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Abstract. This paper is concerned with Korovkin type approximation theorems. We characterize
BKW-operators on the Banach space of real valued continuous functions on the unit interval for the test
functions {1, ¢, t2, £3}. It is also investigated when subtraction of composition operators are BKW-operators
for {1, 1, 1%, 13, t*}.

1. Introduction.

Let I=[0, 1] be the closed unit interval and let C(I) be the Banach space of all
real valued continuous functions on I. For feC(I), let || f|.=sup{|f(¢)|;tel}. In
1953, Korovkin [5] proved a well known approximation theorem; if {7}, is a sequence
of positive operators on C(I) such that || T,t/—t/|| , >0 as n— oo for j=0, 1, 2, then
{T,}, converges strongly to the identity operator, see also [6,11] and the recent
monograph [1].

As a generalization of the Korovkin theorem, Takahasi [8, 9, 10] has been studying
Korovkin type approximation theorems for other operators. In his works (see also [2]),
a bounded linear operator T on C(/) is called a BKW-operator for the Chebyshev system
S,={1,t, - -, t*} if {T,}, is a sequence of bounded linear operators on C(I) such that
\T,| = | T| and || T,h— Th| ., — 0 for each he S,, then || T,g— Tg| ., — O for every g € C(I),
that is, {7,}, converges strongly to 7. We denote by BKW(C(I); S;) the set of
BKW-operators on C(I) for the test functions S,. We note that if Te BKW(C(I); S})
then aT e BKW(C(I); S;) for every aeR, where R is the set of real numbers.

In [7], Micchelli gave a characterization of positive operators in BKW(C(I); S),
see also [4, 8]. Non-positive BKW-operators are more difficult to describe. In [10],
Takahasi gives a characterization of BKW(C(I); S;). In [3], the second author and
Takahasi give a complete characterization of BKW(C(1); S,).

Let S, be the linear span of S, in C(I). By the Riesz representation theorem the
dual space of C(1) coincides with M(J) the Banach space of bounded real Borel measures
on I with the total variation norm. Since M(/) is a dual space, we can consider the
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weak*-topology on M(7). We denote by M,(I) the set of ue M(I) with ||ju|| <1. For te 1,
let 4, be the unit point mass at ¢.
In [4], the second author and Takahasi prove the following theorem.

THEOREM A. Let T be a norm one linear operator on C(I). Then Te BKW(C(I); S,)
if and only if T has the form

k+1

(TN = X a;()f(xs(0)),  tel,

i=1

where 52 | a;(t)|=1, Y52 a;(t)8,,q) moves continuously in M(I) with respect to the
weak*-topology, and

(a) for each te I, there exists a non-constant function f,e S, such that | f,| =1 and
a0 fixi0)=1.

To describe BKW(C(I); S,) completely, we need to give precise conditions on
a, a,, ", agyq and xq, X5, * -, X4 satisfying the following condition:

(B) Ys2ila;l=1and Y ] a;f(x;)=1for some non-constant function f in S with
Iflle=1.

When a;>0 for every j, it is given a characterization of x;, x,, * - -, X; 4, satisfying
condition (f) in [4, 7].

In Section 2, we give a complete characterization of BKW(((I); S;). For k>4, the
most interesting problem is; for continuous functions x;(¢) with x;(I)<1, i=1, 2, when
does the operator

(Tof X)=f(x1()—f(x2(1)),  feCU)

belong to BKW(C(I); S;)? In Section 3, we answer this problem for k=4. The proof is
fairly complicated. It seems difficult to give a complete answer for k >5.

2. BKW-operators for S;.

For aeR with a#0, let sgna=1 if a>0 and sgna= —1 if a<0. In this section,
we give a complete characterization of operators in BKW(C(I); S3).
By Theorem A, Te BKW(C(I); S5) and ||T||=1 if and only if 7 has the form as

k()
(#) (T))= Zl ai()f(x;t), fedll),
j=
where
(@) 1<k(t)<4,tel,
(b) Y4 1a(t)|=1 and a;(t)#0 for 1 <j<k(r), tel,
© m=Y32 a;(t),q, tel, moves weak*-continuously in M,(D),
(d) for each tel, there exists a non-constant function f,€S; such that || f;|| , =1

and | fidu,=1.
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To describe all operators in BKW(C(I); S;) explicitly, we need to give precise
conditions on y, satisfying (a)-(d). Let

fot)=32t3—4812+181—1.

Then | fol =1,
(2.1) fo0)=fo(3/4)=—1 and fo(1/4)=fo(1)=1.
LemMA 2.1. Let u=z;.*=1aj6xj with Z;=1|aj|=l, a;#0 for every 1<j<4, and

0<x,<x,<X3<x,<l. Then there exists a non-constant f in 8, such that || f| =1 and
{fdu=1if and only if sgna, =sgna; #sgna, =sgna, and (x,, x,, X3, x,)=(0, 1/4, 3/4, 1).

PrOOF. Let fe S, be non-constant and || f||,,=1. Then {te ;| f(¢)|=1} contains
distinct four points if and only if f(¢)= + fo(¢). By (2.1), we have our assertion. [J

Let
D3, ={0,x,3x);1/4<x<1/3} U {(x,(x+2)/3,1); 0<x<1/4} .
Then we have the following.

LEMMa 2.2. Let u=Z;’=laj5xj with Z?zl la;|=1, aj;fO Jor every 1<j<3, and
0<x,<x,<x3<1. Then there exists a non-constant [ in S5 such that | f||,=1 and
{, fdu=1 if and only if one of the following conditions holds.
i) sgna,=sgna;#sgna, and (x,, x,, x3)€ D3 _ |,
il) sgna,=sgna, #sgna and (x, xX,, x3)=(0, 3/4, 1),
ill) sgna, #sgna,=sgna; and (x, x,, x3)=(0, 1/4, 1).

PROOF. Suppose that sgna, =sgna, #sgna,. Then feS§; satisfies | f||,,=1 and
{,fdu=1 if and only if

f@)==xfolat) or [f(t)=+ folat—1)+1) for some 1<a<3/4.

By (2.1), we have condition i).

Suppose that sgna, =sgna, #sgna,. Then ge S, satisfies ||g|l,, =1 and Lgdu=l if
and only if g(t)= + fo(¢) and (x,, x,, x3)=(0, 3/4, 1). Hence we have condition ii).

In the same way, we can prove iii). []

Let D3, ={(0,y);3/4<y<1}u{(x, 1); 0<x<1/4} and

D3 _={0,y);1/4<y<1} u{(x,y)el? y=3x,3y=x+2} U {(x,1); 0<x<3/4}.
Then we have the following.

LemMA 2.3. Let p=a,d,, +a,d,, with |a;|+|a,|=1, a;#0 for 1<j<2, and
0<x,<x,<1. Then there exists a non-constant f in S, such that || f|,=1 and j,fd,u= 1
if and only if one of the following conditions holds.

i) sgna,=sgna, and (x,, x,)e D3 ,,
ii) sgna, #sgna, and (x, x,)eD3 _.
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ProoF. We prove only the case that sgna, #sgna, and 0 <x,; <x, <1. In this case
by (2.1), a function feS§, satisfies || f]l, =1 and {,fdu=1if and only if

S(@)=folalt—x,)+1/4),
1 1 3
<a, <a< ,
4x, 2(1—x,) 41 —x,)
2.3) a(x,—x,)+1/4=3/4.
By (2.2) and (2.3), we have x,>3x; and 3x,>x,+2. O

LEMMA 2.4. Let u=ad, with|a|=1and0<x<1. Then there exists a non-constant
S in 83 such that | f||,=1 and | fdu=1. :

Summing up these results, we have the following theorem.

(2.2)

THEOREM 2.1. Let T be a bounded linear operator on C(I) with ||T||=1. Then
Te BKW(C(I); S3) if and only if T has the form (#) with (a), (b), and (c), and the following
conditions are satisfied, for tel with 0<x,(t)<--- <x(t)<1,
1) If k(t)=4, then sgna,(t)=sgna;(t) #sgna,(t)=sgna,(t) and (x,(t), x,(t), x5(),
x,(t)=(0, 1/4,3/4, 1).
ii) If k(t)=3, then one of the following conditions holds.
1) sgna,(t)=sgnas(t) #sgnay(t) and (x,(t), x,(t), x5(t))e D3 _ .,
2) sgna,(r)=sgna,(t) #sgnas(t) and (x,(1), x,(t), x3(1)=(0, 3/4, 1),
3) sgnay(t)#sgna,(t)=sgnas(t) and (x,(1), x,(t), x3(¢))=(0, 1/4, 1).
iii) If k(t)=2, then one of the following conditions holds.
4) sgna,(t)=sgna,(t) and (x,(2), x,(t))e D3 4,
5) sgna,(t)#sgna,(t) and (x,(t), x,(t))e D3 _.

Now we study a special type of operators. Let

(2.4) (TfX)=a,(t)f (x,() +ax(t)f(xx(t), fedD),

where

2.5) a;(t) and x;(t) are continuous functions with x;(I)<I for j=1, 2,
(2.6) la,(t)|+]ax(t)|=1, tel.

In this case, a,(t)d,,q) +a2(t)d,q, 0<t<1, moves weak*-continuously in M(I). When
a;(t), j=1, 2, are constant functions and sgna,(t) #sgna,(t), Takahasi [9, Theorem 4]
gave a sufficient condition for which Te BKW(C(I); S;). For a subset E of I, let

E={(x, y); (y,x)€E} .

Then E and £ aré symmetric with respect to the line y =x.
Let (x, y)eI%. Then by Theorem 2.1, (x, y)e D3 _ u D3 _ if and only if there exists
f in 8§, with || f|l,=1 such that | f(x)|=|f(»)|=1 and sgnf(x)#sgnf(y). Also
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(x,y)eD3, uD3, if and only if there exists f in S; with ||f],=1 such that
| F(x)|=]f(»)|=1andsgn f(x)=sgn f(y). By this fact, we have the following corollary.

COROLLARY 2.1. Let T be an operator satisfying (2.4), (2.5) and (2.6). Then
Te BKW(C(I); S3) and ||T)| =1 if and only if the following condition holds; for te I with
a,(t)#0 and a,(t)#0, it holds that

i) if sgna,(t)=sgna,(t), then x,(t)=x,(t) or (x,(t), x,(t))e D} , W D3 .,
i) if sgna,(f)#sgna,(t), then (x,(t), x,(t)) e D _ u D3 _.

COROLLARY 2.2. Let T be an operator satisfying (2.4), (2.5) and (2.6). Moreover,
suppose that a,(0)=1, (x,(0), x,(0))e D3, UD3 _, ay(1)= —1, and (x,(1), x,(1))e D} , L
D3 _. If Te BKW(C(I); S5) and ||T| =1, then either a,(t) or a,(t) vanishes on some
non-empty open subset of I.

PrOOF. By our assumptions, (x,(t), x,(t)), 0 <t<1, is a continuous map and there
exists a non-empty open subinterval J of I such that

{(1(2), %2(8)); te T} A ({(x, x); 0<x<1}uD3, uD3, uDI_uUD} )=.

By Corollary 2.1, we have that a,(t)a,(t)=0 on J. Since a,(t) and a,(t) are continuous,
we have our assertion. []

3. BKW-operators for S,.

Let I=[0, 1] and I,=(0, 1). Let x,(t), j=1, 2, be continuous functions on I with
xj(I)=I. For feC(I), let

(ToNO)=f(x1(E)—f(xx(t)),  tel.

In this section, we investigate the conditions on x, and x, for which T\, € BKW(C(I); S,).
We note that by [4, 7, 8], the operator

(THR)=Fxs(@N+f(x2(2),  fel)
- belongs to BKW(C(I); S,).
Let :

3.1) G={(x,y)eI*;x<y, f(x)=1 and f(y)=—1 for some eS8, 1fla=1}.

To study whether T,e BKW(C(I); S,), as in Section 2 we need to describe the set G.
The following is the description of G. '

THEOREM 3.1. G is the union of the following seven subsets.
) {0,y)el}2~/2)4<y<1},
i) {(x,1)el* 0<x<(2+./2)/4},

- {(x, Delk ys 2—2\/7 (x—1)+1 andyz_z_'F?\/Z x},
iv) {(x, )€l y=22—/2)x—1)+1and y=(Q2+./2 )x},




380 TAKASHI ISHII AND KEIJI IZUCHI

v) {(x,y)eld; y>+(x—1)+1and y>3x},
vi) {(x,y)eld;y>+(x—1)+1 and y>2x},
vii) {(1/4, 3/4)}.
The proof owes to elementary calculation, but the situation is a little bit complicated.
First, we give two lemmas.

LeMMA 3.1. If (xq¢,Y0)€G, then (xo,y)€G for y,<y<l1, and (x,yo)eG for
0<x<x,.

PROOF. Since (x,, o) € G, by (3.1) there exists f€ S, such that || f|l, =1, f(xo)=1,
and f(yo)= —1. For yo,<y<]1, let

he)=22"% (4 _x )4 x,, tel,
Y—Xo

F(t)=f(h(t)), tel.

Then FeS,, F(xo)=f(xo)=1 and F(»)=f(y,)= —1. Since 0<h(0)<1 and 0<h(1)<]1,
we have || F|,=1. Thus (x,, ) € G. In the same way, we have the second assertion. []

LeMMA 3.2. If (x4, Yo)€EG, then (1 —yo, 1 —x4)€G.

PROOF. Since (x,, yo)€ G, there exists fe S, such that || f|,=1, f(x,)=1, and
f(yo)=—1. Let F(t)=—f(1—t). Then FeS,, |[Flo=1, F(1—yo)=—f(yo)=1, and
F(l—=x9)=—f(xo)=-1. O

For a subset E of I?, let K= {(x,y)eI*;(1—y,1—x)eE}. Then E and E are
symmetric with respect to the line x+y=1. By Lemma 3.2, we have G=G. We note
that the sets i) and ii), iii) and iv), v) and vi) in Theorem 3.1 are symmetric with respect
to the line x+ y=1, respectively.

ProOF OF THEOREM 3.1. The proof is long, so we devide into five steps.

STep 1. In this step, we describe the set G » 8I%. The following fact shows that
G N 0I? is given by i) and ii) in Theorem 3.1.

Fact 1. {yeL(0,y)eG}={yel;2—/2)/4<y<1} and {xel;(x,1)eG}={xe
LO0<x<(2+./2)/4}.

PrOOF. We shall prove that
(3.2 {yeL,(0,y)eG}={yel;(2—/2)/A<y<1}.
Since G=G, by (3.2) we get
{xel(x,1)eG}={xe0<x<(2+./2)/4}.
Let
3.3) a=inf{yel; f(0)=1, f(y)=—1 for some f€S,, lflle=1}.
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By (3.1), to prove (3.2) it is sufficient to prove that “inf”’ in (3.3) is attained and

(3.9) a=02—./2)/4.

Let I' be the set of fe S, such that f(—1)=1, f£(0)=0, and f'(0)=0. For feT, let
3.5 A;=max{x;0< f(t)<1 on [—1, x]},
(3.6) A=sup{d; fel}.

Then it is not difficult to see that « = 1/(1 + 4). Hence by (3.4), to prove (3.2) it is sufficient
to prove that “sup” in (3.6) is attained and

(3.7 A=3+2/2.

By (3.5) and (3.6), it is clear that 4> 1. In the rest, we shall calculate the value of A.
Our strategy is to find smaller subsets of I still satisfying (3.6).
Let I'; be the set of feI such that 4,>1. Then we have

(3.8) A=sup{A,; fel',}.

Let feT,. By the definition of I', we can write as

(3.9) fe)=12h,(t),

(3.10) he(t)y=at*+ast+a,, h(—1)=1.
By (3.5),

(3.11) h()=0 on [—1,4,].
Also by (3.5),

(3.12) f(4;)=0 or 1.

Let I', be the set of geI'; such that g(4,)=1. When fel'; and f(4,)=0, we
shall prove the existence of G,eI', such that

(3.13) A;<Ag, .

Since f(4,)=0 and 4,>1, by (3.5) and (3.9),

(3.14) h(A;)=0 and h(A,+e)<0

for every ¢> 0 sufficiently closed to 0. Put

(3.15) gf(t)=< =4, )2 and  G,(t)=1%g,(t).
1+4,

Then by (3.10) and (3.14), h{t)=g,(t) on [—1, A;]. Hence by (3.9) and (3.15),
0<G,(t)<f(t)<lon[—1, 4,].Since G,(4;)=0and G,(¢t) >0 for every x, we get (3.13).

By (3.13) and (3.15), G,(A4g,)#0. Hence by (3.12), G,(4g)=1, so that G,eT,.
Therefore by (3.8) and (3.13), we have
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(3.16) A=sup{Ad,;gel,}.

Now let I'; be the set of f(¢)=t2h,(t)e I, such that hs(t0)=0forsome —1<1,<A4,.
We shall prove that

(3.17) A=sup{A,; gel,}.

To prove this, let fel', such that h (t)#0 for every —1<t<A4,. Then by (3.11),
hy(t)y=at*+a;t+ay>0 on [—1, 4,]. Since fel';, A,>1. Since fel,, f(4;)=1, so
that 0<h,(4,)<1. Hence it is not difficult to find a function Y(t)=>b,t2+b,t+b, such
that Y(—1)=1, 0<y(t)<hy(t) on (—1, 4,], and Y(t;)=0 for some t,, 0<to<A,.
Put ¥(t)=1%y(t). Then 0<¥P(t)<1 on [—1,4,] and 0<¥(A4,)<1. Hence Ap>A4,.
Since P(A4y)#0, by (3.12) Y(Ag)=1. Therefore ¥ e I'5, and by (3.16) we have (3.17).

At the last stage, let ge I';. Then g(4,)=1 and h(0,)=0 for some 7,, 0<0,<A4,.
Then

(3.18) g(t)=t2(;—;21 )2 .
It holds that 0<g(t)<1 on [0, ¢,]. Here suppose that
(3.19) 0<g(t)<l on [0,0,].
For 0>0,, let
t—ao \*
(3.20) G(t)=t2<l+a> .
By (3.18) and (3.19), we may assume that
(3.21) 0<G(t)<1l on [0,0],
(3.22) G(y)=1 for some y,0<y<o.

Since 0, <o,

_=\2 [— 2
(z a) << al) on [o, o).
l+o l1+0,
Hence by (3.18) and (3.20), we have that

(3.23) Ag>A, and Gerl;.

Here we note that o satisfying (3.21) and (3.22) is unique. By calculation, we have
c=2+,/2 and

(3.24) G(t)=(17—12/2 )%(t—2-2/2)2.

By (3.17) and (3.23), we have 4= A;. Hence by (3.24), we obtain (3.7). This completes
the proof of Fact 1. [
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STEP 2. Now we shall study the domain G N I¢. Let 0 <x, <y, <1. Then by (3.1),
(X0, Yo)€G N I if and only if there exists he S, such that ||k|| =1, A(xy)=1 and
h(yo)=—1.

Let
Go={(x, y)eI&; x<y, h(x)=1, h(y)= —1 for some heS,\S;, Al ,=1},
G, ={(x, y)el?; x<y, h(x)=1, h(y)= —1 for some heS;, |h],=1}.

Then in the same way as the proof of Lemma 3.2,

(3.25) - G0=G0 s
Gl =Gl9 and
(3.26) GAI2=G,uUG, .

By Lemma 2.3, we have
(3.27) G,={(x,y)eld; y=3x,3y=x+2}.

Hence to complete our proof, we need to determine the domain G,
Let fyt) =1t + 1)t —{), 1 <{ < oo. Then every #€5,\S; has the following form

(3.28) h(t)=cflat+b)+d, a,b,c,deR, a#0, c#0, 1<{<w.

Let H={he S,\S;; & has the form (3.28) and 4|, = 1}. Then (x,, yo) € G, if and only
if h(xo)=1 and h(y,)= —1 for some he H. Let

H,={he H; h has the form (3.28) with a>0} ,
Q={(x,y);,0<x<y<l1, h(x)=1, h(y)= — for some he H,} .
Then Q< G, and we have the following.
FacT 2. G,=QuU@.

PrROOF. By (3.25), G,=G,. Since Q<=G,, QU cG,. To prove the converse
inclusion, let (x,, ¥o)€ G,. Suppose that A(x,)=1 and A(y,)= —1 for some he H. Let
h(t)=cflat+b)+d. When a>0, we have (x,, y,) € Q.

Suppose that a<O0. Let hy(t)=—h(1—1t)= —cf{—at+a+b)—d. Then h,eH,,
hi(1—yo)=1 and h,(1 —x,)= —1. Hence (1 —y,, 1 —x,)€ Q. Therefore (xo, yo)e Q. [

Step 3. By Fact 2, to describe G, we need to describe Q. For each { with 1 <{ < o0,

let
(3.29) H,={h; h=cfi{at+b)+d, |hl|l,=1,a>0,b, c deR, c~0}
(3.30) Q. ={(x,y);0<x<y<]1,h(x)=1, h(y)= —1 for some he H} .

In this step, we study €. By the definitions, Ho=\,,, H,,
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(3.31) o=,

(21

and ; has the same property as G in Lemma 3.1. In the rest of this step, we fix (.
When (x,, y) € Q, for some y, there exists y, such that (x,, yo) €€, and (x,, y) ¢ 2, for
every y' <yo. Thus to describe €, it is sufficient to describe points (x,, yo) €2, such
that (xq, )¢ Q for y<y,.

Recall that f(t)= t2(t+ 1)t —{). Hence there exist A =A({) and B=B({) such that
fUA)=fUB)=0, —1<A4<0, and 0<B<{. Then (4, f(4)) and (B, f(B)) are local
minimal points in the graph of f, and 0> f,(4)>f(B). Also there exists C= C({) such
that 0 < C< Band f{(A4)=//C). We note that 4({), B({), and C({) are continuous functions
in {, 1<{<oc0.

We study £, mainly for 1<{<oco. In this case,

(3.32) C<B and f(C)>f(B).

Let (xo, ¥o) € £, such that (x,, y) ¢ £, for every y <y,. By (3.30), there exists he H; such
that

(3.33) h(xg)=1 and Ah(yg)=-—1.

Then we have

(3.34) |A(0)|=1 or |A(1)|=1.

To prove (3.34), suppose not. Then |#(0)|<1 and |A(1)|<1. For >0, let
g(t)=h(a(t — x) + x) , tel.

Then there exists ag>1 such that | g, |l,=1. Since he H,, by (3.29) g,€ H,. We have
gao(xo) = h(xo) = 19

Yo—Xo
Xo

Yo—Xo

Oo

xO< +x° <y0 and g‘10< +xO)=h(yo)= —1 .

This contradicts that (x,, ¥) ¢ , for every y <y,. Hence we obtain (3.34).
Since he H, h has the following form

(3.35) Wt)=cfiat+b)+d, a>0, b,c,deR, c#0, |hl,=1.

When 1 <{< o0, by (3.32), (3.33), (3.34), (3.35) and the graph of f, the following four
cases occur. Cases 1, 2, 3 and 4 correspond to cases A(0)=1, A(1)=1, h(0)=—1, and
h(1)= — 1, respectively.

Case 1. h(t)= —2f(at+Db)/f(B)+1,

axo+b=0, ay,+b=B, b=-1, B<a+b<{.
Case 2. h(t)= —2f(at+b)/f(B)+1,
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axo+b=0, ay,+b=B, —1<b<0, a+b={.
Case 3. h(t)=2f{at+b)/f(4)—1,

axg+b=A4, ay,+b=0, b=-1, O0<a+b<C.
Case 4. h(t)=2ffat+b)/f(4)—1,

axg+b=A4, ay,+b=0, —1<b<A, a+b=C.

Here we give some remarks when {=1. In this case, C is replaced by 1 in Cases 3
and 4. And (x,, y,) satisfies the conditions in Cases 1 and 2 if and only if (1 —y,, 1 —x;)
satisfies the conditions in Cases 4 and 3 with C=1, respectively. Since G,=G,, when
{=1 it is sufficient to consider only Cases 1 and 2. Hence we study Cases 1 and 2 for
{>1, and Cases 3 and 4 for {>1.

The set of points (x,, y,) which satisfy the condition of each case coincides with
the line segment in IZ jointing the following two points in I2, respectively.

Case 1. <—1-—, —B+—1> and (L, 1>.
(+1 ¢+1 B+1

Case 2. (O, £> and (—l—, £+—1)
4 {+1° (+1

A+1 1
C+1’ C+1

Case 4. (0, ——_——{1— and (ﬁl, —1— .
C—-4 C+1 C+1
To describe ©, more explicitly, let p,(t) and g,(t) be the functions representing the
joint line segments obtained by Cases 1 and 2, and Cases 3 and 4, respectively. Then

Case 3. ( > and (4+1,1).

CEB(t—1)+1, if 0<’Sfjﬁ—

(3.36) pdt)= { ! 1
C(B+1), if ——<t<—
{+1 B+1

1 B+1\. . .. . .
d (Zﬁ ) ) is its jointing point, and

' A+1

¢ t—1)+1, if 0O<r<it—

C—A C+1

(3.37) at)=3 o

t, if <t<A+I1

A+1 C+1 "
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and (%;_11 C+1> is its jointing point. Let

(3.38) Vi={(x, y)el; p(x)<y,0<x<1/B+1)} for (>1,
(3.39) W,={(x,y)€l}; qx)<y,0<x<A+1} for (>1.
Then by our argument, we obtain

(3.40) Q=V,uW, for (>1,

(3.41) Q,=V,u¥,.

STEP 4. In this step, we shall prove that

(3.42) vi=U ¥%.

{1

Here we note that

2;2\/_5_(t_1)+1, if 0<t<1/2,

(3.43) Pi(t)=
2%‘/2:, it 12<r<2—J7,
(3.44) Vi={(x, y) eI} p,(x)<y, 0<x<2—\/7} .

By elementary calculation, we have

A(C)=3C_3_“/9C2+14C+9
8 b
—34+./9¢%+14
(3.45) BQ)= 33+ H1H9

8

Hence A({) and B({) are increasing functions in 1 <{ < oo, and

(3.46) AD=-1/y2 , lim A()=-2/3,
{—o

(3.47) B()=1//2, lim B{{)=c0.
{— o

Since B({) is increasing function, by (3.47) we have 1/(B+1)<2—,/2 for {>1. By
(3.45), we can also prove that

B/t=1//2  for (=1.

Hence by (3.36), (3.38), (3.43) and (3.44), we get (3.42).
By (3.26), (3.31), (3.40), (3.41), (3.42) and Fact 2, we obtain the sets iii) and iv)
in Theorem 3.1. The sets iii) and iv) coincide with ¥; and ¥, respectively.
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Step 5. In this step, we study W,, 1 <{<oo and complete the proof of our theorem.
Let g, be the limit function of g, as { — c0. To write g, explicitly, we need the value
of lim,_, ,, C({). By elementary calculation, we have

C-—l-—2A—\/(2A+1—()2-—4(3A2+2(1—C)A—C)

(3.48) al)= >

By (3.46), we get lim,_, ., C({)=2/3. Hence

e AP

Let

(3.50) Wo={(x, el q(x)<y, 0<x<1/3}.

We note that the boundary of W is nét contained in W . We shall prove that
(3.51) W= 491 W,.

Let { > 1. Since the vertices of W, converge to the vertices of W, it is sufficient to prove
(3.52) W, o W,.
By (3.37), (3.39), (3.49), (3.50) and 4+ 1<1/3, to prove (3.52)‘ it is sufficient to show

1/ A+1 1
1)+ l<—.
2\ C+1 C+1

This inequality is the same as 4+ C <0. By (3.48), this is equivalent to

(3.53) 2424 (1—0A—L<0.

By (3.46), —1 /\/7 < A({)< —2/3. Hence to prove (3.53) we need to show that
2A—1//2 Y +0=0(—=1//2)-{<0 and —(<O.

Since ¢ > 1, the above holds. Threfore we get (3.51).
As the final step, we have

GAIZ=G, UG, by (3.26)
=G, uQu@ by Fact2

=G, u( U @ u é;)) by (3.31)

{21
=G, uV,uP)uW,u Ww) by (3.40), (3.41), (3.42) and (3.51).
The sets v) and vi) coincide with W, and W, respectively. Now by (3.27), it is easy
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to see that G,\(V,uV,uW_u Woo) {(1/4,3/4)}. This completes the proof of
Theorem 3.1. [J

By Theorems A and 3.1, and the definition of G, we have the following theorem.

THEOREM 3.2. Let x;, j=1,2, be continuous functions on I with x(I)<1. For
fe ), let

(Tof Xt) =1 (x1 () —f (x5(2)) .

Then Toe BKW(C(I); S,) if and only if one of the following conditions holds.
1) (x.(), x,(t))eG for every tel,
i) (x,(t), x,(t))eG for every tel.

THEOREM 3.3. Let aj(t) and x;(t), j=1, 2, are continuous functions on I such that
lay(t)|+]ay(t)|=1 for every tel and x;(I)<=1. For feC(I), let

(TA)t)=a,(t)f(x,(t))+ax(t)f(x,(t)) .

Then Te BKW(C(I); S,) if and only if the following condition holds; if a,(t)a,(t)#0 and
sgna,(t) #sgna,(t), then either (x(t), x,(t)) or (x,(t), x,(t)) is contamed inG.

Proor. By Theorem A, Te BKW(C(I); S,) if and only if for each tel there exists
a non-constant f,e S, such that

(3.54) Ifilo=1 and a,(¢)fi(x1(t)+ax(t)filx(t)=1.

If a,(t)a,(t)=0, it is not difficult to see the existence of f,eS, satisfying (3.54). If
a,(t)a,(t)#0 and sgna,(t)=sgna,(t), by [4, 7] we can find f, e S, satisfying (3.54). When
a,(t)a,(t)#0 and sgna,(t)#sgna,(t), Theorem 3.1 implies that either (x,(t), x,(t)) or
(x,(t), x4(2)) is contained in G if and only if there exists f,e S, satisfying (3.54). [0 ‘

References

[1] F. ALTOMARE and M. Cawmpiti, Korovkin-Type Approximation Theory and its Appllcattons Walter
de Gruyter (1994).

[2] K.IzucH, H. TAKAGI and S. WATANABE, Sequential BKW-operators and function algebras, J. Approx.
Theory 85 (1996), 185-200.

(31 K. IzucHr and S.-E. TAKAHASI, BKW-operators on the interval and the sequence spaces, J. Approx.
Theory 87 (1996), 159-169.

[4] K. IzucHi and S.-E. TAKAHASI, BKW-operators on the interval [0, 1], Rend. Circ. Mat. Palermo 46
(1997), 477-489.

[51 P.P.KorovkiNn, On convergence of linear operators in the space of continuous functions, Dokl. Akad.
Nauk SSSR 90 (1953), 961-964 (Russian).

[6] P.P. KOROVKIN, Linear Operators and Approximation Theory, Hindustan Publishing (1960).

[7]1 C. A. MiccueLLl, Chebyshev subspaces and convergence of positive linear operators, Proc. Amer.
Math. Soc. 40 (1973), 448-452.

[8] S.-E. TakaHAsI, Bohman-Korovkin-Wulbert operators on CT0, 1] for {1, x, x2, x3, x*}, Nihonkai



BKW-OPERATORS 389

Math. J. 1 (1990), 155-159.

[9] S.-E.TakaHAsI, Bohman-Korovkin-Wulbert operators on normed spaces, J. Approx. Theory 72 (1993),
174-184,

[10] S.-E. TakaHasL, (T, E)-Korovkin closures in normed spaces and BKW-operators, J. Approx. Theory
82 (1995), 340-351.

[11] D. E. WuLBerT, Convergence of operators and Korovkin’s theorem, J. Approx. Theory 1 (1968),
381-390.

Present Addresses:.

TAKASHI IsHII

DEPARTMENT OF MATHEMATICAL SCIENCE,

GRADUATE SCHOOL OF SCIENCE AND TECHNOLOGY, NIIGATA UNIVERSITY,
NIIGATA 950-2181, JAPAN.

Ken1 IzucHn
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, NIIGATA UNIVERSITY,
Ni1GATA 950-2181, JAPAN.



