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Abstract. We determine the arithmetic Fuchsian groups I' with signature (0; e,, e,, e3, e,) which are the
subgroups of normalizer I'*(4; O) of maximal orders O in quaternion algebras 4 over the rational number
field Q.

1. Introduction.

To begin with, we shall recall the definition of a Fuchsian group (cf. Beardon [1],
Iversen [2]). The group SL,(R) acts on the upper half plane H={zeC|Im(z)>0} as
the group of fractional linear transformations. A finitely generated discrete subgroup
I' of this transformation group is called a Fuchsian group. In this paper, we shall
consider only Fuchsian groups of the first kind. Let I' be a Fuchsian group of the first
kind. We denote by P the set of the parabolic points of I and put H*=H U Pr. Then
we can naturally introduce a structure of the compact Riemann surface on the quotient
space H*/T'. Denote by g, r and s the genus of H*/I', the number of the elliptic and
parabolic points of H*/I" respectively, and by e; (1 <i<r) the orders of the stabilizing
groups of elliptic points of I'. Then we call the symbol (g; e;, €5, * ", €5, 8,41, ", €4
(e;= oo for r+1<i<r+s) the signature of I'. The following equality holds concerning
the volume vol(H*/I') of the quotient space H*/I' and the signature (g; e, €5, * -,
€,€ 11, "€+ Of I' (see Beardon [1]):

d r+s 1
(1.1) Vol(H*/I") =] f dx?_y =29—2+ Y (1——)
27: Dr y i=1 €;

where Dy is a fundamental domain of I' in H and 1/e;=0 for r+1<i<r+s.
Next we also recall the definition of an arithmetic Fuchsian group (cf. Shimura
[7]). Let k be a totally real algebraic number field of degree n, ¢; (1<i<n) be

Received March 11, 1996
Revised June 24, 1996




436 JUN-ICHI SUNAGA

Q-isomorphisms of k into the real number field R and ¢, be an identity map. Let A4
be a quaternion algebra which splits at the infinite place ¢, and is ramified at all other
infinite places @; (2<i<n). Then there exists an R-isomorphism

p: A®QR—>M2(R)®H"_1

where H is the Hamilton quaternion algebra over R. We denote by p, the composite
of the restriction of p to A with the projection to M,(R). Let O be an order in 4. Put

O'={xe0 | n(x)=1}

where n( ) denotes the reduced norm of 4 over k. If we put I'(4, 0)=p,(O"), then
r'‘Y(4, 0) is a discrete subgroup of SL,(R). A discrete subgroup I" of SL,(R) is called
arithmetic if I' is commensurable with some I'*(4, 0). Furthermore, we define the
normalizer N (O) of O:

N(O)={xeA | xO=Ox, n(x)>0} .
Put

GL; (R)={ge M,(R); det(g)>0} .
If we denote by I'*(4, O) the image of p,(N(O)) by the homomorphism
(1.2 Y : GL3 (R)ag — det(g) " 2ge SL,(R)

then I'*(A, O) is also a discrete subgroup of SL,(R).

We consider the problem to determine all arithmetic Fuchsian groups with given
signature. It is proved that there exist only finitely many arithmetic Fuchsian groups
with any given signature up to SL,(R)-conjugation by K. Takeuchi (Takeuchi [11]).
And he has determined explicitly all arithmetic Fuchsian groups with signature
(0; ey, e,, e5) (i.e. the triangle groups) and signature (1; €) (Takeuchi [10, 117).

In this paper, we treat arithmetic Fuchsian groups with signature (0; e,, e,, e, ¢,).
We shall determine all subgroups I" of I'* (A, O) with signature (0; e,, e,, e, e,) obtained
from a quaternion algebra A4 over the rational number field Q up to I'*(4, O)-conjugation.
Since Takeuchi has determined such groups in the case 42> M,(Q) (in this case, it can
be easily seen that I'*(4, 0)=I""Y(4, 0)=SL,(Z)), we shall deal with the remaining cases
(i.e. s=0). We make use of the homomorphisms of I'*(4, 0) into the symmetric group
S, of degree n (cf. Singerman [9]). This method is a generalization of the one used in
Takeuchi [12]. In the main theorem (Theorem 6), we shall give the complete list of the
groups I' mentioned above and the corresponding homomorphisms.

The author would like to thank Prof. K. Takeuchi for his valuable suggestions.

2. Signatures of I'*(4, O0), I'Y(A, 0).

Let A4 be an indefinite quaternion algebra over Q, which means that A satisfies
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2.1 p: AQoRM,(R).

From now on, we identify 4 with p(A4) by virtue of this isomorphism p and we regard
A as a subring of M,(R). Then the reduced norm »(x) coincides with det(x) and the
reduced trace tr(x) coincides with tr(x) as a matrix x. As for the discriminant D(A4) of
A, we have the following theorem (e.g. Shimura [7]).

THEOREM 1 (Hasse). Let notations be as above. The number of the places of Q
which are ramified in A is even.

From this theorem, we can express the discriminant D(A4) of A4 as follows:

D(A)=p1p2 “Pam s

where p; are distinct rational prime numbers. Let O be a maximal order in 4. We note
that there exists an element n;e O such that n(n;)=p; (1 <i<2m).

When we put I''(4, 0)=p(0?), I'YY(4, 0) is a discrete subgroup of SL,(R) (see
Shimizu [5]), and p(N(O)) is a subgroup of GL; (R). When we denote by I'*(4, O) the
image of p(N(O)) by the map Y in (1.2), I'*(A, O)is also a discrete subgroup of SL,(R).

We have (cf. Vignéras [13])

2.2) I*(A, 0)/T'Y(4, 0)=(Z/2Z)*" .

The quotient spaces H/I'*(A, 0), H/I'Y)(A, 0), in our case, are compact Riemann
surfaces. The volume of the Riemann surface H/I''Y(A4, O) with respect to the
SL,(R)-invariant measure dz=(1/y?)dxdy (x+iyeC) on H is given by

2.3) vol(H/T™(4, 0)=+ T (p—1)

p|D(4)
(Shimizu [6]). And we have
vol(H/I'")(A, 0))=[I*(4, 0) : T4, 0)] vol(H/T*(4, 0)),
so by (2.2), we have

2.4 vol(H/T'*(A, 0))= vol(H/T'Y(4, 0)) .

22m

On the other hand, if we denote by (g'¥; e,, €5, - - -, €,), (9*; €1, €5, - - *, e,.) the signatures
of I')(4, O) and I'*(A, O) respectively, by (1.1) we have

2.5) 2gV —2=vol(H/I'')(4, 0))— i (1 —L) ,

i=1 e;

(2.6) 2g* — 2 =vol(H/T*(A, 0))— Z (1— 1, )

i=1 €;
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As for (2.5), for any elliptic element y of I'')(4, O), since |tr(y)|<2 and tr(y)e Z, we
have tr(y)=0, + 1. Hence y satisfies one of the equations y2+1=0, y>+y+1=0. So we
have ¢;=2, 3. When we denote by v{) the number of the elliptic points of H/I"'')(A, O)
of order k, we have the following equality:

Q.7 29D —2 =vol(H/T"(4, 0))—% vgn—% vy,

By (2.2), e/=2, 3, 4, 6. Denote by v} the number of elliptic points of H/I'*(A, O) of
order k. Then we have

2.8) 2g* —2=vol(H/T*(4, 0))—% v3 —% v3 —% v —% vE .

Now we have to calculate v{V, v*.

DEerFINITION 1. Let K=Q(x) be a quadratic field, B its order, and p be a rational
prime. We define the Artin symbol in the following way;

X 1 if pslitsin K
(—>= —1 if p is still a prime in K
p 0 if p is ramified in K.
We need the following theorems.

THEOREM 2 (Vignéras [13]).

LG - ()
d

where <———) denotes the Artin symbol of quadratic field Q(./—d).
p

We denote by B, the order of the quadratic imaginary field Q(,/—d) of conductor
¢ (c=1, 2). Let nj be the number of N,(O)-conjugate classes of maximal embeddings
of B, into A where Ny(O)=N(O) L eN(O) (n(e)= —1) (see Michon [4]).

TrEOREM 3 (Michon [4]).

ey
vi= Y (ni+nl)—MUDn{—uDn],
d|D(4)
vi=(1—pD)ns, v¥=AD)ni, v&=uD)nj
where

1 if D(A) is even

'1(D)={0 if D(A) is odd
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1 if D(A)=0 (mod 3)
0 if DA)#0 (mod 3).

(2) n§ (c=1,2) is given as follows: n;=0 if at least one p;|D(A) splits in Q(/—d),
or c=2 and D(A) is even, or c=2 and d#3 (mod 4). Otherwise

h(—d)

uD)= {

for c=1

r
4

nd——-
{ h(—d) <1—(_—d>> for c¢=2
rp 2

where p=[B; : By ], and h(—d) is the class number of Q(\/—d) and r denotes the number
of ideal classes of L generated by the prime ideals dividing p; which do not split in B,
(c=1,2).

Now we shall determine the signatures of I'*(4, O) which contains the subgroups
I' with signatures (0; e,, e,, e, e,). We give the conditions on the discriminant D(A4) of 4
and the index n=[I"*(4, 0): I'].

Put D(A)=p,p," " ‘Pam then by (2.2) we have that [I'*(4, O0): I'')(4, 0)]=2°".
And put [I'*(A, O): I'J=n. Hence it follows from (2.3), (2.4) that

vol(H/I'Y(4, 0)),

2.9  vol(H/I'(4, 0»=%‘2Hm (Pi=1), vol(H/T*(4,0)=—7

(2.10) vol(H/I')=n - vol(H/T*(A, 0)) .
Since the signature of I is (0; e;, e,, e, e,), we have

vol(H/I')=2— ._i —1—

13

We may assume that e;=2, 3, 4, 6 (1 <i<4), hence we have

1 - 1 _4
—<vVol(H/IN=2—- ) —<—.
6 i=1 ei 3

Then we see that the equalities (2.9), (2.10) lead to

This implies that

2.11) 1<n[] p—l g

Since
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1 2m
—<

2=l
we have an upper bound on the index #: n<16. And since

pi—1 8

2m
11
i=1

2

Di

<
n

-1
2 b

<8,

we also have an upper bound on the discriminant D(4): D(4)<2-3:5-17=510.
Considering these conditions, we obtain the following table for the pair (D(A), n):

D(A) n D(A) n D(A) n
2.3 2<n<16 | 3-11 n=1 2-29 n=1
2-5 1<n<8 2-17 1<n<?2 2-31 n=1
2-7 1<n<S5s 5.7 n=1 2-3:5.7 1<n<?2
3-5 1<n<4 2-19 n=1 2:3:5-11 n=1
3.7 1<n<?2 3-13 n=1 2-3-5-13 n=1
2-11 1<n<3 2-23 n=1 2-3-7-11 n=1
2-13 1<n<?2 3-17 n=1 2:3:5-17 n=1
TABLE 1

We shall determine the signatures of I'''Y(4, 0), I'*(A, O) for D(4)<100, D(4)=
210, 330, 390, 462, 510 and give a table of these signatures together with vV=
vol(H/T'™(A, 0)), v* = vol(H/T*(A, 0)).

THEOREM 4. Let the notations be as above. The data for ')A, 0), I'*(A, O) is
given as follows:

D(A) 17 AR Y S L L A Y- S 2 R U R - b v*
23 2 2 0 1/3 1 0 1 1 0 1/12
2-5 0 4 0 2/3 3 1 0 0 0 1/6
27 2 0 1 1 3 0 1 0 0 1/4
3.5 0 2 1 4/3 3 0 0 1 0 1/3
3-7 4 0 1 2 5 0 0 0 0 1/2
2-11 2 4 0 5/3 2 1 1 0 0 5/12
213 0 0 2 2 5 0 0 0 0 1/2
3.11 4 2 1 103 |4 o0 o0 1 0 56
217 0 4 1 8/3 4 1 0 0 0 2/3
5-7 0 0 3 4 2 0 0 0 1 1
2-19 2 0 2 3 4 0 1 0 0 3/4
3-13 0 0 3 4 6 0 0 0 0 1
2.23 2 4 1 113 |3 1 1 0 0 1112
3-17 0 2 3 163 |5 0 0 1 0 453
5-11 0 4 3 20/3 6 1 0 0 0 5/3
3-19 4 0 3 6 7 0 0 0 0 4/3



229 0
2-31 2
5-13 0
3-23 4
2-37 0
7-11 4
2-41 0
517 0
2-+43 2
3-29 0
7+13 0
3-31 4
2-47 2
5-19 0
2:3:5-7 0
2°3-5-11| O
2:3-5-131 0
2:3-7-11} 8
2:3:5-17, 0

ARITHMETIC FUCHSIAN GROUPS 441

OO OOHLOONOLLOONOON

OOV UVNAIWUNINPNWLUNRAVLWOBNWEN

43 |5 1 0 0 0 76
5 5.0 1 0 0 5/4
8 8 0 0 0 0 2

223 |6 0 0 1 0 11/6
6 7 0 0 0 0 372
10 |9 0 0 0 0 572

203 |6 1 0 0 0 53

323 |8 1 0 0 0 853
7 6 0 1 0 0 74

283 |7 0 0 1 0 73
2 |6 0 0 0 0 3
100 |9 0 0 0 0 52

233 |5 1 1L 0 0 2312
2 |10 0 0 0 0 3
8 5 0 0 0 .0 12

40/3 |4 0 0 1 0 5/6
16 |6 0 0 0 0 1
20 |5 0 1 0 0 54

643 |5 0 0 1 0 4/3

3. Main theorem.

Our main purpose in this paper is to determine all Fuchsian groups I" with signature
(0; ey, e, e3, e,) such that I is a subgroup of I'*(4, O) of index n.

First in the case n=1, we have the following result directly from Theorem 4. We
give the complete list of I'*(A4, O) with signature (0; e, e, e, e,) as follows:

D(A)

0; ey, €5, €3, )

2-5
27
3-5
2-11

(0;2,2,2,3)
(0;2,2,2,4)
0;2,2,2,6)
(0;2, 2,3, 4)

Hereafter, we assume that the index n>2.
Using the signature of I'*(4, 0) and the equalities

3.1 vol(H/T')=2— 'i —L=n - vol(H/T'*(A, 0))

i=1 ei

we have the necessary conditions on the signature of I" for each pair (D(A), n) listed in

Table 1.

PROPOSITION 1. The possible signatures (0; e, e,, €3, e,) of the subgroups I' of

I'*(4, O) is as follows:
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signature of I'*(4, 0):(0; 2, 4, 6)

D(4)=2-3

signature of I"

), (0; 3, 3,4,4)
)3 (0; 4’ 4, 4, 4)

4),(0;3,3,3,3)

9999

,,,,

,,,,

,(0;2,3,3,3)
3
3
3
4
4

’’’’

’’’’’’’
99999999

”””””

NNNNNA A S
SSSSSSSSS

N e e et “vwsa” s’ s’ e’
’’’’’’’

0;2,2,3,3)
2
3
3
4
4
3
3
4
4

,,,,,,,,,,,,,
”””””””””””

,,,,,,,,,,,,,

daNNdNNNNNNNA A SO
SESSSSSSSSSSSSSS

N N ut s e st “wt “ “wue “wwst’ st et s’ s “wmer’

,23456789w

signature of I'*(A, 0):(0; 2, 2, 2, 3)

D(A4)=2-5

signature of I’

,,,,,
99999

’’’’’

999999

””””
”””””

’’’’’’

NNNNNAS
SSSSSSS

N N e’ s’ e’ “ame e’

NNTWVN\O~00

signature of I'*(4, 0):(0; 2,2, 2, 4)

D(4)=2-7

g aF
< e
< et
< e
.o \rm/ o o n
=) > =)
aFe ||| |Se
Nl eAmens o |~ S
G . e oo (o I YU . .
(=} onen <t n.U, (o} on <t
m Seder Te | e
ch s n e — = IR
s leee S| 5|
o~ ) ~ - n -~ 3
Blese ||3|6|ec
ZR N F 1% |0
e - e
Sl w e
o o 0
eee 3 =)
oo m )
AFSS | |3 S
NS NS
SNaa NS
e - CAA=)
on
I
o~
= NN <t N ,ADM\ = NN <t
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D(A4)=3-7| signature of I'*(4, 0):(0; 2, 2, 2, 2, 3)

n signature of I'

2 (0; 29 6’ 6’ 6)’ (0; 3’ 3’ 6’ 6), (0; 3’ 49 4’ 6)7 (O; 4, 4’ 4’ 4)

D(A)=2-11] signature of I'*(4, 0): (0; 2, 2, 3, 4)

n signature of I

,(0,2,4,4,6),(0;3,3,3,6),(0; 3,3,4,4)

D(4)=2-13| signature of I'*(4, 0):(0; 2,2,2,2,2)

n signature of I'

2 0;2,6,6,6),(0;3,3,6,6),(0;3,4,4,6),(0;4,4,4,4)

D(A)=2-17| signature of I'*(4, 0):(0;2,2,2,2,3)

n signature of I'
2 (0; 6, 6, 6, 6)
D(A4)=2-3-5-7| signature of I'*(4, 0):(0;2,2,2,2,2)
n signature of I’
2 0;2,6,6,6),(0;3,3,6,6),(0; 3,4,4,6),(0,4,4,4,4)

ProOOF. We get this result by solving the equation obtained from (3.1) and the
data listed in Theorem 4. We note that e;=2, 3, 4, 6. By virtue of this fact, we can find
all solutions for the equation

1 1 1 1
2——(—+———+—+—>=n *vol(H/T*(A4, 0)) . Q.E.D.

e, e, e;3 e,
Now we need the following Theorem.

THEOREM 5 (Singerman [9]). Let I' be a Fuchsian group of the first kind with
signature (g; my, m,, - - -, m,; s) which satisfies

g r s
1:11 [a;, b;] __],—lej l—l Pk=x;""j=1> .

Jj k=1

F=<a1’ bl’ .. .’ag,bg’ Xis ' s Xpy P1s " s Ps
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. S/)

rpr,

Then I' contains a subgroup I'y of index N with signature (g":nyy, *--,ny,,""*,n
if and only if
(1) There exist a permutation group G transitive on N letters and a surjective
homomorphism 0 : I’ - G satisfying the following conditions:
a) The permutation 0(x;) has precisely p; cycles of lengths less than m;, the lengths
of these cycles being mj/n;y, - - -, mj/n; .
b) If we denote the number of cycles in the permutation 0(y) by 6(y) then

§'= i o(py) -
k=1
2
vol(H/T',)=N - vol(H/I') .

By this theorem, we can determine the signature of I'. Furthermore, in order to
determine all I" up to I'*(A4, O)-conjugation, we need the following proposition.

ProOPOSITION 2. Let I'* be a Fuchsian group and 0, (i=1,2) be an injective
homomorphism from I'* to the symmetric group S, of degree n, whose image G;=0,(I'*)
in S, acts transitively. Let H, be the stabilizing subgroup of G; at 1, and put I';=0; '(H,).
Then there exists an element y,€ I'* such that ', =y,I" 1y, ! if and only if there exists an
element 6y € S, such that

0,(y)=06,0,(y)5o ! for all yeI'* .

Proor. First we assume that I',=y,I";y5!. For left coset decomposition I'* =
\J7_, 6.1, suppose that an element ye I'* transfers the left coset 8,I'; to 6,I'y, i.e.

y&jI.‘l:akrl .

This implies 8,(y)(j)=k(j, ke {1,2, - - -, n}). We can choose representatives {d;} of left
coset decomposition by I', such that 8;=v,6;75 . For this left coset decomposition,
assume that

y8, Ty =6,T .

Then we have yyod;I"; =y¢0,,I 1. These imply 0,(y)(j)=m, 0,(yo lyvo)j)=m. Hence we
obtain

02(2)()=01(0 '770)J) -
Since this equality holds for 1 <j<n,
0,(7)=0,(y5 'v70) -
Therefore, putting o =6(y,) !, we have

0,(y)=00,(y)o 1 for all yerl*.
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Conversely, suppose that 8,(y)=00(y)o !, 6€S,, ye'*. Let H, fix k and H, fix j. Since
G; acts transitively, there exists an element p € G, such that po~ (k)= =j. By assumptlon
o6~ 'H,0 =Gy, so we obtain ¢ 'H,o=p 'H,p. Therefore, ;

[,=0; ' (Hy)={yel* | 0,0)e Hy}={yeI™* | 66,()c "' e H,}
={yel* | 0,()ec™ "Hyo}={yel™* | 0,(y)ep 'H,p, peG,}
={yel™* | 0,(70)0,(1)0:(o) ' € H,} ={yeI™* | yoyvo ‘€01 (H,)}
=70 01 'Hyo=70 'T'170 QED

By this proposition, we can classify the subgroups I' of I'*(4,0) up to
I'*(A, O)-conjugation by giving the homomorphic images in S, of the generators of
I'*(A, 0). So we shall give the homomorphisms 6 of I'*(4, O) into S, by determining the
images of the generators of I'*(A4, 0).

THEOREM 6. Let notations be the same as before. The complete list of the subgroups
I' of I'*(A,0) with signature (0;e,,e,, e;, e,) up to I'*(A, O)-conjugation, and the
homomorphisms 0 : I'*(A, O)— S, is as follows:

D(4)=2-3 l I'(A, 0)=<y;, 72, )’3( I '}’12='}’;=Y§=)’1?2Y3= 1>
n | homomorphism 0: I'*(4, 0)— S, signature of I
0(yz)=(12 :
8(y3)=(12)
31 00y4)=(12)(3) 0;2,2,2,4)

O(y2)=(13) 2)
0(y3)=(123)

4 | 0y)=012)(3) 4 0;2,2,2,6)

0(y,)=(1234)

0(y3)=(1) 24 3)

4 0y)=(012)(3) @ 0;2,2,3,3)
Y 324

0(y3)=(13) (24)

0(y)=(12) (34)
0(y2)=(13) (2 4;

0(y3)=(14) (23

50 0(y)=(12)(34) (5) 0;2,2,3,4)
0(y2)=(1354) (2)
0(y3)=(124)(35)
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homomorphism @: I'*(4, 0)— S,

signature of I"

0(y,)=(12) 3 4) (56)
0(y,)=(1) (3) 254 6)
0(r3)=(162)(3549)

0(y)=(12) 34)(56)
92?23 El) 3 2 5))(4 6)
0(ys

0(y,)=(1 2)3 4) (5) (6)
0(y,)=(1) 3) (254 6)
8(y5)=(164352)

0(y)=(12) (33 4)(5) (6)
0(y2)=(1) (3) (24 56)
0(y;)=(165432)

0;2,2,4,4)

0(y)=(12) 34) (56)
0(y;)=(1235) (4 6)
0(y;)=(1) 254) (3 6)

0;2,2,3,6)

O(y,)=(12) (34) 56) (7)
0(y;)=(1235)(47) (6)
0(y3)=(1)(256374)

0(y1)=(12) 3 4) 5 6) (7)
0(y2)=(12335) (67) (4)
B(ys)=(1) (25763 4)

0(y)=(12) 34) (56) (7)
0(y;)=(1237) (45) (6)
0(y;)=(1)(273564)

0(y)=(12) 34) 56) (7)
0(y2)=(1273) (45) (6)
0(ys)=(1) (235647)

0;2,2,4,6)

0(y,)=(12) (34) (5 6) (7) )
0(y)=(1257) (34

0(y3)=(1) 3) 275 4 8 6)

0(y1)=(12) (34) (56)(78)
0(y,)=(1257) (346 8)
0(y3)=(1) (3) (276) 48)5)

0(y,)=(12) (34) (56) (7) (8)
0(y,)=(1275)(3486)
0(y3)=(1)(3)(258467)

0;2,2,6, 6)
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homomorphism 6: I'*(4, 0)— S, signature of I’

0(y1)=(12) 34) (56) (7) (8) 0;2,2,6,6)
0(y2)=(1257) (348 6)
0(r3)=(1) (3) (27 5846)

0(y1)=(12) 34) (56) (78) 0;2,3,4,4)
0(y2)=(1357) (24) (6) (8)
0(y3)=(14) (27856 3)

0(y,)=(12) 3 4) (56) (7 8) ©0;3,3,3,3)
0(y,)=(1357)(2864)
0(y3)=(14)(27) (36)(58)

0y)=(12)(34)(56)(78) (9) 0;2,3,4,6)
0(y,)=(1235)(479 6) (8)
0(y3)=(1) (259784) (36)

Oy)=(12) 34) (56) (78) ()
0(y,)=(1235)(4976) (8)
0(y3)=(1)(257894) (36)

NN

7) (459 6) (8)

Bra)=(1273) (4

(7 8) (9 10) 0;2,4,4,6)

9) (8) (10)
107

9(?2)—(1 235)4
= 8 6)

5
6
0(y,)=(12) 34) (5
0(y2)=(1273) (4 ;

) B4 (5 6)
57) (2

—
~
o0

-

—_—
\O
[a—y
=]

N’

0;3,3,4,4)

2

3 96 4)

4) (2785910

%) 3 4) (5 6) (g 8) (9 10) (11 12) (0;2, 6, 6, 6)
1

79)(34118)(561012)
)(3)(5)(2961248)(71110)

D
f'\
vvv
o0
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homomorphism 0: I'*(4, 0)— S,

signature of I’

12

0(y))=(12) 34) (56)(78) (9 10) (1112)
0(y2)=(1257)(34911) (61210 8)
B(y;)=(1) (3) (2710411 6) (58) (912)

(0;3,3,6,6)

12

0(y,)=(12) 34) (56) (7 8) (9 10) (11 12)
0(y2)=(1357)(249 11) (6) (8) (10) (12)
0(y3)=(111129104) (27856 3)

0(y1)=(12) 34)(56) (78) (910) (11 12)
0(y2)=(1537)(29411) (6) (8) (10) (12)
0(y3)=(11112456) (27839 10)

(0;4,4,4,4)

14

0(y,)=(12) (34) (56) (7 8) (9 10) (11 12) (13 14)
0(y,)=(1257)(3469) (81110 13) (12) (14)
0(y3)=(1) 271314106) (3) (49 11 128 5)

13
0(y)=(12) (3 )( )(7 8) (910) (11 12) (13 14)
0(y,)=(125 )( 8) (6 11 10 13) (12) (14)
0(y3)=(1) 27911 126) (3) (48513 14 10)

7
0(y4)=(12) (3 4) (& ) (78)(910) (11 12) (13 14)
0(y,)=(12511) (34713) (698 10) (12) (14)
0(y3)=(1) (211 125106) (3) (4131479 38)

0(y,)=(12) 3 4) (5 )(7 8) (9 10) (11 12) (13 14)
v)=(12 11 5) (3 37) (69 8'10) (12) (14)
0('y3) (1) (2510611 12) (3) (479813 14)

0(y,)=(12) 34) (5 )(78) (9 10) (11 12) (13 14)
0(y,)=(12511) (3 13 7) (6 9 8 10) (12) (14)
8y =(1) 211125106) (3) (4798 13 14)

(0;4,4, 6,6)

16

0(y1)=(12) (34) (56) (78) (9 10) (11 12) (13 14) (15 16)
B(y;)=(12911) (3410 13) (56 12 15) (7 8 14 16)
8(y3)=(1) 2116 1514 10) (3) (4 138 16 12 9) (5) (7)

0y,)=(1 2) (34) (56) (7 8) (9 10) (11 12) (13 14) (15 16)
8(y2)=(12911) (3410 13) (56 15 12) (7 8 16 14)
8(y2)=(1) (211158 14 10) (3) (4 13 16 6 12.9) (5) (7)

(0; 6’ 6, 6’ 6)

D(A)=2-5 l I'*(A, 0)=<y1,72, 73> Y4 | 712='Y22=?32=743=71'Y2?3)’4= 1>

n | homomorphism 0: I'*(4, 0)— S, signature of I
1 0;2,2,2,3)
2 0;2,2,3,3)

0(y,)=(1) (2)
=(12)

0(y3)=(12)
0(vs)=(1) (2)




ARITHMETIC FUCHSIAN GROUPS

449

homomorphism 6: I'*(4, 0)— S,

signature of I’

0(y1)=(12) (34)
0(v2)=(13) (24)
0(y3)=(14) (23)
0= ) ) @

©;3,3,3,3)

D(A)=2+T|T*(A4, 0)=<y1, V2, V3 Ya | YE=V3=73=92=71727374=1D

homomorphism 0: I'*(4, 0)— S,

signature of I

0;2,2,2,4)

0(y,)=(1) (2)
0(y2)=(12)
0(y3)=(12)
62 =(1) 2

0;2,2,4,4)

0(y,)=(12) (34)
O0(y2)=(13) (24)
O(ys)=(14) (2 3)
0(ra)=(1) 2) 3) 4

0;4,4,4,4)

D(A)=3-5|I'*(4, 0)={y1, 72, ¥3 V4 | ¥i

=y3=9F=yS=y1727374s=1)>

homomorphism 6: I'*(4, 0)— S,

signature of I'

0;2,2,2,6)

0(y2)=(13) (24)
O(ys)=(14) (23)
0(v4)=(1) (2) 3) 4

0(y,)=(1) (2) 0;2,2,6,6)
0(y2)=(12)

0(y3)=(12)

0(r4)=(1) (2)

D(A)=2+11|T*(A, O)=<yy, 72, V3> Ya | Y2 =02 =93 =9 =7172737a=1D>

homomorphism 6: I'*(4, 0)— S,

signature of I'

0;2,2,3,4)

0(y,1)=(12)
0(y2)=(1 2)
0(y3)=(1) (2)
0(va)=(1) (2)

0;3,3,4,4)
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Proor. It is sufficient to verify these results for each pair (D(A4), n) listed in
Proposition 1. We shall give a brief proof of the theorem by taking the case
D(A)=2- 3, n=6 and the signature (0; 2, 2, 4, 4). By Theorem 5, we must find the integers
n;€{l, 2, 4, 6} such that

6= = = s nyl2, nyl4, myl6.

In this case, we get the following 3 solutions:

- 2,2,2_4,4,4_6.6
D T T N B s St S
. _2,2.2_4.4.4 . 4_6
W  b=TH+T+T=3tg =1
=2,2.2.2_4.4 4_6
(iii) 6—1+1+2+2 4+4+1 T

From this, we have the following result:
(1) 6(y,) is of type [2, 2, 2], 8(y,) is of type [1, 1, 4] and 6(y,) is of type [3, 3],

(i) 6(y,) is of type [2, 2, 2], O(y,) is of type [1, 1, 2, 2], 6(y,) is of type [6],

(i) 6(y,) is of type [1, 1, 2, 2], 6(y,) is of type [1, 1, 4] and 6(y,) is of type [6],
where the permutation o is of type [ny, n,, - - -, n,] if ¢ is the product of disjoint r cycles
of length n; (1<j<r). In the case (i), we may assume that 8(y,)=(1 2)(3 4)(5 6) and that
0(y,) fixes the letters 1 and 3. Then we have 6(y,)=(1)(3)(2 5 4 6). Otherwise we find that
68(y3) cannot be of type [3, 3], which is a contradiction. Hence we have 6(y;)=(1 6 2X3 5 4).
In the case (ii)), we may also assume that 6(y,)=(1 2)(3 4)5 6) and that 6(y,) fixes the
letters 1 and 3. Then we have 6(y,)=(1)(3)(2 5)(4 6). Otherwise we have 6(y) contain (5 6)
and this contradicts the assumption that 8(I'*(A, 0)) is a transitive subgroup of S,. So
we have 0(y;)=(1 54 3 6 2). In the case (iii), we may assume that 6(y,)=(1 2)(3 4)X5)(6)
and 0(y,) fixes the letter 1 and 3. Then we have 6(y,)=(1)(3)2 4 5 6), (1)(3X2 5 6 4). This
implies that 6(y;)=(1 6543 2), (16435 2), respectively. Hence we have

0(y,) 0(v,) 0(y3)
@) 12)(34)(56) (1)3)(2546) (162)(3549)
(i1) (12)(34)(56) 1)B)(25 @496 (154326)

(iii) (12)(34)(56) (1)(3)(2456) (165432
12)(34)(56) M@ 2564 (164352)

Next we take the signature (0; 2, 3, 3, 3). In this case, there are no solutions n; - Therefore
this case never occurs. We can verify the result for other cases just in a similar way.
Q.E.D.
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