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Abstract. Certain piecewise linear expanding maps on a finite union of polygons in R? are considered.
The Perron-Frobenius operator associated with a map is considered on a locally convex linear space which
is an extension of the space of bounded variation functions, and the spectrum of it is determined by Fredholm
matrices. New signed symbolic dynamics are defined by using screens, and the Fredholm matrices are
constructed by renewal equations on this signed symbolic dynamics.

1. Introduction.

We will consider a class of piecewise linear expanding mappings F from a subset
of R? into itself. The Perron-Frobenius operator P from L! into itself corresponding
to a mapping F is defined by

Jf (X)g(F (x))ddox = fPf (x)g(x)dx  (geL™).

We already knew in one-dimensional cases that the ergodic properties of dy-
namical systems are characterized by the spectrum of the Perron-Frobenius operators
restricted to BV, the set of functions with bounded variation, and we have proved that
the eigenvalues of the Perron-Frobenius operator P outside of some disc are determined
by the Fredholm matrix &(z), and at the same time the Ruelle-Artin-Mazur zeta function
is expressed by the reciprocal of det(I— &(z)) ([10], [11]).

In this article, we will extend the notion of signed symbolic dynamics which we
used in [10] and [11], and as new signs we will introduce screens. On this new signed
symbolic dynamics, we will construct renewal equations, and by these renewal equations
we can define Fredholm matrices {®,(z)}.

Let

¢ =lim inf ess inf % log|det D(F")(x)| ,

n— o xel
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where D(F") is the jacobian matrix of F". We call £ a lower Lyapunov number,
which is an essential infimum of the sum of Lyapunov exponents. We call that F is
expanding if

&=lim inf 1 essinf log [mmlmum of Ithe elgenvalue of D(F™)(x)|]>0.
n-w N xel

Our aim in this article is to construct Fredholm matrices @,(z) and prove (cf. [1],

[4], [61):

THEOREM A. Suppose that F is pzecew:se lmear and expanding from a finite union
of bounded convex polygons I into itself, and assume that the lower Lyapunov number
>0 and satisfies £ >v. Take arbitrary ¢>0, then there exists ny>0 such that for any
n>ng in the disk | z| <e*™" "¢, det(I— @,(2)) is analytic, and moreover z~ ' belongs to the
spectrum of the Perron-Frobenius operator P restricted to # if and only if

det(/— @,(z))=0.
We will also prove (cf. [6], [7]): |

THEOREM B. Assume that F satisfies the same conditions as in Theorem A.

Then the eigenfunctions of P on L' associated with eigenvalues of modulus 1 belong
to 4.

We will define the constant v and give an example which satisfies £>v in §5. We
will also define the space # in §5. The space #=4(F) is a locally convex space with
norms | * ||,- (v'>v), and z~! belongs to the spectrum of P if there exists no continuous
(I—zP)~ ! with norm | * |, for all v’ >v.

In §2, §3 and §4, we will give formal discussions on generating functions and renewal
equations of them. In §5, we will consider a family of functions # and study the
eigenvalues of the Perron-Frobenius operator P on 4.

~ We will study higher dimensional cases in [13].

2. Preliminaries.

In one-dimensional cases, we introduced the signed symbolic dynamics, which
represents the endpoints of the subintervals of monotonicity. It made us possible to
construct a renewal equation by tracing the orbits of the endpoints separately. Now in
2-dimensional cases, we will introduce the notion of screens of polygons and trace the
orbits of screens to construct renewal equations.

We denote by J¢ and J° the closure and the interior of a set J, and the
boundary 4J=J\ J°. Let J be a bounded convex polygon for which J* is homeomorphic
to the unit disk. We denote by DJ and Dj the set of vertices (0-dimensional faces)
and the set of edges (1-dimensional faces) of J, respectively. Set D’=DJu D{. We
call a set of lines «,, - - -, 7, lines which determine J, when J is the intersection of half
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spaces defined by =,, -, m,. For each vertex de DJ, we call a pair of lines =;, 7;
(1 <i, j<m) determines 0 when their intersection equals 0, and for each edge de DY, we
call a line =#; (1 <i<m) determines 0 when n; N AJ equals 0.

Let o/ be a finite set of symbols, and {a} (a€ /) be bounded convex polygons
mutually disjoint and each {a)¢ is homeomorphic to the unit disk. Set 7= . ,<a).
We consider a transformation F: I— I, for which the restriction F* of F to <a) is an
aﬂine map, that is, there exists a vector p® and a matrix M* and

Fo(x)=p°+ M°x

As we assumed that F is expanding, it follows det M“#0 for all ae .&/. We denote by
F' the i-th iteration of F:

i i=0,
Fitx) = {F(F‘ Ix)  i>1.

REMARK 1. A transformation F need not to be continuous on 4<{a) (ae ).
However, whether the boundaries 4<{a) of ae .« belongs to {a) or not does not play
essential role in this article. Therefore, to avoid complicated notations, we usually ignore
them.

REMARK 2. In this article, we only treat polygons which are bounded convex
and homeomorphic to the unit disk. Hence, we simply call them polygons.

As in one-dimensional cases, we use the notation such as words, shift and ex-
pansions, etc. We will summarize them here.

A finite sequence of symbols w=a, - - -a, is called a word and we set

1. |w|=n (the length of w), (for the empty word ¢, we put |¢|=0),

2. <w>={ Nies F 77 Ka) if wee,
I if w=g¢ (for notational convenience),

3. wl[k]l=a for 1 <k<n,

4. wlk,l]=ay - -a,for 1 <k<I<n,

5. Ow=a,- - a, (shift),

6. F*=F°%---F" (F?=identity map). :
We denote by #” the set of words w with <{w) # . We call a word we #~ admissible.
Note that the empty word g€ #".

REMARK 3. We assumed detM?+#0 for all ae.o/. Therefore for each ae ./, the
domain of the mapping F° can be extended naturally to R? and we can define (F*) ™!
from I into R2. Therefore, for any xe I, we can define (F*) ™ !(x)=axeR?. In a same
way, for any word we #°, we can define wxeR? by wx=(F")"!(x). If wxe {w), then,
of course, F!"!(wx) = x. For this case, we call that wx exists. For a fixed x € I, the notation



480 MAKOTO MORI

Y .3 Means the sum over all words w for which wx exists.

We considered, for one-dimensional cases, the symbolic dynamics with the set of
signs {+, —}. Now in 2-dimensional cases, we use the set of faces to construct
renewal equations. For a vertex d € Dy, let «, n’ be the lines which satisfy 4J N (z " n') =0,
and 4J n 7, AJnn'e D] (n and n’ determine ). Then R? is divided into four regions
by the lines 7 and n’. There exists a unique region which contains J°, and we call it the
interior region determined by . We denote its boundary by J? (a union of two half
lines which start from 9) and call it the screen of the vertex 0. Also for an edge d e D7,
let 7 be the line which satisfies AJ "1 =9, (0 is determined by =). Then R? is divided
into two regions by the line #. We also call a unique region which contains J° by the
interior region determined by 0. The line = is denoted by J? and called the screen of
the edge 0. Dividing R? into two regions, inside and outside by J?, put

o(J? x)={ +1  if x belongs to the interior region determined by 0,

’ -1 otherwise .

Note that as we mentioned before, we ignore the case x € J%, because it is unessential.

For a word w, we can naturally define o(F"J?, x)=06(J?, wx). Note that ¢(F*J?, x)
is defined for all xeR? and for all word w even if wx does not exist (that is, even if
{w) = & or if there exists no y e {(w) such that F!*!(y)=x). This is one of the advantage
to use the signed symbolic dynamics.

For readers’ convenience, we will give examples of screens (Figure 1). Let J be a
rectangle in R2. Then there exist four 1-dimensional faces (say them I r,u,d (left,
right, and so on)) and also four 0-dimensional faces (lu, Id, ru, rd, (left-upper and so
on)), that is,

D{={lu,ld,ru,rd}, Di{={lLr,u,d}, D’=DjuDi.
Set
se=(—D¥2 (k=0, 1), s,=1.
We also use the notation
S(J)=s(0)=s, if deD].

o, x)=-—1 oW x)=—1
' LI}

T JH JH
L} ' ]
] t 1
[}
: J . J :
] ! 1
oo %---------.‘
oW, x)=+1 o, x)=+1
s(u)=-1/2 s(lu)y=+1/2

FIGURE 1
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Even if two screens J? and K7 for polygons J and K are equal as sets, if J#K we
consider them as different screens.
For a word we %, we denote w? instead of {w)?, and we denote

o ={a’: aesd,0e D™} .

For a face 0, we call that a face ¢’ is contained in 0 if the set of the lines which determine
0’ contains all the lines which determine 0, and we denote ' = 0. Here we consider 0c<o.
Now we get a simple but key lemma.

LemMA 2.1. Let J be a polygon.
(i) Take an edge 0 and a vertex 0o<=0 of J. Let U be a neighborhood of 0,
sufficiently small. Then

Y. 5(8)e(J”, x)=0. (1)
66’ :660
(ii) Let M be a set of edges of a polygon J such that \ ) ,_,,0 is homeomorphic to
a closed interval. Denote by 0,, 0,€ DJ the endpoints of M, that is, M\(d,L0,) is

homeomorphic to an open interval. Then

Y s@)=-—L, @)
0'<30eM 2
&' # 0s,0e

where the sum is over all 0' e D’ for which there exists d € M such that 8’ < 0.
(iii) Denote by 1, the indicator function of a convex polygon J. Then we get

Y. s(0)o(J?, x)+5,=1,(x) ae Xx. 3
de DY

Proor. (i) Let = be a line which determine 0, and @, be endpoint of ¢ different
from 0,. Let = and n’ be lines which determine 0,. Take U sufficiently small such
that U does not cross n’. Then if xe U belongs to the interior of the screen J?, it also
belongs to the interior of the screen J°. Therefore o(J?, x)=0a(J%, x)=1. Since -
s(0)= —1/2 and $(6,)= + 1/2, this proves (i) for this case. The proof is just the same
when x belongs to the outside of the screen J°.

(ii) Now put M={0d,, - -, 0} (0;€ D{) such that 6;~ 0, #J (i=1, - - -, k—1).
Then there exists k edges and (k— 1) vertices except d,, d,. This shows (ii).

(iii)) In a similar arguments as in (i), fix a vertex d, of J and take a sufficiently
small neighborhood U of d,. Let 8, and J, be the edges of J such that d, nd,=20,.
Denote by M the union of all the edges 0 e Dy except 0, and 0,. Then, M satisfies the
assumption of (ii). From (ii), for xe U

Y s(0)a(J?, x)=—1/2,

where the sum is over 0 € D7 except the faces contained in d, and d,. The rest of faces,
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FIGURE 2

Jo, 0,, 0, and 0, 0, give +1/2 for a point xe Un J, and —1/2 for a point xe Un J*¢
(x¢ AJ). This proves (3) for xe U. When we move x along a curve, it will change value
when x crosses a line # which generates some face of J. As we assume J convex, the
equation (3) also holds for every point in J°. Let x ¢ J¢! be a point on = which generates
some face of J, and we will consider a sufficiently small neighborhood ¥V of x. Note
that only two screens corresponding to one vertex and one edge, give different values
to ye V depending on the side of # where y belongs. But their influence to the right
hand term of (3) cancells, because s(d)=+1/2 (or —1/2) for a vertex (an edge),
respectively. This proves (iii) (cf. Figure 2).

Now we define generating functions to construct a renewal equation. We will
discuss the radius of convergence of generating functions in §5, and in this section
we consider them as formal power series. Put for a polygon J and ge L®

s;(2)=fdxg(x) Y z™gw) ,

w:3wxelJ
wew

and for J=<a) (ae ) and de D’

s;"(z)=fdxg(x) Y 2w, wx),
Jowx,(w[1])><(a)

where for a word w=a, - - -a,
nw)= [1 [deta*|~*.
i=1

Concerning the notation 3wx, refer Remark 3, and for a word w

<w[1]>={<"‘> fow=a o a,
I if w=¢ (empty word).

REMARK 4. (1) In the definitions of s;a(z) we consider words w for which Gwx
exist but wx do not necessarily exist. This is one of the key point of this article.

(2) Noticing the fact that wx is the one of the inverse image of F~!"l(x), s)°(z)
can be written as a formal expression
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i
@)= |dwg) Y el wx)
J F0wx,(wl]) =< a)

" o

= | dxg(x)a(J?, x)+ Z z" f dxg(x) Y n(w)a(J®, wx)

Jowx,w[l]=a,|w|=n

= | dxg(x)o(J°, x)+ i Z"fdxg(X)[P"(G(J %))
I n=1

= | dxg(x)zn(@)[(I—zP)™ Ho(F*J°, - )I(x) .

J

(3) . Since P is contracting in L', in [z|< 1 all the above series converge.
(4) Note also s;/(z)=0 for a polygon J which is contained in the complement of 1.

(5) LetJ%and K? be screens of polygons J < {a) and K=<{b) (a, b € o/) respectively
and they are equal as sets. Then if a=b,

a 3’
sy (2)=54" (2),

that is, in Figure 3, s7(z) does not equal s2”(z) unless F*=F", but s;(z)=s,(z). We
will use this relation in the next section to construct a renewal equation.

a’ . J° bz?'

(b)

(@)

FIGURE 3

LemMmA 2.2. For a polygon J such that J<<{a) and ge L™,

5](2)= J g(x)dx + zn(a)s; Y(z), 4)
J

5)(2)=s, J dxg(x) + s,zn(a)s;(z) + aZD s(0)s;) ). %)
I eD’

Proor. Dividing the case |w|=0 and |w|>1, we get the proof of (4). In a
same way, dividing the case |w|=0 and |w|>1,

Y s@sl@= Y deg(x)s(@)a(]a, x)
I

de DI oeDJ

+ 2 Jd'xg(x) 2 z™inw)s(@)e(J°, wx) . 6

de DY Jowx,w[l])=a
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Here, we again use the expression stated in Remark 3. The sum ) 5, . ._ denotes
the sum over all words w=a, - - -a, such that a, =a and Owx=a, " - -a,x exists, that is,
there exists a point yel such that ye<la,), F(y)elas), -+, F""*y)ela,> and
F"~!(y)=x. Note again, we need not assume that wx exists. Then by Lemma 2.1 (iii),
we get

ZJ jdxg(X)S(a)G(J ?, %)= deg(X)(lJ(X) —5y)= deg(x)ll(x)-—sz J dxg(x). (7)

deD
Taking 6w as w, we get

the second term of rhs. of (6)

= zn(a) j dxg(x) Y z'"Inw) T s@)oJ?, awx)

w:3Iwx deDJ

=zn(a) | dxg(x) Y z"nw)[1awx)—s,]

w:Iwx
rm

= |dxg(x) 3. zn(a)z""'n(w)—zn(a)s, jdxg(X) 2 z!™n(w)

J w:JdawxeJ w:Iwx

r

=|dxgx) Y. z™nw)—s,zn(a) f dxg(x) Y. z"n(w)

o |wl21,3wxeJ w:dwx

™

=|dxgx) Y z™nw)—s,zn(a)s](2) . ®

J Iwl=1,3wxeJ

Therefore combining (7) and (8), we get

ths. of (6)=s](z)—s, [ j

I

dxg(x)+ zn(a)s, (z):I .
This proves (5).
COROLLARY 2.1. We have a renewal equation of the form:
s}z)=s4A fgdx+szz( > n(a))s;(z)+ Y Y s0)sE(z). %)
acsd acd de DO

Since 5,(2)=) .. 5%, the proof directly follows from (5).
As a formal discussion (rigorous discussion will appear in §5), the spectral
problem of the Perron-Frobenius operator P turns into the problem of singularities of

57(2), since

5(2)= f[(l —2zP)™11,](x)g(x)dx .

To solve this problem, we will construct renewal equations. However, as we stated in
[10] even for one-dimensional piecewise linear transformations, it is almost impossible
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to construct renewal equations for s;(z), because we must trace the orbits of A<a) at
a time. But by Lemma 2.2, it is sufficient to construct renewal equations for s;a(z).

3. Renewal equations.

Renewal equations are well known notion in the theory of Markov processes (cf.
for example [3]). First, we will show how to use it to our discussion in a very simple
example.

ExaMPLE 1. Let us explain a renewal equation by a simple Markov case (cf.
Figure 4). Here {a)=AACD, {b)=ABCD and I=<a) u {b) (we ignore the segments
CD, because it does not affect the result), and

F{(A)=4, FD)=C, FYC)=B,
FC)=A, FD)=D, FB)=C.
If AB>AC>AD>CD and AC> BC, then this mapping is expanding.

A

(@)
D

o/ O]

FIGURE 4

Now, since F4<{a))=<a) u b,

55@)= ¥ 2" | Loa(F
= [ awr § 2 (1o
(ad> n=1

= J g(x)dx + zn(a)(s;(2) +55>(2)) ,
{a)
and in a similar way, since F?({(b>)=<a),
s{(2) = j g(x)dx + zn(b)s{*(z) .
<by

This is a renewal equation, and we get
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(Sg@(z) ) =< 1—zn(a) —zn(a) >_ 1( §cas 9(x)dx )

s&(2) —zn(b) 1 § vy 9(x)dx

From this renewal equation, we can solve the problem of singularities of s{*(z) and
552(z) by solving

1 1—2zn(a) —:zn(a)
—zn(d) 1

But as in one-dimensional cases, for non-Markov transformations it is almost impossible
to construct a renewal equation for s{*(z) (a € ).

NotaTioN 1. For symbols a and b (a, be &), we say that a screen J of a polygon
J crosses ab if J={a) and F*J) N {b> # & (cf. Figure 5, the definitions of 4,, 4, and

4, will be given afterwards). Set
T . Fa 7 = L 4
{ab,J>= { {xe<b): a(F*(J), x)= +1} if J Cl.'OSSCS ab ,
-otherwise .

A screen <{ab, J>° with a face 8 e D> such that (ab, J>® and b° are different as sets
for any 0'e D® is called a new screen generated by F(J) in {b), and we denote by
New<{ab, J> the set of new screens of {ab, J .

'
' A ab, J) | Aab, J)
! Aab, J) :
A ® | L ®» | FD
Aab, J) Agfab, J) Aab, J) [
new screens
FIGURE 5

REMARK 5. Note that if K°=5b" and K< (b}, then sX°(z)=58"(2).
Before the next step to describe the notations, we will mention several lemmas.

LemMA 3.1. ForascreenJofapolygonJc{a) for someac o/ andge L, we get:
(1) First renewal equation:

Sf(Z)=fdxg(x)a(7, X)+Z'1(a){ 2 s @ooFT), b)+2 3 sinT >(Z)}, (10
besos bed

where
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+1 if o(J, ax)= +1 holds for a.e. xe<{b>,
-1 otherwise .

ao(FJ), b)= {
(ii) Second renewal equation:

;@) =71+ Y, 2¢7B)sl(2)+22¢7(Ds)(2)

be o
+2m@ Y, Y sR)ske), (11)
bess KeNewlab,J>
where
7= J.g(X)G(f , X)dx + zs,n(a) bzﬂ o, (F°(J), b) IQ(X)dx ,
¢7(B)=sGm(a)s (F*(J), b), () =n(a)s, bzd o (F(J), byn(d)
and

-1 if o(FJ), x)=—1 holds for a.e. xe<{b),
+1 otherwise ,
+1 if o(F*J), x)=+1 for all xe<{b>,
or if J crosses ab and b= {ab, J)°
for some de DT> |
—1 otherwise .

o (F(J), b)= {

o (F(J), b)=

Proofr. In Figure 6, we show the values of g, and o, for simple cases. Taking
Ow as w, the left hand side of the definition of sgj(z) for |w|>0 becomes:

f dxgx) Y 2ol wx)

JF0wx,w[l]=a

=zn(@ Y. |dxg(x) Y z"™nwe(FUJ), wx).

beod dwxe (b)

If <b) does not intersect F*(J), a(F*J), wx) is independent of wxe(b) and equals

M L &
+ 1
— Fa(J) + as Fo(J)
The values of @, (F*(J), b) for The values of & (F(J),b°)
various rectangles (b) for each face J of (b)

FIGURE 6
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oo(F*(J), b). If F4(J) intersects (b), we take
o(F(JT), wx)= — 142 X 1 gy 75(Wx) =0 o(FUJ), wx) +2 x 1 g, 75(Wx) ,

where 1; is the indicator function of a set J. This leads to the proof of (i), and the
proof of (ii) follows from (i) using (5):

sg] (=)= f dxg(x)a(J, x)

+zn(a) Y. 6o(F(J), b) [Sz fdxg(x)+szzn(b)35(2)+ > S(a)S5a(2)]
be o

oe D<P

8 € D<ab.

+2zn(a) Y [sz J dxg(x)+s,zn(B)siz)+ Y, ” s(a)sg<nb,7>a(z):| .

be st
FaJyn<b># @

Decomposing the screens of {ab, J > into new and old screens, we get using Remark 5(1)

sg] (2)= deg(x)a(j, x)+zn(a)s, Y. O (F %J), b) fdxg(x)

besof

+2z°n(a)s, ( Y 0. (F(J), b)n(b))s; (2)+zn(a) EZ; o (F(J), B)s(B)s}(z2)
€

beod

+2m@) Y Y sR)sEe).

bess Ke New(ab,])
This proves (ii).

LemMMA 3.2. Let Q be a domain in which s)(z) and sf(z) are meromorphic for all
polygons J and screens K. Then, for z,€Q, the following two conditions are equivalent:

1. Thereexistsae o/ andapolygon J<=<{a) suchthat s] (2) has a singularity at z, € Q.

2. Thereexistsbe o, a polygon K<={b) and d € D* such that sX(z) has a singularity
at zo€Q, or s)(z) has a singularity at zye Q.

Proor. First note that if 5](z) has singularity at z,, then there exists ae &/ for
which s{*’(z) has singularity at z, because s5,(z)=Y_ ., 5{7(2).

Suppose now that s;(z) has singularity at z,, then by Lemma 2.2 s)(z) or s5)°(z)
must have a singularity at z, for some de D”’. On the contrary, if sgj(z) has a singularity
at z,, then by (10) s$(2) or s{®P(z) for some a, be .o/ must have a singularity at z,.

From this lemma, to solve the spectrum problem of the Perron-Frobenius operator,
we need to solve the problem of singularities of sg’a(z) and s,(z). To solve this problem
of singularities, we will construct renewal equations of sg"’(z) applying second renewal
equation (11) to new screens repeatedly. Though the construction is simple, however,
to get renewal equations which have sufficiently large radius of convergence, we need
technical and tedious calculations, therefore it is not at all easy to understand. To make
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the discussion a little bit clear, we will divide the construction of renewal equations
into several steps.
First, we will begin with the second step of the inductive definition.

NoTATION 2. Let w=a,"-a, be a word of length n>2 and be.o/. We call a
screen J of a polygon J crosses wb if

Jc<layy,
FYAuw[1, i1, I))n<aye >#F  (I<i<n—1),
FR)n<by+D,

for some Ke New{w, J), where we define inductively the sets 4,{wb, J>, {wb, J)> and
the new screens New{wb, J ) generated by F*(J) in <b) as follows:

(wb, TS _{ () Renewcw. 75 <anbs K> if J crosses whb,
’ 0] otherwise ,

AR F\o o ’ b . ~
New{wb, ,7):{{<Wb’ JY%: wb, JY°#b°,¥0'e D} if J crosses wb,

otherwise .
Note that the set {<wb, J)> for |w|=1 is already defined in Notation 1. Set
Aolwb, Ty =(F*(J) 0 4<wb, TH)\ 4<b) ,

A,{wh, J> is the union of {wb, J Y \(F*(J) n <b>) such that {(wb, J)? is a new screen
generated by F*(J) in (b)> and 8 is an edge on F*(J), and 4,(wb, J) is the union of
{wb, T Y2 \(Aowb, > U A,{wb, J>) such that {wb, J>° is a new screen generated by
F*(J) in ¢(b) and 3 is a vertex on F*(J). This definition is the same as we stated in
Notation 1 for the case w=a (cf. also Figure 5 again). We also put 4,{a, Jy=J.

Assume that J crosses wbh. We say a screen K°e New<bc, L) generated by F(L?)
with L? € New{wb, J> for some ce .« is

1. of type 0, if d = FP(d,{wb, T )",

2. of type 1, if 0= F®(A4,{wb, D) and it is not of type 0,

3. of type 2, otherwise.

DEFINITION. We denote by Fs/ the set of new screens generated by F(a°) in some
(b)Y (a,beof, e D), that is, Fof = U abews U sepcs New<ab, a®>. For n>2, let

Frad= ) U U Newlwb, w139\ (|12 F*s/).
|w|=n best deD<WIID
Note that the screen K which is of type 1 belongs to | J, ., F*</.
REMARK 6. (1) F".of is not the set {F*(d): de.</}.
(2) In Figure 7, @ is mapped to @ and ® by F¢ (@ is mapped to @) by F*°,
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® ©|@ %) )
@ i @ © ®
PO © O @ rJ) F(J)
FIGURE 7

and it is mapped to @ by F?, and ® (@) is mapped to @) (@) by F®, respectively.
1. If a face belongs to ), ® or @), a screen determined by the face is of
type 0.
2. If a face belongs to @), @ or @), a screen determined by the face is of type 1.
3. If a face belongs to @) or (®, a screen determined by the face is of type 2.
4. 1If a face belongs to @) or @), a screen determined by the face belongs to F.o/.
5. If a face belongs to @), a screen determined by the face belongs to F2./.

Now we will explain the steps of constructing renewal equations.

1. Construct a renewal equation on (), F"s/. In this case, the corresponding
Fredholm matrix becomes an infinite dimensional matrix.

2. Construct finite dimensional Fredholm matrices on ( )V_, F".o/ renewing re-

peatedly ()" 4., F "o terms appeared in the renewal equation which we got above.

In this section, we will construct a formal renewal equation of the first step,
which depends all the elements which belong to ( ), F*.«/. From this formal equation,
we can construct an infinite dimensional Fredholm matrix &(z) and an infinite di-
mensional vector x,(z) such that

5,(2) = x4(2) + D(2)s,(2) ,

where s,(z)= (Sg] @Ngeyz. raor -

LemMMa 3.3. Let we W be a word and J be a screen of a polygon J=<{a) (ac ).
For a screen L which is generated by some F(K) (Re Newd{w,J> in {(b> (be ), we
denote by G(L) the set of Re New{w, J) such that F(K) generates L. Then we get

{+1/2 if Lisoftype0 ortypel,
0 if Lisoftype?2.

We illustrate the simplest case in Figure 8. Let O, @, ® be the images of K,
K,, K5 e New{w, J >, respectively. Then

1. <b) is like (1), then G(L)={K,, K,, K,},
2. <b) is like (2), then G(L)={K,},
3. (b is like (3), then G(L)={K,, K,}.

Z S(k)=

ReG()

ProoOF. As we show in Figure 9, note that
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(2

£,
L . (1) (3)
K, K, @ ()
z, )
FIGURE 8
L A(wb, J) LA (wb, J) Awbe, Iy Afwbe, J)
FJ) ® o W e b
__________________ Fr e
Awb, J) Aglwb, J) Awb, J) Alwbe, J) Awhe, J)
§F)
in b, 7}
Awb, J)
A(wb, J) Awb, )  F*(J)
(b) '

FIGURE 9

1. A,{wb,J) is a union of segments (or a segment). Therefore for L of type 0,
G(L)is a set of one screen determined by one edge and two screens determined by vertices.

2. A, {wb,J) is a union of half lines which is generated by vertices. Therefore
for L of type 1, G(L) is a set of one screen determined by a vertex.

3. A,{wb,J) is a union of half lines and 4,{wb, J> U 4,{wb, J> is a line or a
union of half lines. Therefore for L of type 2, G(L) is a set of one screen determined
by an edge and one screen determined by a vertex.

Taking into account the signs of edges and vertices, this completes the proof of
Lemma 3.3.

Set for a screen J of a polygon J,

(@) if Jel)o,F5ef,
H@=< WO+ Y Y Rl |w|—1D7Re) otherwise,
i 2s K

and for a screen Je (), F*o/ (J=<a) for some ae /) and Le| )  F'of
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z¢ (L) if Les,
2zn(a)s(C)  if there exist we # and be o/ such that J
o(J, L)z)= crosses wb and Le( ), F¥o/ is a new screen
generated by F*(J) in <b),
0 otherwise ,

and for a screen J¢ | ), FXo/, J=<a) for some ae o/ and Le| ) F*sf

(2670 + ¥ Y 2Rl lwi-DeRE) if Led,
us ¥, Relewcu D)

#(J, Lxz) =1

Y 2Dl [w—-1]) it Lelyo, P,
Ne\lv‘zylv%;)af
- type 1 )
[ 22¢7(1) it Jee P,

7.10)= : ~ ~
¢(J, IX2) | 2207+ T Y 2R w1, |w|—1)@R(I)  otherwise .
w2 K

LemMMma 3.4. Forall ae o/, polygons J=<{a) and ge L™, the following equation (12)
formally holds.

sso=xJo+ Y o Dxskz)+ T, IN2)skz) . (12)
Fkof

o0
LeUi=o

Proor. Recall the second renewal equation (11):

siD =12+ Y 26" B)siz)+22¢7(D)s](2)

Peod

+2zm@) Y Y sRsKe). (13)

beo KeNewlab,T>

Hence if Je| ), F*</, then New{ab,J»<=|)>_, F*o/. Therefore it becomes

sS@=8@+ Y ¢ D@siE)+é, Dsja)

el o Fd

This proves (12) for Je U F *<f. For other cases, we will renew sf(z) in the last term
of (13) repeatedly.

sl=gla)+ Y 2¢7B)sbz)+22¢7(Dsk(z)
besd

+Y Y 2zm@s(R)ske)

be ot I?eNew(ab,f}



FREDHOLM DETERMINANT 493

=72+ X 2¢7B)si2)+ 220 (1)s)(2)

bPeod

+ Y Y 2zm@sR) [zf(z)+ Y z¢X@)si{2)

bess KeNew(ab,J> Cesd

+z2¢ K1 )i+ Y > 2zn(b)s(l~,)sf(z)]

cedt LeNew(be,K)

=i+ Y Y 2m@sR)ike)

be o/ I?eNew(ab.])

+ 2~[z¢’(a+ Y ¥ 2z2n(a)s(f<‘)¢f(c~)}5(z)

Seod beot KeNewab,T>

+[z2¢’(1)+ Y Y 2 3n(a)s(1?)¢f(1)]s;(z)

besot I?eNew(ab,f)

+2 ) Y . X 4s(B)s(L)z*n(ab)s;(z) . (14)

bess KeNewlab,J)y ce ot LeNew{bc,K)
Hence, by Lemma 3.3, we can divide the last sum of right hand term of (14) into the
sums over screens of type 0 and type 1. Note that a screen L e New{bc,K)> for

Ke New<ab, J) which does not belong to New{abc, J ) is of type 2 (cf. Figure 9 again).
Hence

YooY Y Y as(Rs(D)znab)skz)

beot KeNewlab,Jy cest LeNewlbe, K>

=X Y 2sD)z*nab)si) .
bceod ZeNew(abc,f)
typeOor1

Therefore we get

ths. of 1) =7]2)+ Y = Y  2zm@s®)ike)

be s KeNewlab,J>

+ Z~[z¢f<c~)+ )ID) 2z2n<a)s(i€)¢’?(a]s5(z)

Cesdd be o KeNewlab,J)

+[z2¢f(1)+ > Y 2z3n(a)s(k)¢f(1)]s;(z)

beo KeNewlab,J>

+ Y Y 2D)z?np(ab)sfe)
b,ce st fe N:zw(albc,f>
ype

+ Y Y 2sD)z?nab)sk) . (15)
b,ce ot LeNf;;glg)c,f)
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As we remarked before, K of type 1 belongs to U,‘:":lF".szi Therefore we need only
renew the type O screens. Repeating this procedure, we get as a formal power series:

rhs. of (15)= )Zg](z)+ DD -'2211(0)5(1?))?;Z (2

beos KeNewlab,J>

+ 2 X 2 2(K)iwES )
|w|>2 besdt KeNé;zg\gb.f)

+ Z~[Z¢](5)+ Y Y 2s(R)z’n(a)pRe)

cedd be ot KeNewlab,I>

+(22¢J(I)+ ¥ Y zlwl+12s(1?)n(w[1,IWI—1)¢'Z(1))SJ(Z)

|wl=2 feNew(wJ')

+ X X 2S(I?)Z'W'n(WE1,IW|—1])¢’?(5)}5(2)
|w|=3 Ke):l;;:((;v.])

+ Y Y 2Rz w1, |w]—1])sE()
lwl>3 ﬁezzlye“,z(lw,f)

=+ Y T 2Ryl |wl—1D7Ke)
lwl=2 Ke];f;:;((;v,])

+ Z~[z¢’(5)+ >

Cesd

Y 2R 1wl — 1] f(f)]sf(z)
fwl=2 KeIY;;;((\)"y >

+I:22¢.7(1)+ Z Z zIwl+ 128(1?)71(W[1, [w|— 1])¢E(I):|sgl(z)

|w|=2 KeNewiw,J>

+ ¥ Y 25Dy gl |wl—1])sE) .
EeYr_ Fxd  |w|23

New(w.])sf

type 1

This proves Lemma 3.3.
Using (12) for d € o7 and (9), we can construct a formal renewal equation of the form
54(2) = 24(2) + P(2)54(2) ,
where s,(z), x,(z) are | )2, F"of U I vector and &(z) is | ) 2., F"o/ U I matrix and
sle) i JeZ o,
53(2) if J=I,
2 if Je{)ioF'o,
syl | gdx if J=1I,

5y(2)y= {

1(2)7= {
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&(J, K)(z) if JelJr ,Fed,
(2)y = s(K) if J:=I~and IZGMN‘,'
' $22 Y . N@) if J=K=1I,
0 otherwise .

4. Reduction to finite dimension.

In §3, we constructed a formal renewal equation which leads to an infinite
dimensional Fredholm matrix &(z). Now in this section, we will reduce it to finite
dimensional matrices @,(z) for n=0, 1, - - -.

The idea is only to renew all the terms sX(z) (Ee| )., ,, F*</) in the right hand
term in (12) repeatedly. Then we will get a renewal equation with only the elements
siz) (Le|J;_, F*.of). Since screens of type 0 and 1 generate new branches, we need to
estimate their numbers. We will prepare several notations. ‘

Set B,{wb, J) be the set of K?ec F*</ such that J crosses w, and K? is of type 1
generated by some F** (L) (£ e New{w, J)), that is, the face which corresponds to L
lies on FYUvI=kiwibg (w[1, |w|—k], J). Note that if |w|<k, then B, (wb, J)=, and
Bo{wb, Jy= for any we # and be /. Let

C, . wh, T>= ) Bwb, J>, D, (wb,T>=J Bwb, T> .
k=1 i

k>n

Then using these notations, (12) becomes:

5@0=1@+_ Y o, DX2sf @)+ ¢, DN)siz)

Lel )7 Frod

=2@+ X 27, B)slz)+ BT, IN2)s)(2)
e !

+ > 25(D)z " w1, [w|—1)sf(z)

weW |wl=3 Lel 7 Bikw. D>

~ ~

=xJ)+ Y 2T, B)skz)+ d(T, IN2)sk(z)

besd

+ X > 28Dz inwll, [ wl—1)skz)

weW,|w|23 LeCp, 1w, T>

+ 2 Y 25Dz Inwl L, | wl—1Dsf() (16)
weW,|w|>3 LeD,, {w,J> .
When we renew D, ;<{wb, J>, from these screens there appear the screens in | )7, F kof,
which we will denote by C, ,<wb, J» and D, ,{wb, J) contained in | J;_, F*s/ and
(J4»n F*<7, respectively. Then we again renew D, ,Kwb, J), there appear C, ;{wb,J>
and D, ;{wb, J) contained in ( J;_, F*</ and | ), , F*.</ respectively, and so on. More
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precisely, for />1 set

Cn,l+ 1<Wb’ '7> = U Cn,l<w[m, | w []ba '7’> ]

J'e€Dp,1<{wl1,m,T>
m>2

Dn,l+ 1<Wb’ j) = U Dn.l<w[m9 IW |]b, jl) ’

Y eD,, 1 (wil,m)T>
m>2

Ciwb, T> = C, wb, Ty = | ) Fead,
k=1

21

D, {wb,Jy= ) D, Kwb,T>c= | ) F¥s/ .
121 k>n
REMARK 7. (i) D,{wb, J>=F if |w|<n.
(ii)) Cowb, Jy=g.
(iii) New screens generated by screens in D,{wb, J) belong to (), F*</.

Now we will fix >0 and construct the Fredholm matrices which have indices
(Us .o F*o/. We need not renew screens which belong to C,{wb, J). Let

New {(w, J>=Newlw,J> U Dw,J>,

and we call a screen of type (n, 0) if it is of type 0 of New,{(w,J> or it belongs to
D, {(w,J>, and of type (n, 1) if it belongs to C,{w, J>.

‘We will explain these notions in Figure 10.

1. Let F%(J) be as in Figure 10(a). Screens with faces 0 (0 # F%(4)) on &), which
is the image of the half line (@) by F®, belong to B,{abc, J) for ¢ «/ which intersect
(@, that is, in Figure 10(b) the screen of the vertex C is an example.

2. Screens with faces 8 (0 # F®(4)) on (3, which is the image of @) by F*, belong
to B,{abcd, J) for de o/ which intersect (3, that is, in Figure 10(c) the screen of the
vertex E is an example.

3. Screens with faces 0 (0 # F(D)) on (9, which is the image of (@ by F*, belong
to B,<{abcd) for de o/ which intersect (9.

4. To construct ®,(z), we will renew the elements of F.o/. Therefore screens of
faces 0 (0 # F(C)) on (6, which is the image of (3 by F*, belong to D, ,{abcd"), because
they belong to F</. The vertices F, G and the edge FG are examples.

5. To construct ®,(z), we will renew the elements of F2.</. Therefore screens of
faces 9 (0 # F%E)) on the image of ® belong to C, ,<abcd, J), because they belong to
Fof.

6. The Screens of the vertices A, B and the edge AB belong to New{ab, J >.

7. The screens of vertices C, F’(4), D and the edges CF%A), F*(A)D belong to
New<{abc, J>.

8. The screens of the vertices F*(4), E, H and the edge EF®*(A), F*(4)H belong
to Newlabcd, J>.
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Q| |®
(b)
A B FYJ) C ®
(9]
F*(A)| D F(B)
(@ (b)
® (')
F(C) © F G
E @
@] | H
4 Fe(D)

©

FIiGURre 10

9. The screens of the vertices F, G and the edge FG belong to Newo<{abcd’, J).
10. New,<abcd,J>=Newlabcd, J>. There appear screens which belong to
D, ,<abcde, J> for the first time by faces on the image of by F% for some ee .o/
which intersect the image of by F% and New,{abcde,J) 2 New<{abcde, I>.
Set for a screen J of a polygon J,

72 ‘ if Je\JiZoF/ul,
J ~ 4 .
D=y 7+ ¥ Y 2Ryl wl—1FK(E) otherwise,

weW KeNew,,(wJ)
Iwlz2  type(n,0)

and for a screen Je | )}_, Fof (J=<a) for some ae.«/)
z¢ (L) if Fesd,
é(J, L)2)=< 2zs(Jma) if Le|)]_, F*</ is a new screen generated by F°J,
0 otherwise ,

and for a screen J¢ | Ji_  Frof

U+ Y Y 2Rzl Iw|-DERKE) if Ledd,
’ weW KeNew,.(w,.T)
‘&ﬁ(g’g)

¢ J, L)2)=
Y 2Rz, wl—=1) if LelJi_,Fo,
lw|[=3

L Newn(w,J753L
type(n,1)
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&(J, I2) if JelJj_qF*oul,
ol T, IN2)=4 $T, DR+ Y, _ Y 25(R)z"nwll,|w|—11)pX(I) otherwise.

weWw KeNewn(w,J)

type(n,0)
wi=>2

We will discuss the radii of convergences in §5.

LEMMA 4.1. ForascreenJ of apolygonJ such that J = {a) (a€ o/)and ge L™, we get

slo=r+_ Y ¢ Dya)ske). (17)

Le(Jp_oFrad ul

PrOOF. We now renew the last term of the right hand term of (16) again, then

Y 28 L)zl w|—1]sk(z)

weW,|w|=3 LeD,, (w0

= Y Y 2s(L)z"™m(wl1, |w|—1])

weW,|w|>3 LeDn 1 (w,J>

x [xf(z) + 3 2B(L B+ (L, Doy

+ ¥ > 2Rz lqw'L, |w' | —1sE(z)
weW,|w' |23 KeCn,l(w'.lB .

+ 3 y 2s(i€)z'w"n(w'[1,|w'|—1])sf(z)]. (18)
weW,|w'|=3 KeDn,l(w'.Z>

By Lemma 3.4, new screens which are not of type (n, 0) or (n, 1) will vanish, and in a
similar way to prove Lemma 3.3 we get

ths. of (18)= ) Y, 2s(D)z"™m(w(1, |w|—1])

weW,|w|=3 LeDp, 1 (w.J>

~.

x [xf(z) + 52~z43(i, B)ss(z)+ &(L, 1)(z)s;(z)]
e

+ Y Y 2s(D)zwlL, | w]—Dskz)
weW,|w|26 LeCp, 2w, T>
+ ¥ Y 2Dy In(wl1, |w|—1])sf(z) .

weW,|w|=6 LeD, 2(w,L)

Therefore we can prove this lemma by renewing repeatedly all the terms which belong
to | oy Dulw, I

Now we get a formal renewal equation.
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THEOREM 4.1. Fix any n>0. For ge L, we get

(I_ Qn(z))sn,g(z) = Xn,g(Z) s

where

Sn,g(Z) = (S;((Z))fe U := oFk.siu I>
And @D =R DD Ur_ praor»
D,(2)= (¢n(k7 E))I?,EEU nooFkA LI

Therefore, in the domain where the coeflicients of &,(z) and g, ,(z) are analytic,
the singularities of sX(z) (Ke |} _, F*</) are determined by det(/— ®,(z))=0.

In §5, we will show the zeros of the Fredholm determinant det(/— @,(z)) correspond
to the reciprocals of the eigenvalues of the Perron-Frobenius operator P restricted to
a family of functions 4. |

5. Spectrum of Perron-Frobenius operator.

5.1. Estimate of radii of convergences. We will discuss first the radii of con-
vergences of the renewal equations constructed in §4. Afterwards, we will show an ex-
ample for which the renewal equations has sufficiently large radii of convergences.

Recall

¢ =liminf essinf Llogl det D(F"Xx)],
n

n—» oo xel

and we define

v=Ilimsup sup%log#{w: |w|=n, {wdI#Z},
n— o 1

where D(F") is the jacobian matrix of F”", and sup, is the supremum over all segments

I. We call that F is expanding, if

E=liminf % essinf log [minimum of | the eigenvalue of D(F")(x)|]1>0.

- n—oo xel
As we assumed that F is expanding, F is expanding for all the directions. Therefore the
set of polygons {<a):ae.s/} is a generator, that is, {F*{a):aex/,k=0,1,2, ---}
generates the g-algebra.

LEMMA 5.1. Assume that F is expanding and &>v. Then, there exist 8,>0 such
that 8, tend to 0 as n— oo, and for any £>0, in the domain |z|<e*™>~* ¢, ¢.(J, L)(2)
and x,z {2)/lgll are uniformly bounded in screens J of a polygon J=<{a) (ae.f) and
Lel)i_, s, where ge L® and || * ||, is the L™ norm.
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ProOF. For any £>0, the number of words with length m which intersect J
is at most Ce™”**»™ with some constant C>0 which is independent of screen J.
First note that the number of | ,,,-,, New<w, J) is at most 5Ce®***™ because one
screen can generate at most 5 new screens (3 vertices and 2 edges) in some <{b) (b€ .<¥).
For a screen Le F¥.of (k>1) of type 1 for which ¢(J, £)(z) #0, there exists a word w
(Iw|>2) such that the face which corresponds to L lies on F*(4,{w, J>). Therefore L
is generated by F%(K) where xeI is one of two endpoints of 4,{w, J>, ajasz- - is
its expansion, and the face which corresponds to K is a vertex F¥x), that is,
Ke New{was: - -af, J). Therefore the number of screens belonging to F¥s#) of type 1
(k=1) generated by F(K) for Kel), -,,, New<w,J)> in some be.s/ is at most
Coe+e2m=h if m>k>1 for some constant C,, and it equals 0 if k> m.

Set

fm)=sup > New,\w,J),
J iwi=m

where sup is taken over all screens generated by faces of convex polygons in 1. Then
f(m) equals the sum of the number of sup,,, |-, New{w, J> and the sum of the number
of screens generated by F'(J) (J €|,y =m_n_x Newlw,J>) over k=1 to m—n.
Therefore summing all these numbers, we get

f(m)<5Ce+e2m . Cy Y e Her2m=n=k £(k)
K=1

for m>n. Then multiplying both sides by ¢™, taking the sum over m=1 to oo, and with
a reduction, we have

Scev+£/2t
_ev+a/2t_coev+s/2tn ’

S k<
k=1 1

if the denominator is positive. Since the denominator is positive for sufficiently small
t, taking J,>0 such that e™¥~%27% is the minimal root of 1 —e”**2t— Cye* 421" =0,
we get

f(m)S Cre(v+a+6,.)m (19)
with some constant C’, and §,— 0 as n — co. On the other hand,
FA sLebes(1)<1 +|z| Zd n(a)) gl o » (20)

where Lebes(J) is the Lebesgue measure of a set J. Using (19) and (20), we find that
there exists a constant C” such that the m-th coefficient of xg](z) satisfies

> Y nawll,|w|—1]Fk

|w|l=m KeNew,{w.T>
type(n,0)

<Cue(—g+v+s+a..)m(1+|2| Z 11(a)>||g||oo .

ae A
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This proves the uniform boundedness of y; g/ lgllo- To estimate d),,, we only need
to estimate the radius of convergence of ¢,(J, K) for Je F"</ and Les. Since ¢K(L)
is bounded, we also only need to calculate the number of elements U Lw]=m NEW w, I
Thus there exists some constant C"’ such that

) 25(T w1, |w|—1)pR([EL) | < Ce s +vretsmm

lwl=m ReNew(w,J>
type(n,0)
This proves the lemma.

LEMMA 5.2. Assume that F is expanding and & >v. Then in the domain | z|<e®™> %",
det(/— @,(2)) is analytic.

5.2. Anexample. Roughly speaking, as F" expands all the directions at most in
the order e~ 2", the length of an edge of a polygon {w) with |w|=n must be longer
than e~ ¢~ 9" Therefore, for any segment of unit length, the number of words with
length » which intersect this segment is at most e¢“~2". Hence v may equal {—¢.
Namely, as shown in the former subsection, the radii of convergences of the Fredholm
matrices etc. may be larger than or equal to e* ™% This is true for Markov transformations,
but for non-Markov transformations, there may appear small polygons {(w) comparing
its length |w|. Thus, it may happen v become very large. We will give a non-Markov
example for which &> v.

ExaMpLE 2. Consider a triangle 4BC. On the segment AB take points D, P, Q.
Assume that AD<AC<AP and BD<BC<BQ (cf. Fig. 11). Let &/ ={a, b}, {ay=
AACD and {b>=ABCD. A transformation F* maps 4, C and D to 4, P and C, respec-
tively. 4 transformation F? maps B, C and D to B, Q and C, respectively. Indeed, take

(=S e=(p)0-(2) () mao=(;) o
() C)-CC) rC)-()

M"=< p—1 l—p)’ Mb:(q l/d—q)’
1/1—-d)+p—1 1-—p q —q

FIGURE 11
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and the eigenvalues of M and M® are +./(1—p)/(1—d) and =+./q/d, respectively.
Therefore, F 1s expanding for O<p<d<g.

LeEMMA 5.3. For the mapping F of the example, there exists a constant C>0 such
that a segment shorter than C can be divided at most 4 segments by 3 iterations of F.

A

FIGURE 12

Proor. From Figure 12, at most 4 polygons corresponding to words with length
3 have same vertex. To be divided into more than 4 segments by 3 iterations of F, a
segment must cross more than 4 polygons corresponding to words with length 3. Hence
it must be longer than some constant C>0. This proves the lemma.

LEMMA 5.4. Let F be a mapping with o/ ={a, b} for which there exists a constant
C>0 such that a segment shorter than C can be divided at most 4 segments by 3
iterations of F. Then the maximal number of words with length n which intersect a
screen is at most the order max{22"3, ¢¢~am},

PROOF. Let a, be the number of words with length » which intersect a screen
J. Then each pieces of J n {w) (|w|=n) can be divided into three types.

1. Jn<w) is divided into two pieces contained in words wa and wb (a, be &),
but both of them are contained in some words with length n+2, that is, for example,
J n{wad = {waa) or J n {wa) = {wab) ({wa)= {waa) or {wab)). We denote the number
of such Jn (w) by b,.

2. Jn{w) is divided into two pieces contained in words wa, wb, and at least one
of them again divided into two pieces contained in words waa, wab, wba or wbb. We
denote the number of such Jn (w) by c,.

3. Jn{w)is contained in {wa) or {(wb), that is, {w) =<{wa) or {wh). We denote
the number of such Jn {(w) by d,.

Of course, a,=b,+c,+d,. From the notation, we get

an+1=2bn+2cn+dn, a,,+232b,,+4c,,+2d,,.

Now, some of the segments J n {w) corresponding to ¢, are divided into segments by
words with length 7+ 3, but the length of such F*(J n {w})) must be longer than C. On
the other hand, the total length of F"(J) is at most constant times e ~2". Therefore,
there exists a constant C’ >0 such that
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an+3 S4'bn—l'_4'cn_+_4’dn"— C’e(é_@n =4an+ C'e(é“é_)n .
Therefore a, is less than or equal to the order
Cle@~ 14227 C 93 4 ... 4 (22 €933

This shows
1. if 4e ¢~93<1, then a, is of the order e®*~ 9",
2. if 4e~¢~93>1, then a, is of the order 22"/,
This proves the lemma.

Summarizing the results, we get:
PROPOSITION 5.1.  The above example satisfies &>v if £>%log2.

REMARK 8. We can prove the following in a same way as above: For a mapping
F, there exists n such that there exists a constant C>0 such that a segment shorter
than C can be divided into at most N segments by # iterations of F. Then F satisfies
E>vif E>LlogN. '

5.3. Space #. We will study the sapce # which is an extension of BV in
one-dimensional case. When we restrict the domain of the Perron-Frobenius operator
P to this #, we can prove the similar results as in one-dimensional cases.

DEFINITION. Let 2 =%(F) be the set of functions fe L' for which there exists
{Cu}wew such that £, (x)=>" ., Culwy(x) converges to f in L! and that

Y e Y |Cul<w

n=1 |w|=n
for any v/ >v.
Set for fe# and v >v

0

1A, =inf 3 e™" 3 |e,l,

n=1 fwi=n
where infimum is taken over all {C,}, . Which satisfy the above condition.
REMARK 9. This is an extension of BV in one-dimensional case, since for fe BV

there exists {C,},,cw such that ), r"zlwl _,1 CyI< o forany 0 <r<1 (cf. [10]). Note
that £ in one-dimensional case is a bit wider class than BV. Because the definition of

by alphabets by words |w|=2

FIGURE 13. Approximation of a function
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% depends on a mapping F, the above definition may seem to be unnatural. However,
the number of words at n-th step of an approximation of a mountain-like function by
indicator functions of words as in Figure 13 is asymptotically e"”, therefore any function
which has finite numbers of ‘mountains’ and ‘valleys’ belongs to #. Thus the set £ is
sufficiently rich.

By the norms | - ||,., # becomes a locally convex linear space, and Pfe % holds
for fe4%. Put for feL' and ge L*®

(fs 92) = ZO z" JP"f (x)g(x)dx .
LEMMA 5.5. Assume that Fis expanding and & >v. Then in the domain |z | <e* ™"~ %,

sup  sup |(f,g)z)|< 0
fllv=1 lIgllc=1

Jor any v’ >v, if and only if det(I— ®,(z)) #0.

Proor. Take any £>0 and fix it. For simplicity, we only consider ge L® such
that ||gll, =1. Take f,,=),<m Cwlcwy Which converges to fe 4 in L', which satisfies
Yiwi=nl Cwl <1 f1l,€® "9 for sufficiently large n. Note that, since f,, > fin L!,in|z| <1

| o 9)2) —(f; 9X2) | =

2z " f(f m(X) — f (X)g(F"(x))dx

< Z f | Sl =S D g(F () dx < | fru =S 1—| R

Therefore (f,,, g(z) = (f, g)(z) as m — oo in | z| <1, and

(fm’ g)(Z)— Z Cw(l(w)’ g)(Z)_ Z CwS<w>(2)

fwl<m lwl<m

k=1 |w|=k n=0 Fr{w)

m k—1
=) X Cw{ Y. z"'(w[1, n]) g(x)dx + z*n(w)sf k<w>(z)}-
Note that for a word w with |w|=k and k>n |

< Ce™ ok

' n(wl1, n]) g(x)dx

Fr(w)

for some constant C>0. Thus we get for v'>v

0

Y Co X 2wl Al | glxdx

k=1 |w|=k n=1 Frdwd

w k—1
<C?Y Y lzle ¥ = Y |C,|

k=1n=1 |w|=k
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[¢ o] 0 ,
<C Y lzl" Y em TS e
n=1 k=n

00
SC,Hf"v’ Z |Z(ne—(r§—v’-—2£)n(1_e—(é—v’—ls))—l
n=1

with some constant C’>0. In a same way, we can also show that

[ce]

Y Y ICHMWISCIflly X zlrem €Ty T

k=1 |wl=k n=1

with some constant C”>0. Assume that det(/—®,(z,))#0 for |z,|<e*™ 7% Then
since s, ,(z) =(I— D,(2)) ~ ' x4 4(2), by Lemma 4.1 we get sup ReJr_ F* A5 /19l  is bound-
ed in some neighborhood U of z,. Therefore by Lemma 4.1 and Lemma 5.1,
sg](z)/ lgll., is also uniformly bounded in screens J and U. Therefore, by appealing to
Lemma 2.2(ii), (f,,*¢)z) is uniformly bounded with respect to m in |z|<e®™> %
except neighborhoods of the zeros of det(/—®,(z)). Since sf(z) is analytic in the
domain |z|<1, det(J—®,(z)#0. Therefore the zeros of det(/— ®,(z)) are isolated, and
there exists an analytic continuation of (f, g)(z) to [z|<e® ¥~ except the zeros,
and lim,,_, (f,» 9)(2) = (f;, 9)(z) in this domain. This shows for |z|<e® >~ which
is not the zero of det(/— @,(2)), sup sj,.=1 SUP|4y..=1 | (f; gI2)| <o for v'>wv.

On the other hand, assume det(/— ®,(z,)) =0 for some | zo|<e®~ ¥~ % There may
happen that V' ={y, ,(20)},c1~ does not necessarily span all the space. Thus we must
study the domain of ®,(z,). The following discussions are almost the same as in [10].
To make notations simple, we take n sufficiently large to satisy the following conditions.
For any d, be <,

1. if Fi(@)=>, then i<n,

2. if Fi(@)=Fi(}) and F'~Y(G)# F’~'(b) for some i, j>1, then i, j<n.

Let V={[g(x)o(@, x)dx},;eU:_o - In Figure 11, for example, x € V must satisfy

ACB _ ¢AC_ yAD _ CBD _ ¢

xCDA — yDCA _ 4 CD(@) _

X

—xCDB_ _xDCB_ _ 4CD®)

where CD(a) and CD(b) are the edges corresponding to CD in {a) and {b), respectively.
Recall that

;Zgj (2)= ~[g(x)o’( J, x)dx + zs,n(a) Z o (F 7, b) Jgdx .

Therefore §, (zo) s have relations when their screens have same inside, or when their
vertex and edges coincide. From the assumption, this occurs only for Je | )j_o F.e/.
For fixed | zo| <e* ™", there is an integer m for which the followings hold. For any Je F".o/,
Xs J(z,) is an infinite series of Zo. Let us divide g, T(zo)= a7 +b’ such that a, depends only
on screens {F“J}, ;.. and b’ depends only on screens {F J }k>m and |b’|< lgll /2N,
where N is the number of screens Je€ F".</. Note that the difference is estimated with
L! norm instead of L® norm. From the assumption, Je F".</ has different inside. Thus
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we can choose ge L® with ||g||, =1 such that a{ = %+ 1/N. This means ()(!,7(20))]E pngg Spans
C¥. Therefore V'o V.

On the other hand, let x=®,(z,)x be an eigenvector associated with the eigenvalue
1. Note that @,(z,); is determined by F%d&). Thus, in Figure 11, for example,

XCAD xAC

2@ zom@)  zom@)  zon(B)  zom(B)  zom(®)
From the assumption, when x®s have relations, F(@)e | J;_, F*“</. This shows

xe D (zo)V=V+(I—D,(zo)V .

AD CBD BC CcD

X X X X

We divide an eigenvector corresponding to the eigenvalue 1 in x=x, +(I— ®,(z,))X,
(x4, X, € V). If there exists some x such that (I—®,(z))~ !x, is unbounded as z — z,, then
there exists ge L*® such that x, =y, /(z,) and s,(z) =(/— ®,(2)) " ' 1, ,(z) has non removable
singularity at z=2z,. On the other hand, assume that (/— &,(z)) " 'x, is bounded as z - z,
for any eigenvector x corresponding to the eigenvalue 1. By E, we denote the generalized
eigenspace corresponding to the eigenvalue 1, and by projz we denote the projection
to E. Then for sufficiently small r >0, it holds

projEy=J (I—D,(2)) " 'ydz .

|z—z0|=r

Therefore, since (I—®,(z,))x,; =0, we get

X =projgx =proj(I— P,(z0))x, .
Hence,
(I— ®,(z0))*projex,=0.

Therefore, there exists ge L* such that x, =y, [(z,), and x, has non-zero component
to the generalized eigenspace corresponding to the eigenvalue 1. This shows s,(z) has
also non removable singularity at z=z,.

Therefore, there exists Ke | )" _, F*< such that sX has a singularity at z, for some
geL”. Then by Lemma 3.2, there exists some polygon J such that s;(z)=(1,, g)z) has
a singularity at z,. This proves the lemma. '

Since (f, g)(2)= j (I—zP) *f(x)g(x)dx in | z| <1 and 6, — 0 as n — oo, taking analytic
continuation, we get:

THEOREM 5.1. Assume that F is expanding and &>v. Take arbitrary ¢>0, then
there exists ny>0 such that for n>nq and for |z|<e®™>7%, z™! is an eigenvalue of P
restricted to B if and only if det(I— ®,(z))=0.

PrROOF. Let |zo|<e®™ "% and det(I—®,(z,)) #0. Then by Lemma 5.5, for any
fe® and ge L™, [(I—zP)™'f(x)g(x)dx=(f, g)(z) is analytic in a neighborhood of z,.
This shows z, belongs to the resolvent of P. On the other hand, let |zo|<e® 7% and
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det(I— @,(z,)) = 0. Then there exists d € .« such that sj(z) has a singularity at z,. Therefore
by Lemma 3.2, there exists a polygon J such that s)(z)=[(I—zP)™'1,(x)g(x)dx has
singularity at z,. This shows z, is an eigenvalue of P and 1, is a corresponding
eigenfunction. This proves the theorem.

6. The proof of Theorem B.

Now we will discuss the eigenvalues on the unit circle. We will proceed our argument
along [7]. We denote the L! norm by | - ||,.

LEMMA 6.1. For any ¢>0, there exists a constant M >0 such that for any convex
polygon J=<{w) with some word we W", there exists a decomposition

1,(x)= Z Gl wy(X)

ueWw
where C]=+1 or 0, and #{u: |u|=n, C] #0} < Me®*9t=IwD,
Proor. Using inclusion-exclusion formula, set

ll(x)= 1<w>(x)_ Z |:1<wa1)(x)_ Z |:1<wa1a2>(x)

ajesd azed
(war1)dnJe# D (wajad>nJ°* QD

- Z [1<wa1a2a3>(x)_ o ]]:l s

aye
(waiazaz3d nJF QD

where J¢ is the complement of J. Applying the definition of v to each F*({wa) nJ),
for any £>0 there exists a constant C such that the number of words ue %" (|u|=n)
for which {wu) intersect F*({w)> nJ) is bounded by Ce®*9" Note that for any
word we#, the number of words wuae #  (ae.o/) is at most #./. This proves the
lemma.

LEMMA 6.2. Assume that £>v. Then for each v' >v, there exist m>1, a>0, and
0<pB <1 such that for all fe B

IP7flly <all £l +BILAI -
Proor. For fe%, we take a decomposition f=) , C,l,, such that
e L 1GI<2S
n=1 w(=n

Take ¢>0 sufficiently small such that £ —&>v'>v+e¢, and fix it. Then for any word w
(I|w|=m), considering F'*!~™((w)) and using Lemma 6.1, we get
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||Pm1(w> ”v' = "n(w[l,m])lF"‘<w> ”v‘ =

v’

=n(w[1, m])ze_”' Y G <nwll,m]) Y, eTV"MetranIvitm

|u|=n n=|w|—m

. , M’ .
= W[, mDHM(1—e**+=¥) " levawl=m = viwlem (21

where M'=2M/(1 —e***~). Now we choose m sufficiently large such that, for any
word we ¥, n(w[1, m])<e~“~9™/M’. Then we get

(21)<%e"(§""'_€)me"v'|w| )

Therefore, setting f=e~ ¢~V "™ <1, we get

| AT: Cmel(w> S] lz ICw”lpml(w)"v’
ﬁIIZ ICle™ ™ <BI S . (22)

On the other hand, there exists a constant C>0 such that for any word |w|<m, we
have a decomposition

Pm1<w>(x)= Z CleJw(x) s

where #{C,w#0}<(#/)" and | C,w|<C, with some polygons J*<<{a’") (a’" e ).
Since

11wl Ze‘v" Y 1Cl <Y e " Me =M’
n .

|ul=n
we get
m—1 m—1
Y C.P™" | < X 1w
iwi=1 v’ Iwl=1 v’
m—1 m—1
SHZ ICWI(#M)"'CIIIJWIIWSHZ | Cy (¥ )" CM’
w|=1 wi=1

<" | C.|LebesiCwy)s - EayCM

[wl=1

where d =min, .|y, <m-1{Lebes({w))} >0. Take a=056"Y(#4)"CM’'>0. Then we get

m—1
> C,Pm™,

fwl=1

<ol flly (23)

Combining (22) and (23), we get the proof.
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THEOREM 6.1. Assume that F is expanding and E>v. For feL', Y . P*fin
converges to some f*e R in L', and Pf*=f*

PrROOF. We can prove this theorem just in a same way as in [7]. Put for fe %,
¢={P™f}i-0- Then by Lemma 62, we get [[P™f|, <a/1=B)Iflli+B"IfI,-
Therefore we can choose

P™f = WEZWC:’IM’ k;ie'”‘ X ICh<a/A=BIfI+B"If N -

[wl=k

Then for any £>0, there exists M which is independent of » such that

Y e ® Y |Chl<e. 24
k=M |wl=k

Now we consider some order in &/ and extend it naturally to #". Let 2 be any infinite
subset of €. Choose an infinite sequence {n}}2, such that  __. C:‘v"c1<w> €2 and {C%}
converges as k — oo, where w is the first word in the order. Then we take a subsequence
{n2}, of {n!} such that {C7) converges as k — 0o, where w, is the second word,
and so on. Thus by diagonal method, we can choose a sequence {n}}>; and there exist
limits lim, ., C%=C, for all words we# . Therefore by (24), it follows ¥ _,
C,1.,,eL'. This shows & is relatively compact in L'. Since {P"f}2o<=| )i o P*%,
{P"f}2, is also relatively compact. By Mazur’s theorem {3 F_c P*f/n}2 | is also
relatively compact. Hence by Kakutani-Yosida theorem, for feL! there exists
f*=0f=lim,, Y _s P*f/n in L' and Pf*=f* By Lemma 6.2, |Qf |, <a/(1—
Pl f1l;. Note that any step function belongs to # and {<a):ae ./} is generating
partition because Fis expanding. Thus 4 is dense in L*. Therefore there exists a sequence
Jf»€% such that f, — fin L'. Now take v” such that v'>v"”>v and apply Lemma 6.2
for v”. Then, since Q is contracting, there exists some C>0 such that | Qf, |, <C| f1,.
Choose {D},} such that

Ofi= 2 Diliwy, e Y DM<CIfl:-
weW k=1 |w|=k

Then for any ¢>0, there exists M >0 which is independent of » such that

> ek Y |Dil<e.

k=M lwl=k

Therefore, just as we proved the relative compactness of ¢, by diagonal method we
can select {C,.},,.4 and

Of= Y Cuus, eV Y |C,l<o.
weW k=1

Iwi=k

This proves the theorem.
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COROLLARY 6.1. Assume that F is expanding and &>v. The eigenfunctions of
the Perron-Frobenius operator P in L' associated with eigenvalues modulus 1 belong
to 4.

PrOOF. In the proof of Theorem 6.1, take P, f=7y~ ' Pf instead of P where |y|=1.
Suppose that P,f=f, that is Pf=yf. Then since 1/nY ;_o PXf=f, we get f*=
lim,_, 1/nY ;- o P*f=fe€ 2. This completes the proof.

COROLLARY 6.2. Assume that F is expanding and &>v. There exists an invariant
probability measure u, whose density function belongs to %.

PrOOF. Since P is a positive operator, the proof directly follows from Theorem
6.1.
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