes which are tangent to the
parallelopiped $J$ and parallel to $\pi_{i}^{K}$ (Figure 3).

(2) Set for a word $w=a_{1}\cdots a_{m}$

$ F^{w[1,m-1]}w^{\partial}=F^{a_{m- 1}}(\cdots F^{a_{1}}(a_{1}^{\partial})\cap\langle a_{2}\rangle\cdots)\cap\langle a_{m}\rangle$ ,

and we define (cf. Figures 4 and 5)

$\delta$[ $K^{\partial}$ in $J$] $=\left\{\begin{array}{ll}1 & if K^{\partial} is inside of J ,\\0 & otherwise ,\end{array}\right.$

$\delta$[ $K^{\partial^{\prime}}$ on $F^{w[1,m-1]}w^{\partial}$] $=\left\{\begin{array}{ll}1 & if the face \partial^{\prime}ofKintersectsF^{w[1.m-1]}w^{\partial},\\0 & otherwise ,\end{array}\right.$

$\delta$[ $K^{\partial}’$ on $ F^{m-1}\Delta\langle w\rangle$] $=\left\{\begin{array}{ll}1 & if the face \partial^{\prime}ofKintersectsF^{m-1}\Delta\langle w\rangle ,\\0 & otherwise.\end{array}\right.$

FIGURE 3

$\langle w\rangle$

$K^{\partial^{\prime}}$

$K^{\partial^{\prime}}$ is on $ F^{m-1}\Delta\langle w\rangle$

FIGURE 4 FIGURE 5
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The next lemma is very simple but a key in [7] to construct a renewal equation:

LEMMA 2.1. (1) For a parallelopiped $J$ and a screen $\tilde{K}$, we get

$s_{k}+\sum_{\partial\in D}s(\partial)\sigma^{*}(FJ^{\partial},\tilde{K})=\left\{\begin{array}{ll}1 & if \tilde{K} is inside of F(J),\\0 & otherwise.\end{array}\right.$ (2.1)

(2) Let $w$ be a word, $\tilde{J}$ a screen of a parallelopiped $J\subset\langle a\rangle(a\in \mathscr{A})$ . For a
screen $\tilde{L}$ which is generated by some $\tilde{K}\in New\langle w,\tilde{J}\rangle$ in $\langle b\rangle(b\in \mathscr{A})$ , we denote by
$G(\tilde{L})$ the set of $\tilde{K}\in New\langle w,\tilde{J}\rangle$ which generate $\tilde{L}$. Then we get

$\sum_{\tilde{K}\in G(\tilde{L})}s(\tilde{K})=\left\{\begin{array}{ll}+1/2 & lf \tilde{L} is of type 0 or type 1 ,\\0 & if \tilde{L} is of type 2.\end{array}\right.$ (2.2)

We will schematically give a proof for the case $k=2$ (cf. [7] Lemma 2.1 and Lemma
3.4 for precise proofs). A screen $\tilde{K}$ is inside of $F(J)$ either case (a) or (b) of Figure
3. Thus it is not so difficult to show (2.1) for both cases. If a face $\partial$ of $b$ is between
$F(A)$ and $F(B)$ of Figure 6 (type $0$), then it is generated by the image of screens
$A,$ $B$ and $AB$ . The screens $A$ and $B$ give +1/2 and the screen $AB$ gives $-1/2$ ,

therefore (2.2) equals +1/2. If a face $\partial$ of $b$ is between $F(A)$ and $F(X)$ (type 1), it
is generated by the image of the screen $A$ . Therefore (2.2) also equals +1/2. If a
face $\partial$ of $b$ is between $F(Y)$ and $F(A)$ (type 2), then it is generated by the images of
screens $B$ and $AB$ . Therefore (2.2) equals $0$ . This proves (2).

$\Rightarrow F$

FIGURE 6

To avoid confusion, we consider the copies $D^{\langle i)}(0\leq t<\infty)$ ofthe set offaces $D$ . Set
$F^{O}\tilde{\mathscr{A}}=\tilde{\mathscr{A}}=\{a^{\partial} : a\in \mathscr{A}, \partial\in D^{\langle O)}\}$ ,

and we denote a new screen $b^{\partial}\in F\tilde{\mathscr{A}}(\partial\in D^{\langle 1)})$ , which is generated by some $F^{a}a^{\partial^{\prime}}$ in
$\langle b\rangle(a\in \mathscr{A}, \partial^{\prime}\in D^{\langle 0)})$ . Note that there may not exist $b^{\partial}$ for some $\partial\in D^{\langle 1)}$ . A set of new
screens in $\langle b\rangle$ which are generated by some $F^{a}a^{\partial}(\partial\in D^{\langle 1)})$ is denoted by $b^{\partial}$

’

with
$\partial^{\prime}\in D^{\langle 2)}$ . Now recall that the screen $b^{\partial^{\prime}}(\partial^{\prime}\in D^{\langle 2)})$ is divided into 3 parts, $\Delta_{0},$ $\Delta_{1}$

and $\Delta_{2}$ . We denote by $c^{\partial^{\prime}}’(\partial^{\prime\prime}\in D^{(3)})$ if $ c^{\partial^{\prime}’}\in New\langle bc, b^{\partial^{\prime}}\rangle$ is of type $0$ of some $b^{\text{{\it \^{o}}}}’(\partial^{\prime}\in D^{\langle 2)})$ .
Note that new screens $ c^{\partial^{\prime}’}\in New\langle bc, b^{\partial^{\prime}}\rangle$ of type 1 belong to $F\tilde{\mathscr{A}}$ that is $\partial^{\prime\prime}\in D^{\langle 1)}$ .
We need not to consider the new screens which is of type 2 (cf. Lemma 2.1 (2)).
Thus we can inductively define $b^{\partial}(b\in \mathscr{A}, \partial\in D^{\langle n)})$ which is generated in $\langle b\rangle$ by the image
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of $\Delta_{O}$ and $\Delta_{1}$ of some $F^{a}a^{\partial}’(a\in \mathscr{A}, \partial^{\prime}\in D^{\langle n-1)})$ . We denote for $n\geq 2$ by $F^{n}\tilde{\mathscr{A}}$ the set of
$b^{\partial}$

’

such that $b\in \mathscr{A},$
$\partial^{\prime}\in D^{\langle n)}$ , and that $ b^{\partial^{\prime}}\in New\langle ab, a^{\partial}\rangle$ generated by some $a^{\partial}\in F^{n}$

‘ $1d$

in $\langle b\rangle$ . For $a,$
$b\in \mathscr{A}$ and $\partial,$ $\partial^{\prime}\in\bigcup_{i=0}^{\infty}D^{\langle i)}$ , we denote $\psi(ab, \partial, \partial^{\prime})=\phi(a^{\partial}, b^{\partial}’)\eta(a)^{-1}$ , and

for a word $w=a_{1}\cdots a_{n}$

$\psi(w, \partial_{1}, \partial_{n})=\sum_{\partial_{2},\cdots,\partial_{n- 1}}\prod_{i=1}^{n}\psi(a_{i}a_{i+1}, \partial_{i}, \partial_{i+1})$ ,

where $a_{n+1}=a_{1},$ $\partial_{n+1}=\partial_{1}$ .

3. The Proof of Theorem B.

We get as a formal expression

$\log[\det(I-\Phi(z))^{-1}]=\log[\exp\{-tr\log(I-\Phi(z))\}]$

$=\sum_{k=1}^{\infty}\frac{1}{k}$ tr $\Phi(z)^{k}=\sum_{F^{k}\overline{a}\in\bigcup_{k-O}^{\infty}d}\sum_{k=1}^{\infty}\frac{1}{k}(\Phi(z)^{k})_{\tilde{a},\tilde{a}}$

$=\sum_{\overline{a}\in\bigcup_{k--0}^{\infty}}\sum_{F^{\iota_{s}}F^{k=1}}^{\infty}\frac{1}{k}\sum_{- 0}\sum_{F^{k}b_{2},\cdots,b_{k}\in\bigcup_{k-}^{\infty}d^{\partial_{2},\cdots,\partial_{lc}\in\bigcup_{k=0^{D^{(k)}}}^{\infty}}}\prod_{j=1}^{k}\Phi(z)ff_{j},ff_{j+1}$ ,

where $\tilde{b}_{j}=b_{j^{j}}^{\partial}(2\leq j\leq k),$ $5_{1}=5_{k+1}=\tilde{a}$.
Let for a word $w=a_{1}\cdots a_{n}\in\theta_{n}^{\prime}$ , we introduce the rotation operator

$\theta w=a_{2}\cdots a_{n}a_{1}$ .

By this operator we consider an equivalence relation
$w\sim w^{\prime}$ if and only if there exists somek such that $\theta^{k}w=w^{\prime}$ ,

and we denote the factor of $\psi_{n}$ by Loop$(n)$ . Then, using this notation and taking
$\partial_{n+1}=\partial_{1}$ and $w[n+1]=w[1]$ , we get

$\log[\det(I-\Phi(z))^{-1}]$

$=\sum_{n=1}^{\infty}z^{n}\sum_{w\in Loop\{n)\partial_{1},\cdots,\partial_{n}}\sum_{\in\bigcup_{i=0^{D^{(i)}}}^{n}}\prod_{j=1}^{n}\psi(w[j], w[j+1], \partial_{j}, \partial_{j+1})\eta(a_{j})$

$=\sum_{n=1}^{\infty}z^{n}\sum_{w\in Loop\langle n)\partial\in\cup}\sum_{n,:=0^{D^{(i)}}}\psi(ww[1], \partial, \partial)\eta(w)$ . (3.1)

Note that, since $w[1]^{\partial_{1}}=w[n+1]^{\partial_{n+1}}$ , there exists some $i$ such that $w[i]^{\partial_{i}}\in\tilde{\mathscr{A}}\cup F\tilde{\mathscr{A}.}$

Hence, we only need to calculate $\psi(w, \partial, \partial^{\prime})$ .

LEMMA 3.1. For a word $w\in\nu_{m}^{\wedge}(m\geq 3)$, we get:
(1) If $\partial\in D^{\langle n)}$ and $\partial^{\prime}\in D^{\langle 0)}$ for some $n$ , then
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$\psi(w, \partial, \partial^{\prime})=\delta$ [ $w[m]^{\partial’}$ in $F^{m-2}\langle w[2,$ $ m-1]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(F^{m-1}w[1]^{\partial}, w[m]^{\partial’})]$ .

(2) If $\partial\in D^{\langle n)}$ for some $n$ and $\partial^{\prime}\in D^{\langle n+m-1)}$ , then

$\psi(w, \partial, \partial^{\prime})=2s(\partial)\delta$ [ $w[m]^{\partial^{\prime}}$ on $F^{w[1,m-1]}(w[1,$ $m-1]^{\partial})$].

(3) If $\partial\in D^{(n)}$ for some $n$ and $\partial^{\prime}\in D^{\langle l)}(l<m-1)$ , then

$\psi(w, \partial, \partial^{\prime})=\delta$[ $w[m]^{\partial’}$ on $F^{m-2}\Delta\langle w[2,$ $ m-1]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(F^{m-1}w[1]^{\partial}, w[m]^{\partial^{\prime}})]$ .

(4) Otherwise,

$\psi(w, \partial, \partial^{\prime})=0$ .
$PR\infty F$ . We will prove this by induction.
(1) For $\partial\in D^{(n)}$ and $\partial^{\prime}\in D^{(0)}$ and $w\in\psi_{m+1}$ we get

$\psi(w, \partial, \partial^{\prime})=,\sum_{\partial^{\prime}\in D^{(O)_{\cup}}D\langle n+1)}\psi(w[1,2], \partial, \partial^{\prime\prime})\psi(w[2, m+1], \partial^{\prime\prime}, \partial^{\prime})$

$=,,\sum_{\partial\in D^{\langle O)}}[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(Fw[1]^{\partial}, w[1]^{\partial^{\prime\prime}})]\delta$ [$w[m+1]^{\partial’}$ in $F^{m-2}\langle w[3,$ $ m]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial’}, w[m+1]^{\partial^{\prime}})]$

$+,,\sum_{\partial\in D^{(n+1)}}2s(\partial)\delta$ [ $w[2]^{\partial’}$ on $Fw[1]^{\partial}$] $\delta$ [$w[m+1]^{\partial’}$ in $F^{m-2}\langle w[3,$ $ m]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial’}, w[m+1]^{\partial’})]$

$=\frac{s_{k}}{\# D}\delta$[ $w[m+1]^{\text{{\it \^{o}}}}$ in $F^{m-2}\langle w[3,$ $ m]\rangle$]

. $[s_{k}+\sum_{\partial’}s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial^{\prime\prime}}, w[m+1]^{\partial^{\prime}})]$

$+s(\partial)\delta$[$w[m+1]^{\partial’}$ in $F^{m-2}\langle w[3,$ $ m]\rangle$] $\{,\sum_{\partial^{\prime}\in D^{\langle O)}}\sigma^{*}(Fw[1]^{\partial}, w[2]^{\partial^{\prime}’})$

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial’}, w[m+1]^{\partial^{\prime}})]$
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$+,\sum_{\partial^{\prime}\in D^{(n+1)}}2\delta$[ $w[2]^{\partial’}$ on $Fw[1]^{\partial}$]

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial^{\prime}’}, w[m+1]^{\partial^{\prime}})]\}$ . (3.2)

Therefore by Lemma 2.1 (1) for $F^{m-1}$ instead of $F$, we get

the first $te$rm of rhs. of (3.2)

$=\delta$[$w[m+1]^{\partial’}$ in $F^{m-2}\langle w[3,$ $ m]\rangle$] $\delta$[ $w[m+1]^{\partial^{\prime}}$ in $ F^{m-1}\langle w[2]\rangle$]

$=\frac{s_{k}}{\# D}\delta$[$w[m+1]^{\partial^{\prime}}$ in $F^{m-1}\langle w[2,$ $ m]\rangle$] ,

and

the second term of rhs. of $(3.2)=s(\partial)\delta$[ $w[m+1]^{\partial^{\prime}}$ in $F^{m-2}\langle w[3,$ $ m]\rangle$]

. $\hat{\sigma}(Fw[1]^{\partial}, w[2])\{-\sum^{*}[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial^{\prime}’}, w[m+1]^{\partial’})]$

$+2\sum^{**}[\frac{s_{k}}{fD}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial^{\prime\prime}}, w[m+1]^{\partial’})]\}$ , (3.3)

where for $a,$
$b\in \mathscr{A}$ and a face $\partial\in D$

$\hat{\sigma}(Fa^{\partial}, b)=\left\{\begin{array}{ll}+1 & if \sigma^{*}(Fa^{\partial}, b^{\partial}’)=+1 with some \partial^{\prime}\in D^{(O)} ,\\-1 & otherwise,\end{array}\right.$

and the sum $\sum^{*}$ expresses the sum over $\partial^{\prime\prime}$ for which $w[2]^{\partial^{\prime\prime}}$ is a screen of
$\langle w[2]\rangle$ , and $\sum^{**}$ expresses the sum over $\partial^{\prime\prime}$ for which $w[2]^{\partial^{\prime}’}$ is a screen of
$L=\bigcap_{K\in\langle w[1,2],w[1]^{\partial}\rangle}K$ if $w[1]^{\partial}$ crosses $w[2]$ , and $ L=\langle w[2]\rangle$ if $w[1]^{\partial}$ does not cross
$w[2]$ . Then again by Lemma 2.1 (1)

$(3.3)+the$ third $te$rm of $(3.2)=s(\partial)\delta$[$w[m+1]^{\partial’}$ in $F^{m-2}\langle w[3,$ $ m]\rangle$] $\hat{\sigma}(Fw[1]^{\partial}, w[2])$

. { $-\delta[w[m+1]^{\partial’}$ in $F^{m-1}\langle w[2]\rangle]+2\delta[w[m+1]^{\partial’}$ in $F^{m-1}\langle w[1,2],$ $w[1]^{\partial}\rangle]$ }
$=s(\partial)\delta$[$w[m+1]^{\partial’}$ in $F^{m-1}\langle w[2,$ $ m]\rangle$] $\sigma^{*}(F^{m}w[1]^{\partial}, w[m+1]^{\partial^{\prime}})$ .

Therefore substituting them to (3.2), we get

$\psi(w, \partial, \partial^{\prime})=\delta$[$w[m+1]^{\partial’}$ in $F^{m-1}\langle w[2,$ $ m]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(F^{m}w[1]^{\partial}, w[m+1]^{\partial^{\prime}})]$ .

This proves (1).
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(2) For $\partial\in D^{\langle n)}$ and $\partial^{\prime}\in D^{(n+m)}$ , let $w\in\Psi_{m+1}$ . Then

$\psi(w, \partial, \partial^{\prime})=,,\sum_{\partial\in D^{\langle n+1)}}\psi(w[1,2], \partial, \partial^{\prime\prime})\psi(w[2, m+1], \partial^{\prime\prime}, \partial^{\prime})$

$=,,\sum_{\partial\in D^{(n+1)}}2s(\partial)\delta$[ $w[2]^{\partial^{\prime}}$ on $Fw[1]^{\partial}$] $ 2s(\partial^{\prime\prime})\delta$[ $w[m+1]^{\partial^{\prime}}$ on $F^{w[1,m-1]}(w[2]^{\partial’})$].

Therefore by Lemma 2.1 (2), we get

$\psi(w, \partial, \partial^{\prime})=2s(\partial)\delta$[$w[m+1]^{\partial’}$ on $F^{w[1,m]}(w[1]^{\partial})$].

This proves (2).
(3) For $\partial\in D^{\langle n)}$ and $\partial^{\prime}\in D^{\langle l)}$ for $1<m$ and aword $w\in\psi_{m+1}$

$\psi(w, \partial, \partial^{\prime})=,,\sum_{\partial\in D^{(O)}\cup D^{(n+1)}}\psi(w[1,2], \partial, \partial^{\prime\prime})\psi(w[2, m+1], \partial^{\prime\prime}, \partial^{\prime})$

$=,,\sum_{\partial\in D^{\langle O)}}[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(Fw[1]^{\partial}, w[2]^{\partial’})]\delta$ [$w[m+1]^{\partial’}$ on $F^{m}$
‘

$2\Delta\langle w[3,$ $ m]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial^{\prime\prime}}, w[m+1]^{\partial’})]$

$+,,\sum_{\partial\in D^{\langle n+1)}}2s(\partial)\delta$ [ $w[2]^{\partial’}$ on $Fw[1]^{\partial}$] $\delta$ [$w[m+1]^{\partial’}$ on $F^{m-2}\Delta\langle w[3,$ $ m]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial’}, w[m+1]^{\partial’})]$

$=\frac{s_{k}}{\# D}\delta$[ $w[m+1]^{\partial’}$ on $F^{m-2}\Delta\langle w[3,$ $ m+1]\rangle$]

. $[s_{k}+,,\sum_{\partial\in D^{\langle 0)}}s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial’}, w[m+1]^{\partial’})]$

$+s(\partial)\delta$[ $w[m+1]^{\partial^{\prime}}$ on $F^{m-2}\Delta\langle w[3,$ $ m]\rangle$] $\{,,\sum_{\partial\in D^{\langle 0)}}\sigma(Fw[1]^{\partial}, w[2]^{\partial’})$

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial^{\prime}’}, w[m+1]^{\partial’})]$

$+\sum_{\partial^{\prime\prime}\in D^{\langle n+1)}}2\delta$[ $w[2]^{\partial’}$ on $Fw[1]^{\partial}$]

. $[\frac{s_{k}}{\# D}+s(\partial^{\prime\prime})\sigma^{*}(F^{m-1}w[2]^{\partial’}, w[m+1]^{\partial^{\prime}})]\}$ .

Therefore, in a similar argument as in (1), we get by Lemma 2.1 (1),
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$\psi(w, \partial, \partial^{\prime})=\delta$[ $w[m+1]^{\partial^{\prime}}$ on $F^{m-1}\Delta\langle w[2,$ $ m+1]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(F^{m}w[1]^{\partial}, w[m+1]^{\partial^{\prime}})]$ .

This proves the case (3). The rest of the cases never occurs, thus the proof of the lemma
is completed.

Now we will prove Theorem $B$ :

THEOREM B. Assume that $F$ is expanding and $\xi-\lambda>0$ . Then the zeta function $\zeta(z)$

has a meromorphic extension to the $domain|z|<e^{\xi-\lambda}$ , andsatisfies $\zeta(z)=\det(I-\Phi(z))^{-1}$ .
$PR\infty F$ . Note that

$\log[\det(I-\Phi(z))^{-1}]=\sum_{n=1}^{\infty}z^{n}\sum_{w\in Lo\sigma p\langle n)\partial\epsilon}\sum_{\bigcup_{1--0^{D^{(i)}}}^{n}}\psi(ww[1], \partial, \partial)\eta(w)$ . (3.1)

We will calculate $\sum_{\partial\in\bigcup_{\iota=0^{D^{(i)}}}^{n}}\psi(ww[1], \partial, \partial)\eta(w)$ for each $n\geq 1$ and $w\in Loop(n)$ using
Lemma 3.1.

(1) For $n=1,$ $\psi(ww[1], \partial, \partial)=0$ unless $\partial\in D^{\langle 0)}$ . Therefore,

$\sum_{\partial\in\bigcup_{i=0}^{n}D^{\langle i)}}\psi(ww[1], \partial, \partial)\eta(w)=\sum_{\text{{\it \^{o}}}\in D^{(\circ)}}[\frac{s_{k}}{\$ D}+s(\partial)\sigma^{*}(Fw[1]^{\partial},$ $w[1]^{o}\gamma]\eta(w)$

$=[s_{k}+\sum_{\partial}s(\partial)\sigma^{*}(Fw[1]^{\partial}, w[1]^{\partial})]\eta(w)$

$=\{_{0}^{\eta(w)}$ $ifthereexiotherwise$

.
sts a fixed point corresponding to a word $w$ ,

(2) Now assume that $n\geq 2$ . Then

$\sum_{\partial}\psi(ww[1], \partial, \partial)\eta(w)$

$=\sum_{\partial\in D^{(O)}}\psi(ww[1], \partial, \partial)\eta(w)+\sum_{l=1}^{\infty}\sum_{\partial\in D^{(l)}}\psi(ww[1], \partial, \partial)\eta(w)$

$=\sum_{\partial\in D^{\langle O)}}\delta$[ $w[1]^{\partial}$ in $F^{n-1}\langle w[2,$ $ n]\rangle$] $[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(F^{n}w[1]^{\partial},$ $w[1]^{o}\gamma]\eta(w)$

$+\sum_{\iota=1\partial}^{\infty}\sum_{\in D^{(l)}}\delta$[ $w[1]^{\partial}$ on $F^{n-1}\Delta\langle w[2,$ $ n]\rangle$]

. $[\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(F^{n}w[1]^{\partial}, w[1]^{\partial})]\eta(w)$ .
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Note that there exists a canonical correspondence between $D$ and $D^{\langle l)}$ . The necessary and
sufficient condition for $\langle w[2, m]w[1]\rangle\neq\emptyset$ is that either $\delta$ [ $w[1]^{\partial}$ in $F^{n-1}\Delta\langle w[2,$ $ n]\rangle$] $=$

$1$ for $\partial\in D^{\langle 0)}$ or there exists $\partial^{\prime}\in D^{(l)}$ for some $l\geq 1$ which corresponds to $\partial$ such that
$\delta$[ $w[1]^{\partial’}$ on $F^{n}$

‘

$1\Delta\langle w[2,$ $ n]\rangle$] $=1$ . Therefore

$\sum_{\partial\in D}\psi(ww[1], \partial, \partial)\eta(w)$

$=\sum_{\partial\in D}\delta[\langle w[2, n]w[1]\rangle\neq\emptyset][\frac{s_{k}}{\# D}+s(\partial)\sigma^{*}(F^{n}w[1]^{\partial}, w[1]^{\partial})]\eta(w)$

$=\left\{\begin{array}{ll}\eta(w) & if there exists a periodic orbit corresponding to w ,\\0 & otherwise ,\end{array}\right.$

where

$\delta[\langle w\rangle\neq\emptyset]=\left\{\begin{array}{l}1if\langle w\rangle\neq\emptyset\\ 0otherwise\end{array}\right.$

Th$e$refore,

$\det(I-\Phi(z))^{-1}=\exp\sum_{n=1}^{\infty}\sum_{w\in Lo\sigma p\langle n)}\eta(w)\delta$ [$\exists periodic$ orbit corresponding to $w$]

$=\exp\sum_{n=1}^{\infty}\frac{z^{n}}{n}\sum_{p;F^{n}\langle p)=p}|\det D(F^{n^{\backslash }}Kp)|^{-1}=\zeta(z)$ .

On the other hand, for any $m$ , the coefficient of $z^{k}$ of tr $\Phi(z)^{m}$ coincide with that of
tr $\Phi_{n}(z)^{m}$ for $0\leq k\leq n$ , and $\zeta(z)$ is analytic in $|z|<1$ . We get

$\zeta(z)=\lim_{n\rightarrow\infty}(I-\Phi_{n}(z))^{-1}$

This completes the proof.

CONJECTURE. The zeta function has meromorphic extension to $e^{\xi-\lambda}$ .
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