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Abstract. In this paper, we consider curves of degree 10 of torus type (2,5), C := { f5(x, y)2+ frlx, y)5 =0}.
Assume that f,(0,0) = f5(0,0) = 0. Then O = (0, 0) is a singular point of C which is called an inner singularity.
In this paper, we give a topological classification of singularities of (C, O).

1. Introduction

A plane curve C C P? is called a curve of torus type (p, q) if there is a defining poly-
nomial F of C which can be written as F = F} + F}, where F,, F, are homogeneous
polynomials of X, Y, Z of degree p and g respectively. In [6], D.T. Pho classified the local
and global configurations of the singularities of sextics of torus type (2, 3). In this paper, we
will classify local inner singularities of torus type (2,5). We assume C is a reduced curve.
Using affine coordinates x = X/Z, y = Y/Z, C is defined as

C = {fr(x,y)° + fs(x,y)* =0},

where f2(x,y) = Fa(x, y, 1), f5(x,y) = F5(x, y,1). Put C := {f2(x, y) = 0} and Cs5 :=

{f5(x,y) = 0}. We assume that the origin O = (0, 0) is an intersection point of C, and Cj

and O is an isolated singularity of C. We classify the topological types of the local singularity

(C, 0) following the method of [6]. If fo(x, y) = —£(x, y)2 for some linear form £, the curve

C is called a linear torus curve and it consists of two quintics, as f25 + f52 = (fs+0)(fs—£).
First we recall the following notation.

A x4 y2=0 (=1,
Dy :x" ' +xy?=0 (n=4),
E6:x3—|—y4=(), E7 :x3+xy3=(), Eg:x3—|—y5=0,
Bym i x" 4+ y™ =0 (Brieskorn-Pham type).
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In the case gcd(m, n) > 1, the equation of B, ;, can contain other monomials on the Newton
boundary. For example, B, 4 has the form C; : x4 txy2 + y4 = 0, fort # +2. The
germ (C;, O) is topologically equivalent to B 4 (Oka [2]). In this notation, A, = Bj41,2 and
E¢ = B3 4.

We remark that every non-degenerate singularity in the sense of the Newton boundary is
a union of Brieskorn-Pham type singularities. For example, C, ; : x? + x2y2+y4, p,qg >
4, p + ¢ > 9 is the union of two singularities: x?~2 4+ y? = 0 and x> 4+ y?=2 = 0. So we
introduce the notation: B,_22 o By 4> to express Cp 4.

For the classification, we use the local intersection multiplicity ¢ := I (C», Cs; O) effec-
tively. The complete classifications is given by Theorem 1 in §5.

This paper consists of the following sections:

§1. Introduction.

§2. Preliminaries.

§3. Some lemmas for torus curves of type (p, q).

§4. Calculation of the local singularities.

§5. The classification.

§6. Linear torus curves of type (2, 5).

§7. Appendix.

2. Preliminaries

2.1. Toric modification. Throughout this paper, we follow the notation of Oka [4].
First we recall a toric modification. Let
= %)
y 6

be a unimodular integral 2 x 2 matrix. We associate o with a birational morphism 7, :
c*? - C*? by 7, (x, y) = (x%yB x7y3) . Ifa,y >0 (respectively. B8, 8 > 0), this map can
be extended to x = 0 (resp. y = 0). Note that the morphisms {77, | o : unimodular} satisfy
the equalities: 7, o Ty = ms; and (me) ' = To—1.

Let N be a free Z-module of rank two with a fixed basis {E1, E»}. Through this ba-
sis, we identify Ng := N ® R with R%. Thus N can be understood as the set of integral
points in R?. We denote a vector in N by a column vector. Hereafter we fix two special
vectors E; = ’(1,0) and E; = (0, 1). Let NT be the space of positive vectors of N. Let

{Py, ..., Py} be given positive primitive integral vectors in N*. Let P, = "(a;, b;) and as-
sume that det(P;, P;+1)> Oforeachi =0, ..., m. Here Py = E1, Py+1 = E2. We associate
{Po, P1, ..., Pyy1} with a simplicial cone subdivision X* of Ng which has m + 1 cones of
dimension two Cone(P;, P;+1), i =0, ..., m where

Cone(P;, Piy1) :={tP;i +sPiy1 | t,s > 0}.
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We call {Py, ..., Pnt1} the vertices of X*. We say that X* is a regular simplicial cone
subdivision of NT if det(P;, P;y1) = 1 foreachi =0, ..., m.

Assume that X* is a given regular simplicial cone subdivision with vertices {Py,
P, ..., Put1}, (P = Eq, Pyt1 = Ep) and put P; = "(a;, b;). For each Cone(P;, Piyy),
we associate the unimodular matrix o; where

o e (ai ai+1>
;= .
bi biy

We identify Cone(P;, P;+1) with the unimodular matrix o;. Let (x, y) be a fixed system of
coordinates of C2. Then we consider, for each o;, an affine space Cii of dimension two

with coordinates (x4, yo;) and the birational map 7y, : C(ZT’, — C2. First we consider the
disjoint union of C%,l_ fori = 0,...,m and we define the variety X as the quotient of this
union by the following identification. Two points (xo;, Ys;) € C%,l_ and (xg;, yo;) € C%,]_ are

identified if and only if the birational map 7, -1, is well defined at the point (xo;, yo;) and

o

Toi-1o; (Xo;5 Yo;) = (Xo;, Yo;). It can be easily checked that X is non-singular and the maps

(o, : Cgi — C? |0 < i < m} glue into a proper analytic map 7 : X — CZ.

DEFINITION 1. The map 7= : X — C?Z is called the toric modification associated
with {X*, (x, y), O} where X* is a regular simplicial cone subdivision of N and (x, y) is a

coordinate system of C2 centered at the origin O.

Recall that this modification has the following properties.

(1) {C(ZT’,, (X6;, Yo;)}, (0 < i < m) give coordinate charts of X and we call them the
toric coordinate charts of X.

(2) Two affine divisors {y5,_, = 0} C CiH and {x,, =0} C C(ZT’, are glued together to
make a compact divisor isomorphic to P! for 1 < i < m. We denote this divisor by
E(P,’ ).

(3) 77 0) =L E(P)andx : X — 7' (0) = C? — {0} is an isomorphism.
The non-compact divisor x4, = 0 (respectively y;,, = 0) is isomorphically mapped
onto the divisor x = 0 (resp. y = 0).

(4) E(P)NE(P)) # @ifandonlyifi —j = +£1. If i — j = *1, they intersect
transversely at a point.

2.2. Toric modification with respect to an analytic function. Let O be the ring of
germs of analytic functions at the origin. Recall that O is isomorphic to the ring of convergent
power series in x, y. Let f € O be a germ of a complex analytic function and suppose that
f(O)=0.Let f(x,y) =) c,',jx"y-" be the Taylor expansion of f at the origin. We assume
that f(x, y) is reduced as a germ. The Newton polygon I’y (f; x, y) of f, with respect to the
coordinate system (x, y), is the convex hull of the union Ui’ j{(i ,J)+ Ri} where the union
is taken for (i, j) such that ¢; ; # 0 and the Newton boundary I'(f; x, y) is the union of
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compact faces of the Newton polygon Iy (f; x, y). For each compact face A of I'(f; x, y),
the face function fa(x,y) is defined by fa(x,y) := Z(i’j)eA c,',jx"yj.

In the space M where the Newton polygon I (f; x, y) is contained, we use (vi, 1) as
the coordinates. For any positive weight vector P = “(a, b) € N, we consider P as a linear
function on M by P (v, v2) = avy + bvy. We define d(P; f) to be the smallest value of the
restriction of P to the Newton polygon I (f; x, y) and let A(P; f) be the face where P takes
the smallest value. For simplicity we shall write fp instead of fa(p; ). By the definition, fp
is a weighted homogeneous polynomial of degree d(P; f) with the weight P = '(a, b). For
each face A € I'(f; x, y) there is a unique primitive integral vector P = ’(a, b) such that
A = A(P; f). The Newton boundary I"(f; x, y) has a finite number of faces.

Let Ay, ..., A,, denote these faces and let P, = "(a;, b;) be the corresponding positive
primitive integral vector, i.e., A; = A(P;; f). We call P; the weight vector of the face A;.
Then we can factor fp, (x, y) as

ki
fr (. y) = ex iy [T + yix") . e #0
j=I
with distinct non-zero complex numbers y; 1, . .., ¥ k. We define
ki
frie,y) = [0 /7y =c [0 + yijx")" .
j=I
The polynomial Z(i,j)er(f;x,y) c,',jx"yj is called the Newton principal part of f(x,y) and
we denote it by N'(f; x, y). We say that f(x, y) is convenient if the intersection I'(f; x, y)

with each axis is non-empty. Note that ];A,- (x, y) is always convenient. We say that f is

non-degenerate on a face A; if the function fa, : C*2 - C has no critical points. This
is equivalent to v; ; = 1 forall j = 1,...,k;. We say that f is non-degenerate if f is
non-degenerate on any face A; fori =1, ..., m.

We introduce an equivalence relation ~ in N* which is defined by P ~ Q if and only
if A(P; f) = A(Q; f). The equivalence classes define a conical subdivision of N*. This
gives a simplicial cone subdivision of Nt with m + 2 vertices { Py, ... P11} with Py = EJ,
Pn+1 = E3. We denote this subdivision by I'*(f; x, y) and we call it the dual Newton
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diagram of f with respect to the system of coordinates (x, y). The dual Newton diagram
I'*(f; x, y) has m + 1 cones of dimension 2, Cone(P;, P;y1),i =0, ..., m. Note that these
cones are not regular in general.

DEFINITION 2. A regular simplicial cone subdivision X* is admissible for f(x, y) if
>* is a subdivision of I'*(f; x, y). The corresponding toric modification 7 : X — C2 is
called an admissible toric modification for f(x, y) with respect to the system of coordinates
(x,y).

There exists a unique canonical regular simplicial cone subdivision (Lemma 3.3 of [3]). We
call the corresponding toric modification the canonical toric modification with respect to
f(x,y). Let C be a germ of a reduced curve defined by f(x,y) =0Oandletwr : X — C?
be a good resolution. Recall that the dual graph of the resolution is defined as follows. Let
E1, ..., E, be the exceptional divisors and put 7* f~1(0) = Y miEi+ Zj 6; To each
E;, we associate a vertex v; of G(7) denoted by a black circle. We give an edge joining v; and
vj if E; N E; # §. For the extended dual graph g~ (), we add vertices w; to each irreducible
components C;, i =1, ..., s and we join w; and v; if E; N C; # ¥ by a dotted arrow line. It
is also important to remember the multiplicities of 7* f along E;, which we denote by m;. So
we put weights m; to each vertex and call G(;r) with weight the weighted dual graph of the

resolutiont : X — C2.

EXAMPLE 1. Consider the curve C := {y? — x> = 0}. The Newton boundary consists
of one face A. Then P = '(2, 3) is the weight vector corresponding to the face A. The dual
Newton diagram I"*( f; x, y) has three vertices {E1, P, E;}. We take a regular simplicial
cone subdivision X* of I'*(f; x, y) and we consider an admissible toric modification 7 :
X — C? associated to {X*, (x,y), O}. Vertices of X* are {E{, Ty, P, T», E>} where T} =
(1, 1) and T, = (1, 2) are new vertices which are added to I'*(f; x, y) to make X* regular.

The proper transform C intersects transversely with the exceptional divisor E(P) at 1-
point. Take a system of toric coordinates (u#, v) which corresponds to Cone(P, T>) so that
u = 0 defines E(P) and let £ be the intersection point. Then C is defined by v —1=0and
C is smooth at &. We have (7* f) = 2E(T}) + 6 E(P) + 3E(T») + C.

E(Ty) .
c E(Ty) 2 6 3
— *—0o—@
E(P) v
O

FIGURE 1
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3. Some lemmas for torus curves of type (p,q)

3.1. Notation. Throughout this paper, we use the same notation as in [2], unless oth-
erwise stated. We also use the fact that the topological equivalence class of a non-degenerate
germ depends only on its Newton boundary (Theorem 2.1 of [2]). In the process of the clas-
sification of the topological type of inner singularities of a torus curve of type (2.5), we have
the following possibilities:

(1) (C, O) is non-degenerate and the Newton boundary has one face,

(2) (C, O) is non-degenerate (in some local coordinate system) but the Newton bound-

ary has several faces, or

(3) (C, O) has some degenerate faces for any choice of coordinates (x, y).

To make the expression of these singularity classes simpler, we introduce some notation. The
class of singularities (1) can be expressed by the class of B, ,,:

Bym: x"4+y"=0.

The class of singularities (2) can be understood as a union of singularities of type (1). For
example, x" + x%y? + y" = 0 is topologically equivalent to (x"~2 + y2)(x 4+ y"~2) = 0
and thus we denote this class by B,_22 o By ,,—2, as is already introduced in §1. The last
class (3) is most complicated. For example, we consider the singularity germ (C, O) which is
defined by f(x,y) = (x> + v + x3y3. Then N (f; x, y) = x>+ y®%and I'(f; x, y)
consists of one face A with the weight vector P = 7(2,3) and f is degenerate on A. We
take a regular simplicial subdivision X'* as in Example 1 and we take a toric modification
71 : X1 — CZ. Then we can see that a intersects transversely with E (P)at& = (0, —X) in
the system of the toric coordinates (u, v) corresponding to Cone(P, T>) and E (P) ={u=0}
with multiplicity 12. (Figure 2).

To express the strict transform C at &1, we choose the coordinate (1, vi) where v; =
v 4+ A. We call these coordinates (u, v1) the translated toric coordinates for (6 ,€1). Now we
find that (5, &1) is defined by B3 : vl2 — 2l + (higher terms) = 0 where u = 0 defines the
exceptional divisor which contains &;. Observe that E(P) is defined by u = 0 and the tangent
cone of C is v% = (. Thus the tangent cone is transverse to E(P) até&. Again we take a toric
blow-up 2 : X2 — (X1, &1). This is essentially the same as the one for the cusp singularity
v12 —au? =0. As m{ £(0) is non-degenerate in (u, v1), 72 gives a good resolution of (5, &)

and therefore the composition 7y o 73 : X5 — C? gives a good resolution of (C, O). The

E(Ty)

ol
b
o3

FIGURE 2
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resolution graph is simply obtained by adding a bamboo for this blowing up (See (1) in Figure
3). We denote this class of singularity by (B32_2)B3v2.

Sometimes, we need to take a coordinate change of the type (u, v2) where vy = v; +
h(u) for some polynomial #(x). The important point here is that we do not change the first
coordinate u, as it defines the exceptional divisor E (P). We call such a coordinate system
(u, v2) admissible translated toric coordinates at & .

EXAMPLE 2. Consider f(x,y) = (7 —xy24+x2y+x°)2 4+ (x —2y)>(x —3y)>. Then
N(fix,y) = =31y —2xy7 +x2y2(x — )2 4+2x"y+2x%and I"(f; x, y) consists of three
faces A; (i = 1,2, 3) with weight vectors P; ='(3,1), P, ='(1,1) and P; = (1, 3). Note
that f(x, y) is degenerate on A(Ps; f). By adding vertices 71 = '(2, 1) and T» = (1, 2), we
get the canonical regular subdivision. We take the associated toric modification and we can
easily see that the strict transform c splits into three germs a (’3 and 6‘; so that fori =1, 3,
C; intersects transversely with the exceptional divisor E(P;) at two points and C; is smooth
at these points. (Thus a and 63 are the union of two irreducible components of C.) The
germ 6; which intersects with £ (P,) is still singular and intersects with E (P») transversely
at &1 = (0, 1) in the toric coordinate (u, v) corresponding to Cone(P,, T»). Thus taking the
translated toric coordinate (u, v1), v = v — | at &1, we can write the defining equation of 65
as v% — du?v — 239t + (higher terms) = 0, while the exceptional divisor E (P») is defined
by u = 0. Note that (6}, &) = By4p. Thus 7} f is non-degenerate and we need one more
toric modification centered at £;. Then the resolution graph is given by (2) of Figure 3. We
denote this class of singularity as Bg 2 o (312.1)34,2 oBs.

O O
LI
1 30 .»0 10
8
15 8 /6\.38
10 10
4 12 6 O« ma)

FIGURE 3

3.2. Some lemmas for general torus curves. First we prepare some lemmas for the
general torus curves of type (p, g). Let C = {f = 0} be a curve of torus type (p, ¢) which can
be written as f = fqp + fg where f), and f, are polynomial of degree p and g respectively.
We assume that p > g > 2. We put Cy := {f; = 0} and C, := {f, = 0}. Suppose that
O € C; N Cp and let ¢ be the local intersection multiplicity /(Cp, Cy; O). We recall the
following key lemmas. Hereafter we denote the tangent cone of C), at O by TpC).
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LEMMA 1 (Lemma 1 of [1]). Suppose that C is non-singular at O. Then the singu-
larity (C, O) is topologically equivalent to the Brieskorn-Pham singularity Bp, 4.

LEMMA 2 (Lemma4.3 of [5]). Suppose that (Cp, O) is singular with multiplicity m
and (Cy, O) is smooth. If Cy intersects transversely with C, and p < qm, the singularity
(C, 0) is topologically equivalent to By,g, p.

LEMMA 3. Suppose that (Cj, O) is singular with multiplicity m and ToC) consist
of m distinct lines. Then C, consists of m smooth components at O. Consider the local
factorization f, = ]I, gi.

(1) Suppose that Cy is smooth at O and p < gm.

@ Ift < —L—(n—1), then (C, 0) ~ By .
P—9q
b 1> L
pP—q
m+1)—qg(m—1).

() Ifi= pL(m — 1) and the coefficients are generic, then (C, O) ~ By, p.

(m — 1), then (C, O) ~ Bg, 4 o Byou—1), p—q where f = p(1 —

(2) Suppose that m = 2, C, is smooth and p > 2q. Then (C, O) ~ Bpu—1)—¢,q4 ©
By.p—q-

(3) Suppose that (Cy, O) is singular with multiplicity 2 and To Cy consists of two dis-
tinct lines and let f; = hihy be the local factorization. Put £; = {h; = 0}, i =

1, 2. We assume that g1(x2, y2) = x2, ¢2(x2, y2) = Y2 for a local coordinate sys-
tem (x2, y2) and

I, g;0)=1, (#1) I(l2,9;;0)=1, (j#2).
Putvy =1y, g1; O) and vy = [ (L2, go; O). Assume that 2p > gm. Then

—2)Bap—gm
(C.0)~ Bp oo (Bl )" 2P ma o By g Bi=pi+ 1) —qm—1).

PROOF. By the assumption, ToC), consists of m distinct lines. This implies (C,, O)
has m smooth components which are transverse with each other.

First we consider the case (1). First we take a local coordinate system (x, y1) so that
C, is defined by y; = 0. Let f,(x1, y1) = [[/ gi(x1, y1) be the factorization in O such
that g (x1, y1) = y1 + a1 x{ + (higher terms) and g; (x1, y1) = y1 — a;x1 + (higher terms)
with o; # 0 (2 < i < m). In this expression, we have t = v +m — 1. In the case of (a):
L < p’%q (m —a), the Newton boundary of f),(x1, y1)9, f;(x1, y1)? are on the left hand side of
Figure 4. Thus it is easy to see that f(x1, y1) is non-degenerate in this system of coordinates
and we have (C, O) ~ By, p.

In the case of (b) : ¢ > ﬁ(m — a), f(x1,y1) are degenerate in this coordinate. We
take another coordinate: (x2, y2) with xo = x1, y2 = gi1(x1, y1) so that y;|f,. Then in
these coordinates (x2, y2), the Newton boundaries of f,(x2, y2) and f, (x2, y2) are given on
the right hand side of Figure 4 so that f(x2, y») are now non-degenerate and the assertion
follows.
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ot D (fhanm) gme vt T (ff5 30, 12)
—: T (f71,1) — =T (f§i22,92)
PR — T (f;22,92)

FIGURE 4

For the proof of (2), we take a local coordinate system so that f},(x, y) = ¢ x;y; where

¢ # 0. Then we may assume that f;(x1,y1) = y1 + x4 (higher terms). Then the
assertion is immediate from the Newton boundary argument.
Next we consider the case (3). We have chosen a local coordinate system (x2, y2) so that

g1(x2, y2) = cx2(c # 0) and g2(x2, y2) = y2. Put gi (x2, y2) = y2 — i x2 + (higher terms)
(3 <i < m). By the assumption, we can write

hi(x2, y2) = x2 + di y;1 + (higher terms),  ha(x2, y2) = y2 + d> x;2 + (higher terms)

with d1, dp # 0. Then the Newton principal part of f can be written as:

m
! 1
N(foxa,y2) = dlyf " 4 et xd 3 02 — i) + dfxf 0.
i=3

The Newton boundary of f consists of three faces Ay, A, and A3 and f is non-degenerate
on Ay, Az but degenerate on A;. We take an admissible toric blowing-up 7 : X — C?
with respect to some regular simplicial cone subdivision X* = {Py, ..., Px}. Assume that
P, ='(1, 1), the weight vector of the homogeneous face A and put P, | = (n, n+1). Then

the pull-back of f, and f, to the coordinate chart (C2, (i, , v,)) with & = Cone(P,, Py+1)
are given by

m
1
7 fp iy, vy) = vy [ Thai Gy vl w0 Juy )
=3

2 1 1
7y fa (s vy) = (hy (g 00y, w, V351 Juy) X (ha(uy vy, uy vl ™) Juy)
where

i (uy vy, uyv)’ﬁ"’l)/uy =v, —o; mod u,

h](uyv;,uyv;J“l)/uy 1 mod u,

hz(uyv)'ﬁ,uyv)’i“)/uy =v, mod u,.
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Thus we get

i (f Gy vy)) = ul™ (i (., vy) + 13770 £y, vy))

m

_ u;;/m (H(UV — ;) + u2p*quq(uy, vy ) + (higher terms))
i=3

and f; (o, 0) # 0. We put & = (0, o;) and we take local coordinates (uy, vy ;) at & with

vy,i = vy — a;. The above expression implies (C,&) ~ Bop—gm.q- -

The assertion (1) of Lemma 3 can be generalized for the case where ToC), may have
some factors with multiplicity as follows.

LEMMA 4. Suppose that C, is singular at O and Cy is smooth at O. Let m be the
multiplicity of (Cp, O). We take a local coordinate system (x1, y1) so that Cy is defined by
y1 = 0. We assume that p < gm and

o either yi [ (fp)m (this implies that C, intersects transversely with ToC ), or
o y1 = Oisasimpletangent line of To C, (this is equivalent to y1|(fp)m, )’12 X (fpdm)
where (f))m is the homogeneous part of degree m of f.
Then we have:

() Ift < —L—(@m — 1), then (C, 0) ~ Byu..
P—q
2) Ift> P (m — 1), then (C, O) ~ Bg, 4 0 Byun—1), p—qg Where p = p(t —m +
P—q
1) —g(m—1).

3 Ifi= L(m — 1) and the coefficients are generic, then (C, O) ~ By, p.
P—q

PROOF. The proof is completely parallel to that of Lemma 3. a

4. Calculation of the local singularities

We come back to our original situation of a torus curve of type (2, 5):
C={f(x,y) = fs(x, 1)’ + falx, )’ =0},
Cs={fs(x,y) =0}, Co={falx,y)=0}.

First we consider the case that C; is reduced in Section 4 and 5. Next we consider the case of
C being a linear torus curve in Section 6. For the classification, we start from the following
generic equations:

f(x,y) = Z aijx'y’, fs(x,y) = Z bijx'y’ .

itj<2 i+j<5

Hereafter x, y are the affine coordinates x = X/Z, y = Y/Z on C? := P?\ {Z = 0}. As
we assume that C», Cs pass through the origin, we have agg = boo = 0. We study the inner
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singularity O € C, N Cs. We denote hereafter the multiplicities of C» and Cs at the origin O
by m> and ms respectively and the intersection multiplicity I (C», Cs; O) of C, and Cs at O
by ¢. By the Bézout theorem, we have the inequalities:

1<:¢<10, moyms <ut.

The tangent cone of C, at the origin is denoted by Tp C), for p =2, 5.

For the classification of possible topological types of the singularity (C, O), we divide
the situations into the 5 cases, corresponding to the values of ms. Then for a fixed m5, we con-
sider the subcases, corresponding to ¢, ms < ¢ < 10 taking the geometry of the intersection
of C> and Cs at O into account. And each case has several subcases by type of the singularity
of (Cs, O).

(1) Casel. ms = 1. The quintic Cs is smooth.

(2) Case II. m5 = 2. We divide this case into two subcases (a) and (b) by the type of

the tangent cone T Cs.
(a) The tangent cone T C5 consists of two distinct lines i.e., (C5, O) ~ Aj.
(b) The tangent cone T Cs consists of a single line with multiplicity 2.
(3) Case III. ms = 3. We divide this case into three subcases by the type of the tangent
cone TpCs.
(a) The tangent cone Tp Cs consists of three distinct lines.
(b) The tangent cone T Cs consists of a line with multiplicity 2 and another line.
(c) The tangent cone T C5 consists of a single line with multiplicity 3.
(4) CaseIV. ms = 4. We divide this case into five subcases by the type of the tangent
cone TpCs.
(a) The tangent cone T C5 consists of four distinct lines.
(b) The tangent cone T Cs5 consists of a line with multiplicity 2 and two distinct

lines.
(c) The tangent cone T C5 consists of a line with multiplicity 3 and another line.

(d) The tangent cone Tp Cs consists of a single line with multiplicity 4.
(e) The tangent cone 7o Cs consists of two lines with multiplicity 2.
(5) Case V. m5 = 5. The quintic Cs consists of five lines.

4.1. Casel: ms = 1. The quintic Cs is smooth. This case is determined by Lemma 1
as follows.

PROPOSITION 1. Suppose that Cs is smooth at O and let 1 = I(Cs, Ca; O) be the
local intersection multiplicity. Then (C, O) ~ Bs, 2 fort =1, ..., 10.

4.2. CaselIl: m5 = 2. We divide Case II into two subcases (a) and (b) by the type of
ToCs.

(a) ToCs consists of two distinct lines i.e., (Cs, O) ~ Aj.

(b) ToCs consists of a line with multiplicity 2.

Case II-(a): We consider the subcase (a). In this case, we assume that 7o Cs is given
xy = 0 so that f5(x, y) = xy + (higher terms).

PROPOSITION 2. Under the situation in (a), we have the following possibilities.
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(1) Assume that the conic Cy is smooth and To C is defined by y = 0 (a10 = 0, ag1 #
0) for simplicity. Then (C, O) is equivalent to one of Bs,—72 0 By 3 for2 < < 10.

(2) If C> consists of two lines L1, £3 (i.e., apy = ajo = 0), the generic singularity is
Bg 20 B 3. Further degeneration occurs when these lines are tangent to one or both
tangent cones of Cs. Puti; = I (£;,Cs; O) fori = 1,2. Then4 < (1 + 1, < 10
and the corresponding singularity is Bs,,_22 0 By 5, >.

PROOF. Both assertions are immediate from Lemma 2 and Lemma 3 O

Case II-(b): We assume that ms = 2 and TpCs is given by L : y2 = 0 (with multi-
plicity 2). We divide this subcase (II-b) into two subcases: (b-1) my = 1 and (b-2) my = 2.

(b-1) Assume that ms = 2, my = 1 and ToCs is defined by y2 =0.

PROPOSITION 3. Suppose that the tangent cone To Cs is a line with multiplicity 2 and

C» is smooth. Then we have the following possibilities.
(1) If C2 and ToCs are transverse at O (1 = 2), then (C, O) ~ Bs 4.

(2) If(Cs, O) ~ B3z andt = 3, then we have (C, O) ~ (332)2)33,2_

(3) If(Cs, O) ~ Bu, then we have (C, 0) ~ (B} ,)Bs-1827B22) for = 4, ... 10.
(Here the upper (Bs,—18.2+ B> 2) implies we have two non-degenerate singularities
Bs,_138.2, B2 sitting on two different points on the exceptional divisor E(P), P =
'(1, 2), after one toric modification.)

(4) If (Cs, O) ~ Bs 2, then we have
(a) (C, O) ~ Bjo.4 generically and By 2 o Bs2, 6 <k < 15 for. =4,
® (B2, fori=5.

(5) If(Cs, O) ~ Bg, then we have
(@) (C,0)~ Byp4fori=4and
®) (C.0)~ B2 T for =6, 10,

(6) If(Cs, O) ~ By, then we have
(@) (C,0)~ Byp4fori=4and
(®) (C,0) ~ (B2)™ 7 fori = 6,7,

(7) If (Cs, O) ~ By, then we have
(@ (C,0)~ Bjoafort=4,

(b) (C,0) ~ Bisafori=6,
(© (B P02t for — 8,9, 10.

(8) If(Cs, O) ~ By, then we have
(@ (C,0)~ Byo4fort=4,

(b) (C,0) ~ Bisafori=6,
© (C,0)~ (B2 fori =89,

9) If (Cs, O) ~ Bjo,2, then we have
(@ (C,0)~ Bjoafort=4,

(b) (C,0) ~ Bisafori=6,
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(¢) (C,0)~ By sand Bypo Biop (k=11,12) for1 =8,

@ (BZ ) %2 fori = 10.
(10) If (Cs, O) ~ Bi1,2, then we have

(@ (C,0)~ Bpafori=4,

(b) (C, 0) ~ Bis 4 fori =6,

() (C, 0)~ B4 fori=238,

) (C.0)~ (B} )™ fori=10.
(11) If(Cs, O) ~ Bi2,2, then we have

(@ (C,0)~ Bypgfori=4,

(b) (C, 0) ~ Bis 4 fori =6,

() (C, 0)~ B4 fori=38,

) (C,0)~ (B )" fori = 10.
(12) If (Cs, O) ~ Bi3,2, then we have

(@ (C,0)~ Bypafori=4,

(b) (C, 0) ~ Bis 4 fori =6,

() (C, 0)~ B4 fori=38,

(d) (C, O) ~ Basafori=10.

PROOF. We can proceed with the classification mainly using the local intersection mul-
tiplicity ¢« = I(C>, Cs; O) and the geometry of C, and Cs. By the assumption ms = 2,
we have ¢ > 2. When ¢« = 2, C, intersects transversely with TpCs at the origin, then
(C, O) ~ Bs 4. Thus hereafter we assume that ¢ > 3.

Assume that (C5, O) ~ Ay—1. Then by taking local coordinates (x, y;) where y; =

y+ coxZ4 -+ ck,lxk’l, we can write f5 as

fs(x,y1) =y} + x* + (higherterms), £>2(k—1), a. B#0.
A simple computation shows that £ < 13. Now we can write f> in this coordinates as
fr(x,y1) = yy1 +8x” + (higherterms), v>2, y,8#0.

(Here 6 = 0 if v = 00, i.e., y1| f2.) First we notice that
(*) : ¢ > min (2v, ¢) and the equality holds except for the case £ = 2v and ad?+py? =
0.
We observe that
1. If Sv < 2¢, then f is non-degenerate in these coordinates and (C, O) ~ Bs, 4.
2. If 5v = 2/ (in this situation, the possible pairs of (v, £) which satisfy this condition
are (v, £) = (2,5), (4,10)), then we have N'(f, x,y) = a2y‘f + 2a,3xey12 + (B2 +
83)x2¢ and if (8% 4 87) # 0, then we have (C, O) ~ Bag4. If (82 +8°) = 0, then the
Newton boundary has two faces with R = (¢, 2) as the common vertex and f can be
non-degenerate on these faces, after taking a suitable triangular change of coordinates

(x, y2).
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3. If 5v > 2¢, then it is easy to see that the Newton principal part of f(x, y1) is given
by (ozyf + Bx%)? which implies that f(x, y;) is degenerate in this coordinate. So

we first need to take a toric modification 7 : X — C? with respect to the canonical
regular simplicial cone subdivision { Py, ..., P,} and we have to study the equation
of the total transform 7z * f in X.

The weight vector of Ag_q is givenas P = '(2, £), '(1, £/2) for £ is odd or even respec-
tively. Note also the germ A,_1 has two smooth components if £ is even. Thus the description
for the toric modification has to be divided in two cases.

Case A. ¢ is odd. The weight vector of I'(fs; x, y1) is given by P = 1(2,£). We
may assume that P = P and we consider the cone o := Cone(P;, Ps11) and corresponding

unimodular matrix
2 a
= 2b—al =1.
o ( P b) , 2b—at

Let (u, v) be the toric coordinates of this chart. Then in these coordinates, we have x =

uv®, y; = utv?. We can write

¥ fs(u, v) = v fsu,v),  fs(u,v) = av + B +hs(u, v),
7* fo(u,v) = u“v“/fz(u, v), w=min(¢,2v), u =min(b,av).
Putting & = (0, —B/w), n = 5u — 4¢, we can write 7* f as
T f (u, v) = u* v f(u, v),
f,v) = fs@u, v)? +u" 72 fu, v)°.

Thus using admissible translated toric coordinates (u, v2), vo = v + h(u), v = v+ B/« for
some polynomial /4, the strict transform is defined as

ol + eu” + (higher terms) = 0, & # 0

which implies (C, &) ~ B,y > and the tangent cone is transverse to the exceptional divisor
u = 0 where n’ > 1.

Case B. ¢ is even. The weight vector of I'(f5; x, y1) is given by P = (1, k) where
¢ = 2k. We may assume that there is a cone corresponding to a unimodular matrix

()

Let (u, v) be the toric coordinates of this chart. Then in these coordinates, we have x =
u, y1 = ukv. Then we can write

T fsu,v) = ul fs(u,v),  fs(u,v) = a(v + o) (v + a2) + uvhs(u, v),

7* fa(u, v) = ut fo(u, v), n = min(k, v).
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Putting & = (0, «;), (i = 1,2), n = 5u — 4€, we can write 7* f as
7, v) = u? (f5(u, 02+ ul folu, u)S) .

Then the strict transform C has two components. Thus using admissible translated toric coor-
dinates (u, v}), v, = v; +h(u), v; = v+a; (i = 1,2) in aneighborhood of (1, v) = (0, —«;)
for some polynomial /, the total transform v* f is described as

7*f(u,v) = u?t (az(al - o;z)zvl/»2 +eu” + (higher terms)) ,e#0

which implies (C, &) ~ B,y » where n’ > 5. Putting the strategy above into consideration,
we will explain several cases in more detail.
First we consider the case (2) in Proposition 3: (C5, O) ~ B3z, t =3 =3, v > 2).
We have fs5(x, y) = a y> + Bx3 + (higher terms). We have to consider the toric modifi-
cation in the toric coordinate chart:

(21 _ 2 32
a_(3 2), w(u,v) = (u“v, u’v°)

in the observation above. Then taking the translated coordinates (u, v1), vi = v + B/a, we
have

7* f5(u, v1) = u (i — B/a) (v + cu + hs(u, v1)),
7 falu, v1) = 1 (v — B/a)’ (Bu +y + ha(u, v1))
T f s vn) = u = B/’ fu, v),
Fu, v1) = (@i + cu + hs(u, v1))? +u () — B/a)* Su +y + ha(u, v1))°.
Now we can see that
fu,v2) = v3 + c'u® + (higherterms), ¢’ #0, vy =av +cu

which implies that the corresponding singularity is (B32 2)33’2.
Next we consider the case (3) in Proposition 3. Thus we assume (Cs, O) ~ B4 and
t > 4. Then

fs(x,y1) =« ylz + B x* + (higher terms) ,
f2(x, y1) = yy1 + 8x" + (higher terms) , v > 2.

Note that v > 2 and the case ¢ > 4 only if v = 2 and « 8% 4+ 8 2 = 0. Thus for simplicity,
we assume that v = 2. For the simplicity of the calculation, we put:

fs(x, 1) = ayf + px* + (higher terms) = ar(y1 + &r1x)(y1 + @x) + (higher terms),
fo(x, y1) = yy1 + 8x2 + (higher terms)) .
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The corresponding toric chart is associated with:

(1 O _ 5
0—(2 1),ﬂ(u,v)—(u,u V)

by the above consideration. Note that ¢ = 4 if and only if & 8> + B > # 0. Then taking the
translated coordinates (u, v1), vi = v + o1 (respectively (u, v2), v2 = v + 1), we have

7 fs(u, v1) = u*(@(e1 — a2)vr + cru + hs(u, v1))
7 fo(u, v1) = u? ((yvi — yay +8) + uha(u, v1))
T fu o) =u fu,vr),  (resp. ¥ f(u, v2) = ub fu, v2)),
flu,v) = @1 — a2)vy + c1u)® + (8 — yor)® u® + (higher terms) ,
(resp. f(u, v2) = (o2 — 1) vi + cou)* + (8 — ya2)® u® + (higher terms))

where ¢; is constant for i = 1,2. Then if ¢ = 4, we have a 8% + 8 ¥2 # 0 and we see that
(5, &)= Ay fori = 1,2. Thus (C, O) ~ (33’2)232,2 and the resolution graph is given by
Figure 5.

o)
10.-
4 8 0
e
10 ‘V."O
FIGURE 5

The case v > 2 gives the same conclusion as above.

Ifv=21>4andif «a8? + By? # 0, then we have (C, &) = A, but (C, &) is
bigger than A. Thus we have to take a triangular change of coordinates (u, v}) so that Cis
defined at &; as (1/1)2 +cuk 4+ (higher terms) = 0. The explicit computation shows that the
possibilities of k are 5t — 18 for4 < ¢ < 10.

Next we consider the assertion (4) in Proposition 3. Assume (Cs, O) ~ Bs 2 and ¢ > 4.
We put as above

f5(x, y1) = ay? + Bx> + (higher terms),  fo(x, y1) = yy1 + 8x” + (higher terms) .

Note that ¢ = 4 ifand only if v = 2. If v > 2,1 = 5and N'(f, x, y1) = (o;yl2 + Bx°)? and we
have to take a toric modification. If v = 2, thent = 4 and as N'(f, x, y;) = yf + 2,3x5y12 +
(B + 87)x'0, we see that (C, O) ~ Bjo4 ift = 4and B2+ 8 £ 0. If 2 + 8 = 0, the
Newton boundary has two faces.

First we consider the case t = 4 (so 8 # 0) and % 4+ 8° = 0. Then N (f, x, y1) =
yf' + 2,8x5y12 + pgx8y1 + yrix!t and I'(f; x, y1) consists of two faces A1 and A,. Clearly
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f is non-degenerate on Aj. If f is degenerate on A,, we take a suitable triangular change of
coordinates (x, y2) so that N'(f; x, y2) = azyg + 2(x,3xy§ +y/x1Hk k= 0,...,9. This
implies (C, O) ~ Biy6,2 0 Bs 2.

Secondly, we consider the case ¢ > 5 (i.e., v > 2). In this case, due to the previous
consideration, we see thatt = 5. Then N'(f, x, y1) = ((xy12 + Bx>)% and I'(f; x, y;) consists
of one face A with the weight vector P = (2, 5) and f is degenerate on A. We consider the
toric modification with respect to the canonical regular subdivision X* of I"*(f; x, y1). The
toric coordinate chart which intersects the strict transform C is described by a unimodular
matrix

o= (g ;) , mw(u,v) = (uzv, u5v3).
Then taking admissible translated toric coordinates («, v2), v2 = v] + h(u), vi = av + B for
a suitable polynomial /2, we have

T FQu, ) = u(vy — Bla + h(u))(a2u§ + B"u’ + (higher terms)) . B £0.

Thus we get (C, O) ~ (352 2)B5~2. Hence we have the assertion (4) of Proposition 3.
The assertions (5), ..., (12) of Proposition 3 can be shown in a similar manner. O

REMARK 1. Note that the singularity B»s 4 in case (12) has the Milnor number 72 and
72 is the maximum Milnor number of an irreducible curve of degree 10. Thus in this case, C
18 a rational curve.

The classification (Proposition 3) can be rewritten as follows from the viewpoint of ¢.
(1) If¢ =2, then we have (C, O) ~ Bs 4.

(2) 1If ¢ = 3, then we have (C, O) ~ (B )52,

(3) Ifiu =4, then we have (C, O) ~ (B ,)*522, Bjo 4 and By 0 Bs 2 (6 < k < 15).
(4) Ifi =5, then we have (C, O) ~ (B ,)'#727522) and (B3 )B52.

(5) Ift =6, then wehave (C, 0) ~ (B} ) Br22th22) (B ))2F32, (B ,)P22 and Bys 4.
(6) 1If =7, then we have (C, O) ~ (B3 ,)Br2+B22) (B2 )(Bs2+B32) and (B2 ,)B72.
(7) 1f ¢ = 8, then we have (C, 0) ~ (Bj ,)B22tB22) (B2 )(BusatBso) (B2 )2Biz,

2
(5’9,2)35'2,320,4, Bi1,2 0 Bio,2 and Byz 2 o Byo,2.

(8) If « = 9, then we have (C,0) ~ (B},)Br2tBr2) (B2 )(BisatBs2)
(B§ 2)(139,2+B4,2) and (392 2)310,2_
(9) If ¢ = 10, then we have (C,0) ~ (B},)Bn2tB22) (B2 )(BuatBs2)

(Bg o) P1e2tBu2) (B, ))?P52, (B 5)Pe2, (BF, ,)*™12 and Bas 4.
(b-2) Assume that C; is a union of two lines meeting at the origin (m, = 2) and T C;
fe v
is y- =0.
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PROPOSITION 4. Suppose that the tangent cone To Cs is a line with multiplicity 2 and
C» is a union of two lines meeting at the origin. Then the germ (C, O) take one the following
singularities.

(1) If(Cs, O) ~ B33, then we have

@ (C,0)~ (B} )™ for =4 and
(d) (C,0)~ (332!2)3'3~2f0rt =5.
(2) If (Cs, O) ~ By, then we have
@ (C,0)~ (B2 fori =4,
® (C.0)~ (B})*" fori=6,and
(©) (C.0)~ Biga0 (B3 )% foru=1.
(3) If(Cs, O) ~ Bs, then we have
(@) (C,0)~ BioaorBiroBsy (6 <k <15)for.=4,
(b) (C,0) ~ (B3 ,)12 for . = 6 and
(© (C.0)~ (B3 )B52 for 1t =17).
4) If(Cs, O) ~ Bg 2, then we have
(a) (C,0) ~ Bioasfort=4and
® (C,0)~ (B2 " for =6,
(5) If(Cs, O) ~ By, then we have
(a) (C,0) ~ Byoasforit=4and
(b) (C.0)~ (B3)™ fori=6.
(6) If(Cs, O) ~ Bg.2, then we have
(a) (C,0) ~ Byoasforit=4and
(b) (C,0)~Bi548<k=<13)fort=6

PROOF. By taking local coordinates (x, y;), we can assume
f5(x, y1) = ay} + Bx’ + (higher terms), «, B #0.
Now we assume that f>(x, y1) = £1(x, y1)€2(x, y1) where
€1 = y1 + cyx” + (higher terms), £ = c3(y; + yx) + (higher terms), c¢,,c2 #0.

We putey = 1(£1,Cs; O) < Sand iy = ({2, Cs; 0). Asy # 0, we have 1, = 2. Hence
t =11 +2and we have4 < <7.

Comparing the Newton boundaries of f52 and f25 and applying a similar argument as in
(b-1) of Case II-(b), we get assertions of Proposition 4. O

4.3. CaseIlIl: m5 = 3. We divide Case III into three cases by the type of T Cs.
(a) ToCs consists of three distinct lines.

(b) ToCs consists of a line with multiplicity 2 and another line.

(¢) ToCs consists of is a single line with multiplicity 3.
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First we remark that if C; is smooth and C; intersects transversely with ToCs at the
origin (t = 3), we have (C, O) ~ Bg s by Lemma 2 in §3. So hereafter, we consider the case
that C» and Tp Cs do not intersect transversely.

Case III-(a): We first consider Case III-(a). We assume that T Cs consists of three
distinct lines.

PROPOSITION 5. Under the situation of Case IlI-(a), we have (C, O) ~ Bg s if t = 3.
For 1 > 4, we have the following possibilities of (C, O).
(1) Assume that C; is smooth and tangentto'y = 0. Then (C, O) can be Bs,_1420 B4 3
fort=4,...,10.
(2) Assume that Co consists of two distinct lines €1, €. Putt; = [(£;,Cs; O) > 3

(i = 1,2). Then (C, 0) ~ Bsi,—920 (B? )™ 0 By s, g with 1 +12 = 6, ..., 10,
PROOFE. The assertion is immediate from Lemma 3. O

Case III-(b): Inthis case, we may assume that 7o Cs consists of a line with multiplicity
2 which is defined by {y = 0} and a single line {x = 0}.

(b-1) First we assume that C, is smooth (my = 1). If « = 3, we have (C, O) ~ Bg s
by Lemma 2. Therefore we consider the case ¢ > 4. The common tangent line of C> is either
{x = 0} or {y = 0}. When the common tangent line is {x = 0}, (C, O) is described by
Lemma 4.

So we assume that common tangent cone is {y = 0}. If ¢« = 4, we have fs5(x,y) =
b12xy2 + b4ox4 + (higher terms) and ¢ = 4 if and only if 49 # 0. Hence we have (C, O) ~
Bg s.

Next we consider the case ¢ > 5 and we take a local coordinate system (x, y1) so that C»
is defined by y; = 0 and we have f5(x, y;) = ,312xy12 + Ba1x3y1 + Bsox> + (higher terms)
with B2 # 0. First we assume that ¢ = 5. Then B5¢ # 0 and we factor N (f; x, y1) as

5
N(f;x,y1) = y] +x2(Bray? + Baix’yr + Bsoxh)? = l_[()’l +a;x?).
i=1

We see that I'( f; x, y) consists of one face with the weight vector P = (1, 2). Then we have
several cases:
(1) ay, ..., as are all distinct.

(2) @] = a2 and a3, a4, o5 are mutually distinct and different from o .

(3) @] = a2 = a3 and a4, a5 are mutually distinct and different from o1 .

4) o] =, a3 = a4 and o] # 3 and w5 is different from oy, o3.
By an easy computation, we can see that the other cases are not possible. (By a direct com-
putation, we see that if N'(f; x, y;) = 0 has a root with multiplicity 4, Bso = 0 and the
intersection number jumps to 6.)

LEMMA 5. Under the above situation, we further assume that 1 = 5.
(1) Ifay,...,as are all distinct, then (C, O) ~ Bjp s.
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) Ifa; = ap and oz, ag, as are mutually distinct and different from a1, then (C, O) ~
Bi2 o Bg3, (5 <k <12).

B) If a1 = o = a3 and o4, a5 are mutually distinct and different from ay, then
(C,0) ~Bx3zoBsp(k="7T,...,11)or B310Bs20B420r B3 j0By20Byspor
BiooB310Bsn(k=17,8,9).

@) Ifo; = o, a3 = a4 and o1 # a3 and a5 is different from a1, oz, then (C, O) ~
Bi,+420 By 10 (822,1)3"%2 where (ky, k) moves in the set
{(k1,kp); 13 —kp > k1 > ko —4, ko =5,...,77U{4,8), (5,9)}.

PROOF. The case (1) is clear. We consider the case (2) and we may assume o =
a>. Then we see that the Newton boundary I"(f; x, y1) has two faces A; and Aj and f is
non-degenerate on A;. Taking a suitable triangular coordinate change, we can make f non-
degenerate on Ay. Hence this gives the series (C, O) ~ By20 Be3, k =5,...,12. We can
consider the cases (3) and (4) similarly. O

REMARK 2. In(4)of Lemma 5, we have the following symmetry. Let

Fx,y1) = (1 4+ a1x?)?(y1 + a3x)?(y1 + asx?) 4 (higher terms)

be a defining polynomial of (C, O). First we take a change of coordinates (x, y) with y, =
V1 +a1x2 and we take further changes of coordinates of type y» — y>+c¢ xf, 2 < J <lk2/2]
if necessary and we can assume

O, y2) = y2 (2 + (a3 — anx?)? (2 + (a5 — ap)x?) + Bx 2+ 4 (higher terms) .

The Newton boundary consists of two faces A; and A, and f is non-degenerate on A; but
degenerate on Ay. (Here “higher terms” are linear combinations of monomials above the
Newton boundary.) Let P; = (1, 2) and P, be the weight vectors corresponding to Ay, A;
respectively. To make Cone(E1, P;) regular, we need to put one vertex 77 = (1, 1). The
subdivision of the cones Cone(P;, P») and Cone(P>, E») depends on the parity of k» (i.e.,
either k; is even or odd).

For kp = 2m + 1, we get P = /(2,2m + 1) and Cone(P;, P;) and Cone(P,, E5) are
subdivided into regular fans by adding vertices {T; = '(1,i), 3 <i <m}and S =(1,m+1).

For k; = 2m, we get P, = (1, m)) and Cone(P;, P>) is subdivided into a regular fan
by adding vertices {T; = "(1,i), 3 <i < m — 1}. The Cone(P,, E3) is already regular. Note
that in any case, the corresponding resolution is minimal. In the second case, E (P)? = —1
but it intersects with two components of C.

.-"O ,fo
e N PP
y1 B

E(Pl) k2 =2m

FIGURE 6
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After taking the toric modification with respect to the canonical subdivision, we have
~ B
(C.&) ~ By, 2. Hence (C, 0) ~ By, 2 0 By 1 o (B ) 2.
Using the canonical subdivision for the second toric modification, we see that the reso-
lution graph has three branches with the center E(Py): one branch with a single vertex which

corresponds to E (T1). The second branch corresponds to the vertices in Cone(P;, P») and
Cone(P,, E») (respectively Cone(P;, P»)) for kj is odd (resp. even). The third branch corre-
sponds to the vertices for the second toric modification.

To see the relation between the second and third branches, we take a change of coordi-
nates (x, y3) = (x, y2 + (@3 — a1 Yx2) from the beginning. After a finite number of triangular

By
%2 By an

changes of coordinates, we arrive at the expression (C, O) ~ Bké,z oBy 10 (322 D
easy calculation and by the minimality of the resolution, we see that k’1 =ky—4, ké =k +4.
Thus By, 20831 0 (BZZ I)Bkl*2 ~ By, 1420810 (BZZ 1)31‘2’4*2. Therefore in the classification,
we can assume that k| + 4 > k».

Next we consider the case ¢t > 6.

LEMMA 6. Assume the case IlI-(b) and t = 6. Then the topological type of (C, O) is
generically By 2 o Bg 3 and it can degenerate into (BSZ’Z)B]'2 oByjorBgsoBy ;o (Bzz,l)Bk*z,
k=1,...,8).

PROOF. We take a local coordinates system (x, y1) so that C» is defined by y; = 0 and
f5(x, y1) = Braxy? + B31x>y1 + Beox® + (higher terms). Then f (x, y1) is written as

F,y1) = ) + (Braxy} + B31x°y1 + Beox®)? + (higher terms)
=37 + (Braxyt + Ba1xy))? + (Ba1x yi + Beox®)? — 3x°y7 + (higher terms) .
If 31 # 0, I'(f; x, y1) consists of two faces Ay, Ay and
Fa e,y = v+ 2298 Byt + BaixD?, fay(x, y) = (Baixdyr + Beox®)? .

In this case, we first take a triangular change of coordinates of type (x, y2) = (x, y1 +c3x° +
c4x*) so that the face A, changes into a non-degenerate face A/, (a new face after a change of
the coordinate) and

fay (6, y2) = B31x®(3 +¢5x%), 3 #£0.

If f is non-degenerate on Ay, we have (C, O) ~ By > o Bg 3.
If f is degenerate on A; (B3] = 4,3132/27, B31 # 0), then

fa @,y = a@?yF Oyt + BHx?)Oy1 + 4B7x%)?

where « is a non-zero constant. To analyze the singularity on A1, we take a toric modification:
let P = (1, 2) be the weight vector corresponding to A; and we take a toric modification
with respect to an admissible regular simplicial cone subdivision £*, 7 : X — C2. We
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may assume that o =Cone(Py, T1) is a cone in X* where T7 = (1, 3). We take the toric
coordinates (u, v) of the chart Ci. Then we have 7, (1, v) = (uv, u2v3) and

mEfu,v) = oa?u'%? f(u, v) = a2u10v12<(9v + B2,)(9v + 487))* + (higher terms)) .

The strict transform C splits into two components. We see that one of the components of
C which correspond to the non-degenerate component of f, is smooth and intersects trans-

versely with E(P) = {u = 0}. To see the other component of C, we take the translated toric
coordinates (u, vy), v = 9v+4,3122. Then f(u, V) = cvlz—l—y]u—i—(higher terms) where c is a

non-zero constant. Hence if y; # 0, we get (C, O) ~ By 0By, o(BZZ’I)B"z. If y; = 0, taking
a triangular change of coordinates of the type (u, v2) = (u, vi+dju+-- -+djuj), Jj =1k/2],

we can easily see that (C, O) ~ Bgs o By 10 (B22’1)Bk’2, (k=2,...,8).
Next we consider the case 831 = 0. Then

N(f5x,01) = y7 + x> (Buayt + Boox)?
where g0 # 0 since « = 6 and I"(f; x, y1) has two faces A and A; and the corresponding

face functions are given by fa, (x, y1) = yf—i—,Blzzxzyf and fa,(x, y1) = x2(,312yf+,360x5)2.
Thus f is non-degenerate on A; and degenerate on A,. Then taking a toric modification

which is the same as (4) of Proposition 3, we get (C, O) ~ (352 2)131’2 0By ;. O

For the remaining cases ¢ > 7, we can carry out the classification in the exact same way.
So we can summarize the result as follows.

PROPOSITION 6. Suppose that Cy is smooth, ms = 3 and the tangent cone ToCs
consists of L1 and a single line Ly where L is a line with multiplicity 2. If « = 3, we have
(C, 0) ~ Bgs. If v > 4, then Cy is tangent to either L1 or Ly and we have the following
possibilities.

(I)  Assume that the common tangent cone is L.

Then the germ (C, O) can be of type B3 4 0 By 5,14 for 4 < < 10. (Lemma 4).
(Il) Assume that the common tangent cone is L.
Then the germ (C, O) can be of type By, 5 fort =4,5 and Bs,_3120 Bs 3 fort =6, ..., 10.
Further degenerations are given for fixed v by the following list.
(1) Ift =5, then we have
(@ (C,0)~ Br20Be3(5<k=<12)
(b) (C,0) ~BrzoBsr(k=7,...,11), B30 Bsy0Bsp, B30 B720Bsp
and Bypo B3 10oByp (k=17,8,9).
(© (C,0)~ Biyta20Baio(Bj )2
where (ki,k2) is in {(k1,k2);13 — ko > ki > ko — 4, kp = 5,...,7} U
{(4,8), (5,9}
2) Ifit= 6, then we have

@ (C,0)~ (B2) 0By,
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(b) (C,0)~ByaoByio(By)Bk2(k=1,...,8)
3) Ift="1, then we have

(@) (C,0)~ (B2

(b) (C,0)~ Bisp0By10 (Bil)Bkl k=1,...,7)
@) Ifuv =8, then we have

2 \Bsat+Bi2 2 \B32

(@ (C,0)~ (B, o By1 and (B3,)"? o By |

(b) (C,0)~BiyaoByio(By )2 (k=1,...,6)
S) Ift =9, then we have

@ (C,0)~ By

Bg 0 By1

(b) (C,0)~BuprobByjo (322)1)3"’2, (k=1,...,4)

(6) Ifit =10, then we have
B B B
@ (C,0)~ (B2 "2 0By, (B],) o By and (B5,) %o By
(b) (C,0)~ByaoBaio(By B2, (k=1,....5 k#4)

o By 1and Bi3,40 By 1.

2B,
oBy 1, (35,2) 0By 1, Bigao By and Biipo

B72+B2

(b-2) Assume that C» is a union of two lines passing through the origin (my = 2) and
ToCs consists of a line with multiplicity 2 which is defined by {y = 0} and a single line is
{x = 0}. Thus we assume that fs(x,y) = b]zxy2 + baox* + bo4y4 + (higher terms). We
assume that two lines of C; are defined by ¢1 := {y + a1x = 0}, £» := {ooy +x = 0} and
weputy; = I (¢;,Cs; O) > 3fori = 1,2. Then we have t = (1 + 1 > 6. If « = 6, then we
have (1, t2) = (3, 3) (a1, 2 # 0). If ¢ > 7, then we have several possibilities of (¢1, t3):

wn” 6
4,3 5,4
PN TN
(3,3) 4,4) 5,5
R IO
™ (3,5) 7

The above diagram depends only the numbers (a1, o2, bag, boa).

PROPOSITION 7. Suppose that Cs is a union of two lines and the tangent cone TpCs
consists of a line with multiplicity 2 and a single line (ms = 3). Then we have the following
possibilities.

(1) Ifu= 6, then we have

B
(@) (C,0)~ (B3, " 0B,
(b) (C,0)~ Bg4goBrgand Bypo BsroBrg (5 <k=<12).
2) Ifuv =1, then we have two cases: (11,12) = (4,3) or (3, 4).
(@) If (t1,12) = (4, 3), then we have
. B

(i) (C,0)~ (B3,)" "o By,

(ii) (C,0)~ Bg4o By 11 and By o Bspo By 11 (5 <k <10).
®) If (i1, ) = (3, 4), then we have (C, 0) ~ (B},)™*? o Bye.

(3) If it =8, then we have two cases: (t1,12) = (5,3) or (4,4) or (3, 5).
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(@) If(t1,12) = (5,3), then we have (C, O) ~ (B32!2)B4~2 o B> 16.

(b) If (t1, 12) = (4, 4), then we have (C, 0) ~ (B2,)™2 0 By 11.
3,2 s

©) If(t1,) = (3,5), then we have

(i) (C,0)~ (B;,)*520 By,

(i) (C.0)~ (B2, 0 Bag, (B2,)*"* o Bag and Bis4 0 Bas.
If 1 =9, then we have two cases: (t1,12) = (5,4) or (4, 5).
a) If (t1, 1) = (5,4), then we have (C, O) ~ (B2 )Bg'2 o By 16.
(@ If 32 ,
() If (t1,12) = (4,5), then we have

(i) (C,0)~ (B;,)*20Byn,

.. B, 2B

(i) (C,0)~ (B3,) %o Ba11, (Bg,)" "? o By and Biz 4 0 By 1.
If 1 = 10, then we have
(@) (C.0)~ (Bi,)*%52 0B s,

B 2B
(b) (C,0)~ (B5,) **oBaie (Bg,) "o Baisand Bi3 4o By e

We omit the proof as it is parallel to that of Proposition 3.

Case III-(c): In this case, we may assume that T Cs is defined by y3 =0.

(c-1) Assume thatmpy = 1. If « = 3, we have (C, O) ~ Bg s by Lemma 2. Therefore
we consider the case ¢ > 4. If « = 4, we have (C, O) ~ Bg s as in case (b-1). If ¢t > 5, we get
the following possibilities.

PROPOSITION 8. Suppose that Cy is smooth, ms = 3 and the tangent cone ToCs is a
line with multiplicity 3. Then the germ (C, O) can be of type By, 5 for t = 3,4 and
if t > 5, we have the following possibilities.

ey
)
3)
“)
)
(6)

If 1 =5, then we have (C, O) ~ Bs jpand By2 0 Bg3 (k=5,...,12).

If 1 = 6, then we have (C, O) ~ By o Bg 3 and Bi3 5.

If 1 =77, then we have (C, O) ~ B4 0 Bg 3, B7.2 0 Bg 3 and B4 5.

If 1 = 8, then we have (C, O) ~ B9z o Bg 3, B12,2 o Bg 3 and Big 5.

Ift =9, then we have (C, O) ~ B4 0 Bg 3, B17,2 0 Bg 3, B10,2 0 B10,3 and B3 s.
If 1t = 10, then we have (C, O) ~ Bag20 Bg 3, B22,20 Bg 3, B15.20 B1o,3 and By s.

We omit the proof as it is parallel to Lemma 5 and Lemma 6.
(c-2) Assume that C; is a union of two lines passing through the origin and TpCs is

defined by {y> = 0}. Then we have ¢ > 6 and we can list the possibilities as in the following
proposition.

PROPOSITION 9. Suppose that Cy is a union of two lines passing through the origin

and the tangent cone ToCs is defined by {y> = 0}. Then we have:

ey
)
3)

If v =6, then we have (C. 0) ~ (33,3)36’2, By o (332,2)32’2, Bio,6 or Be 3 o Bs 3.
If 1 = 7 then we have (C, O) ~ (B‘% 3)311,2.
If 1 = 8 then we have (C, O) ~ B9 o (B32,2)B7'2 or (C. 0) ~ (352!3)&0,2.
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The proof is parallel to the previous computations.

44. CaselIV:ms=4. Wedivide Case IV into five subcases by the type of 7o Cs.

(a) ToCs consists of four distinct lines.

(b) ToCs consists of a line with multiplicity 2 and two distinct lines.

(¢) ToCs consists of a line with multiplicity 3 and another line.

(d) ToCs consists of a line with multiplicity 4.

(e) ToCs consists of two lines with multiplicity 2.

First remark that if C; is smooth and C3 intersects transversely with TpCs at the origin
(t = 4), we have (C, O) ~ Bg s by Lemma 2. So hereafter, we consider the case C> and
To Cs does not intersect transversely. First we prepare the following Lemma.

LEMMA 7. Suppose that the conic C3 is smooth and let (x, y1) be a local coordinate
system so that Cy is defined by y; = 0. We put f5(x,y1) = y1(y1 + c1x)(y1 + c2x)(y1 +
c3x) + (higher terms). Then

(1) Ifc; #0fori =1,2,3,then (C, O) ~ By, 5 fort =4,5and if 1t > 5, we have two

series Bxo o Bs3,5 <k <10forit=5and Bs,_2120 Be3 fort =6,...,10.
2) Ifci1 =0andc; #0fori = 2,3, then we have (C, O) ~ By, 5 fort =4,5,6 and
(C,0) ~ Bs,_2820Bg3fort=17,...,10.

(3) Ifci = c2 = 0and c3 # 0, then we have (C, O) ~ By 5 fort =4,...,8 and
(C, 0) ~ Bs,_3520 Byp3 fort =9, 10.

@) Ifci=0, (i =1,2,3), then we have (C, O) ~ By, s fort =4, ..., 10.

PROOF. We consider the Newton boundary N (f, x, y1). We have
N(fx, ) = y7 +2x8yF + 2¢Bs0x®y1 + B30, where ¢ = cieacs

and I"(f; x, y1) consists of one face A with the weight vector /(1,2). We can see that the
discriminant R of the face function fa(x, y1) = N(f, x, y1) in y; can be written as R =
,330 o x* where o is a polynomial of ¢ and Bs¢. Then we have (C, O) ~ Byp5if R #0, t =5
(¢ = 5 if and only if B50 7# 0). We observe that R # 0, if ¢ = 0 and B50 # 0.

We first consider the case (1): ¢; % 0,i = 1,2,3. Note that o = 0 and B50 = 0
is impossible. If Bsoa # 0, then we have ¢ = 5 and (C, O) ~ Bjp 5 as observed above.
Thus we consider the case @« = 0 or 5o = 0. In both cases, by taking a suitable triangular
change of coordinates, we can get a non-degenerate singularity. If « = 0, then we have
(C, 0) ~ BrpoBg3,5 <k <10.1If Bso = 0, then we have B5,_21 20 Bg 3 fort =6, ..., 10.
Hence we have assertion (1).

To consider the cases (2) ~ (4), we may assume Ss9 = 0. Then we can write

F5(x, 1) = ¥ + (2 + e3)xy} + cac3x?y7 + Barx*yi + Beox® + (higher terms)

and we have N(f; x,y1) = yij + ,3620x12 and note that g9 # O if and only if t = 6. If
Bso # 0, then we have (C, O) ~ Bjz5 and if Beo = 0, then we have ¢t > 7. Secondly we
consider that (2): ¢y =0,¢; #0, (i = 2, 3). Then

fs(x, 1) = ¥t + (2 + c3)xy3 + cac3x®y? + Barx*yi + Brox” + (higher terms)
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and we have N'(f;x,y)) = y? + x8(,341y1 + ,370x3)2. The assertion (2) follows easily
by the Newton boundary argument. For the assertions (3) and (4), we can consider them
similarly. O

Case IV-(a): Now we classify the singularities in this case. We have the following.

PROPOSITION 10. Suppose that the tangent cone To Cs consists of four distinct lines.
(1) Ifthe conic Cy is smooth, then we have the following possibilities.

If 1 = 4, then we have (C, O) ~ By, 5.

If 1 =5, then we have (C, O) ~ By, 5 or Bx2 0 Bg3 (5 <k < 10).

If 1 > 6, then we have Bs,_212 0 Bg3 fort =6, ...,10.
(2) Assume that the conic Cy is a union of two lines €1, £>. Putting ;; = I (¢;, Cs; O)

fori=1,2,we have (C, O) ~ Bs;,_16,2 0 (322)2)232'2 o By 5,-16 Witht] +12 =t

PROOF. The assertion (1) immediately follows from Lemma 7. The assertion (2) fol-
lows from the Lemma 3. |

Case VI-(b): In this case, we denote components of 7o Cs by L, Ly and L3 where L
is a line with multiplicity 2.
(b-1)  Assume that C; is smooth (m2 = 1). Then we have the following.
PROPOSITION 11. Suppose that Cy is smooth and the tangent cone To Cs consists of
a line with multiplicity 2 and two distinct lines. The germ (C, O) ~ Bg s forv =4. If 1 > 5,
we have the following possibilities for (C, O).
(1) We assume that C, is tangent to Ly or L3. Then (C, O) ~ Bs 9 or (C, O) ~
B3go By, (5 <k <10)fori=5and B3 g0 By 521 fort=6,...,10.
(2) We assume that C is tangent to Ly. Then (C, O) ~ By, 5 fort =5,6and (C, O) ~
Bs,_2820Bg3fort=17,...,10.

PROOF. The assertions (1) and (2) are immediate by Lemma 4 and Lemma 7. O
(b-2) Assume that C; is a union of two lines passing through the origin ¢; := {a;x +

biy =0}, (i =1,2)and we assume that L} = {y> =0}, Ly = {x =0} and L3 = {y +cx =
0.

PROPOSITION 12. Suppose that C; is a union of two lines and the tangent cone Tp Cs
consists of a line with multiplicity 2 and two distinct lines. Then

B B
t=8: (C,0)~ Bgso (312,1) *>0 B4, BapoBsjo (312,1) 2o By.
B B
t=9: (C,0)~ (B3, Zo(Bf)) PoBys, =L or
B B
Bsao(BL) " oByg, BspoBipo(Bi) oByy, {1=0Ls.

Bs

(=10: (C,0)~ (B3)™? 0B} )™ 0 Brg, &1 = L1, tr =Ly,

B B
Bsao(Bf|) “oByg,BspoB3ao (Bl CoByy, &=Ly {r=0Ls.
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We omit the proof as it follows from an easy calculation.

Case IV-(c): We assume that Tp Cs consists of L1 and a simple L, where L is a line
with multiplicity 3.
(c-1) Assume that C3 is smooth. Then we have the following.

PROPOSITION 13. Suppose that Cy is smooth and Cs is as above. Then (C, O) ~ Bg s
fori = 4.
Assume that « > 5. Then the possibilities of (C, O) are:
(1) If Cyis tangent to Lo, then we have (C, O) ~ Bs 10, or B3¢ 0 Box, (5 < k < 10)
fort=5and (C, O) ~ B3 g0 By 521 fort=6,...,10.
(2) If Cy is tangent to L1, then we have (C, O) ~ By, 5fort =4,...,8and (C, O) ~
Bs,_352 0 Byo3 fort =9, 10.

The proofs of (1) and (2) are immediate from Lemma 4 and Lemma 7.

(c-2) Assume that C3 is a union of two lines ¢;, i = 1, 2 passing through the origin and
put ¢; := {a;x + b;y = 0} fori = 1,2. We assume that L; = {y> = 0} and L, = {x = 0}.
Then we have « > 8.

PROPOSITION 14. Suppose that C» is a union of two lines £1, £> and ToCs consists
of L1 and a simple line Ly where L is a line with multiplicity 3. Then

(1) Ifv =8, thenwe have (C, O) ~ Bg ¢ o By 4 and Bs3 o B4 3 0 By 4.

(2) Suppose that 1 = 9.

(@) Ifty = Ly, thenwe have (C, O) ~ (34%3)35’2 o By 4and Bs3 0 Bsyj3o B)o.
(b) Ifly = Ly, then we have (C, O) ~ Bg o By 9.

(3) Ift =10, then we have £{ = L1, £y = L and (C, O) ~ (134%’3)35*2 o By.o.

Case VI-(d):

PROPOSITION 15. Suppose that the tangent cone To Cs is a line with multiplicity 4.
(1) If Cy is smooth, then we have (C, O) ~ By, s fort =4, ..., 10.
(2) Suppose C3 consists of two lines.
(a) Ift =238, then we have (C, O) ~ Bjiog and B2 |1 o B4 3 o Bs 4.
(b) Ift =9, then we have (C, 0) ~ (B2 ).
Note that when ¢ = 10, C is a linear torus curve. See §6.

Case VI-(e): In this case, we denote the lines with multiplicity 2 of TpCs by L1 and
L.
(e-1) Assume that C; is smooth.

PROPOSITION 16. Suppose that C; is smooth and the tangent cone T Cs consists of
two lines with multiplicity 2. If 1 = 4, then the germ (C, O) ~ Bgs. If t > 5, then we have
the following possibilities of (C, O).

(1) IfCyistangentto L1, then we have (C, O) ~ By, 5fort=15,6 and Bs,_33 20 Bg 3

forv="17,...,10.
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(2) IfCyistangentto Ly, then we have (C, O) ~ Bs, fori1=15,6 and B3 g o By 5,23
fore=17,...,10.

(e-2) Assume that C; is a union of two lines.

PROPOSITION 17. Suppose that Cy is the union of two lines and the tangent cone
To Cs consists of two lines with multiplicity 2. Then

(1) Ift = 8, then we have (C, O) ~ Bg 40 B4, Bs2 o B320 Bsygand B4y o B3po
B30 B 4.
(2) Ifi =9, then we have (C, O) ~ Bg 4 0 (B23)" and By 2 o B3 2 0 (B2 )™,

(3) Ift = 10, then we have (C, O) ~ (1932,2)35’2 o (1322,3)35’2

4.5. Case V: ms5s = 5. In this case, we have ¢ > 5. Similarly we can also divide this
case depending either C; is smooth or a union of two lines.

PROPOSITION 18. Suppose that the multiplicity of the quintic Cs is 5, i.e., C5 consists
of five line components. Then we have the following possibilities of (C, O).
(1) If Cy is an irreducible conic, then we have (C, O) ~ By, 5 fort =15, ..., 10.
(2) If Cy consists of two lines, then f is a homogeneous polynomial of degree 10 and
therefore (C, O) ~ Bjo,10, i.e., C consists of 10 line components.

5. The classification
Now we have the following local classification.

THEOREM 1. Let C = {f = f25 + f52 = 0} is a (2,5)-torus curve. We assume that
Cy = {f> = 0} is a reduced conic. The topological type of (C, O) is equivalent to one of the
Jfollowing where T(C, O) denotes that it has the degenerate series.

I If Cs is smooth, then we have (C, O) ~ Bs, 2,1 =1, ..., 10.

II.  Assume that Cs is singular.

(II-1)  Assume first that Cy is an irreducible conic. Then we have:

t (C,0)

B3p0By3, Bsy

B3 )
Bg 20 By 3, (332_2) , Bes

y 2B
Bi3p0By3, BgpoBy3, Bgs, T(Biz) ’

B72+B 2

Bigp o0 B3, BiipoBy3, TBios, T(Biz)

Bi22+B2
By3 20 B33, Bigoo B3, TBypo B3, Blas, T(Bf,z) '

Bi72+B2 2

Byg 20 By 3, BajpoBy3, TBia20 Bg 3, T(Biz) , B720Bg3, Blas

0 | N ||| W

y wop2 \B22+B22
B3320 B33, BygpoBys3, TBi920 Bs3, T(By,) , BippoBg3, Bigs
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. y By72+B2 2
9 B3g20By3, B31p0By3, TBogpno Bg3, T(Biz) ’ ’

By720Bs 3, Bjo2oBio3, Bigs

" y B3y 2+B 2
10 Bgzpo0By3, B3gpoBy3, TBygpo Bg 3, T(Biz) ’

By 20 Bg3, BispoBio3, Baos

The singularities with T have further degenerations as is indicated below.

T (15"%,2)232’2 Bio4, BkpoBys (6 <k =15

¥ (35’2)37,2+Bz,2 (352!2)35,2

i (B3 T (B2 ) (B2)™ Bisa

¥ (B42’2)B|7,2+32,2 (362’2)38'24_83'2, (B72’2)B7y2

¥ (Biz)Bzz,erBz,z (362’2)313,2+33,2’ (35)2)25’4,2’ (392)2)35,2
B4, Bi20 Biop (k=11,12)

¥ (32’2)327,2+32,2 (362’2)318,24‘33,2’ (35)2)5’9,2+B4,2’ (392’2)310,2

¥ (32’2)332,2+Bz,2 (B§’2)323,2+Bz,27 (B§!2)B]3'2+B4'2, (3120!2)235,2’ (3121!2)36,27
(3122,2)231’2, B)s 4

¥ Blos : BiaoBs3(5<k<12), BizoBys(T<k<11), B3joBsyoBys,
B3 10B720B42, BraoB31oBsp(k=17,8,9), Bk2+4,2032,1O(BZZ,I)B""Z,
(ki, ko) € {(ki, ko) | ka—4 < ki < 13—ka, 5 < ko < TYU{(4,8), (5,9)).
T BgooBg3 : (BSZ’Z)B]‘2 0By, BopoByjo (322,1)31(,2 (1<k<8)
T Bia20Be3 : (352’2)31,2 0By, Bi3aoBa, BiasoBy o (Bg)l)Bk2 (1<k<7)
T Bio2oBes 31220(332,1)31’2032,1’ (372,2)34’2032,1, 319,2032,10(322,1)Bk’2 (1<
k <6)
i BuaoBos : Binao ()" e By, (35,2)232’2 o Bi2, Bisao By,
Bysp0B3 10 (Bzz!l)Bk’2 (1<k<5)
T BagpoBs3 @ Bypoo (1’332,1)31’2 oB21, Bnao (B‘%’I)BZ2 0By, (Bg,z)stz 0By,
B <k <s k£4

(II-2)  Next we assume that Cy consists of the two distinct lines. Then we have:

Bxpo By o (322)1)
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L (C, 0)
4 BypoBys. 1(B3,)"2
5 Biz 0By, (35‘2)313’2
6 BigaoByg, Bizzo By 13, T(Biz)z&'z
Bso (B ™42 0 Byg. #(B2y"*? 0By, 1(B2y) 2
7 By3p0By38, Big20B 13, TBigao (B§,1>B7’2
Biiao (B2 0By, (B2,)M2 0By, (B2 0By, (2572

2 \Ba2
8 B30 0By 13, Big20 Ba1g, Bi1,20(Bi ) " 0By 11, Be 4o Bs4. Bios
Byo By > By o N 2Bs
316’20(312’1) "o B, (332’2) “oBy 11, (332’2) w0 By 16 {(Biz) oByg

2B 2B B
Bygo(By,)” ?oByy, TBsao(BL )" >2oBy4, TBygoBaa, Biao(Bi,) 7’

B
9 B3 p0Bp 18, Bigoo (312,1) 20 By 11
B 2B 2B
(332’2) 2 5 By 16, T(Biz) 326 By 11, Boso (B%’z) 226 Byy
B B B B
Bs4o (B ) 0By, (B3 7o (Bf ) 0Bya, tBsao (Bl 7 oByy

B B B
T(Bf3) "> oByg, (BZ,) 7, TBsao(B33) %, BggoByo

B,
10 By320By23, Bigoo (312,1) *2 0 B 16
2B 2B B
(B, % 0By, Bopo (B3, *?oByg, TBsao(Bf) " oByo

B B B
(332’2) 5.2 (B%,l) 226 By9, Bg4o (Bil) 725 By 4

B B B
(B33) 20 Byg, (B3,) 2 o(Byy) 7

The singularities with T have further degenerations as is indicated below.

(332,2)38’2 (35,2)232’2, Bio,4, Br2oBzs (6 <k <15)

B2 (B2 (B2,)P, (83", Bis

Bigoo (B3 )™ 1 (B2,

(B32!2)B4’2 oBys, BsaoBrs, BraoBiroBrg (5<k=<12)
(1932,2)34'2 oBy11 1 BgaoBri1, BraoBizoByir (5<k=<10)
(32,2)235’2 o By : (BSZ,Z)BG’2 o Bag, (Bg,z)wl’2 oBys, BizsoBag
(Biz)ZBS'2 oBy1 (852)2)36'2 o By11, (362’2)23"2 oBy11, Bizao B

2Bs57 i Bg 2 2B
oByi6 : (352,2) o By 16, (Bé,z) o By16, Biz4o B s

(B} ,)
B
(32,3) “* : Bioe. Be3zoBs3
B B
B4 0 (5’12,]) *>0By9 : BszoB3jo (312)1) >0 B

B72 B7
Bg,40 (Blz,l) “oBy4 : BszoB3no (312,1) oBy4

—+ = = = bk =k =k = = = =

B . Br
Bg 4 0 (Blz,l) 0By : B4zoB3no (312,1) 0By
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T BggoBra : BsgoBizoBy4
T BgeoBro 1 BssoBszoBrg
¥ BsaoBsg : BypoBzpoByg, BiszoB3pzoBr3zoBrg

B B
t Beao(Byy) " BagoBigo(Biy

6. Linear torus curve of type (2, 5)
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DEFINITION 3. Let C be a torus curve of type (2, 5) which has a defining polynomial
f which can be written as f(x, y) = f2(x, y)> + f5(x, y)2 wheredeg f; = j (j =2,5). If

fo(x, y) = £(x, y)? for some linear form ¢, then C is called a linear torus curve.

A linear torus curve of degree 10 is a union of two quintics.

6.1. Local Classification. In this section we determine the local singularity of linear

torus curve type (2, 5).

For the determination of (C, O), we divide it into five cases as in the previous sections.
If Cs is smooth, we have already determined the singularity (C, O) by Lemma 1. Hence we

consider the case that the multiplicity of Cs is greater than or equal to 2.

6.2. CaseL-II: m5s = 2. Inthis case, ToCs has two types and we have: = 4, 6, 8, 10.

PROPOSITION 19. Suppose ms = 2.

(1) If the tangent cone ToCs consists of two distinct lines, then we have (C, O) ~

Bs,_1220 By g fort=4,6,8, 10.
(2) Assume that the tangent cone To Cs is a line with multiplicity 2.
(@) If(Cs, O) ~ B3, then we have
@) (C,0)~ (B2)™? fori=4and

(i) (C,0)~ (B2 fori=6.

(b) If(Cs, O) ~ By, then we have
2322

(i) (C,0)~ (By,)"** foru=4,
(i) (C,0)~ (B3,)*"*? fori =8 and
(i) (C,0)~ (B} for = 10.

(¢) If(Cs, O) ~ Bs, then we have
(i) (C,0) ~ Bipaand By o Bys5 (6 <k <15) fort =4

(i) (C,0)~ (B2,)™? for =38,

(i) (C,0) ~ (B2,)™? fort = 10.
(d) If(Cs, O) ~ Bg 2, then we have (C, O) ~ (Béz) forit = 8.
(e) If(Cs, O) ~ By, then we have (C, O) ~ (B7272)B]2’2 fori=28.

238,2
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The proof of the assertion (2) is mainly computational. See the proof of Proposition 3.

3,4,
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® If(Cs, O) ~ Bg 2, then we have (C, O) ~ (B§,2)234'2f0rt =8.

(g) If(Cs, O) ~ By, then we have (C, O) ~ (392)2)34'2 fori=28.

(h) If(Cs, O) ~ Bjo,2, then we have (C, O) ~ By s and Bi2 o Bjp3 (11 <k <

13) for = 8.

PROOF. The assertion (1) is shown by the Newton boundary argument (See Lemma 3).

O

6.3. CaseL-IIl: ms = 3. Inthis case, TpCs has three types and we have t = 2k, (k =

5).

PROPOSITION 20. Supposems = 3.

(1) If the tangent cone ToCs consists of three distinct lines, then we have (C, O) ~

(B2,)°™*% and Bys5 o (B2)*™* and Bas 2 o (B2,)""* for 1 = 6,8, 10.

(2) Suppose the tangent cone To Cs is a line with multiplicity 2 and a single line.

(a) Ift =6, thenwe have (C, O) ~ Bgso (322’3)34'2, Bg4o0Bygand BypoBypo

By, (5 <k <10).
(b) Ifit =8, then we have the following.

(i) If the tangent cone TopCs is {)cy2 = 0}, then we have (C, O) ~

Biap
(332’2) o Bye.

(ii) If the tangent cone ToCs is {x%y = 0}, then we have (C, O) ~ Bigo o

(322,3)84’2, Bi6,2 0 B4 g and Big2 0 By ao By g, (5 <k <10).
(c) Ift =10, then we have the following.

(i) If the tangent cone TopCs is {)cy2 = 0}, then we have (C, O) ~
2B B 2B 2B
(Bz%,z) "0 By, (Bg,z) 20 By, (Bg,z) “*oBy6, (35,2) **0By6,

Big2 0 Bag and B9z o By g.

(ii) If the tangent cone ToCs is {x%y = 0}, then we have (C, O) ~ By 0

(322,3)34’2, B2 0 Bagand Byg 20 BrpaoBoy, (5 <k <09).
(3) Suppose that the tangent cone To Cs is a line with multiplicity 3.
(@) If v = 6, then we have (C, O) ~ (B‘%,3)B("2
B3¢0 Bs3.
() Ift =8, then we have (C, O) ~ (34%3)3]6’2.

(¢) Ifit =10, then we have (C, O) ~ Bs 2 o (332!2)312,2 and (352)3)320’2.

6.4. Case L-IV: m5 = 4.

PROPOSITION 21. Suppose that the multiplicity of (Cs, O) is 4.

(1) Assume that the tangent cone ToCs is four distinct lines. Then

(a) Ifv =8, then we have (C, O) ~ (35)4)432‘2.

B
s Bgpo (B32,2) *?, Bio,6 and
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() If = 10, then we have (C, 0) ~ Biaz o (B2 >,

Assume that the tangent cone ToCs is a line with multiplicity 2 and two distinct
lines.

(@) Ift =8, thenwe have (C, O) ~ (B3 ,)
(b) Supposet = 10.
(i) If the tangent cone To Cs is {x*y(y + cx) = 0}, then we have (C, O) ~
B B
Biap o (5’12,]) *? 0 Bs g and Bis o (312)1) **0By30 By
(ii) If the tangent cone ToCs is {xy(y + cx) = 0}, then we have (C, O) ~
B 2B
(B3;) " 0 (B3,)" " 0 Baa.
Assume that the tangent cone To Cs is a line with multiplicity 3 and another line.

(a) Ift =28, then we have (C, O) ~ B4 o Bgg and By o B3 40 By 30 By .
(b) Supposet = 10.

2B 2B
226 B4 and (322 2) 226 By30B24

(i) If the tangent cone TpCs is {x3y = 0}, then we have B14 o Be g and
Bi42 0 B340 By30 Bjp.
(ii) If the tangent cone TpCs is {xy3 = 0}, then we have (32’3)310'2 o B 4.
Assume that the tangent cone To Cs is a line with multiplicity 4.
(a) Ift =28, then we have (C, O) ~ Bg 10 and Bs 5 o B3 4 0 B] .
(®) If = 10, then we have (C, 0) ~ (B} 5)""2,
Assume that the tangent cone To Cs consists of two lines with multiplicity 2.
(a) Ift =8, thenwe have (C, O) ~ (BE‘!Z)ZB'O'Z, (Bil)Bm’zoB4,6 and (Bil)B]O'zo
By 30 B 4.
(b) Ifit = 10, then we have (C, O) ~ (B32)2)B'0'2 0By ¢ and (B32’2)B]0’2 0Br30B) 4.

Putting together the above classifications, we have:

' (C,0)
2 | Bio2

B
4| B, BgaoByg, T(B3,) "7

B30,2. Big20 B3, T(B32’2)Blg’2

Bo.2 (3%3)34'2’ (B4 3)%62, 1(B33)
B Bzo s 1B By (BT By
8 | (B2,)"1%2 0 Byg, 1Bisn o0 (B2™2, 182" 0 Byyg
'1'34’,2 ° Bg g, T(Biz)zBlO’z, Bigao (19%’2)234»2

3By

432’2

Bsp,2, B3g 20 By, T(Bf_z)Bzz‘erB'z‘z» (34%3)3'0‘2032_4
#(B2) 1% 0 Byg. Bagoo(B2y) "2, Bio10. Biao (B )™ 0 Byg
'1'34,20(332,2)312’2, 314,20(332’3)332’2, (32,5)310’2, TBi1a20Bgs

183 )1 0 (B3 )°"2 0 By, Bagao (B3 "2, (879"

10
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THEOREM 2. Let C be a linear torus curve of type (2,5). The (C, O) is described as
follows.

B 2B
T (B3,) © Biog, (Bf,) %, BraoBsay (6<k<15)

B B 2B B 2B
TBS)TY n (BE)TNL (Bgy) T (BT, (Biy) T
Baos, Brao Bios (1 <k <13)

By
. (B3,

i (B3 R (B2

T Bgoo (1‘322,3)34'2 i BgaoBrs, Brp2oBiroBre(5=<k=<10)

T Biez2o (5’22,3)34’2 : Big2oBsg, Big20oBraoBri (5=<k=10)

T B2 0 (15’22,3)34’2 : BysooBsg, BrroBraoBri(5<k=<9)

T (B2 0 Bog 1 (B2)"°% 0 Bre, (B2y) "% 0 Bag. (BZ,) 0 Bag,

Bigp0Bs, Brg2o By
2 \Beo | 2 \B22
(By3) © Bspo(By,) 7, Bioe, Bs3zoBs3
2 \Bo | 2 Boo
B4,2°(B3,2) . (35,3)
2 \2B2»
(B3 ,)

By . By
Bigpo (5’1271) oB4e : Buapo (312,1) oBy30Ba4
Byr0Bsg : ByszoB3soBrzoBp.

. 2 (2B
oBse : BrsoBr3zo(Bj,) oBy3zo By

BiapoBsg : BigpoB340By30Bi
Bg 10 : BsysoB34o0Bip

2B10,2 Bio,2 Bio,2
(B3,) DL (BY )"0 Bys, (Bl))""?0Br3oBry

Bio,2 Bio,2
(332,2) “oByg : (B32,2) “oBy3oByy

B T T

7. Appendix

In this section, we give some examples of singularities which were obtained in the pre-
vious sections.

EXAMPLE 1 (Case I). We assume that the quintic Cs is smooth at O. Then we have
(C, O) ~ Bs, 2, 1 <1 <10. The following example

C: f,)=0"+y+xD)*+ (G +xD°

corresponds to ¢ = 10 and (C, O) ~ As9 and the Milnor number w is 49 ([1]).

EXAMPLE 2 (Case II-(a)). We assume that Tp Cs consists of two distinct lines.
@D C:fo,nN=0-x)+@+xy—x)%(C,0)~ Bzp0 B3,
t =10, u = 51.
(@-2) C: fx,»=xy"+O +yx+x°)2,  (C,0) ~ By3p0By 03,1 =10, u = 51.
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EXAMPLE 3 (Case II-(b)). We assume that Tp C5 consists of a line with multiplicity 2.

(b-1) C;: fx,y) = G+x)>H =y +2xy3+ 23+ D)y HQ2+)x2y + (1 +1)x*)?,
(Cr. 0) ~ (B} )™ 2 =10, p =55

This singularity degenerate into:

Co: f@x,y) = (v +xD) + (= +2xy> + 2x° + Dy + 2%y + x4,
(Co, O) ~ Bas 4,0 =10, u ="72.

Note that Cy is a rational curve.
b-2) C: flx.y) = (P +x0)3+ (G2 +2%% (C.0)~ B2, (=7, p=42.
EXAMPLE 4 (Case I1I-(a)). We assume that Tp Cs consists of three distinct lines.
@1) C: flr.y)=G+x)+ 0 +xy’ + & +x0)y>+ & +xH)y +xH?

(C,0) ~B3s20Bs43, 1=10, pu=>56.
@2) C: fx,y)=xy" 4+ +xy* +x’y+x°)?

(C.0) ~ Bigao (B 0 Byyg, 1=10, u=57.

EXAMPLE 5 (Case III-(b)). We assume that Tp C5 consists of a line with multiplicity 2
and a single line.

b1 C:fx,y)=0+xD"+ 0%+ y2x —x%2(C, 0) ~ By 0 Bg 3z, t = 10,

u=06l.
2B
(b-2) C:f(x,y) =2y + G +y2x+x9)%(C,0) ~ (Bj )" " 0 Byig, t = 10,
u==6l.

EXAMPLE 6 (Case III-(c)). We assume that TpCs consists of a line with multiplicity

©D C: f.y) =0+ +0°+y + 322 +y2° +27),
(C,0) ~Byr0Bg3, =10, u==61.
©2) C:fa.y)=xy+0*+x2% (C.0)~(BI)"? =8 p=55
EXAMPLE 7 (Case IV-(a)). We assume that T C5 consists of four distinct lines.
@1 C: flx,y) =0 +yx+xy? +2y23 + 3y + 202 + 0 + y +x2)°,
(C,0) ~ ByoBg3, =10, u=61.
@2) C: fx.y)=xy" 4+ +yx +yxd +x%)%
(C.0) ~ Buzo (B3,)" 0 Byis, =10, pu=67.
EXAMPLE 8 (Case IV-(b)). We assume that T Cs consists of a line with multiplicity 2
and two distinct lines.
(b-1) C: fx,y) = +y* +x2y3 +x292 +x*9)2 4+ (y +x2),
(C,0)~ Bxns0Bg3, =10, u==66.
(b-2) C: fx,y) =2y + @ +0)y° = y2a? +20°)7 + (yx —x?)°,
(C.0)~ Bsso (B} )20 Byo, 1=10, u=69.
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EXAMPLE 9 (Case IV-(c)). We assume that Tp C5 consists of a line with multiplicity 3
and a single line.
€D C: flx,y) =@y +y'x+ 2 +0y" +3y°0) + (% + (x + Dy +3x%)°
(C,0) ~ Bispo B3, t=10, u =71
(©2) C: f.y) =0 +yx+2%2+ )55 (C.0)~ (B} )™ 0 By, 1 =10,
u="71.

EXAMPLE 10 (Case IV-(d)). We assume that Tp Cs5 consists of a line with multiplicity

@D C: f,y)=2y + @+ Dy + 222 + >+ (x + Dy +x2)°
(C,0) ~ Bys, =10, u=7176.
Bs >

@-2) C: flx,y) = G2+ +yx)°, (C,0)~ (B3, =9, u=68.

EXAMPLE 11 (Case IV-(e)). We assume that TpCs consists of two lines with multi-
plicity 2.

B B
C: fr.y) =0+ 2+ 27+ 3%, (C,0) ~ (B}, 2o (Biy) 7,
t=10, u =T71.
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