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1. Introduction.

If a set of local moves can transform every knot into a trivial knot, it is called a
generalized unknotting operation. Note that there are many generalized unknotting
operations. The n-gon moves ([A1]) and the $n(i)$-moves ([Ohl]) are typical examples.
In this paper, we generalize these local moves to new local moves of ”polygonal type”
$P_{n}\left(\begin{array}{l}u\\b\end{array}\right)$ -moves and “rotational type” $R_{n}\left(\begin{array}{l}a\\b\end{array}\right)$-moves (Definition 2.4), and we classify

them up to ‘iocal equivalence” (Theorem 2.7). We conclude that any local move of
“polygonal type” or “rotational type” is a generalized unknotting operation except for
a few cases. In Section 6, we give a table of the $\Delta$ -unknotting numbers of the prime
knots with ten or fewer crossings (Table A), which expands the table of [Ok2].
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2. Fundamental results and main theorem.

Let $T$ and $T^{\prime}$ be tangle diagrams with $\partial T=\partial T^{\prime}$ . By replacing $T$ with $T^{\prime}$ on a link
diagram $L$ , we obtain a new link diagram $L^{\prime}$ . Then we say that $L^{\prime}$ is obtained from $L$

by a local move $T\rightarrow T^{\prime}$ . Let $T\leftrightarrow T^{\prime}$ denote a set of local moves $T\rightarrow T^{\prime}$ and $T^{\prime}\rightarrow T$ .
Let $M=\{T_{M}^{i}\rightarrow T_{M}^{ri}\}_{i\in I}$ and $N=\{T_{N}^{j}\rightarrow T_{N}^{\prime j}\}_{j\in J}$ be sets of local moves. We say that

$M$ induces $N$ if each local move $T_{N}^{j}\rightarrow T_{N}^{\prime j}$ in $N$ can be realized by local moves in $M$,
i.e., if each $T_{N}^{j}$ can be transformed into $T_{N}^{\prime j}$ by performing local moves in $M$. If $M$

induces $N$ and vice versa, then we say that $M$ and $N$ are locally equivalent ([A2]).
Furthermore, we say that $M$ and $N$ are equivalent if each local move in $N$ can be realized
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by performing a local move in $M$ once and vice versa.
If a set of local moves can transform every knot into a trivial knot, it is called a

generalized unknotting operation. The $H(2)$-move ([HNT]), the (ordinary) unknotting
operation ([W]), the unoriented #-unknotting operation ([M]), the $\Delta$ -unknotting
operation ([MN]) each is a generalized unknotting operation. In [N3], Y. Nakanishi
classified the known generalized unknotting operations into six types up to local
equivalence; (Type $T$), (Type $X$), (Type $\#$), (Type 2+3), (Type $\Delta$ ) and (Type 6).

A generalized unknotting operation $M$ is said to be of Type $T$ (Type $X$, Type $\#$ ,
Type $\Delta$ , respectively) if $M$ is locally equivalent to the $H(2)$-move (the (ordinary) un-
knotting operation, the unoriented #-unknotting operation, the $\Delta$ -unknotting opera-
tion, respectively). For the definitions of “Type 2+3” and “Type 6”, see [N3]. Then
we have the following relationship among them.

PROPOSITION 2.1.

Type

Here $\prime Type*\rightarrow Type**$ means that any generalized unknotting operation of $Type*$

induces that of$Type**.$ And $Type*$ $Type**$ means that no generalized unknotting
operations of $Type*induce$ that of $Type**$ .

The relation “Type $ 2+3\rightarrow Type\Delta$
’ is proved in [Nl, Lemma]. The other relations

$\rightarrow$ are easy to see.
For the proofof Type $\Delta_{*-}\rightarrow_{\lrcorner_{\ulcorner}}\rightarrow$ Type 6”, we note the following facts in [N3, proof of

Theorem 8.1]: (1) A 2-component trivial link and a $(4,2)$-torus link can be transformed
into each other by a finite sequence of generalized unknotting operations of Type 6,
but not by that of Type $\Delta$ . (2) A 3-component trivial link and the Borromean rings
can be transformed into each other by a finite sequence of generalized unknotting
operations of Type $\Delta$ , but not by that of Type 6.

The other relations $-+\rightarrow$ follow from [N3, Theorem 8.1].

DEFINITION 2.2. For an integer $n(\geq 2)$ and a sequence $a=(a_{1}a_{2}\cdots a_{n})$ (where
$a_{i}\in\{+, -\},$ $1\leq i\leq n$)

$,$

$T_{a}$ and $T_{a}^{r}$ are the tangle diagrams whose projections with signs
are shown in Fig. 2.1 (1), (2), respectively. Fig. 2.1 (3) illustrates the meaning of signs
at crossing points. Let $T$ and $T^{\prime}$ be tangle diagrams. If $T$ can’t be transformed into $T^{\prime}$

by performing Reidemeister moves, we denote $T\not\cong T^{\prime}$ .
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$FlGURE2.1$

REMARK 2.3. (1) If $n\neq 2$ , then $T_{a}\not\cong T_{b}$ if and only if $a\neq b$ .
(2) Whenever $n\neq 3$ , we have $T_{a}\not\cong T_{b}^{r}$ .
DEFINITION 2.4. Let $n$ be an integer $(\geq 2)$ , and let $a=(a_{1}a_{2}\cdots a_{n})$ and $b=$

$(b_{1}b_{2}\cdots b_{n})$ be sequences of signs $a_{\iota},$ $b_{i}\in\{+, -\},$ $1\leq i\leq n$ .
(1) $I(a, b)=\#\{i|a_{i}\neq b_{i}, 1\leq i\leq n\}$ .

(2) Suppose $T_{a}\not\cong T_{b}$ , then the $P_{n}\left(\begin{array}{l}a\\b\end{array}\right)$ -move is defined to be a local move $T_{a}\leftrightarrow T_{b}$ .

(3) $SupposeT_{a}\not\cong T_{b}^{r},$ $thentheR_{n}\left(\begin{array}{l}a\\b\end{array}\right)- moveisdefinedtobealocalmoveT_{a}\leftrightarrow T_{b}^{r}$ .

REMARK 2.5. (1) Any $P_{n}\left(\begin{array}{l}a\\b\end{array}\right)$-move or any $R_{3}\left(\begin{array}{l}a\\b\end{array}\right)$-move doesn’t change the

number of components of links. The number of components may be changed by any

$R_{n}\left(\begin{array}{l}a\\t\end{array}\right)$-move $(n\neq 3)$ . In this paper, we perform any $R_{n}\left(\begin{array}{l}a\\b\end{array}\right)$-move $(n\neq 3)$ without changing

the number of components of links.

(2) The $P_{n}\left(\begin{array}{l}a\\b\end{array}\right)$-move and the $P_{n}\left(\begin{array}{l}b\\a\end{array}\right)$-move are equivalent.

(3) The $P_{n}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\b_{1} & \cdots & b_{n}\end{array}\right)$ -move and the $P_{n}\left(\begin{array}{lllll}a_{i} & \cdots & a_{n}a_{1} & \cdots & a_{j-1}\\b_{i} & \cdots & b_{n}b_{1} & \cdots & b_{i-1}\end{array}\right)$-move are equivalent.

(4) The $R_{n}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\b_{1} & \cdots & b_{n}\end{array}\right)$-move and the $R_{n}\left(\begin{array}{lll}b_{1}b_{2} & \cdots & b_{n- 1}b_{n}\\a_{2}a_{3} & \cdots & a_{n}a_{1}\end{array}\right)$-move are equivalent.

(5) The $R_{n}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\b_{1} & \cdots & b_{n}\end{array}\right)$-move and the $R_{n}\left(\begin{array}{lllll}a_{i} & \cdots & a_{n}a_{1} & \cdots & a_{i- 1}\\b_{i} & \cdots & b_{n}b_{1} & \cdots & b_{i- 1}\end{array}\right)$-move are equivalent.
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The following give relations between these local moves and known local moves.

PROPOSITION 2.6. (1) If $I(a, b)=1$ , then the $P_{2}\left(\begin{array}{l}a\\t\end{array}\right)$-move is the (ordinary) un-
knotting operation.

(2) The $P_{2}\left(\begin{array}{l}++\\--\end{array}\right)$ -move and the local move as indicated in Fig. 2.2 (1) are equivalent.

(3) The $P_{4}\left(\begin{array}{l}+-+-\\-+-+\end{array}\right)$-move is the unoriented #-unknotting operation.

(4) For any integer $n(\geq 3)$ , the $P_{n}\left(\begin{array}{lll}++ & \cdots & +\\-- & \cdots & -\end{array}\right)$-move is the n-gon move, and hence

it is of Type $\#$ ([A1], [N3, Theorem 4.3]).

(5) If $a_{1}\neq a_{2}$ or $b_{1}\neq b_{2}$ , then the $R_{2}\left(\begin{array}{l}a\\b\end{array}\right)$ -move is the $H(2)$-move.

(6) The $R_{2}\left(\begin{array}{l}++\\--\end{array}\right)$-move and the local move as indicated in Fig. 2.2 (2) are equivalent.

(7) The $R_{3}(:::)$-move and the $R_{3}\left(\begin{array}{l}---\\---\end{array}\right)$ -move each is the $\Delta$ -unknotting

operation ([MN]). The $R_{3}\left(\begin{array}{l}+++\\---\end{array}\right)$-move is the $\Delta_{12}$-move, and hence it is ofType $\#$ ([N2],

[N3, Theorem 4.2]). Another $R_{3}\left(\begin{array}{l}a\\t\end{array}\right)$ -move is equivalent to some $P_{3}\left(\begin{array}{l}c\\d\end{array}\right)$-move.

(8) For any integer $n(\geq 4)$ , the $ R_{n}(::\ldots$ I $)$-move (i.e., $n(1)$-move), the

$R_{n}(--\cdot.---.-)$-move (i.e., $n(1)^{\prime}$-move) and the $R_{n}\left(\begin{array}{lll}++ & \cdots & +\\-- & \cdots & -\end{array}\right)$-move (i.e., $n(2)$-move) each

is of Type $T$ ([N3, Theorem 2.2], [Ohl]).

(1) –

(2) –

FIGURE 2.2

The following is the main theorem of this paper.

THEOREM 2.7. (1) For any integer $n(\geq 3)$ and any pair of $a=(a_{1}\cdots a_{n})$ and $b=$

$(b_{1}\cdots b_{n})$ ,

(a) $\iota fI(a, b)=n$ , then the $P_{n}\left(\begin{array}{l}a\\t\end{array}\right)$ -move is of Type $\#$ ,



GENERALIZED UNKNOTTING OPERATIONS 453

(b) otherwise, the $P_{n}\left(\begin{array}{l}a\\b\end{array}\right)$ -move is of Type $X$.

(2) For any integer $n(\geq 4)$ and any pair of $a=(a_{1}\cdots a_{n})$ and $b=(b_{1}\cdots b_{n})$ , the

$R_{n}\left(\begin{array}{l}a\\b\end{array}\right)$-move is of Type $T$.

The proof will be given in Section 3.

The auther doesn’t know whether the $P_{2}\left(\begin{array}{l}++\\--\end{array}\right)$-move is a generalized unknotting

operation. If we perform the $R_{2}\left(\begin{array}{l}++\\--\end{array}\right)$-move ($R_{2}(I_{+}^{+})$ -move, $R_{2}\left(\begin{array}{l}--\\--\end{array}\right)- move$) with-

out changing the number of components of links, the local move isn’t a generalized
unknotting operation ([N3, Section 9]).

3. Proof of Theorem 2.7.

For $\epsilon=+$ ( $-$ , respectively), let $\overline{\epsilon}=-$ ( $+$ , respectively). For $a=(a_{1}a_{2}\cdots a_{n})$ , let $\overline{a}$

denote $(\overline{a}_{1}\overline{a}_{2}\cdots\overline{a}_{n})$ . Theorem 2.7 (1) (a) follows from the following lemma:

LEMMA 3.1. (1) Any $P_{3}\left(\begin{array}{l}a\\\overline{a}\end{array}\right)$ -move is of Type $\#$ .

(2) For any integer $n(\geq 3)$ , any $P_{n}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\\overline{a}_{1} & \cdots & \overline{a}_{n}\end{array}\right)$ -move can be realized by one

$P_{n+1}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}a_{n+1}\\\overline{a}_{1} & \cdots & \overline{a}_{n}\overline{a}_{n+1}\end{array}\right)$ -move.

(3) For any integer $n(\geq 3)$ , any $P_{n+1}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}a_{n+1}\\\overline{a}_{1} & \cdots & \overline{a}_{n}\overline{a}_{n+1}\end{array}\right)$ -move can be realized by one

$P_{3}\left(\begin{array}{l}a_{1}a_{1}a_{n+1}\\\overline{a}_{1}\overline{a}_{1}\overline{a}_{n+1}\end{array}\right)$ -move and one $P_{n}$ ( $\frac{a}{a}11$ 1I1 $\frac{a}{a}nn$ )-move.

PROOF. By Remark 2.5 (2) and (3), any $P_{3}\left(\begin{array}{l}a\\\overline{a}\end{array}\right)$ -move is equivalent to the

$P_{3}\left(\begin{array}{l}+++\\---\end{array}\right)$-move or the $P_{3}\left(\begin{array}{l}-+-\\+-+\end{array}\right)$-move. By Proposition 2.6 (4), the $P_{3}\left(\begin{array}{l}+++\\---\end{array}\right)-$

move is of Type $\#$ . Fig. 3.1 (1) shows that the $P_{3}\left(\begin{array}{l}+++\\---\end{array}\right)$-move and the $P_{3}\left(\begin{array}{l}-+-\\+-+\end{array}\right)-$

move are locally equivalent. Hence the proof of Lemma 3.1 (1) is completed. Lemma
3.1 (2) and (3) are proved by Fig. 3.1 (2) and (3), respectively. $\square $
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FIGURE 3.1 (1)
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$S$ }

FIGURE 3.1 (2)

$\}$

}

FIGURE 3.1 (3)

PROOF OF THEOREM 2.7 (1) (b). It is obvious that any $P_{n}\left(\begin{array}{l}a\\t\end{array}\right)$-move can be realized

by $I(a, b)$ (ordinary) unknotting operations. Fig. 3.2 shows that the (ordinary) unknotting

operation can be realized by one $P_{n}\left(\begin{array}{l}a\\b\end{array}\right)$-move (where $a_{i}\neq b_{i},$ $a_{i+1}=b_{i+1}$ ). $\square $

Theorem 2.7 (2) follows from Proposition 2.6 (8) and the following lemma:
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$|a_{i}\neq b_{i^{\prime}}a_{i+1}=b_{i+1}P_{n}(.\cdot.\cdot\cdot.a_{j}b_{i}a_{j+1}b_{i+1}\cdots)$

$\rightarrow$

FIGURE 3.2

LEMMA 3.2. (1) Any $R_{4}\left(\begin{array}{l}a\\b\end{array}\right)$-move induces the $H(2)$-move.

(2) Any $R_{5}\left(\begin{array}{l}a\\b\end{array}\right)$ -move induces the $H(2)$-move.

(3) For any integer $n(\geq 4)$ , any $R_{n}\left(\begin{array}{lll}a_{1} & \cdots & a_{n}\\b_{1} & \cdots & b_{n}\end{array}\right)$-move can be realized by one

$R_{n+2}(b_{1}\cdots b_{n}b_{n+1^{\frac{a_{n+2}}{b_{n+1}}}}a_{1}\cdots a_{n}a_{n+1})- move$ .

(4) For any integer $n(\geq 4)$ , any $R_{n}\left(\begin{array}{l}a\\t\end{array}\right)$-move can be realized by three $H(n)$-moves.

(5) For any integer $n(\geq 2)$ , the $H(n)$-move is of Type $T$ ([N3, Theorem 2.1]).
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PROOF OF LEMMA 3.2. (1): Let $\mathfrak{T}_{1}=\{R_{4}\left(\begin{array}{l}a_{1}\overline{a_{1}}a_{3}a_{4}\\b_{1}b_{2}b_{2}^{-}b_{4}\end{array}\right)$ -move 1 $a_{i},$ $b_{i}\in\{+, -\}\}$ , S3 $2=$

$\{R_{4}\left(\begin{array}{l}a_{1}\overline{a_{1}}a_{3}\overline{a_{3}}\\b_{1}b_{2}b_{3}b_{4}\end{array}\right)- move|a_{i},$ $b_{i}\in\{+, -\}\},$ $\mathfrak{T}_{3}=\{R_{4}\left(\begin{array}{l}a\overline{a}aa\\bbbb\end{array}\right)- move|a,$ $b\in\{+, -\}\}$ and $\mathfrak{T}_{4}=$

$\{R_{4}\left(\begin{array}{l}aaaa\\bbbb\end{array}\right)$-move $|a,$ $b\in\{+, -\}\}$ .

CLAIM 3.3. Any local move in any $\mathfrak{T}_{j}(1\leq j\leq 4)$ induces the $H(2)$-move.

PROOF. See Fig. 3.3 and Proposition 2.6 (8). Then the proof is completed.

$\leftrightarrow$

$)$ $($ $\leftrightarrow$

FIGURE 3.3 (1)

–

$)$ $($ $\infty$

FIGURE 3.3 (2)
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$\overline{s\cdot 0}$

$|\underline{Q\cdot Q8\wedge Q\cdot Q}1$

$\alpha^{\vee}$

$\overline{Q\cdot Q}$

$19\cdot O\frac{eo}{\approx^{\vee}}8\wedge 1$

$\overline{ss}$

$\vee-\wedge$

$\vee\sigma|\wedge$

$\sigma)c\circ$.

$\supset g\frac{o}{L}$

$Q\cdot Q$

$|Q4$

$\leftrightarrow^{\frac Q\cdot\cdot Q\approx^{\vee}}$

$S$ $t$ $
$\overline{ss}$

$)$ $($

$\Leftrightarrow\cdot Q$

$|s\cdot 0$

$\frac{8\wedge}{\approx}$

$\wedge-$

$\leftrightarrow\vee$
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CLAIM 3.4. Any $R_{4}\left(\begin{array}{l}a\\b\end{array}\right)$ -move belongs to some $\mathfrak{T}_{j}(1\leq j\leq 4)$ .

PROOF. Let $a=(a_{1}a_{2}a_{3}a_{4})$ and $b=(b_{1}b_{2}b_{3}b_{4})$ be arbitrary sequences of 4 signs,

and consider the $R_{4}\left(\begin{array}{l}a\\b\end{array}\right)$ -move. If $a_{i}=a_{j}$ and $b_{i}=b_{j}$ for any pair of $i,j(1\leq i<j\leq 4)$ , then

the $R_{4}\left(\begin{array}{l}a\\b\end{array}\right)$-move belongs to $\mathfrak{T}_{4}$ . So we may assume $a_{i}\neq a_{j}$ or $b_{i}\neq b_{j}$ for some pair of

$\left(\begin{array}{l}a\overline{a}cd\\lmno\end{array}\right)$ $\underline{d=\overline{c}}\left(\begin{array}{l}a\overline{a}c\overline{c}\\lmno\end{array}\right)\in \mathfrak{T}_{2}$

$\downarrow d=c$

$\left(\begin{array}{l}a\overline{a}cc\\lmno\end{array}\right)$ $\underline{m=\overline{n}}\left(\begin{array}{l}a\overline{a}cc\\l\overline{n}no\end{array}\right)\in \mathfrak{T}_{1}$

$\downarrow m=n$

$\left(\begin{array}{l}a\overline{a}cc\\lnno\end{array}\right)$

$\underline{o=\overline{n}}$

$\left(\begin{array}{l}a\overline{a}cc\\lnn\overline{n}\end{array}\right)$ $-\left(\begin{array}{l}n\overline{n}ln\\ca\overline{a}c\end{array}\right)\in \mathfrak{T}_{1}$

$\downarrow 0=n$

$\left(\begin{array}{l}a\overline{a}cc\\lnnn\end{array}\right)$ $\left(\begin{array}{l}\overline{aaa}a\\nnn\overline{n}\end{array}\right)$ $-\left(\begin{array}{l}\overline{a}a\overline{aa}\\n\overline{n}nn\end{array}\right)\in \mathfrak{T}_{1}$

$\Vert$ $|l=\overline{n}$

$\left(\begin{array}{l}\overline{a}cca\\nnnl\end{array}\right)$

$\underline{c=\overline{a}}$

$\left(\begin{array}{l}\overline{aaa}a\\nnnl\end{array}\right)$

$\underline{l=n}$
$\left(\begin{array}{l}\overline{aaa}a\\nnnn\end{array}\right)$

$\downarrow c=a$
$\Vert$

$\left(\begin{array}{l}\overline{a}aaa\\nnnl\end{array}\right)$

$\underline{l=\overline{n}}$

$\left(\begin{array}{l}\overline{a}aaa\\nnn\overline{n}\end{array}\right)$ $\left(\begin{array}{l}\overline{a}a\overline{aa}\\nnnn\end{array}\right)\in \mathfrak{T}_{3}$

$\downarrow l=n$
$\Vert$

$\left(\begin{array}{l}\overline{a}aaa\\nnnn\end{array}\right)$ $\left(\begin{array}{l}n\overline{n}nn\\a\overline{a}aa\end{array}\right)\in \mathfrak{T}_{1}$

$\Vert$

$\left(\begin{array}{l}a\overline{a}aa\\nnnn\end{array}\right)\in \mathfrak{T}_{3}$

DIAGRAM 3.1
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$i,j$. By Remark 2.5, we may assume $\left(\begin{array}{l}a\\b\end{array}\right)=\left(\begin{array}{l}a\overline{a}cd\\lmno\end{array}\right)$ . See Diagram 3.1. The first branch

has the following meaning: if $d=\overline{c}(i.e.,$ $\left(\begin{array}{l}a\overline{a}cd\\lmno\end{array}\right)=(_{lmno}^{a\overline{a}c\overline{c}}))$ , then this move belongs to

$\mathfrak{T}_{2}$ . Therefore we may assume $d=c$, and hence $\left(\begin{array}{l}a\overline{a}cd\\lmno\end{array}\right)=\left(\begin{array}{l}a\overline{a}cc\\lmno\end{array}\right)$ . The other branches

have similar meanings. Then the proof is completed.
Hence the proof of Lemma 3.2 (1) is completed.

(2): The proof is sinlilar to that of Lemma 3.2 (1). Let $\mathfrak{R}_{1}=\{R_{5}\left(\begin{array}{l}a_{1}a_{2}a_{3}a_{4}a_{5}\\b_{1}\overline{a_{2}}b_{3}\overline{a_{4}}b_{5}\end{array}\right)- move|$

$a_{i},$ $b_{i}\in\{+, -\}\}$ , $\mathfrak{R}_{2}=\{R_{5}\left(\begin{array}{l}a_{1}a_{2}a_{3}a_{4}a_{5}\\\overline{a_{2}}b_{2}b_{3}\overline{a_{4}}b_{5}\end{array}\right)$-move $|a_{i},$ $b_{i}\in\{+, -\}\}$ , $\mathfrak{R}_{3}=\{R_{5}\left(\begin{array}{l}a_{1}a_{2}\overline{a_{2}}a_{4}a_{5}\\b_{1}a_{2}b_{3}\overline{a_{4}}b_{5}\end{array}\right)-$

move $|a_{i},$ $b_{i}\in\{+, -\}\},$ $\Re_{4}=\{R_{5}\left(\begin{array}{l}aaa\overline{a}a\\aabaa\end{array}\right)$-move $|a,$ $b\in\{+, -\}\}$ and $\mathfrak{R}_{5}=\{R_{5}\left(\begin{array}{l}aaaaa\\aaaaa\end{array}\right)-$

$move|a\in\{+, -\}\}$ .

CLAIM 3.5. Any local move in any $\mathfrak{R}_{j}(1\leq j\leq 5)$ induces the $H(2)$-move.
$PR\infty F$ . See Fig. 3.4 and Proposition 2.6 (8). Then the proof is completed.

$)$ $($

$S$
$t$

FIGURE 3.4 (1)



GENERALIZED UNKNOTTING OPERATIONS 461

$\wedge co\vee$

$ r)\sim$

$\mathfrak{k}g\frac{o}{h}D$

$)$ $($

$\leftrightarrow$

$\vee c\triangleleft\wedge$

$\check{\dot{r}}$

$D\frac{o}{A}g$

$\leftrightarrow$
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$\overline{QQ}$

$|QQ$
$Q\cdot Q$

$QQ$

$\frac{QQ}{\approx^{r}}$

$\int$ $

$\vee--\wedge$

$\vee\wedge\triangleleft$

$c\dot{\eta}\triangleleft$
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$\left(\begin{array}{l}abcde\\lmndp\end{array}\right)$
$\underline{m=5}\left(\begin{array}{l}abcde\\l5ndp\end{array}\right)\in\Re_{1}$

$\downarrow m=b$

$\left(\begin{array}{l}abcde\\lbndp\end{array}\right)$
$\underline{l=5}\left(\begin{array}{l}abcde\\5bndp\end{array}\right)\in\Re_{2}$

$\downarrow l=b$

$\left(\begin{array}{l}abcde\\bbndp\end{array}\right)$
$\underline{c=5}\left(\begin{array}{l}ab5de\\bbndp\end{array}\right)\in\Re_{3}$

$\downarrow c=b$

$\left(\begin{array}{l}abbde\\bbndp\end{array}\right)$

$\Vert$

$\left(\begin{array}{l}bdeab\\ndpbb\end{array}\right)$
$\underline{a=5}\left(\begin{array}{l}bde5b\\ndpbb\end{array}\right)\in\Re_{1}$

$\downarrow a=b$

$\left(\begin{array}{l}bdebb\\ndpbb\end{array}\right)$

$\underline{n=d}$
$\left(\begin{array}{l}bdebb\\ddpbb\end{array}\right)$

$\underline{d=5}$

$\downarrow n=d$ $\downarrow d=b$

$*\left(\begin{array}{l}bdebb\\\varpi_{pbb}\end{array}\right)$ $\left(\begin{array}{l}bbebb\\b5pbb\end{array}\right)$

$\Vert$

$\Re_{3}\ni\left(\begin{array}{l}bbbbb\\bbebb\end{array}\right)\underline{p=5}$ $\left(\begin{array}{l}bb5pb\\bbebb\end{array}\right)$

$\downarrow p=b$

$\left(\begin{array}{l}bb5bb\\bbbbb\end{array}\right)$

$\underline{e=b}$
$\left(\begin{array}{l}bb5bb\\bbebb\end{array}\right)$

$\Vert$ $I^{e=5}$

$\left(\begin{array}{l}b5ebb\\5bpbb\end{array}\right)$

$\Vert$

$\left(\begin{array}{l}bb5eb\\b5bpb\end{array}\right)$
$\underline{p=\overline{e}}\left(\begin{array}{l}bb5eb\\b5b\overline{e}b\end{array}\right)\in\Re_{1}$

$\downarrow p=e$

$\left(\begin{array}{l}bb5eb\\b5beb\end{array}\right)$

$\underline{e=5}$
$\left(\begin{array}{l}bbbbb\\b5b5b\end{array}\right)$

$\downarrow e=b$
$\Vert$

$\left(\begin{array}{l}bb5bb\\b5bbb\end{array}\right)$
$\left(\begin{array}{l}b5b5b\\bbbbb\end{array}\right)\in\Re_{3}$

$\Vert$

$\Re_{4}\ni\left(\begin{array}{l}bbb5b\\bbbbb\end{array}\right)$ $\left(\begin{array}{l}bb5bb\\bb5bb\end{array}\right)$ $-\left(\begin{array}{l}bbb5b\\bb5bb\end{array}\right)\in\Re_{4}$

DIAGRAM 3.2 (1)
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$*\left(\begin{array}{l}bdebb\\\overline{dd}pbb\end{array}\right)$ – $\left(\begin{array}{l}bidpb\\bdebb\end{array}\right)$ $\underline{p=5}\left(\begin{array}{l}b\partial\varpi b\\bdebb\end{array}\right)\in\Re_{1}$

$\downarrow p=b$

$\Re_{1}\ni\left(\begin{array}{l}bbb5b\\b\varpi bb\end{array}\right)$ $\left(\begin{array}{l}b\partial dbb\\bdebb\end{array}\right)$

$|e=5$ $\Vert$

$\left(\begin{array}{l}bbbeb\\b\delta bbb\end{array}\right)$

$\underline{d=b}$
$\left(\begin{array}{l}bbdeb\\b\partial dbb\end{array}\right)$

$\downarrow e=b$ $\downarrow d=5$

$\left(\begin{array}{l}bbbbb\\bbbbb\end{array}\right)$ $\left(\begin{array}{l}bb5eb\\bbbbb\end{array}\right)$

$\underline{e=b}$
$\left(\begin{array}{l}bb5bb\\bbbbb\end{array}\right)$

$\Vert$

$\downarrow e=5$ $\Vert$

$\Re_{3}\ni\left(\begin{array}{l}bb5bb\\bbbbb\end{array}\right)-$ $\left(\begin{array}{l}bbbbb\\bbbbb\end{array}\right)$ $\left(\begin{array}{l}bbb5b\\bbbbb\end{array}\right)\in\Re_{4}$

DIAGRAM 3.2 (2)

CLAIM 3.6. Any $R_{5}\left(\begin{array}{l}a\\b\end{array}\right)$ -move belongs to some $\mathfrak{R}_{j}(1\leq j\leq 5)$ .

$PR\infty F$ . Let $a$ and $b$ be arbitrary sequences of 5 signs, and consider the $R_{5}\left(\begin{array}{l}a\\t\end{array}\right)$-move.

If the $R_{5}\left(\begin{array}{l}a\\t\end{array}\right)$-move doesn’t belong to $\{R_{5}\left(\begin{array}{l}abcde\\lmndp\end{array}\right)- move\}$ , by Remark 2.5, the $R_{5}\left(\begin{array}{l}a\\t\end{array}\right)-$

move belongs to $\mathfrak{R}_{5}$ . So we may assume $\left(\begin{array}{l}a\\b\end{array}\right)=\left(\begin{array}{l}abcde\\lmndp\end{array}\right)$ . See Diagram 3.2. Then the

proof is completed.
Hence the proof of Lemma 3.2 (2) is completed.
(3), (4): Lemma 3.2 (3) and (4) are proved by Fig. 3.5 and 3.6, respectively. $\square $
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$\overline{Q^{R}|\cdot Q\sim\sim_{+}}\overline{+_{\epsilon}}$

$Q\cdot Q\overline{+}\overline{+}\approx\approx$

$Q\cdot Q::\approx$

$\frac{Q-Q}{\approx^{\epsilon}\sim+}-$

$rn_{I}$

$gp\frac{o}{L}$
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4. Oriented versions.

In the previous sections, we didn’t consider the link orientation. For oriented link
diagrams, we can also define the conception of local moves, generalized unknotting
operations, local equivalence. In this section, we consider two special oriented versions
of $P_{n}(\frac{a}{a})$-moves.

DEFINITION 4.1. For an integer $n(\geq 3)$ and a sequence $a=(a_{1}a_{2}\cdots a_{n})$ (where
$a_{i}\in\{+, -\},$ $1\leq i\leq n$), the $P_{n}^{O}(a)$-move and the $P_{n}^{A}(a)$-move are local moves on oriented
link diagrams as indicated in Fig. 4.1 (1) and (2), respectively.

FIGURE 4.1 (1)

If i$<j$ , $i\rightarrow j$ .

FIGURE 4.1 (2)

The $P_{4}^{O}(+-+-)$-move is the pass-move, henoe it isn’t a generalized unknotting
operation. The $P_{4}^{A}(+-+-)$-move is the #-unknotting operation, henoe it is a gen-
eralized unknotting operation. Furthermore, the #-unknotting operation induces the
pass-move ([MN, Appendix]). The following theorem is proved by H. Aida.
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$\frac{\backslash /}{\backslash \swarrow}$

$\#$ I

$--\downarrow=1_{-}^{-}$

$|$ $|$

$|$ $|$

$\overline{\downarrow\downarrow}$

$($

$I^{P_{3}^{\wedge}(+--)}$

$P_{3}^{\wedge}(+--)$ I
$|P_{3}^{\wedge}(+--)$

FIGURE 4.2
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THEOREM 4.2. ([A2, Theorem 3]). (1) The $\Delta_{13}^{O}$-move (i.e., $P_{3}^{O}(+++)$-move) and
the pass-move are locally equivalent.

(2) The $\Delta_{13}^{\wedge}$-move (i.e., $P_{3}^{A}(+++)$-move) and the #-unknotting operation are
locally equivalent.

The following theorem generalizes the above results.

THEOREM 4.3. (1) For any integer $n(\geq 3)$ and any sequence $a=(a_{1}a_{2}\cdots a_{n})$ , the
$P_{n}^{O}(a)$-move and the pass-move are locally equivalent.

(2) For any integern $(\geq 3),$

$\iota fa=(+-\frac{++\cdots+}{n-3}-)or(++\cdots+),$
$thentheP_{n}^{A}(a)-$

move and the #-unknotting operation are locally equivalent.

$PR\infty F$ . (1): By Theorem 4.2 (1) and by suitably orienting strings in Fig. 3.1, the
proof is similar to that of Theorem 2.7 (1) (a).

(2): The $P_{3}^{A}(+++)$-move and the #-unknotting operation are locally equivalent
(Theorem 4.2 (2)), and so is the $P_{3}^{A}(+--)$-move as indicated in Fig. 4.2.

$P_{3}^{\wedge}(+++)$ I

FIGURE 4.3



GENERALIZED UNKNOTTING OPERATIONS 469

By suitably rotating and by suitably orienting strings (i.e., by letting $a_{1}=b_{n},$ $a_{2}=$

$b_{1},$ $a_{3}=b_{2},$ $\cdots,$ $a_{n}=b_{n-1},$ $a_{n+1}=b_{n+1}$ ) in Fig. 3.1 (2), we obtain the following lemma:

LEMMA 4.4. For any integer $n(\geq 3)$ , any $P_{n}^{\wedge}(b_{1}\cdots b_{n-1}b_{n})$-move can be realized
by one $P_{n+1}^{\wedge}(b_{1}\cdots b_{n-1}b_{n+1}b_{n})$-move.

Fig. 4.3 shows that one $P_{n+1}^{\wedge}(+++\cdots+)$-move can be realized by one
$P_{n}^{\wedge}(++\cdots+)$-move and two $P_{3}^{\wedge}(+++)$-moves. Similarly, we obtain that one
$P_{n+1}^{\wedge}(+-++\cdots+++-)$-move can be realized by one $P_{n}^{\wedge}(+-++\cdots++-)-$

move and two $P_{3}^{\wedge}(+--)$-moves. Hence the proof is completed. $\square $

REMARK 4.5. Every $P_{n}^{\wedge}(a)$-move isn’t locally equivalent to the #-unknotting
operation. Fig. 4.4 shows that one $P_{3}^{\wedge}(--+)$-move can be realized by one pass-
move. Therefore the $P_{3}^{\wedge}(--+)$-move isn’t even a generalized unknotting operation.
The author doesn’t know whether another $P_{n}^{\wedge}(a)$-move is locally equivalent to the
#-unknotting operation.

pass $|$

FIGURE 4.4

5. M-unknotting number one.

Let $K$ be (oriented) knot in $S^{3}$ . The unknotting number of $K$, denoted by $u(K)$ , is
the minimum number of (ordinary) unknotting operations which are necessary to
transform $K$ into a trivial knot. Let M-move be a generalized unknotting operation.
We define the M-unknotting number of $K$, denoted by $u^{M}(K)$ , using the M-moves instead
of the (ordinary) unknotting operations.

The unknotting number one knots are prime ([Sc]). On the other hand, there exists

a knot with the $ P_{n}(--\cdot$ . $’-+$ )-unknotting number one and with arbitrary many prime

factors. For example, the connected sum of $n$ copies of $3_{1}$ has $P_{2n}\left(\begin{array}{lll}++ & \cdots & +\\-- & \cdots & -\end{array}\right)$ -unknotting

number one.
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$[$

$O$

$FlGURE5.1$

Besides, there are infinitely many oriented composite knots with “#-unknotting
number” (i.e., $P_{4}^{A}$ (+–+-)-unknotting number) one ([Sa, Proposition 1.1]). By
modifying the method in [Sa, proofofProposition 1.1], we obtain the following results.

PROPOSITION 5.1. For any integer $n(\geq 4)$ and any $a=(a_{1}\cdots a_{n})$ ,

(1) There are infinitely many composite knots with $P_{n}\left(\begin{array}{l}a\\\overline{a}\end{array}\right)$-unknotting number one.
(2) There are infinitely many oriented composite knots with $P_{n}^{A}(a)$-unknotting

number one(
$a=(+-\frac{++\cdots+}{n-3}-)$

or $(++\cdots+)$).

$PR\infty F$ . By Lemma 3.1 (2) and Lemma 4.4, we obtain the following lemma:

LEMMA 5.2. For any (oriented) knot $K$ and any integer $n(\geq 3)$ ,

(1) $u_{1n}^{P_{n}t^{1..n}}\frac{a}{a}\frac{a}{a}$) $(K)\geq u_{1}^{P_{n+1}(\frac{a}{a}i_{\iota}^{*}.)}1\ldots.\ddagger_{1}^{1}(K)$

(2) $F^{\hat{n}}(+-++\cdots+-)(K)\geq F^{\hat{n}+1}\langle+-++\cdot\cdot++-)(K)$

(3) $u^{P_{\hat{n}}(+\cdots++)}(K)\geq f^{\hat{n}+1(+\cdot\cdot+++)}(K)$ .

We consider the knots

$K_{m}^{1}=C(-3)\# C(-3)\# C(2,2,2,2m)$

$K_{m}^{2}=C(-2, -2)\# C(-3)\# C(2,2,2,2m)$

$K_{m}^{3}=C(-2, -2)\# C(2,2,2,2m)$

$K_{m}^{4}=C(2, -2m)\# C(2,2m+2)$

described in Fig. 5.2. Here the symbol of $C(*)$ means the Conway notation for two-bridge
knots ([C]). Fig. 5.2 illustrates

$u^{P_{4}t_{-+-+}^{+-+-})}(K_{m}^{1})=1$ $J^{4}t_{--+-)}^{++-+}(K_{m}^{2})=1$ $u^{P_{4}t_{-++-)}^{+--+}}(K_{m}^{3})=1$ $u^{P_{4}t_{----)}^{++++}}(K_{m}^{4})=1$ .
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-O

I $P_{4}\left(\begin{array}{l}++-+\\--+-\end{array}\right)$

FIGURE 5.2

(1): By Remark 2.5 (2) and (3), any $P_{4}(\overline{a}a)$ -move is equivalent to the $P_{4}\left(\begin{array}{l}+-+-\\-+-+\end{array}\right)-$

move, the $P_{4}\left(\begin{array}{l}++-+\\--+-\end{array}\right)$ -move, the $P_{4}\left(\begin{array}{l}+--+\\-++-\end{array}\right)$-move or the $P_{4}\left(\begin{array}{l}++++\\----\end{array}\right)$-move. By

Lemma 5.2 (1), the proof is completed.
(2): By suitably orienting strings and rotating and turning over the figures, the

proof is similar to that of Proposition 5.1 (1). $\square $

6. Appendix.

The $u(K)$ for approximately a quarter of the prime knots with ten or fewer crossings
remains undetermined. Though the $\Delta$ -unknotting operation seems to be more com-
plicated than the (ordinary) unknotting operation, we can determine the $\Delta$ -unknotting
numbers $u^{\Delta}(K)$ for the prime knots with ten crossings except for 14 knots as in Table
A. Here $N$ ’ means 1 or 3, and $M$ ’ means 2 or 4. (In [Ok2], the $u^{\Delta}(K)$ for the prime
knots with nine or fewer crossings was determined.) For the diagrams of these prime
knots, we refer to [R].
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TABLE A
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