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Introduction.

Let $\mathfrak{g}$ be a complex reductive Lie algebra and let $g=f+p$ be the complexification
ofa Cartan decomposition of $\mathfrak{g}_{R}=\mathfrak{k}_{R}+p_{R}$ , where $\mathfrak{g}_{R}$ isanoncompact real form of $\mathfrak{g}$ .

Kostant-Rallis [3] stated some results on harmonic polynomials on $p$ . On the other
hand, for classical harmonic polynomials on $C^{p}$ , there have been many studies. It is
well known that harmonic functions on $C^{p}$ are represented by integrals on the unit
sphere $S^{p-1}$ or on some other $O(p)$-orbits and reproducing kemels of these formulas
are expressed by Legendre polynomials (see, [2], [4], [5], [6], [7], [10], [12], [15], etc.).

In our previous paper [14] we obtained explicit integral representation formulas
of harmonic polynomials in the case $\mathfrak{g}_{R}=\mathfrak{s}u(p, 1)$ . From the Lie algebraic viewpoint,
classical harmonic functions on $C^{p}$ corresponds to harmonic functions on $\mathfrak{p}$ for the case
$\mathfrak{g}_{R}=\mathfrak{s}\mathfrak{o}(p, 1)$ . Therefore, integral representation formulas of harmonic polynomials in
this case are known.

Our purpose of this paper is to obtain explicit integral representation formulas of
harmonic polynomials and reproducing kernel of these formulas in remaining classical
real rank one case, i.e. the case $\mathfrak{g}_{R}=\mathfrak{s}\mathfrak{p}(p, 1)$ . Our main results in this paper are described
in Theorem 2.2, in which harmonic polynomials on $p$ for $\mathfrak{g}_{R}=\mathfrak{s}\mathfrak{p}(p, 1)$ are represented
by an integral on some $K_{R}$-orbits. This result is similar to the cases $g_{R}=so(p, 1)$ and
$\mathfrak{g}_{R}=\mathfrak{s}u(p, 1)$ .

The author would like to thank Professor M. Morimoto and Professor Y. Agaoka
for their helpful advices.

1. Preliminaries.

In this section we fix notations and review known results. For details, see [2], [3],
[5], [7] and [16].
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Let $\mathfrak{g}$ be a complex reductive Lie algebra and let $\mathfrak{g}_{R}$ be a noncompact real form of
$\mathfrak{g}$ . Let $g_{R}=f_{R}+p_{R}$ be a Cartan decomposition of $\mathfrak{g}_{R}$ and let $g=f+p$ be the direct sum
obtained by complexifying $\mathfrak{k}_{R}$ and $p_{R}$ . In this paper, for a Lie algebra $\mathfrak{h}$ , we denote by
exp $ad\mathfrak{h}$ the adjoint group of $\mathfrak{h}$ . We put $G=\exp ad\mathfrak{g}$ and $K_{\theta}=\{a\in G;\theta a=a\theta\}$ , where
$\theta:\mathfrak{g}\rightarrow \mathfrak{g}$ is the Lie algebra automorphism of order 2 defined by $\theta=1$ on $\mathfrak{k},$ $\theta=-1$ on
$p$ . Let $K$ be the identity component of $K_{\theta}$ . Then we have $ K=\exp$ adf. Furthermore, we
put $K_{R}=\exp ad\mathfrak{k}_{R}$ , which acts on the space $p$ . Then we have $K_{R}=K\cap\exp ad\mathfrak{g}_{R}$ . We
denote by $S$ the symmetric algebra on $\mathfrak{p}$ . We put $J=$ {$u\in S;au=u$ for any $a\in K_{\theta}$} and
$J_{+}=\{u\in J;\partial(u)1=0\}$ . We denote by $J^{\prime}$ the ring of K-invariant polynomials on $\mathfrak{p}$ and
we put $J_{+}^{\prime}=\{f\in J^{\prime};f(O)=0\}$ . Let $S^{\prime}$ be the ring of all polynomials on $\mathfrak{p}$ and let $S_{n}^{\prime}$ be
the space of homogeneous polynomials on $p$ of degree $n$ . For $f\in S^{\prime}$ and $a\in K_{\theta},$ $af\in S^{\prime}$

is defined by $(af)(x)=f(a^{-1}x)(x\in p)$ . It is known that any element of $J^{\prime}$ is invariant
under $K_{\theta}$ ([3] Proposition 10). It is also known that $J^{\prime}$ has homogeneous generators
$P_{1},$ $\cdots,$ $P_{r}$ , where $r=\dim \mathfrak{a}_{R}$ and $\mathfrak{a}_{R}$ is a maximal abelian subalgebra of $Pn\cdot\dim \mathfrak{a}_{R}$ is
called the real rank of $\mathfrak{g}_{R}$ . Let $\ovalbox{\tt\small REJECT}=$ {$f\in S^{\prime};\partial(u)f=0$ for any $u\in J_{+}$ } be the spaoe of
harmonic polynomials on $p$ . We put $\ovalbox{\tt\small REJECT}_{n}=S_{n}^{\prime}\cap\ovalbox{\tt\small REJECT}$ and $J_{n}^{\prime}=S_{n}^{\prime}\cap J^{\prime}$ . We put
$(J_{+}^{\prime}S^{\prime})_{n}=J_{+}^{\prime}S^{\prime}\cap S_{n}^{\prime}$ , and $Z_{+}=\{0,1,2,3, \cdots\}$ . It is known that $S_{n}^{\prime}=(J_{+}^{\prime}S^{\prime})_{n}\oplus\ovalbox{\tt\small REJECT}_{n}(n\in Z_{+})$

(see [3]). We put $\mathfrak{R}=$ {$X\in p;P(X)=0$ for any $P\in J_{+}^{\prime}$ }. It is known that the restriction
mapping $f\rightarrow f|_{\mathfrak{R}}$ is a bijection from $\ovalbox{\tt\small REJECT}$ onto $\ovalbox{\tt\small REJECT}|_{\mathfrak{R}}$ (see [8], [14]).

$H_{n}(C^{q})$ denotes the space of homogeneous harmonic polynomials of degree $n$ on
$C^{q}$ and $H_{n.q}$ denotes the space of spherical harmonics of degree $n$ on $S^{q-1}$ . It is well
known that

$dimH_{n.q}=\frac{(2n+q-2)(n+q-3)!}{n!(q-2)!}$ .

It is well known that the restriction mapping $f\rightarrow f|_{s^{q-1}}$ is a bijection from $H_{n}(C^{q}$]

onto $H_{n,q}$ . For spherical harmonics and harmonic functions on $C^{q}$ , we refer the reader
to [5], [6], [7], etc.

$P_{n,q}$ denotes the Legendre polynomial of degree $n$ and dimension $q$ . For $z,$ $w\in C$‘

we put $z\cdot w={}^{t}zw$ . We put $N^{q-1}=\{z\in C^{q};z\cdot z=0, z\cdot\overline{z}=2\}$ . Then the following lemma
is known.

LEMMA 1.1 ([2], [5], [6], [7], [16]). (i) We put $h_{a}(x)=P_{n.q}(x\cdot a)$ and $g_{b}(x)=(x\cdot b)^{t}$

$(x, a, b\in C^{q})$ . Then $H_{n,q}$ is generated by the set $\{h_{a}|_{S^{q- 1}};a\in S^{q-1}\}$ and $H_{n}(C^{q})$ is generatet
by the set $\{g_{b};b\in N^{q-1}\}$ .

(ii) For any $f\in H_{m}(C^{q})$ and $g\in H_{n}(C^{q})$ it is valid that

(1.1) $\dim H_{n.q}\int_{S^{q-1}}f(s)P_{n,q}(s\cdot a)ds=\delta_{m.n}f(a)$ $(a\in S^{q-1})$ ,

(1.2) $\dim H_{n.q}\int_{N^{q- 1}}f(z)(\overline{z}\cdot w)^{n}dN(z)=2^{n}\delta_{m.n}f(w)$ $(w\in C^{q})$ ,
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(1.3) $\int_{S^{q-1}}f(s)\overline{g(s)}ds=2^{-2n}\frac{n!\Gamma(q/2)}{\Gamma(n+q/2)}\delta_{m,n}$ dim $H_{n,q}\int_{N^{q- 1}}f(z)\overline{g(z)}dN(z)$ ,

where $ds$ and $dN$ denote the unique $O(q)$-invariant measures on $S^{q-1}$ and on $N^{q-1}$ such
that $\int_{S^{q-1}}1ds=\int_{N^{q-1}}1dN(z)=1$ , respectively.

For $z\in C^{q}$ and $a\in S^{q-1}$ we put

$\tilde{P}_{n,q}(z, a)=P_{n,q}(\frac{z\cdot a}{\sqrt{z\cdot z}})(z\cdot z)^{n/2}$

$Then\tilde{P}_{n,q}$( , a) $belongstoH_{n}(C^{q})and\tilde{P}_{n,q}(s, a)=P_{n,q}(s\cdot a)foranys\in S^{q-1}$ .

2. The case $\mathfrak{g}_{R}=\mathfrak{s}\mathfrak{p}(p, 1)$.
In this section we obtain integral representation formulas of harmonic polynomials

on some $K_{R}$-orbits in the case $\mathfrak{g}_{R}=\mathfrak{s}\mathfrak{p}(p, 1)(p\in Z_{+},p\geq 2)$ . We put

$\mathfrak{g}=\mathfrak{s}p(p+1, C)=\{\left(\begin{array}{ll}A & B\\C & -{}^{t}A\end{array}\right);A,$ $B,$ $C\in M(p+1, C),{}^{t}B=B,{}^{t}C=c\}$ ,

$\mathfrak{g}_{R}=\mathfrak{s}p(p, 1)=\{(-\overline{B}tA{}^{t}\overline{y}\overline{x}-5\frac{xa}{y}-{}^{t}xA^{\frac{y}{}}tB$ $-\overline{x}\overline{a}by)_{b\in C,x,y\in C^{p}}^{A\in u(p),a\in u(1)};Bisp\times psymmetric\}$ ,

$\mathfrak{k}_{R}=\{\left(\begin{array}{llll}A & 0 & 0B & \\0 & a & b0 & \\-\overline{B} & 0 & \overline{A}0 & \\0 & -5 & 0 & \overline{a}\end{array}\right);_{Bisp\times psymmetric}^{A\in u(p),a\in u(1),b\in C}\}$ ,

$p_{R}=\{\left(\begin{array}{llll}0 & X & 0 & y\\t_{\overline{\chi}} & 0 & {}^{t}y & 0\\0 & \overline{y} & 0 & -\overline{x}\\{}^{t}\overline{y} & 0 & -{}^{t}x & 0\end{array}\right);x,y\in C^{p}\}$ .

Then we have

$\mathfrak{k}=\{\left(\begin{array}{llll}A & 0 & B & 0\\0 & \alpha & 0 & \beta\\ C & 0 & -{}^{t}A & 0\\0 & \gamma & 0 & -\alpha\end{array}\right);{}^{t}B=B,{}^{t}C=C\}$ ,
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$p=\{\left(\begin{array}{llll}0 & X & 0 & w\\{}^{t}y & 0 & {}^{t}w & 0\\0 & z & 0 & -y\\{}^{t}z & 0 & -{}^{t}x & 0\end{array}\right);x,$
$y,$ $z,$ $w\in C^{p}\}$ ,

$G=AdSp(p+1, C)$ ,

$K=\{Ad\left(\begin{array}{llll}A & 0 & B & 0\\0 & \alpha & 0 & \beta\\ C & 0 & D & 0\\0 & \gamma & 0 & \delta\end{array}\right);^{t}CA={}^{t}AC,{}^{t}DB={}^{t}BD-1\}$ ,

$K_{R}=\{Ad\left(\begin{array}{llll}A & 0 & 0B & \\0 & \alpha & \beta 0 & \\-\overline{B} & 0 & \overline{A}0 & \\0 & -\beta & 0 & \overline{\alpha}\end{array}\right)\in AdU(2p+2);^{t}A=^{t^{\frac{}{B}}}A\alpha\overline{\alpha}^{\frac{\overline{A}}{B+}}\beta\beta=1{}^{t}A+{}^{t}\overline{B}B=I_{p},$ $\}$ .

For this Lie algebra $\mathfrak{g}$ the Killing form $B(X, Y)$ equals $(2p+4)Tr(XY)$ . The generator

of $J^{\prime}$ is $B(X, X)(X\in \mathfrak{p})$ . For $X=\left(\begin{array}{llll}0 & X & 0 & w\\{}^{t}y & 0 & {}^{t}w & 0\\0 & Z & 0 & -y\\{}^{t}z & 0 & -\iota_{X} & 0\end{array}\right)\in \mathfrak{p}$ , we put $P(X)=4(x\cdot y+z\cdot w)=$

Tr $X^{2}$ . Then $\ovalbox{\tt\small REJECT}_{n}=\{f\in S_{n}^{\prime};P(D)f(X)=0\}$ , where $P(D)=4\sum_{j=1}^{p}(\frac{\partial^{2}}{\partial x_{j}\partial y_{i}}+\frac{\partial^{2}}{\partial z_{j}\partial w_{j}})$ . Further-

more $\mathfrak{R}=\{X\in \mathfrak{p};B(X, X)=0\}=\{X\in \mathfrak{p};x\cdot y+z\cdot w=0\}$ . We put

$\Sigma=\{X\in p;y=\overline{x}, w=\overline{z}, x\cdot\overline{x}+z\cdot\overline{z}=1\}$ .

Let $g=Ad(A00-\beta 00\alpha\frac{B0}{A,0}0\frac{\beta 0}{\alpha})\in K_{R}$ . If we put $gX=\left(\begin{array}{llll}0 & x^{\prime} & 0 & w^{\prime}\\{}^{t}y^{\prime} & 0 & {}^{t}w^{\prime} & 0\\0 & z^{\prime} & 0 & -y’\\c_{Z} & 0 & -tX & 0\end{array}\right)\in \mathfrak{p}$ , we have

$x^{\prime}=A(\overline{\alpha}x+\beta w)+B(\overline{\alpha}z-\beta y)$ ,
$z^{\prime}=-\overline{B}(\overline{\alpha}x+\beta w)+\overline{A}(\overline{\alpha}z-\beta y)$ ,

(2.1)
$y^{\prime}=\overline{B}(-\beta x+\alpha w)+\overline{A}(\alpha y+\beta z)$ ,
$w^{\prime}=A(-\beta x+\alpha w)-B(\alpha y+\beta z)$ .

By putting $\Phi(X)=\left(\begin{array}{l}x\\z\\y\\w\end{array}\right)$ , we can rewrite (2.1) as follows:

(2.2) $\Phi(gX)=\Lambda(g)\Phi(X)$ ,

where
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$\Lambda(g)=\left(\begin{array}{ll}\overline{\alpha}A_{1} & -\overline{\beta}A_{2}\\-\beta\overline{A}_{2} & \alpha\overline{A}_{1}\end{array}\right)$ , $A_{1}=\left(\begin{array}{l}AB\\-\overline{B}\overline{A}\end{array}\right)$ , $A_{2}=\left(\begin{array}{ll}B & -A\\\overline{A} & \overline{B}\end{array}\right)$ .

We see that $A_{1},$ $A_{2}\in U(2p)$ and $\Lambda(g)\in U(4p)$ .
Next for $X\in \mathfrak{p}$ we define the mapping $\Psi:\mathfrak{p}\rightarrow C^{4p}$ by

$\Psi(X)=\frac{1}{2}\left(\begin{array}{l}x+y\\z+w\\-i(x-y)\\-i(z-w)\end{array}\right)$ .

It is clear that $\Psi$ is the bijection from $\Sigma$ onto $S^{4p-1}$ . We can see that $f\in\ovalbox{\tt\small REJECT}_{n}$ if
and only if $f\circ\Psi^{-1}\in H_{n,4p}$ . Therefore, we have $\dim\ovalbox{\tt\small REJECT}_{n}=\dim H_{n,4p}$ . We put \langle X, $Y\rangle$ $=$

$\frac{1}{2}Tr({}^{t}X\overline{Y})=\Phi(X)\cdot\overline{\Phi(Y)}$ and $Q_{n,p}(X, Z)=\tilde{P}_{n,4p}(\Psi(X), \Psi(Z))(X, Y\in \mathfrak{p}, Z\in\Sigma)$ . Then

$Q_{n,p}(X, Z)=2^{-n}P_{n,4p}(\frac{\langle X,Z\rangle}{\sqrt{P(X)}})(P(X))^{n/2}$

$\ovalbox{\tt\small REJECT}_{n}$ is generated by $\{Q_{n,p}( , Z);Z\in\Sigma\}$ . It is also known that $\ovalbox{\tt\small REJECT}_{n}$ is generated by

$\{\langle , Z\rangle^{n};Z\in \mathfrak{R}\}$ (see [3]). For $g=Ad(_{-}A0_{\overline{B}}0-\beta 00\alpha\frac{B0}{A,0}0\frac{\beta 0}{\alpha})\in K_{R}$ we get

$\Psi(gX)=M(g)\Psi(X)$ ,

where

$M(g)=(_{{\rm Im}}^{{\rm Re}}\{\frac{}{\alpha}A_{1}+\beta A_{2}^{\frac})$ $-{\rm Im}(\overline{\alpha}A_{1}-\beta\overline{A}_{2}){\rm Re}(\frac{}{\alpha}A_{1}+\beta\overline{A}_{2}))$ .

Note that $M(g)\in O(4p)$ . Let

$ E_{0}=\left(\begin{array}{llll}0 & e_{1} & 0 & 0\\{}^{t}e_{1} & 0 & 0 & 0\\0 & 0 & 0 & -e_{1}\\0 & 0 & -{}^{t}e_{1} & 0\end{array}\right)\in\Sigma$ ,

where $e_{1}={}^{t}(100\cdots 0)\in C^{p}$ . Then we have the following

LEMMA 2.1. It is valid that $\Sigma=K_{R}E_{0}$ .

PROOF. From (2.1) and (2.2) it is easy to show that $ K_{R}E_{0}\subset\Sigma$ because $\Lambda(g)$ belongs

to $U(4p)$ . Suppose $ X=\Phi^{-1}({}^{t}(xz\overline{x}\overline{z}))\in\Sigma$ . Then $\left(\begin{array}{l}X\\Z\end{array}\right)$ and $\left(\begin{array}{l}-\overline{z}\\\overline{X}\end{array}\right)$ form an orthonormal
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system of $C^{2p}$ . There is some $\left(\begin{array}{l}a_{2}\\b_{2}\end{array}\right)\in C^{2p}\backslash \{0\}$ such that $\left(\begin{array}{l}x\\z\end{array}\right),$ $\left(\begin{array}{l}-\overline{z}\\\overline{X}\end{array}\right)$ and $\left(\begin{array}{l}a_{2}\\b_{2}\end{array}\right)$ form an

orthonormal system of $C^{2p}$ . Then we see that $\left(\begin{array}{l}x\\z\end{array}\right),$ $\left(\begin{array}{l}-\overline{z}\\\overline{X}\end{array}\right),$ $\left(\begin{array}{l}a_{2}\\b_{2}\end{array}\right)$ and $\left(\begin{array}{l}-5_{2}\\\overline{a}_{2}\end{array}\right)$ form an

orthonormal system of $C^{2p}$ . Repeating this procedure, we can find $a_{j},$ $b_{j}\in C^{p}$

$(j=2,3, \cdots,p)$ such that $\{\left(\begin{array}{l}x\\z\end{array}\right),$ $\left(\begin{array}{l}-\overline{z}\\\overline{X}\end{array}\right),$ $\left(\begin{array}{l}a_{j}\\b_{j}\end{array}\right)\left(\begin{array}{l}-5_{j}\\\overline{a}_{j}\end{array}\right)(2\leq j\leq p)\}$ is an orthonormal basis

of $C^{2p}$ . If we put $\Lambda=(xa_{2}\cdots a_{p})$ and $B=(-\overline{z}-5_{2}\cdots-5_{p})$ , we have ${}^{t}A\overline{A}+{}^{t}\overline{B}B=I_{p}$ and

${}^{t}A\overline{B}={}^{t}\overline{B}A$ because $\left(\begin{array}{l}AB\\-\overline{B}\overline{A}\end{array}\right)\in U(2p)$ . Therefore, by putting $g=Ad\left(\begin{array}{ll}0A & 0B\\01 & 00\\-\overline{B}0 & \overline{A}0\\00 & 01\end{array}\right)$ , we

get $g\in K_{R}$ and $gE_{0}=X$. Hence we have $\Sigma=K_{R}E_{0}$ . Q.E.D.

We denote by $K_{0}$ the isotropy group of $K_{R}$ at $E_{0}$ . Then we have

$K_{0}=\{Ad$ ($|0ff|000\alpha-\overline{B}^{\prime}A^{\prime}0000$ $-\beta 00\alpha 00-\beta\frac{00}{0\alpha,0}A^{\prime}B^{\prime}000\frac{0}{}00\frac{\beta 00}{\alpha})\in K_{R};t\alpha\overline{\alpha}\beta\beta=1{}^{t}A^{\prime}\overline{A}^{\prime}+{}^{t}\overline{B}^{\prime}B^{\prime}=I_{p-1}A^{\prime\prime}=^{t\prime}A^{\prime},$ .

Next we put $\tilde{E}_{r}=\Phi^{-1}\left(\begin{array}{ll} & re_{1}\\ & 0\\ & 0\\(1- & r^{2})^{1/2}e_{2}\end{array}\right)\in \mathfrak{R}$ and $N(r)=K_{R}\tilde{E}_{r},$ $(0\leq r\leq 1)$ , where

$e_{2}={}^{t}(01\cdots 0)\in C^{p}$ . Let $d\mu_{\Sigma}$ and $d\mu_{r}$ be the unique $K_{R}$-invariant measures on $\Sigma$ and
$N(r)$ such that $\int_{\Sigma}1d\mu_{\Sigma}=\int_{N\langle r)}1d\mu_{r}=1$ . Since $M(g)\in O(4p)$ , we get $\int_{\Sigma}f(Z)d\mu_{\Sigma}(Z)=$

$\int_{s^{4p-1}}f\circ\Psi^{-1}(s)ds$ . For $g=Ad(A00-\beta 0\alpha 0\frac{B0}{A,0}0\frac{\beta 0}{\alpha})\in K_{R}$ we have

$\Phi(g\tilde{E}_{r})=\left(\begin{array}{l}X\\z\\y\\w\end{array}\right)$ ,

where
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$\left(\begin{array}{l}x\\Z\end{array}\right)=\left(\begin{array}{l}\overline{\alpha}ra_{1}+\beta(1-r^{2})^{1/2}a_{2}\\-\overline{\alpha}r5_{1}-\beta(1-r^{2})^{1/2}5_{2}\end{array}\right)$ ,

$\left(\begin{array}{l}y\\w\end{array}\right)=\left(\begin{array}{l}-\beta r5_{1}+\alpha(1-r^{2})^{1/2}5_{2}\\-\beta ra_{1}+\alpha(1-r^{2})_{2}^{1/2}a_{2}\end{array}\right)$ ,

and $a_{j}=Ae_{j},$ $b_{j}=Be_{j}(j=1,2)$ . Now from the condition on $K_{R}$ we have

(2.3) $\left(\begin{array}{l}a_{i}\\-5_{i}\end{array}\right)\cdot\left(\begin{array}{l}5_{j}\\a_{j}\end{array}\right)=0$ , $\left(\begin{array}{l}a_{i}\\-5_{i}\end{array}\right)\cdot\left(\begin{array}{l}\overline{a}_{j}\\-b_{j}\end{array}\right)=\delta_{i,j}$ $(i,j=1,2)$ .

Let

$H_{1}=\{Ad\left(\begin{array}{llll}A & 0 & 0B & \\0 & 1 & 00 & \\-\overline{B}0 & & \overline{A}0 & \\00 & & 0 & 1\end{array}\right)\in K_{R}\}$ ,

$H_{2}=\{Ad\left(\begin{array}{llll}I_{p} & 0 & 0 & 0\\0 & \alpha & 0 & \beta\\ 0 & 0 & I_{p} & 0\\0 & -\beta & 0 & \overline{\alpha}\end{array}\right)\in K_{R}\}$ .

Then $H_{1}$ and $H_{2}$ are subgroups of $K_{R}$ , and for any $g\in K_{R}$ there are unique $h_{j}\in H_{j}$

$(j=1,2)$ such that $g=h_{1}h_{2}$ . If $g_{j}\in H_{j}(j=1,2)$ , we have $g_{1}g_{2}=g_{2}g_{1}$ . From the proof of
Lemma 2.1 $\Sigma=H_{1}E_{0}$ . We have from (2.3)

$H_{1}\tilde{E}_{r}=\{\Phi^{-1}\left(\begin{array}{l}X\\Z\\y\\w\end{array}\right);\left(\begin{array}{l}x\\Z\end{array}\right)\cdot\left(\begin{array}{l}y\\w\end{array}\right)=\left(\begin{array}{l}x\\Z\end{array}\right)\cdot\left(\begin{array}{l}\overline{w}\\-y\end{array}\right)=0$ ,

$x\cdot\overline{x}+z\cdot\overline{z}=r^{2},$ $y\cdot\overline{y}+w\cdot\overline{w}=1-r^{2}\}$ .

We denote by $d\mu_{j}$ the Haar measures on $H_{j}$ such that $\int_{H_{j}}1d\mu_{j}=1(j=1,2)$ . If $f$

and $h$ are continuous functions on $\Sigma$ and $N(r)$ respectively, then we have

$\int_{H_{1}}f(gE_{0})d\mu_{1}(g)=\int_{\Sigma}f(X)d\mu_{\Sigma}(X)$

and

(2.4) $\int_{N\langle r)}h(Z)d\mu_{r}(Z)=\int_{H_{2}}(\int_{H_{1}}h(g_{1}g_{2}\tilde{E}_{r})d\mu_{1}(g_{1}))d\mu_{2}(g_{2})$ .

We define the function $\rho$ on $[0,1]$ by
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(2.5)
$\rho(r)=2^{4p-3}\frac{\tau(2p-\frac{1}{2})}{\pi^{1/2}\Gamma(2p-2)}r^{4p-5}(1-r^{2})^{2p-3}(2r^{2}-1)^{2}$

Then our main theorem in this section is stated as follows:

THEOREM 2.2. (i) For $f\in\ovalbox{\tt\small REJECT}_{m}$ and $ X\in\Sigma$ we have

(2.6) $\dim\ovalbox{\tt\small REJECT}_{n}\int_{E}f(Y)Q_{n.p}(Y, X)d\mu_{\Sigma}(Y)=\delta_{m.n}f(X)$ .

(ii) For any $X\in p$ and $Y\in\Sigma$ we have

(2.7) $\int_{0}^{1}\rho(r)(\int_{N\{r)}\langle Z, Y\rangle^{m}\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}Q_{n,p}(X, Y)$ .

(iii) For any $f\in\ovalbox{\tt\small REJECT}_{m}$ and any $X\in \mathfrak{p}$ we have

(2.8) $\int_{0}^{1}\rho(r)(\int_{N\langle r)}f(Z)\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr=(\dim\ovalbox{\tt\small REJECT}_{n})^{-1}\delta_{m,n}f(X)$ .

(iv) For any $f\in\ovalbox{\tt\small REJECT}_{m}$ and $g\in\ovalbox{\tt\small REJECT}_{n}$ we have

(2.9) $\int_{\Sigma}f(X)\overline{g(X)}d\mu_{\Sigma}(X)=\frac{n!\Gamma(2p)\dim\ovalbox{\tt\small REJECT}_{n}}{\Gamma(n+2p)}\int_{0}^{1}\rho(r)(\int_{N\langle r)}f(X)\overline{g(X)}d\mu_{r}(X))dr$ .

To prove Theorem 2.2, we need some lemmas.

LEMMA 2.3 ([2], [5], [7], [15]). (i) For $\theta\in R$ we have

(2.10)
$P_{n,4p}(\cos\theta)=\frac{2^{4p-2}\Gamma(2p-\frac{1}{2})}{\pi^{1/2}\Gamma(2p-1)}\int_{0}^{1}\{\cos\theta+(2r^{2}-1)i$

sin $\theta\}^{n}r^{4p-3}(1-r^{2})^{2p-2}dr$ .

(ii) Let $\alpha,$
$\beta\in C^{4p},$ $\alpha\cdot\alpha=\beta\cdot\beta=0$ . Then we have

(2.11) $\int_{S^{4p-1}}(s\cdot\alpha)^{m}(\overline{s\cdot\beta})^{n}\&=\frac{2^{-n}n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m.n}(\alpha\cdot\beta)^{n}$ .

(iii) If $X$ and $Y$ belong to $\mathfrak{R}$ , then we get

(2.12) $\int_{\Sigma}\langle X, Z\rangle^{m}\langle\overline{Y,Z}\rangle^{n}d\mu_{Z}(Z)=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\langle X, Y\rangle^{n}$

PROOF. (i) It is well known that the following formula holds for $0\leq t\leq 1$ :

$P_{n,4p}(t)=\frac{\Gamma(2p-\frac{1}{2})}{\pi^{1/2}\Gamma(2p-1)}\int_{-1}^{1}\{t\pm i(1-t^{2})^{1/2}x\}^{n}(1-x^{2})^{2p-2}dx$
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(see [5], [7]). From this formula we get (2.10) by putting $r=\sqrt{(x+1)/2}$ .
(ii) Suppose $\alpha\cdot\alpha=\beta\cdot\beta=0$ . Then we have $(z\cdot\alpha)^{m}\in H_{m}(C^{4p})$ and $(z\cdot\beta)^{n}\in H_{n}(C^{4p})$ .

Hence, (2.11) follows from (1.2) and (1.3).

(iii) We put $X=\Phi^{-1}\left(\begin{array}{l}c_{1}\\c_{2}\\d_{1}\\d_{2}\end{array}\right)$ , $Y=\Phi^{-1}\left(\begin{array}{l}\mu_{1}\\\mu_{2}\\\eta_{1}\\\eta_{2}\end{array}\right)\in \mathfrak{R}$ and $Z=\Phi^{-1}\left(\begin{array}{l}x\\z\\\frac{\overline{x}}{z}\end{array}\right)\in\Sigma(x=$

$x_{1}+ix_{2},$ $z=z_{1}+iz_{2},$ $x_{1},$ $x_{2},$ $z_{1},$ $z_{2}\in R^{p}$). Then we have by (2.11)

$\int_{\Sigma}\langle X, Z\rangle^{m}\langle\overline{Y,Z}\rangle^{n}d\mu_{\Sigma}(Z)$

$=\int_{s^{4p- 1}}\{\left(\begin{array}{l}c_{1}+d_{1}\\c_{2}+d_{2}\\i(d_{1}-c_{1})\\i(d_{2}-c_{2})\end{array}\right)\cdot\left(\begin{array}{l}x_{1}\\z_{1}\\x_{2}\\z_{2}\end{array}\right)\}^{m}\{\left(\begin{array}{l}\mu_{1}+\eta_{1}\\\mu_{2}+\eta_{2}\\i(\eta_{1}-\mu_{1})\\i(\eta_{2}-\mu)\end{array}\right)$
. $\left(\begin{array}{l}x_{1}\\z_{1}\\x_{2}\\z_{2}\end{array}\right)\}^{n}d\mu_{S}$

$=\frac{2^{-n}n!\Gamma(p)}{\Gamma(n+p)}\delta_{m,n}(\sum_{j=1}^{2}\{(c_{j}+d_{j})\cdot(\overline{\mu}_{j}+\overline{\eta}_{j})+(c_{j}-d_{j})\cdot(\overline{\mu}_{j}-\overline{\eta}_{j})\})^{n}$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\langle X, Y\rangle^{n}$

because

$\sum_{j=1}^{2}\{(c_{j}+d_{j})\cdot(c_{j}+d_{j})-(d_{j}-c_{j})\cdot(d_{j}-c_{j})\}$

$=\sum_{j=1}^{2}\{(\mu_{j}+\eta_{j})\cdot(\mu_{j}+\eta_{j})-(\eta_{j}-\mu_{j})\cdot(\eta_{j}-\mu_{j})\}=0$ . Q.E.D.

LEMMA 2.4. We put

$G_{O}=\{\left(\begin{array}{llll}\alpha & 0 & -\beta & 0\\0 & \alpha & 0 & \beta\\\beta & 0 & \overline{\alpha} & 0\\0 & -\beta & 0 & \overline{\alpha}\end{array}\right)\in U(4);\alpha\overline{\alpha}+\beta\beta=1\}$

and

$p_{0}=\{\left(\begin{array}{llll}0 & x_{1} & 0 & w_{1}\\y_{1} & 0 & w_{1} & 0\\0 & z_{1} & 0 & -y_{1}\\z_{1} & 0 & -x_{1} & 0\end{array}\right)\in M(4, C)\}$ .

We denote by $J^{\prime}(\mathfrak{p}_{0})$ the ring ofAd $G_{0}$-invariant polynomials with complex coefficients on
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$Po$ . If $f\in J^{\prime}(\mathfrak{p}_{0})$ , then we have for $X=\left(\begin{array}{llll}0 & x_{1} & 0 & w_{1}\\y_{1} & 0 & w_{1} & 0\\0 & z_{1} & 0 & -y_{1}\\z_{1} & 0 & -x_{1} & 0\end{array}\right)\in p_{0}$

$f(X)=\varphi(x_{1}+y_{1}, x_{1}y_{1}+z_{1}w_{1})$ ,

where $\varphi$ is some polynomial on $C^{2}$ .

PROOF. Let $\mathfrak{g}_{0}$ be the Lie algebra of the group $G_{0}$ . Then we have

$\mathfrak{g}_{0}=\{\left(\begin{array}{llll}\alpha & 0 & -\beta & 0\\0 & \alpha & 0 & \beta\\\beta & 0 & \overline{\alpha} & 0\\0 & -\beta & 0 & \overline{\alpha}\end{array}\right);\alpha,$ $\beta\in C,$ $\alpha+\overline{\alpha}=0\}$ .

Let $S^{\prime}(\mathfrak{p}_{0})$ be the space of polynomials with complex coefficients on $Po$ and let $S_{m}^{\prime}(\mathfrak{p}_{0})$

be the space of homogeneous polynomials on $Po$ of degree $m$ . Remark that $S_{1}^{\prime}(p_{0})$ is
isomorphic to $\mathfrak{p}_{0}^{*}$ . Since $G_{0}$ is connected, $f\in S^{\prime}(p_{0})$ belongs to $J^{\prime}(\mathfrak{p}_{0})$ if and only if
$-(adY)^{*}f=0$ for any $Y\in \mathfrak{g}_{0}$ , where $($ad $Y)^{*}:$ $S^{\prime}(\mathfrak{p}_{0})\rightarrow S^{\prime}(p_{0})$ is the map naturally induced
by the dual of ad $Y:\mathfrak{p}_{0}\rightarrow Po$ . We put

$Y_{1}=\left(\begin{array}{llll}i & 00 & & 0\\0 & 0i & & 0\\0 & 0-i & & 0\\0 & 0 & 0 & -i\end{array}\right)$ , $Y_{2}=(0001$ $-1000$

$X_{1}=\left(\begin{array}{llll}0 & 1 & 0 & 0\\0 & 0 & 0 & 0\\0 & 0 & 0 & 0\\0 & 0 & -1 & 0\end{array}\right)$ . $X_{2}=(100000000000$

$X_{4}=\left(\begin{array}{llll}0 & 0 & 0 & 1\\0 & 0 & 1 & 0\\0 & 0 & 0 & 0\\0 & 0 & 0 & 0\end{array}\right)$ .

$-10000001)$ $Y_{3}=\left(\begin{array}{lll}00-i0 & & \\00 & 0 & i\\-i0 & 0 & 0\\0i & 0 & 0\end{array}\right)$ ,

$\frac{00}{0}1)$ $X_{3}=\left(\begin{array}{llll}0 & 0 & 0 & 0\\0 & 0 & 0 & 0\\0 & 1 & 0 & 0\\1 & 0 & 0 & 0\end{array}\right)$ ,

$\{Y_{j};1\leq j\leq 3\}$ is a basis of $\mathfrak{g}_{0}$ . $\{X_{j};1\leq j\leq 4\}$ is a basis of $Po$ and $\{X_{j}^{*};1\leq j\leq 4\}$ denotes
its dual basis of $p_{0}^{*}$ . Clearly, we have $X_{1}^{*}=x_{1},$ $X_{2}^{*}=y_{1},$ $X_{3}^{*}=z_{1},$ $X_{4}^{*}=w_{1}$ . By using the
bracket table
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we have $-(adY_{1})^{*}X_{1}^{*}=-(adY_{1})^{*}X_{2}^{*}=0,$ $-(adY_{1})^{*}X_{3}^{*}=2iX_{3}^{*}$ and $-(adY_{1})^{*}X_{4}^{*}=$

$-2iX_{4}^{*}$ . In particular, we see that the space of $-(adY_{1})^{*}$-invariant polynomials is
generated by $\{X_{1}^{*}, X_{2}^{*}, X_{3}^{*}X_{4}^{*}\}$ .

Next, from the above table, we have

$-(adY_{2})^{*}X_{1}^{*}=X_{3}^{*}-X_{4}^{*}$ ,

$-(adY_{2})^{*}X_{2}^{*}=-X_{3}^{*}+X_{4}^{*}$ ,

$-(adY_{2})^{*}X_{3}^{*}=-X_{1}^{*}+X_{2}^{*}$ ,

$-(adY_{2})^{*}X_{4}^{*}=X_{1}^{*}-X_{2}^{*}$ .

Hence, the eigenvalues of the linear transform $-(adY_{2})^{*}$ on $S_{1}^{\prime}(\mathfrak{p}_{0})$ are $0,2i$, and $-2i$

and we have $V(O)=\langle X_{1}^{*}+X_{2}^{*}, X_{3}^{*}+X_{4}^{*}\rangle,$ $ V(2i)=\langle iX_{1}^{*}-iX_{2}^{*}+X_{3}^{*}-X_{4}^{*}\rangle$ , and $V(-2i)=$

$\langle iX_{1}^{*}-iX_{2}^{*}-X_{3}^{*}+X_{4}^{*}\rangle$ , where $V(\lambda)$ is the eigenspace corresponding to the eigenvalue
$\lambda$ . Therefore, the space of $-(adY_{2})^{*}$-invariant polynomials is generated by $\{Xf+$

$X_{2}^{*},$ $X_{3}^{*}+X_{4}^{*},$ $X_{1}^{*}X_{2}^{*}+X_{3}^{*}X_{4}^{*}$ }. From these facts, we can express $f\in J^{\prime}(\mathfrak{p}_{0})$ in the form

$f=\sum_{k,l,m}A_{k,l,m}(X_{1}^{*})^{k}(X_{2}^{*})^{t}(X_{3}^{*}X_{4}^{*})^{m}$

$=\sum_{r\geq 0}(X_{3}^{*}+X_{4}^{*})^{r}\varphi_{r}(X_{1}^{*}+X_{2}^{*}, X_{1}^{*}X_{2}^{*}+X_{3}^{*}X_{4}^{*})$
,

where $\varphi_{r}$ is a polynomial of $X_{1}^{*}+X_{2}^{*}$ and $X_{1}^{*}X_{2}^{*}+X_{3}^{*}X_{4}^{*}$ , and $A_{k,l,m}\in C$ . Then, since
the term corresponding to $r=0$ is expressed as a polynomial of $X_{1}^{*},$ $X_{2}^{*},$ $X_{3}^{*}X_{4}^{*}$ , we have

$\sum_{r\geq 1}(X_{3}^{*}+X_{4}^{*})^{r}\varphi_{r}(X_{1}^{*}+X_{2}^{*}, X_{1}^{*}X_{2}^{*}+X_{3}^{*}X_{4}^{*})$

$=\sum_{k,l,m}B_{k,l,m}(X_{1}^{*})^{k}(X_{2}^{*})^{l}(X_{3}^{*}X_{4}^{*})^{m}$
,

where $B_{k.l,m}\in C$ . By putting $X_{3}^{*}=-X_{4}^{*}$ , we have from this equality

$\sum_{k,l,m}B_{k,l,m}(X_{1}^{*})^{k}(X_{2}^{*})^{l}(-X_{3}^{*})^{2m}=0$ .

Hence, $B_{k,l,m}=0$ and we get $f=\varphi_{0}(X_{1}^{*}+X_{2}^{*}, X_{1}^{*}X_{2}^{*}+X_{3}^{*}X_{4}^{*})$ . The invariance by



364 RYOKO WADA

$-(adY_{3})^{*}$ follows immediately from that of- $($ad $Y_{1})^{*}$ and $-(adY_{2})^{*}$ . Q.E.D.

LEMMA 2.5. Let $L_{n}$ be a homogeneous polynomial on $\mathfrak{p}$ of degree $n$ with complex
coefficients. If $L_{n}(kX)=L_{n}(X)$ for any $k\in K_{0}$ , then $L_{n}(X)$ is expressed as follows:
(2.13) $L_{n}(X)=\sum_{\langle l.r)\in A}C_{l.r}(x_{1}+y_{1})^{l}(x_{1}y_{1}+z_{1}w_{1})^{r}(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{\langle n-l-2r)/2}$ ,

where $\Lambda=\{(l, r)\in Z_{+}^{2}; n\equiv l (mod 2), l+2r\leq n\},$ $C_{l,r}\in C,$ $X=\Phi^{-1}\left(\begin{array}{l}x\\z\\y\\w\end{array}\right)\in p,$ $x=\left(\begin{array}{l}x_{1}\\x’\end{array}\right)$ ,

$y=\left(\begin{array}{l}y_{1}\\y’\end{array}\right),$ $z=\left(\begin{array}{l}z_{1}\\z’\end{array}\right),$ $w=\left(\begin{array}{l}w_{1}\\w’\end{array}\right),$
$x_{1},$ $y_{1},$ $z_{1},$ $w_{1}\in C$ and $x^{\prime},$ $y^{\prime},$ $z^{\prime},$ $w^{\prime}\in C^{p-1}$ .

PROOF. Since $L_{n}$ is a homogeneous polynomial of degree $n,$ $L_{n}$ can be expressed
as follows:

$L_{n}(X)=\sum_{s0\leq+\dotplus+t\leq n},x_{1}^{q}y_{1}^{r}z_{1}^{s}w_{1}^{t}A_{q,r,s,t}t^{t}(x^{\prime}z^{\prime}y^{\prime}w^{\prime}))0\leq q,rst\leq n$

where $A_{q,r,s.t}$ is a homogeneous polynomial of $\left(\begin{array}{l}x^{\prime}\\z^{\prime}\\y^{\prime}\\w^{\prime}\end{array}\right)$ of degree $n-(q+r+s+t)$ .

For any $k=Ad(00\beta 00\alpha-\overline{B}A^{\prime}0000-\beta 000\alpha 0-\beta 0\frac{0}{0,0\alpha}B^{\prime}00\frac{0}{A,0’}\beta 00\frac{00}{\alpha})\in K_{0}$ we put $\left(\begin{array}{l}\chi\\\zeta\\\xi\\ v\end{array}\right)=\Phi(kX),$ $\chi=\left(\begin{array}{l}\chi_{1}\\\chi’\end{array}\right),$ $\zeta=\left(\begin{array}{l}\zeta_{1}\\\zeta’\end{array}\right)$ ,

$\xi=\left(\begin{array}{l}\xi_{1}\\\xi’\end{array}\right),$ $v=\left(\begin{array}{l}v_{1}\\v’\end{array}\right)$ . Then we have from (2.2)

(2.14) $\left(\begin{array}{l}\chi^{\prime}\\\zeta^{\prime}\\\xi^{\prime}\\v^{\prime}\end{array}\right)=\left(\begin{array}{ll}\overline{\alpha}A_{1}^{\prime} & -FA_{2}^{\prime}\\-\beta\overline{A}_{2} & \alpha\overline{A}_{1}\end{array}\right)\left(\begin{array}{l}\chi^{\prime}\\z^{\prime}\\y^{\prime}\\w^{\prime}\end{array}\right)$ ,

where we put $A_{1}^{\prime}=\left(\begin{array}{ll}A^{\prime} & B^{\prime}\\-\overline{B}^{\prime} & \overline{A}^{\prime}\end{array}\right),$ $A_{2}^{\prime}=\left(\begin{array}{ll}B^{\prime} & -A^{\prime}\\\overline{A}^{\prime} & \overline{B}’\end{array}\right)$ . Furthermore $g=Ad\left(\begin{array}{llll}\alpha & 0 & -\beta & 0\\0 & \alpha & 0 & \beta\\\beta & 0 & \overline{\alpha} & 0\\0 & -\beta & 0 & \overline{\alpha}\end{array}\right)$

belongs to $AdG_{O}$ . Remark that $\left(\begin{array}{ll}\overline{\alpha}A_{1}^{\prime} & -\beta A_{2}^{\prime}\\-\beta\overline{A}_{2} & \alpha\overline{A}_{1}\end{array}\right)$ belongs to $U(4p-4)$ . The action of

$g\in AdG_{O}$ on the space $Po$ can be expressed as follows:
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(2.15) $\left(\begin{array}{llll}0 & \chi_{1} & 0 & v_{1}\\\xi_{1} & 0 & v_{1} & 0\\0 & \zeta_{1} & 0 & -\xi_{1}\\\zeta_{1} & 0 & -\chi_{1} & 0\end{array}\right)=g(\left(\begin{array}{llll}0 & x_{1} & 0 & w_{1}\\y_{1} & 0 & w_{1} & 0\\0 & z_{1} & 0 & -y_{1}\\z_{1} & 0 & -x_{1} & 0\end{array}\right))$ .

We put

$H_{1}^{\prime}=\{(A_{1}^{\prime}0A_{1}^{\frac{0}{}})\in U(4p-4);A_{1}^{\prime}=\left(\begin{array}{ll}A^{\prime} & B^{\prime}\\-\overline{B}^{\prime} & \overline{A}^{\prime}\end{array}\right)\in U(2p-2)$ ,

$A^{\prime},$ $B^{\prime}\in M(p-1, C)$ .

When $\alpha=1$ and $\beta=0$ , from (2.14) and (2.15) it is valid

$L_{n}(X)=\sum_{q0+\dotplus s+t\leq n},x_{1}^{q}y_{1}^{r}z_{1}^{s}w_{1}^{t}A_{q,s,t}1,(h^{t}(x^{\prime}z^{\prime}y^{\prime}w^{\prime}))0\leq q.rst\leq n$

for any $h\in H_{1}^{\prime}$ because $L_{n}(X)$ is $K_{0}$-invariant. This implies

(2.16) $A_{q,r,s,t}({}^{t}(x^{\prime}z^{\prime}y^{\prime}w^{\prime}))=A_{q.r,s.t}(h^{t}(x^{\prime}z^{\prime}y^{\prime}w^{\prime}))$

for any $h\in H_{1}^{\prime}$ . We put $\Sigma^{\prime}=\{\left(\begin{array}{l}x^{\prime}\\z^{\prime}\\y^{\prime}\\w’\end{array}\right)\in C^{4p-4};\left(\begin{array}{l}y^{\prime}\\w’\end{array}\right)=\left(\begin{array}{l}-x^{\prime}\\z^{\prime}\end{array}\right),$
$\left(\begin{array}{l}X^{l}\\z^{\prime}\end{array}\right)\cdot\left(\begin{array}{l}-x^{\prime}\\z’\end{array}\right)=1\}$ . We can

prove that $H_{1}^{\prime}$ acts on $\Sigma^{\prime}$ transitively similarly to the proof of Lemma 2.1. Hence $A_{q,r,s,t}$ is

constant on $\Sigma^{\prime}$ by (2.16). For $X=\left(\begin{array}{l}x^{\prime}\\z^{\prime}\\y’\\w^{\prime}\end{array}\right)\in C^{4p-4}$ we define the mapping

$\Psi_{1}$ : $C^{4p-4}\rightarrow C^{4p-4}$ by

$\Psi_{1}(X)=\frac{1}{2}\left(\begin{array}{l}x^{\prime}+y^{\prime}\\z^{\prime}+w^{\prime}\\-i(x^{\prime}-y^{\prime})\\--i(z’ w’)\end{array}\right)$ .

Then it is clear that $\Psi_{1}$ is the bijection from $\Sigma^{\prime}$ onto $S^{4\langle p-1)-1}$ . Hence, $A_{q,r,s,t}\circ\Psi_{1}^{-1}$ is
constant on $S^{4\langle p-1)-1}$ . Since $A_{q.r,s.t}\circ\Psi_{1}^{-1}$ is a homogeneous polynomial on $C^{4p-4}$ , we
have for ${}^{t}(\lambda_{1}\lambda_{2}\lambda_{3}\lambda_{4})\in R^{4p-4}$

(2.17) $A_{q,r,s,t}\circ\Psi_{1}^{-1}({}^{t}(\lambda_{1}\lambda_{2}\lambda_{3}\lambda_{4}))=c_{q,r,s,t}(\sum_{j=1}^{4}\lambda_{j}^{2})^{\langle n-q-r-s-t)/2}$ ,

where $C_{q,r,s,t}\in C$ , and $C_{q,r,s,t}=0$ when $n-q-r-s-t$ is odd. Since $A_{q,r,s,t}\circ\Psi_{1}^{-1}$ is
holomorphic on $C^{4p-4},$ $(2.17)$ is valid for any ${}^{t}(\lambda_{1}\lambda_{2}\lambda_{3}\lambda_{4})\in C^{4p-4}$ . Therefore we get
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$A_{q,r,s,t}({}^{t}(x^{\prime}z^{\prime}y^{\prime}w^{\prime}))=C_{q,r,s,t}(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{\langle n-q-r-s-t)/2}$

From this equation we can write

(2.18)
$L_{n}(X)=\sum_{s0r+t\leq n},x_{1}^{q}y_{1}^{r}z_{1}^{s}w_{1}^{t}C_{q,r,s,t}(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{(n-q-r-s-t)/2}0\leq q.rst\leq n$

$=\sum_{k=0}^{[n/2]}\{c_{q,r,s,t}\}(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{k}$

$=\sum_{k=0}^{[n/2]}f_{n-2k}1^{t}(x_{1}z_{1}y_{1}w_{1}))(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{k}$ ,

where $f_{n-2k}$ is a homogeneous polynomial of degree $n-2k$ . Next, we consider the action
of $k\in K_{0}$ on $L_{n}(X)$ , not assuming $\alpha=1,$ $\beta=0$ . $(2.18)$ and (2.14) imply that

$L_{n}(X)=\sum_{k=0}^{[n/2]}f_{n-2k}t^{t}(\chi_{1}\zeta_{1}\xi_{1}v_{1}))(\chi^{\prime}\cdot\xi^{\prime}+\zeta^{\prime}\cdot v^{\prime})^{k}$

$=\sum_{k=0}^{[n/2]}f_{n-2k}t^{t}(\chi_{1}\zeta_{1}\xi_{1}v_{1})Xx^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{k}$

because $x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime}$ is $K_{O}$-invariant. Hence, we have

$f_{n-2k}({}^{t}(\chi_{1}\zeta_{1}\xi_{1}v_{1}))=f_{n-2k}({}^{t}(x_{1}z_{1}y_{1}w_{1}))$ ,

which implies that $f_{n-2k}$ is $G_{0}$-invariant on account of (2.15). Then by Lemma 2.4 we
obtain

(2.19) $f_{n-2k}({}^{t}(x_{1}z_{1}y_{1}w_{1}))=\sum_{l+2r=n-2k}C_{l,r}(x_{1}+y_{1})^{l}(x_{1}y_{1}+z_{1}w_{1})^{r}$

From (2.18) and (2.19) we get (2.13). Q.E.D.

LEMMA 2.6. For any $X\in \mathfrak{p}$ we have

(2.20) $\int_{0}^{1}\rho(r)(\int_{N\{r)}\langle Y, E_{O}\rangle^{m}\langle\overline{Y,X}\rangle^{n}d\mu_{r}(Y))dr=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m.n}Q_{n.p}(X, E_{O})$ .

PROOF. For any $X\in \mathfrak{p}$ we put

$F(X)=\int_{0}^{1}p(r)(\int_{N\langle r)}\langle Y, E_{O}\rangle^{m}\langle\overline{Y,X}\rangle^{n}d\mu_{r}(Y))dr$ .

Then $F(X)$ belongs to $\ovalbox{\tt\small REJECT}_{n}$ because $N(r)\subset \mathfrak{R}$ . Furthermore, $F(X)$ is $K_{O}$-invariant because
the inner product $\langle$ , $\rangle$ and $d\mu_{r}$ are $K_{R}$-invariant. Hence, by Lemma 2.5, $F(X)$ can be
expressed as follows:

(2.21)
$F(X)=\sum_{\langle l,r)\in\Lambda}C_{l,r}(x_{1}+y_{1})^{l}(x_{1}y_{1}+z_{1}w_{1})^{r}(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{\langle n-l-2r)/2}$
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We put $X_{\theta}=\Phi^{-1}\left(\begin{array}{l}e^{\iota\theta}e_{1}\\0\\e^{-i\theta}e_{1}\\0\end{array}\right)\in\Sigma,$ $h_{\theta}^{-1}=Ad\left(\begin{array}{llll}I_{p} & 0 & 0 & 0\\0 & e^{-i\theta} & 0 & 0\\0 & 0 & I_{p} & 0\\0 & 0 & 0 & e^{i\theta}\end{array}\right)\in H_{2}$ . Then we have $X_{\theta}=$

$h_{\theta}^{-1}E_{0}$ and $gh_{\theta}=h_{\theta}g$ for any $g\in H_{1}$ . We put

$G_{r}(X_{\theta})=\int_{N\langle r)}\langle Y, E_{0}\rangle^{m}\langle\overline{Y,X_{\theta}}\rangle^{n}d\mu_{r}(Y)$ .

Then it is valid that for any $g\in H_{1}$

$G_{r}(X_{\theta})=\int_{N\langle r)}\langle Y, E_{0}\rangle^{m}\langle Y, h_{\theta}^{-1}E_{0}\rangle^{n}d\mu_{r}(Y)$

$=\int_{N\langle r)}\langle Y, E_{0}\rangle^{m}\langle\overline{h_{\theta}Y,E_{0}}\rangle^{n}d\mu_{r}(Y)$

$=\int_{N\langle r)}\langle g^{-1}Y, E_{0}\rangle^{m}\langle h_{\theta}g^{-1}Y, E_{0}\rangle^{n}d\mu_{r}(Y)$

$=\int_{N\langle 1)}\langle g^{-1}Y, E_{O}\rangle^{m}\langle g^{-1}h_{\theta}Y, E_{0}\rangle^{n}d\mu_{r}(Y)$

$=\int_{N(r)}\langle Y, gE_{0}\rangle^{m}\langle h_{\theta}Y, gE_{0}\rangle^{n}d\mu_{1}(Y)$ .

From this equality we have

(2.22) $G_{r}(X_{\theta})=\int_{H_{1}}G_{1}(X_{\theta})d\mu_{1}(g)$

$=\int_{H_{1}}(\int_{N(r)}\langle Y, gE_{0}\rangle^{m}\langle h_{\theta}Y, gE_{0}\rangle^{n}d\mu_{r}(Y))d\mu_{1}(g)$

$=\int_{N\langle r)}(\int_{H_{1}}\langle Y, gE_{0}\rangle^{m}\langle h_{\theta}Y, gE_{0}\rangle^{n}d\mu_{1}(g))d\mu_{r}(Y)$ .

Since $ H_{1}E_{0}=\Sigma$ , and $Y$ and $h_{\theta}Y$ belong to $N(r)\subset \mathfrak{R}$ , we have from (2.12)

(2.23) $\int_{H_{1}}\langle Y, gE_{O}\rangle^{m}\langle h_{\theta}Y, gE_{0}\rangle^{n}d\mu_{1}(g)=\int_{\Sigma}\langle Y, Z\rangle^{m}\langle\overline{h_{\theta}Y,Z}\rangle^{n}d\mu_{\Sigma}(Z)$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\langle Y, h_{\theta}Y\rangle^{n}$

From (2.4), (2.22) and (2.23) we have
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$G_{r}(X_{\theta})=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m.n}\int_{N(r)}\langle h_{\theta}^{-1}Y, Y\rangle^{n}d\mu_{r}(Y)$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\int_{H_{2}}(\int_{H_{1}}\langle h_{\theta}^{-1}g_{1}g_{2}\tilde{E}_{r}, g_{1}g_{2}\tilde{E}_{r}\rangle^{n}d\mu_{1}(g_{1}))d\mu_{2}(g_{2})$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\int_{H_{2}}(\int_{H_{1}}\langle g_{1}h_{\theta}^{-1}g_{2}\tilde{E}_{r}, g_{1}g_{2}\tilde{E}_{r}\rangle^{n}d\mu_{1}(g_{1}))d\mu_{2}(g_{2})$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\int_{H_{2}}(\int_{H_{1}}\langle h_{\theta}^{-1}g_{2}\tilde{E}_{r}, g_{2}\tilde{E}_{r}\rangle^{n}d\mu_{1}(g_{1}))d\mu_{2}(g_{2})$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\int_{H_{2}}\langle h_{\theta}^{-1}g_{2}\tilde{E}_{r}, g_{2}\tilde{E}_{r}\rangle^{n}d\mu_{2}(g_{2})$ .

For $g_{2}=Ad\left(\begin{array}{llll}I_{p} & 0 & 0 & 0\\0 & \alpha & 0 & \beta\\ 0 & 0 & I_{p} & 0\\0 & -\beta & 0 & \overline{\alpha}\end{array}\right)\in H_{2}$ , we have

$\langle h_{\theta}^{-1}g_{2}\tilde{E}_{r}, g_{2}\tilde{E}_{r}\rangle=\cos\theta+i(|\alpha|^{2}-|\beta|^{2})(2r^{2}-1)$ sin $\theta$ .

Therefore, it is valid

(2.24) $G_{r}(X_{\theta})=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}\int_{S^{3}}\{\cos\theta+i(|\alpha|^{2}-|\beta|^{2})(2r^{2}-1)$ sin $\theta\}^{n}d\alpha d\beta$ ,

where $S^{3}=\{\left(\begin{array}{l}\alpha\\\beta\end{array}\right)\in C^{2};|\alpha|^{2}+|\beta|^{2}=1\}$ , and $ d\alpha d\beta$ is the volume element of $S^{3}$ whic}

satisfies $\int_{s^{3}}1d\alpha d\beta=1$ . If we put $\alpha=te^{i\varphi}$ and $\beta=(1-t^{2})^{1/2}e^{i\psi}$ , we have

cos $\theta+i(|\alpha|^{2}-|\beta|^{2})(2r^{2}-1)$ sin $\theta=\cos\theta+i(2t^{2}-1)(2r^{2}-1)$ sin $\theta$

and

(2.25) $\int_{s^{3}}\{\cos\theta+i(|\alpha|^{2}-|\beta|^{2})(2r^{2}-1)$ sin $\theta\}^{n}d\alpha d\beta$

$=\frac{1}{2}\pi^{-2}\int_{0}^{2\pi}(\int_{0}^{2\pi}(\int_{0}^{1}\{\cos\theta+i(2t^{2}-1)(2r^{2}-1)\sin\theta\}^{n}tdt)d\varphi)d\psi$ .

$=2\int_{0}^{1}\{\cos\theta+i(2t^{2}-1)(2r^{2}-1)\sin\theta\}^{n}tdt$

$=\frac{1}{2}\int_{-1}^{1}\{\cos\theta+i(2r^{2}-1)\rho$ sin $\theta\}^{n}d\rho$
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$=\frac{1}{2i(n+1)(2r^{2}-1)\sin\theta}[\{\cos\theta+i(2r^{2}-1)p$ sin $\theta\}^{n+1}]_{-1}^{1}$

$=\frac{1}{2i(n+1)(2r^{2}-1)\sin\theta}(\{\cos\theta+i(2r^{2}-1)$ sin $\theta\}^{n+1}$

$-\{\cos\theta-i(2r^{2}-1)$ sin $\theta\}^{n+1}$).

If we put $c_{m.n}=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m.n}$ , from (2.24) and (2.25) we have

$\int_{0}^{1}G_{r}(X_{\theta})r^{4p-5}(1-r^{2})^{2p-3}(2r^{2}-1)^{2}dr$

$=c_{m,n}\int_{0}^{1}\frac{r^{4p-5}(1-r^{2})^{2p-3}(2r^{2}-1)}{2i(n+1)\sin\theta}(\{\cos\theta+i(2r^{2}-1)$ sin $\theta\}^{n+1}$

$-\{\cos\theta-i(2r^{2}-1)$ sin $\theta\}^{n+1}$ )$dr$ .

By putting $t=(1-r^{2})^{1/2}$ we have

$\int_{0}^{1}r^{4p-5}(1-r^{2})^{2p-3}(2r^{2}-1)\{\cos\theta-i(2r^{2}-1)$ sin $\theta\}^{n+1}dr$

$=-\int_{0}^{1}t^{4p-5}(1-t^{2})^{2p-3}(2t^{2}-1)\{\cos\theta+i(2t^{2}-1)$ sin $\theta\}^{n+1}dt$ .

Hence, we have

(2.26) $\int_{0}^{1}G_{r}(X_{\theta})r^{4p-5}(1-r^{2})^{2p-3}(2r^{2}-1)^{2}dr$

$=c_{m,n}\int_{0}^{1}\frac{r^{4p-5}(1-r^{2})^{2p-3}(2r^{2}-1)}{i(n+1)\sin\theta}\{\cos\theta+i(2r^{2}-1)$ sin $\theta\}^{n+1}dr$

$=c_{m,n}\int_{0}^{1}\frac{\{-r^{4p-4}(1-r^{2})^{2p-2}\}^{\prime}}{i(n+1)(4p-4)\sin\theta}\{\cos\theta+i(2r^{2}-1)$ sin $\theta\}^{n+1}dr$

$=c_{m.n}[\frac{-r^{4p-4}(1-r^{2})^{2p-2}}{i(n+1)(4p-4)\sin\theta}\{\cos\theta+i(2r^{2}-1)$ sin $\theta\}^{n+1}]_{0}^{1}$

$+c_{m,n}\int_{0}^{1}\frac{r^{4p-3}(1-r^{2})^{2p-2}}{p-1}\{\cos\theta+i(2r^{2}-1)\sin\theta\}^{n}dr$

$=c_{m,n}\int_{0}^{1}\frac{r^{4p-3}(1-r^{2})^{2p-2}}{p-1}\{\cos\theta+i(2r^{2}-1)$ sin $\theta\}^{n}dr$

$=\frac{\pi^{1/2}\Gamma(2p-2)}{2^{4p-3}\Gamma(2p-\frac{1}{2})}c_{m},{}_{n}P_{n,4p}(\cos\theta)$
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from (2.10). Because $P(X_{\theta})=4$ and $\langle X_{\theta}, E_{0}\rangle=2$ cos $\theta$, we have

$Q_{n,p}(X_{\theta}, E_{0})=P_{n,4p}(\cos\theta)$ .
Therefore, from (2.5) and (2.26) we have

$F(X_{\theta})=\int_{0}^{1}\rho(r)(\int_{N\langle r)}\langle Y, E_{O}\rangle^{m}\langle\overline{Y,X_{\theta}}\rangle^{n}d\mu_{r}(Y))dr$

$=\int_{0}^{1}\rho(r)G_{r}(X_{\theta})dr$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}Q_{n,p}(X_{\theta}, E_{0})$ .

On the other hand, from (2.21) we have

(2.27)
$F(X_{\theta})=l\equiv n\langle mod 2$

)

$\sum_{0\leq l\leq n}C_{l,\langle n-l)/2}(2$ cos $\theta)^{l}$

because $x^{\prime}=y^{\prime}=z^{\prime}=w^{\prime}=z_{1}=w_{1}=0$ and $x_{1}=e^{i\theta},$ $y_{1}=e^{-i\theta}$ . Since $F\in\ovalbox{\tt\small REJECT}_{n}$ , we have from
(2.21) and the definition of $P(D)$

$P(D)F(X)=\sum_{0\leq\iota^{t_{+2r\leq n-2}^{l,r)\in\Lambda}}}\{(n-l-2r)(n-l-2r+4p-6)C_{l,r}$

$+4C_{l+2,r}(l+2)(l+1)+4C_{l,r+1}(l+r+2)(r+1)\}(x_{1}+y_{1})^{l}$

. $(x_{1}y_{1}+z_{1}w_{1})^{r}(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{\langle n-l-2r-2)/2}=0$ .

If $(l, r)\in\Lambda$ and $0\leq l+2r\leq n-2$ , we have by this equation

(2.28) $(n-l-2r)(n-l-2r+4p-6)C_{l,r}$

$=-4C_{l+2.r}(l+2)(l+1)-4C_{l,r+1}(l+r+2)(r+1)$ .
(2.28) shows that we can determine all coefficients of $F(X)$ uniquely by $C_{l,\langle n-l)/2}$

$(l=n-2[n/2], n-2[n/2]+2, \cdots, n-2, n)$ . If we put $H(X)=\frac{n!\Gamma\langle 2p)}{\Gamma(n+2p)}Q_{n,p}(X, E_{0})$ , then $H$

belongs to $\ovalbox{\tt\small REJECT}_{n}$ and $H(kX)=H(X)$ for any $k\in K_{O}$ because $P(X)$ is K-invariant. Hence we
can express

$H(X)=\sum_{\langle l.r)\in\Lambda}D_{l,r}(x_{1}+y_{1})^{l}(x_{1}y_{1}+z_{1}w_{1})^{r}(x^{\prime}\cdot y^{\prime}+z^{\prime}\cdot w^{\prime})^{\langle n-}$

i-2 $r$) $/2$

where $D_{l.r}\in C$ . In addition, $D_{l.r}$ also satisfies (2.28). In the case $n=m$ , since $H(X_{\theta})=F(X_{\theta})$

and
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$H(X_{\theta})=$

$\sum_{0\leq l\leq n,l\equiv n(mod 2)}D_{l,(n-l)/2}(2$

cos $\theta)^{l}$ ,

we have $D_{l.’(n-l)/2}=C_{l,(n-l)/2}$ by (2.27). Therefore, for any $(l, r)\in\Lambda$ we obtain $D_{l,r}=C_{l_{1}},$ ,
which implles (2.20).

When $n\neq m$ , we have $C_{l,\langle n-l)/2}=0(l=n-2[n/2], n-2[n/2]+2, \cdots, n-2, n)$

because $F(X_{\theta})=0$ . Therefore, we get $F(X)=0$ by (2.28). Q.E.D.

PROOF OF THEOREM 2.2. (i) We get (2.6) easily from (1.1).
(ii) From Lemma 2.6 we have for any $ X\in\Sigma$

$\int_{0}^{1}\rho(r)(\int_{N\langle r)}\langle Z, E_{0}\rangle^{m}\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m},{}_{n}P_{n,4p}(\frac{1}{2}\langle X, E_{0}\rangle)$ .

For any $ Y\in\Sigma$ there exists some $g\in K_{R}$ such that $Y=gE_{0}$ . Hence, we have

(2.29) $\int_{0}^{1}\rho(r)(\int_{N(r)}\langle Z, Y\rangle^{m}\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr$

$=\int_{0}^{1}\rho(r)(\int_{N(r)}\langle Z, gE_{0}\rangle^{m}\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr$

$=\int_{0}^{1}\rho(r)(\int_{N\langle r)}\langle g^{-1}Z, E_{0}\rangle^{m}\langle\overline{g^{-1}Z,g^{-1}X}\rangle^{n}d\mu_{r}(Z))dr$

$=\int_{0}^{1}p(r)(\int_{N\langle r)}\langle Z, E_{0}\rangle^{m}\langle Z, g^{-1}X\rangle^{n}d\mu_{r}(Z))dr$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m},{}_{n}P_{n,4p}(\frac{1}{2}\langle g^{-1}X, E_{0}\rangle)$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m}.{}_{n}P_{n,4p}(\frac{1}{2}\langle X, Y\rangle)$

$=\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m,n}Q_{n,p}(X, Y)$ .

It is clear that the restriction mapping $f\rightarrow f|_{\Sigma}$ is the bijection from $\ovalbox{\tt\small REJECT}_{n}$ onto $\ovalbox{\tt\small REJECT}_{n}|_{\Sigma}$ . Since
the left-hand side of (2.29) and $(n!\Gamma(2p)/\Gamma(n+2p))\delta_{m.n}Q_{n,p}(X, Y)$ belong to $\ovalbox{\tt\small REJECT}_{n}$ , we obtain
(2.7) from (2.29).

(iii) For any $f\in \mathscr{L}_{m}$ there exist some positive integer $M,$ $a_{k}\in C$ and $ Y_{k}\in\Sigma$

$(k=1,2, \cdots, M)$ such that
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(2.30) $f(Z)=\sum_{k=1}^{M}a_{k}Q_{m,p}(Z, Y_{k})$ $(Z\in p)$ .

(2.30) implies

(2.31) $\int_{0}^{1}p(r)(\int_{N\langle r)}f(Z)\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr$

$=\sum_{k=1}^{M}a_{k}\int_{0}^{1}\rho(r)(\int_{N\langle r)}Q_{m,p}(Z, Y_{k})\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr$ $(X\in \mathfrak{p})$ .

Let $C_{n}$ be the coefficient of the highest power of $t$ in $P_{n,4p}(t)$ . Then it is known that

(2.32) $C_{n}=\frac{2^{n}\Gamma(n+2p)}{n!\Gamma(2p)\dim\ovalbox{\tt\small REJECT}_{n}}$

(cf. [5], [7]) and $Q_{m,p}(Z, Y_{k})=2^{-m}C_{m}\langle Z, Y_{k}\rangle^{m}$ for $Z\in N(r)\subset \mathfrak{R}$ . Hence, the right-hand
side of (2.31) equals

$2^{-m}C_{m}\sum_{k=1}^{M}a_{k}\int_{0}^{1}p(r)(\int_{N(r)}\langle Z, Y_{k}\rangle^{m}\langle\overline{Z,X}\rangle^{n}d\mu_{r}(Z))dr$

$=2^{-n}C_{n}\sum_{k=1}^{M}a_{k}\frac{n!\Gamma(2p)}{\Gamma(n+2p)}\delta_{m.n}Q_{n,p}(X, Y_{k})$

$=(\dim\ovalbox{\tt\small REJECT}_{n})^{-1}\delta_{m},J(X)$

by (2.7), (2.30) and (2.32).
(iv) For any $g\in\ovalbox{\tt\small REJECT}_{n}$ there exist some positive integer $M,$ $ X_{k}\in\Sigma$ and $a_{k}\in C$

$(k=1,2, \cdots, M)$ such that $g(Z)=\sum_{k=1}^{M}a_{k}Q_{n.p}(Z, X_{k})$ . Then we have $g(Z)=$

$2^{-n}C_{n}\sum_{k=1}^{M}a_{k}\langle Z, X_{k}\rangle^{n}$ for $Z\in \mathfrak{R}$ . Hence, from (2.6) and (2.8) we get

(2.33) $\int_{0}^{1}\rho(r)(\int_{N(r)}f(Z)\overline{g(Z)}d\mu_{r}(Z))dr=2^{-n}C_{n}(\dim\ovalbox{\tt\small REJECT}_{n})^{-1}\delta_{m,n}\sum_{k=1}^{M}\overline{a}_{k}f(X_{k})$

$=2^{-n}C_{n}\int_{\Sigma}f(Z)\overline{g(Z)}d\mu_{\Sigma}(Z)$

because $Q_{n,p}(Z, X_{k})$ is real valued on $\Sigma$ . Therefore, (2.9) follows from (2.32) and
(2.33). Q.E.D.
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