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1. Introduction.

In the definition of a vertex operator algebra ([5]), the Virasoro algebra comes
out naturally and the Virasoro algebra is realized by Sugawara construction in terms
of the affine Lie algebra, so towards a generalization of a vertex operator algebra in
the case of elliptic Lie algebras, in this paper we give a formulation of elliptic Lie algebra
sl(2) and the elliptic Virasoro algebra by vertex operators. Elliptic Lie algebra is a Lie
algebra associated with an elliptic root system ([1]), which also called extended affine
Lie algebra ([2], [3]), or 2-toroidal Lie algebra ([6]), and the elliptic Virasoro algebra,
we call so for the reason of the correspondence with Lie algebra, the 2-dimensional
Virasoro-Bott algebra ([8], [9]). A certain formulation and representation of 2-toroidal
Lie algebras by vertex operators are already given by [3], [6], [7]. However, we give
another formulation of elliptic Lie algebra si(2) and the elliptic Virasoro algebra by
vertex operators from the view point of a generalization of vertex operator formalism.
At first we recall the definition and formulation of affine Lie algebras and the Virasoro
algebra by vertex operators ([5]), and next with similar correspondence, we describe
them in elliptic case.

2. Affine Lie algebras and Virasoro algebra.

We recall the definition of the affine Lie algebras and Virasoro algebra and their
formulations by vertex operators [5]. We describe explicitly in the case of s/(2, C) for
simplicity, however the result is applicable for any finite dimensional simple Lie algebras.
We set a=s/(2, C), and choose the basis «,, x,,, x_,, of a, where

a2

<1 0 ) (0 1) (o o)
a1= ’ xal= ’ x—au: .
0 —1 00 10
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These have commutation relations;

[ai’ xta1]= izxiau:(ala ial)-x:tal ’ [xap x—a1]=a1 .

Here < -, * ) denotes the nonsingular invariant symmetric bilinear form on a given by

{x, y>=trxy forall x,yea
so that
Qo od=2, (e x_gd=1,
(s Xay > =Ky X gD =Xy Xy > =X gy X0 > =0,
The affine Lie algebra sI(2) is |
d=sI2)=sl2, C)®C[t,t 1]@® Cc®Cd
and has basis
{c,d,a; @1t %, ®1" | mneZ}
with brackets
[c, sI(2)]1=0
[ @™, 00y @ 1"} =2mb,, 4 ».0C
[0, ®t™, X4, ®1"]=2x,, @t™""
[X10,®1", X4, ®17]=0
[X2, @™, X _o, @t ]=0; @™ "+ M, 4 0C
[do;®@t™]=ma, @t™
[d,xi0, @™ ]=mx,, @t™.

For the purpose of the realization of si(2) by vertex operator, we set

X +q,(2)= Zz(xia,®t")2‘" ;

(@)= (4 ®Mz™".

neZl

Then the bracket relations (1.1.3)—(1.1.7) can be expressed as follows:
[al ® tm’ x:tdl(z)] = izzmxi,au(z) = <a1, ia1>zmx:ta1(z)
[X+4,(21)s X 14,(22)]1=0

[x2,(21)s X _4,(22)]1 = 21(22)0(2,/2,) — (D.,0)(z4/z5)c

(1.1.1)
(1.1.2)
(1.1.3)
(1.1.4)
(1.1.5)
(1.1.6)
(1.1.7)

(1.2.3)
(1.2.4)
(1.2.5)
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[d, a,(2)]= —D,a,(2) (1.2.6)
[d, X +4,(2)] = — DX 14,(2) (1.2.7)

where 5(Z)=Zne 22" (formally the Fourier expansion of the J-function at z=1), and
D, =z(d/dz).
Let d,= —t"*'d/dt for ne Z, then the commutators have the form

[dy, d,]=(m—n)d,,, for m,neZ.

One-dimensional central extension of the above algebra with basis consisting of a central
element c and elements L,, ne Z, corresponding to the basis element d,, with the bracket

[Lm, Ln] =(m _n)Lm+n +Tlé_ (m 3 _m)5m+n,()c s

is called the Virasoro algebra. We set L(z) =) _, L(n) ® z~"~* where L(n) is an operator
which acts on the vector space V such that

[L(m), L(n)]=(m—n)L(m+n) + Tli— (m3—m)d,, , , o(rank V) .

Therefore the operator L(n) provides a representation of the Virasoro algebra on ¥ with
L,— L(n) for neZ
c—(rank V).
Then the following commutation relations hold ([5]):

[L(m), L(z,)] = (23"+ 1 d—d— +2(m+ l)zg”)L(zz) +1L2 (m3—m)zl 2c,

22

d 0
[L(zy), L(z,)]= (dT L(Zz))zz_ 15(21/22) —2L(z;)z; ! g 0(z1/2;)

2

_ 1 z“( 9 )35(2 /Z5)c
1272 \ oz, veae

where we identify (rank V) with c.
Let g be a finite dimensional simple Lie algebra and | be a Cartan subalgebra of
g. For ael, we set

az)=) am®@z" "1, X, 2)=) X,m@z"""1.

neZ neZ

We recall the following representation ([5])
[L(m)> a(n)] = —na(m +n) s
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[L(m), X, (n)] =(_';l (o | a)—m—n)X,(m+n) :
Further the commutation actions of L(m) on a(z) and X{(a, z) are given as follows:

[L(m), a(2)] = (z"' +1 diz +(m+ l)z"') a(z),

0
(L), 4] =a(e1)er ! o 0afzg) = —a(z1)27" o 8(a22)
z, 0z,

0(z4/z5) ,

=(7d—‘—i—a(22))22_ 15(21/22)_a(22)22_1 aa

22 21

[L(m), X(a, 2)] =<Zm+ ! i"‘L(“ | )(m+ 1)2"')X(°‘, z),
dz 2

d
[L(z,), X(«, z,)] =(T X(a, 22)>22_ l5(21/‘72)_‘;—(‘3‘ | ) X(a, z5)z5 ! 5“2—5(21/22) .
1

Z2

In the sequal, we describe these formulas in the case of elliptic Lie algebra si(2)
and the elliptic Virasoro algebra.

3. Formulation of elliptic Lie algebra s7(2) and elliptic Virasoro algebra.

The elliptic Lie algebra a is
a=s5/2,CO)®C[t,t 1, 5,5 11D Cc, ®Cc,®Cd, ®Cd, ,
and has the basis
{c1, C0 0y @ 1"s*, x4, ®1"s*, dy, d, | n, keZ}
with brackets
[c1, @1=[c;, a1=0,
[, ®1"s*, x4, ®1™s']=2(nc; +kC2)0m+n00k+1.0 >

[o, ®2"s*, x4, @t™s ) =0, @ " ™s* !+ (ncy +kC2)0p 4 moOk+1,0 5

[dy, o, @ t"s¥]=na, @ t"s*, [dy, X 10, @1"s* ] =nx41,, ®1"s*,

[ds, 2, ® t"s¥] =k, @ t"s*, [dy, X s0, @ t"s*]=kx 1, ®1"s*,

[d,,d;]=0.

For xea, we set
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x(z,w)= Y. (x®t"s*)z7"wk,

nkeZ
Then the bracket relations can be expressed as follows:
ProrosiTION 3.1. For x, yea
[x(z1, W), M3 w2 =[x, Y1225 W3)3(21/22)0(w 1 /w5)
—<X, y)(¢yD,, + 3D, )0(z1/2)0(w, /w») (3.1.1)
[cy, x(z, w)]=0, [ca, x(z, w)]=0,
[dy, x(z, w)]= — D x(z, w) , [d,, x(z, w)]= — D, x(z, w) .
ProoF. We show only (3.1.1).
[x(z1, w1), ¥(z, w,)]

= Y [x®t"s* y@t"s' Jzy"wi bz mw; !

nk,m,l

= Z ([x, y1® grrmgktly {x, J’>5n+m.05k+1,o(ncl ‘*‘kc;z))zl_nwlckzz_mwz_1

nk,m,l

= Y [ yI®ms'zr "wikzy ™ w4 (x, p) 2’:‘ (ncy +key)zy "wyi 23wy
n,

n,k,m,l
=[x, y1(z,, W2)0(z1/2,)0(wy/w;) —<x, .V>(C1Dz, + csz1)5(21/22)5(W1/W2) . O

Especially, for the elements

xial(z’w)= Z (xia1®t"s")z'"w_",
nkeZ

ay(z, W)= Y (a; @1t"s¥)z""wk,
nkeZ

the formula (3.1.1) can be formulated as follows:
COROLLARY 3.2.
[y ®t"s%, x1,,(2, W= £ 2z"Wkx 4, (2, W)
=0y, Ty dz"whxy, (z,w),
[X +4,(Z1, W), X 14,(22, w2)1=0,

[xa,(zx, wy), X - ,(22, Wa)] =1(25, w3)0(z1/25)0(w,/w;)
—(¢D,,+¢,D,,)0(z,/z,)0(wy/w,) .

Here we note that in physical field theory, the similar construction by using local
current algebra was given in [4].




348 TADAYOSHI TAKEBAYASHI

From now we define the elliptic Virasoro algebra ([9]). We set

d
ak,=—tk+1slit, bkl=—tksl+1£, dk,=lak,—kbk, fOI‘ k,lEZ,
dt=ti’ ds=si.
dt ds

Then the commutations have the form:
[dui App] =(km —nl)d, ;. m+. for k,I,m,neZ,
[d., ay1=kay, , lds, aul=lay,, (4, d]=0.
The central extension of this algebra is given by ([8], [9]):
[Lyx> Limy]=(nl—mk)Ly t i 41+ Op+m,00k +1,0(0mc, + Bkcs),
[Dy, Lyyd=nL,i, [D,, L, ]1=kL,;, [D,,D,]=0,

where ¢,, c, are central elements, and «, feR.
The above algebra is the 2-dimensional Virasoro-Bott algebra, and we call it elliptic
Virasoro algebra. We recall an action of the Virasoro algebra on the elliptic Lie algebra

([7D:
d, - a(n,m)= —na(n+k,m),

dy - X,.,m(a)=(§ @] a)—(n+k))Xn+k,...(a)

where
an,m=o@t"s™, X, ()=x,t"s™ for n,meZ.
Then we can obtain the following representation of Virasoro algebra:

[Ly, a(n, m)]= —na(n+k, m) ,
[Lks Xn,m(a)] = (_Izc— (a l a) _(n + k))Xn+k,m(a) .

Next we extend naturally this action to an action of the elliptic Virasoro algebra
via the following actions:

o a(n,m)=—na(n+k, m+1), by ca(n,my=—ma(n+k,m+1),

ay° Xn,m(a)=(% (a I a)—-(n+k))Xn+k.m+l(a) s
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by X,,,,,,(a)=(§ (o] a)—(m+l)>X,,+k,,,.+,(a) .

From the above we get the following representation.
ProposiTION 3.3.
dyyco(n,m)y=(km—nha(n+k, m+1),
dig* Xy (@) =k —nD)X 1 1%
d,* X, (0)=nX, (2, d, * o(n, m) =no(n, m) ,
dg* X, (@) =mX, (), dg + a(n, m)=ma(n, m) .
PrOOF. It is easily checked by direct calculations. O

We define a representation of the elliptic virasoro algebra on the elliptic Lie algebra
as follows:

[Ly,, un,m)]=(km—nl)a(n+k, m+1),
[Liis Xpm(@)]=(km—nDX, ym+1(a),
[Dy, a(n, m)] =na(n,m),  [Dy, X n(@)]=nXy (@),
[D,, a(n, m)] =mo(n, m), [D,, X, (0)]=mX, () .

Further we set

Liz,w)= Y, Lin,k)®@z " 2w k"2,

nkeZ

a(z, wy= Y, anky®z " tw k1,

nkeZ

X, zow)= Y, X, (@)®@z " twk 1,

nkeZ

where L(n, k) is an operator which acts on a vector space V such that [L(n, k), L(m, )] =
(nl—mk)L(n+m, k+ 1)+, 1m0k +1.0(an+ pk)(rank V). By the correspondence with a
representation of the elliptic Virasoro algebra, we define a commutation relation such
that

[L(k, D), (n, m)]=(km—nDa(n+k, m+1),
[L(k’ I)s Xn,m(a)] = (km - nl)Xn +km+ l(a) .
Then we obtain the following results.

PROPOSITION 3.4.
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[L(n, k), x(z2, w;)] = (kZS Tlws di —nzzwh*! dd

+(k —n)ZE'Wg)a(Zz, w,),
23 Ws

[L(n, k), X(a, z, w)] =z”w"(kzi—nw i)X(c:z, zZ,w),
dz aw

LL(n, k), L(z2, w;)]= (kzg Tlwi d—d- —nzgwi*! :id— +2(k— n)ZSWE‘)L(Zz, W3)

Z2 Wi
+ (anc, + Pkc,y)z3 2wk =2 |
0 0

[(L(z4, wy), (25, wy)] =21_1W1_1<W1-17'2—l e
0z, ow,

__zl—lwz—l

Jd 0
ﬁ)“(zu W1)5(21/22)6(W1/W2)21W1 )
5w1 622

- 0 0 J 0
[L(zy, wy), Lz, wo)1=(2,2,w W3) 2{(%“’2% WiZs )
0z, Ow, ow, 0z,

x L(z,, wy)z3w3d(z 1/22)0(w/w)

— (azl —a—+ﬂW1 —a—)é(zl/zz)é(wl/wz)} s
0z, 0

21

[L(zy, wy), X (@ 23 wy)] =27 'wi ! (w:‘z;‘i 0
0z, 0w,

0o 0

——)X(a, z1, w1)0(21/22)0(w1/W2)z Wy .
ow, 0z,

_Zl—lwz—l

PROOF.

[L(n, k), L(z3, w,)] = [L(n, k), > L(m Dz;™ *w; '"2]

m\ileZ

= Y ((nl—mk)L(n+m, k+1I)+ (onc, + BkC3)0p+ moOk+1,0022 " 2wyt T2
m\ileZ :

= Y (nl—mk)L(m, Dz;™ " 2w =2 4 (anc, + Pkc,)zi 2wk 2
mileZ

=z§“2w’2‘“2< Y (kzz_a__—nw2 9 )L(m, l)z{"‘w{1+anc1+ﬂkc2>

mleZ aZz 6w2

0
=z1"2pk"2 ((kz2 a—a— —nw, T)zzzwzzL(zz, w,) +anc, +ﬂkc2)

Z3 LP)

=ziwk (kz2 ———nw, +2(k ——n))L(zz, wy) + 232wk~ %(anc, + Bkc,)

0z, ow,
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[L(zy, w1)s Az W)= 3, (Wl—mK)a(n+m, k+Dz;" 223" twik 2wyt !
nk,mileZ

= Y (nl—mk)n, k)z7" 2wk 2z, /z)(wy /w25 twy !

nkm|leZ

0 0 ., 0 0
= ¥ <WI221_122'1————Z{2W1_1W21 —
nk,mleZ 621 8w2 6w1 622

x a(n, K)zy "wi*6(z,/2,)0(w,/w5)
=(w1‘221'122"1—6— 0 —z 2wy tw; ! 0 i)

X o(zy, W1)0(z21/22)0(W1/Wy)z 1wy

0
=zr1w;1<w;*z;1 e —)5(z1/z2)5(w1/w2)z1w1 .
0z, 0w, ow, 0z,
The others are similarly shown. ]
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