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Introduction.

This paper is a continuation of [5]. As well known, a continuous map ¢ on a metric space
is considered as a chaotic map if ¢ has the following properties.

(1) The set of all periodic points for ¢ is dense.

(2) ¢ is one-sided topologically transitive.

(3) ¢ depends sensitively on initial conditions.
These properties are concerned with the orbit of a given initial point and the interesting re-
lation among these three conditions was shown in [1]. Moreover, the chaotic property of the
orbit of a point for the logistic map A(x) = 4x(1 — x) has been pointed out since old times
(cf. [8]). In [5], we considered how a.probability density function changed by the iteration
of a unimodal chaotic map and more generally we studied the behavior of a state changed by
the iteration of the transposed map ay; o of the x-endomorphism ay () of a von Neumann
algebra associated with a chaotic map ¢. In the present paper, we develop this study into the
study in the case of a family of maps which includes not only unimodal maps but also those
measurable maps which have n laps for n > 1. We call each of those maps on a measure space
X a map with n laps (MWnL for short, Definition 2.1) and show some results concerning the
limit of the orbit of a state. The following is one of the statements concerning our main sub-
ject, which is considered as an important property of chaotic maps in addition to the above
three properties.

(4) For any state, its orbit determined by an MWnL ¢ satisfying some conditions con-
verges to a unique state with respect to a norm topology.

We express Property (4) more precisely. The following is the most familiar form of (4)
for some chaotic maps ¢’s, which are MWnL'’s defined on a measure space (X, m);
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for any f in L*°(X) and n > 0 with fX n(x)dm = 1, where e is a function in L2(X) with
f x le(x)|?dm = 1. In the context of the duality between L1(X) and L°°(X), the equality in
(4.1) is written as follows:

@2 Jlim [ @t pemedn = im [ feagnedn = [ elecoidn,

where A, is Perron Frobenius operator on L!(X). This means that the sequence {A’;,n} con-
verges to le|? in L1(X) with respect to the o (L L(x), L*X ))-topology, and it is our important
purpose to show that this convergence holds with respect to the norm topology in L!(X). By
considering 7 as a vector state w_s;, the equality is formally written as follows:

4-3) Jim (A5 (@ M) () = oz

The operator A, is extended to the transposed map «j, (@) O the predual M, of a von Neu-
mann algebra M on L2(X), if M is invariant for Ay () Moreover (4-3) is extended to the
following form: for any £ in some Hilbert subspace L?(X), of L?(X), we have

(4-4) Jim (@) (@) = we

with respect to the norm topology in the predual M, of a sufficiently large von Neumann
algebra M on L?(X).

In Section 1, we discuss the theorems which yield Property (4). Though those theorems
were studied in [5], we show in the present paper some more precise and generalized results
and give them complete proofs. Furthermore, in the first part of Section 2 until Example
2.10, we show Property (4) concerning MWnL’s by applying the theorems in Section 1 and
giving some concrete examples. In this discussion, the families of isometries associated with
MWhnL’s play an important role. In the remainder of Section 2, we discuss the relation between
the functional analytical property of the isometries associated with a given MWnrL and the
measure theoretical property of the map. As mentioned above, Property (4) is closely related
to the property of strong-mixing about measurable maps. Of course, in the case of (4.4), if
the considering Hilbert space L?%*(X), coincides with the whole space L%(X), the former is
stronger than the latter and in general the latter does not imply the former, that is, the property
of strong-mixing do not imply norm convergence. In Section 3, we discuss the property of
norm convergence of the orbit of a state for the case of MWIL (MWnL for n = 1), and
analyze the difference between property of strong-mixing and norm convergence for the case
of Baker’s transformation.

Finally, we note that the notation N and C denote the set of all positive integers and the
set of all complex numbers respectively.
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1. The x-endomorphism of a von Neumann algebra associated with a family of
isomorphisms.

Let H be a separable complex Hilbert space with inner product (£, n) and norm ||&|| =
V(§, &). Moreover let {V;}/_, be a family of isometries on H satisfying the following prop-
erty.

n
(A-1) {V;V*}i_, is aset of mutually orthogonal projections and Z ViVr=1.
i=1

Of course, this family {V;}7_, on H is the generators of the image of a representation of

Cuntz-algebra O,, (cf. [3]) and thus we call it a family of isometries satisfying Cuntz property
(f.i.c. for short). Moreover we can define a x-endomorphism «y of the full operator algebra
B(H) as follows:

n
(A-2) ay(T) =) ViTV}, (T € B(H).
i=1
~ For positive integers n and k, we denote by I (n) the set {1, 2, --- , n} and I (n)* the set of all
k-tuples u = (iy, -, ix) with i in I (n). For u in I (n)* we denote by V(u) the isometry

ViyVi,---Vi,onH. Then {V () |n € 1 (n)}isa family of isometries whose final projections
are mutually orthogonal and cx(‘, is written as follows:

(A-3) oy (M) = Y VIV, (T eBH)).
nel (n)k

Here we show an important property concerning unit vectors which are fixed by V;.

LEMMA 1.1. Let{V;}!_, be anf.i.c. on 'H and e a unit vector in H such that Ve = e.
We put

0
ONS(e, V) = [ JIV(we|u € 1m)}.
k=1
Then ON S(e, V) is an orthonormal system.

PROOF. First, let k and £ are positive integers such that k < £. For u = (i3, --- , ix) in
I(m)*, weput u' = (iy,--- ,ix, 1,---, 1) in I (n)¢. Then, since Vie = e, we have V(u')e =
V(w)e. Next, suppose that V(ui)e # V(uz)e for u; in I(n)k, U2 in I(n)k2 and k1 < kj.
By the first mention we can assume that k; = kj, because, if necessary, we can take ,u,’l in
I1(n)*2 such that V(u}))e = V(u1)e. Therefore we have w1 # p in I (n)*2. Hence the final
projections of V(1) and V (u;) are orthogonal, and thus we have the conclusion. q.e.d.

In the case of n > 2, an orthonormal system ON S(e, V) in the above lemma is regarded
as a sequence {e¢}72, which is inductively defined as follows:

(B) ep=e and eq—1nnti = Viee, (@G €l(n),£eN).
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REMARK. (1) In the case where Ve = e fori # 1, the set ONS(V, e) is also an
orthonormal system and canonically ordered as e; = V;e and so on in the same fashion as in
the case of i = 1.

(2) ONS(V, e) is a function system of order » in the sense of [2: Definition 2.1}.

(3) Leteand f be two orthogonal unit vectors in H such that Vie = eand V; f = f.
Then ifi # j, ONS(e, V) and ONS(f, V) are orthogonal. However ifi = j, ONS(e, V)
and ONS(f, V) are not necessarily orthogonal (cf. Examples 2.19, 2.20).

(4) Inthecaseof n =1, ONS(e, V) consists of only one vector {e}.

The following is a key lemma in the present paper, so we give a complete proof.

LEMMA 1.2. Let ONS(e, V) = {e¢};2, be as in Lemma 1.1 and suppose n = 2.
Then, for a fixed positive integer k and an arbitrary positive integer £ < k, there exists a
unique k-tuple (i1, --- ,ix) in I (n)* such that

er if w==G=,--,ix),
V(n) e =
(w)"ee [O otherwise ,

where w is in I (n)k.

PROOE. First we write £ = (£1—1)n+i; < k and obtain inductively a finite decreasing
sequence {£; }'j‘./=1 (K’ < k) such that

£j = €+ — Dn+ig4ry and £y =1.

By Definition (B) of e;’s we have Vi, e, = eg; and thus V*

il = €L Put

wo = (i1, -+ ,ix, 1,---, 1) € I(n)*. Then we have

V(no)ee = Vi --- VIV

- Viep=e1=e.
Furthermore, for 1 in I (n)* with u # o, we have V(u)*e, = V(u)*(no)er = 0. q.e.d.

Let M be a von Neumann algebra on H which is invariant for ay. Then a’{, is also a

x-endomorphism of M for any positive integer k. We denote by M, the predual of M with
norm || - ||; and by «j, the transposed map of ay with respect to the duality M and M,, that
is, ay (@)(T) = w(av(T)), (T e M,w € M.,). Then we have that, for any positive element
win M,,

lley (@)l = llay (@)D = le(@vI)] = o) = o1,

where 1 is the identity operator on . In particular, if e is a state, then o, (w) is also a state
in M,. For a vector £ in H, we denote by wg a positive linear functional of M defined by
wg(T) = (T§,&), (T € M). Especially, in the case of |§]| = 1, w is a state and called a
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vector state in M, associated with the unit vector &, and it follows that
n
o} (@)(T) = (av (D&, §) = wg (ay (T)) = (Z ViTVi*)
i=1

=D TVIE Vi) =3 oy (D).
i=l1

i=1

Hence we have

(C-1) oy (wp) =) oy,
i=1

(C-2) (o) (wg) = Z WV (u)*§ -
wel (n)k

Hence we are interested in the behavior of the sequence {_ ¢ ()t @v(u)* }i=- Now, in the
case where e is a unit vector such that Vie = e, that is, it is an eigenvector for the eigenvalue
1 of V1, we denote by H, the subspace of H spanned by ON S(e, V). Then H is decomposed
to the subspaces H, and 'H;L, which are invariant for {V;V;*}7_,. Needless to say, when
H = L?(X) for a measure space (X, m), the notation L%(X). means H,.

PROPOSITION 1.3. Let {V;}/_, be an f.i.c. on 'H. If there exists a unit vector e such

that Vie = e, then for any unit vector € in the subspace H, it follows that
klim (a"",)k(a)g) =w, (wrt the normtopologyin B(H)) .
—=>00

PROOF. In the case of n = 1, we have H, = {ce | c is a complex number}, and thus
oy (wg) = af (w.) = w, for any unit vector £ in H,. Now suppose that n > 2. Let Ebea
unit vector in H, and & an arbitrary small positive number (¢ < 3). Then £ has the Fourier
expansion £ = Z[’il ceeg with respect to ONS(e, V) = {e};2, and there exists a positive
integer K such that

k k 3
£
“s = ceer)| = (1 -> :Icelz) <3
=1 =1

forallk > K. Letk > K and put & = Z’é=1 ceeg. For an operator T in B(H) with ||T|| <1,
by Property (A.3) and Lemma 1.2, we have

k k
(o (TEk, 81) = D Z(TV(M)*Ceez,V(M)*Cjej)=(Zlcelz)(Tel,el)-

pel (m)k £,j=1 =1
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Thus it follows that

Iy ) (e N(T) — we(T)]
= ok (T)%, &) — (Te1, e1)]
< N (THE, &) — (&% (T)&k, &) + (o (T, &) — (o (T)EK, &)
+ oy (T)Ek, &) — (Ter, e1)|
< 5 (DN - 1E = &l - HEN + o (TN - 1€l - 1E — &l
+ b leel> =11 - IT1l - llexll?
< (e/3)+(/3)+ (/3)* <&.

Hence we have

(@) (@) — well1 < & . qe.d.

Consequently we obtain the following theorem, which has more precise form than that
of [5, Theorem 2.2.3] '

THEOREM 1.4. Let {V;}}_, be an fi.c. on 'H. If there exists a unit vector e such that
Vie = e, then for any state w of the form w = Y_,o | wg, where &’s are in H., it follows that

klim (a’{‘,)k (w) = w, (w.r.t. the norm topology in B(H).) .
—>00

PROOF. Let e > 0 be given. Since ||w|1 = Z?’;l lEc|I2 = 1, there exists a positive
integer L such that

< ¢&/3.

L
ll =) lEel?
=1

Moreover Proposition 1.3 implies that there exists an positive integer K such that for each wg,
(£=1,-.--,L)and any k > K it follows that

(@) * (@g,) — &P wellr < lI&el2e/3.

Hence for any k > K we have

(@) (@) — wells
< @bk (@) — @) (Tho; @g)lh + @) (Tfo; @) — Xeoy IEel?welly
+ 1=t lEe)we — welly
< o= Yk welln 4+ Xeg @) (we) — lgelPwelly + | gq 1&ell? — 1] - llwells
< (e/3) + iy I&el?e/3) + (e/3) < &. q.e.d.
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Since every state in the predual of B(H) is of the form in Theorem 1.4 ([7, Chapter II,
Proposition 3.20]), we have the following.

COROLLARY 1.5. Let{V;}}_, beanfic.onH and e a unit vector such that Vie = e.
If ONS(e, V) is complete, then for any state w in the predual B(H) of B(H) it follows that

klim (a*{,)k(a)) = w, (W.rt. the norm topology in B(H)x) .
—> 00

Before stating the following proposition, we confirm a notation about tensor product.
Let M be a von Neumann algebra on a Hilbert space H and M, the full matrix algebra on
n-dimensional complex Hilbert space C". The notation M, ® M means the von Neumann
algebra which is the tensor product of M, and M on the Hilbert space C" ® H. Moreover M !
means the commutant of M on H.

PROPOSITION 1.6. Let M be a von Neumann algebra on H and {V;}_, and {W; |
a couple of fi.c.’s on H. Suppose that M is invariant for ay and aw. Then the following
conditions are equivalent.
1) aow=ayonM.
Hyy -+ Hip
2 Wy, W) =(Vq,---, V)] : , where the matrix [H; j] is a
Hpy -+ Hpp
unitary element in M,  M’'.

The proof is omitted since it can be given similarly to that of [5, Proposition 2.2.4].

COROLLARY 1.7. Let M and {V;}!_,, {W;}}_, be the same as in Proposition 1.6. If
W1 has an eigenvalue 1 with a unit eigenvector e such that ON S(e, W) is complete, then for
any state w in My we have

lim (a"{,)k(w) =w, (w.rt. the norm topologyin M,) .
k—>o00 .

REMARK. Each W; in Proposition 1.7 is of the form W; = Z';=1 ViHji, (i € I1(n)).
The equation (2) concerning matrix in the above proposition is sometimes written for short
suchas W = VH.

2. Chaotic maps and the behavior of the orbit of a state.

In this paper (X, m) means a o -finite measure space. For a measurable subset Y of X,
we denote by (Y, m) the canonical measure subspace. Let (Y, m) and (Z, m) be two measure
subspaces of (X, m). A map ¢ of Y into Z is called a non-singular map of Y onto Z if ¢
satisfies the following condition.

(D-1) There exist two null sets Ny and Nz such that ¢ is a bijective map of ¥ \ Ny onto
Z\ Nyz.
(D-2) ¢ is bimeasurable.
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(D-3) Two measures m and m o ¢ on X are mutually absolutely continuous in the sense
that, for any measurable set E in Y, m(E) = O if and only if m o ¢(E) = 0, where
m o p(E) = m(p(E)). .

Here we note notation concerning non-singular maps ¢’s of (¥, m) onto (Z, m).

(E-1) The Radon-leodym derivative for m o ¢ with respect to m is denoted by =; M .

(E-2) ¢%x) = x and ¢*(x) = p(¢*~1(x)) for a positive integer k.

(E-3) WhenY = X, «, denotes the x-endomorphism of L®(X) (= L*®(X, m)) defined by
2y (f)(x) = f(px)), (a.a.x € X) for f in L*°(X).

(E-4) For a measurable function £ on Z, T,& denotes the measurable function on Y defined
by (Tp€)(x) = §(p(x)), (a.a.x € Y).

Moreover we note notation concerning multiplication operators on L%2(X) (= L%(X, m)).

(F-1) For a measurable function f on X, My denotes the multiplication operator by f on -
L%(X), that is, M & = f£ for & in L2(X).

(F-2) For a function f in L*(X), 7 (f) denotes the bounded multlphcatlon operator My on
L%(X), thatis, n (f)&§ = Ms& = f& for & in L?(X).

REMARK. (1) Forafunction ¢ on X, the notation |¢| and |¢|*> means |¢|(x) = | (x)],
(x € X) and £12(x) = [E(x)P, (x € X).

(2) The L2-norm of & in L%(X) and the L!-norm of n in L1(X) are denoted by [|£]|
and ||n||; respectively.

(3) Inthe present paper, we use both M and = (f) for f in L°°(X) and = is considered
as a canonical representation of L°°(X) into B(L%(X ).

@) #aL*®(X)) (={7(f)|f € L°°(X)}) is a von Neumann algebra on L%(X).

Finally we note notation concerning the duality between 7 (L°°(X)) and its predual.

G) o (f)) = Lf(x)n(x)dm, (f € LX), n e L'(X)).

The following is our definition, with which we begin the discussion on the chaotic prop-
erty of measurable functions.

DEFINITION 2.1. Let (X, m) be a measure space. A measurable map ¢ of X into X is
called a map with n laps, MWnL for short, if there exist n measurable subsets {X;}"_; of X
such that

O UL Xi=X,XinXj=0@fori # jand m(X;) > Oforalli,

(ii) each restriction ¢; of ¢ to X; is a non-singular map of X; onto X.
REMARK. (1) Ifgisan MWnL on X, then for each i in I (n) it follows that
@) d—'”‘l‘&(x) # 0 for a.a. x in X; and dmo'p ——i—(x) # O for a.a. x in X,

(i) 9mow (o1 (x)) LMot dmogi ! (1) — 1 for a.a. x in X and "’”°“’ Il (i (x)) Mo (x) = 1
fora.a. x in X;.

(2) For a measure space (X, m) and a measurable map ¢ of X into itself, M and T,
are not necessarily defined on the full space L?(X). Then, if necessary, each operator V; in
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the following definition is considered as a uniquely extended bounded linear operator on the
full Hilbert space L?(X).

DEFINITION 2.2. Let @ be an MWxnL on a measure space (X, m). A family of isome-
tries V(@) = {V(¢);}]_; on L2(X) associated with ¢ is defined as follows:

V@i =M jgmsgrranMuy, To, (€ 1),
where each x . is the characteristic function of X;.

By the definition we can see that

) V(p)f = MWTKPFI , (Gel®m),

Q) V@iVi=I1, (ecl@®),
B) V(@iV(p)f =My, ., @(elm).

Hence we have the following. The proof is omitted because it is given by routine calcu-
lation.

PROPOSITION 2.3. Let ¢ be an MWnL on a measure space (X,m) and V(p) =
{V()i}!_, the family of isometries associated with ¢ defined in the above definition. Then it
follows that

(1) V() isanfi.c. (cf (A-1)) on L*(X).

(2) av(y) is a x-endomorphism ofB(Lz(X)).

B)  av(y) is a x-endomorphism of w(L*° (X)) and ww(ay(f)) = av () (7w (f)) for all f
in L°°(X).

From Proposition 2.3 (1) and Theorem 1.4 we have the following, which contains the
case of a lot of unimodal maps on the unit interval [0,1].

THEOREM 2.4. Let ¢ be an MWnL on a measure space (X, m) and M a von Neumann
algebra which is invariant for ay (). Suppose that there exist anf.i.c. W = {W; }'_, on L2(X)
and a unit vector e in L2(X) such that

1) aw =ay onM,

2) Wie=e.

Then, for any state  of the form w = Y_pe, wg,, where &;’s are in L?(X)e, it follows that

lim (o))" (@) = we (W.rt. the norm topology in My) .
n—oQ

REMARK. In the above theorem, if ON S(e, W) is complete, the conclusion holds for
any state @ in M,. However we have the case only if n > 2 except the trivial case where X
consists of only single point. In fact, when n = 1, the isometry W; in the theorem becomes a
unitary operators and thus ON S(e, W) = {e} consists of only one vector.

As mentioned above, oy () is a *-endomorphism of the von Neumann algebra 7 (L*° (X))
and thus we can define the transposed map of the restriction of ay ) to 7(L*°(X)), which
is denoted by ((@v(g)) |z (L>(x)))*. For a while we discuss this transposed map. First we
note that the transposed map is equal to the restriction of o7, (@ 10 the predual of 7w (L*°(X)).
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Namely we have

(v @) L=x))™ = @y g)ir@=@x)). »
where the vertical bar means the restriction of a map. We use the notation a{,( o instead
of (o3 () im(L> (X)), unless we have confusion. In Section 1, we have already shown that

oz*“,((p) (wg) = ZLI WV (p)rg for £ in L2(X) (cf. (C) after Lemma 1.2). Hence we have, for
any non-negative function 7 in L1(X) and f in L®(X),

o} () ()T () = @ (@ DT () =D vy 7T (f))

i=l1

N Z(n(f)V(rp) V. V@) /)

= Z f fooZnodi (x)n(fp, Lx)ydm .

- Since the predual {p(n) |n € L'(X)} of 7(L>®°(X)) is spanned by the set {wel§ € L2(X)},
the above equation holds for all functions n € L'(x). Since a"{,(w) PE(f)) =
Pn(@v ) (T (f))) = py(mw(ay(f))) for any function 7 in Ll(X) and f in L*°(X), we have

&y (o) (T () = f FpG)n(x)dm —Z f fodnod (x)n@,“(x))dm

Now we put

dmogoi_l ~1 ]
——n(p; (x)), (@me Ll (X)).

(H) (Apgmx) =) ——

i=1
Then we have a"“,(w)(p,,)(n(f)) = PA,n(7(f)), that is,
@ a;‘/((p)(Pn) = PAgn -
Here we note that if aw = ay(,) on m(L*°(X)) as in Theorem 2.4, we have ay,(n) =
0!’{}((,,)(7)) = PAyn for all 7 in L!(X). Moreover we note that the map A, is a bounded linear
operator of L 1(X) into itself, which is known as Perron-Frobenius operator, and isometric on

the set of all non-negative functions in L'(X). Indeed, for any non-negative function 7 in
L'(X), it follows that

”Arpn"l = ||PA¢77”1 = "a;((p)(Pn)Hl = (a*{/(@(Pn))(I)
= pp(av(p)(1)) = pp(I) = llpyllL = lInli1.
The study of the sequence {A,’;(n)},‘j‘;l is an important viewpoint for the study of the sequence

{(e, ((p))k (w)}22- Hence we are interested in the von Neumann algebra M which contains
7 (L°°(X)) and is invariant for ay ().

COROLLARY 2.5. Let ¢ be an MWnL on a measure space (X, m). Suppose that there
existafi.c. W = {W;}]_, and a unit vector e in L%(X) such that
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(1) aw = ay() on T (L*(X)),
2) Wie=e.
Then, for any function & in L*(X), with &l = 1, it follows that

li ARIE1Z = 1eP = 0.
k_lflgo" olEI" —lel“llh =0

In addition, if ON S(e, W) is complete, then for any non-negative function n in L1(X) with
inlli = 1, it follows that

im ||AXn — |e?]l; = 0.
Jim [l A¢n — le?l;
PROOF. For £ satisfying the condition in the statement, by Theorem 2.4, it follows that
: kg2 | 2. 1 * k _ —
Jim AZIER — lePll = Hm @) @) — weli = 0.

The second conclusion obviously follows from the first one. g.e.d.

COROLLARY 2.6. For an MWnL ¢ on a measure space (X, m), let W = (Wi},
W' = {W/}_, befi.c’s on L>(X) and e, f unit vectors in L>(X) such that

(1) aw =aw = ayy) on n(L*(X)),

(2) Wie=eand W|f = f,

(3) L*®eNLA2X)s # {0}
Then we have |e| = | f|.

PROOF. Let & be a function in L%(x), N L%(X) r with ||]| = 1. Then, by Corollary
2.5, we have

2 : k 2 2
le|” = lim Ag|§|" =|f|°.
k—> o0

q.e.d.

Now let ¢ be an MWnL on a probability measure space (X, m). As in the case of measure
preserving bijective transformation on X, a map ¢ is said to be strong-mixing if

Jim m(p ¥ (E) N F) = m(E)m(F)

for each pair of measurable sets E and F. Moreover, in the same manner as in [9, Lemma
6.11], we can see that this is equivalent to that, for any 7 in L1(X) and any f in L>®(X), it
follows that

lim / £ E)n(x)dm = f Fx)dm f nGx)dm.
k—00 X X X



520 SHINZO KAWAMURA

This equation can be derived by the conclusion of Corollary 2.5, in which e is the case
where e(x) = 1, (x € X) and ON S(e, W) is complete. Thus we have the following corollary.

COROLLARY 2.7. Let ¢ be an MWnL as in Corollary 2.5. If the eigenvector e is the
constant function e(x) = 1 and ON S(e, W) is complete, then ¢ is strong-mixing.

The following is typical examples of MWnL, which is well known in the theory of
chaotic maps. Here we show that the example yields operators which have strange and inter-
esting properties in the viewpoint of the probability theory or the theory of functional analysis.

EXAMPLE 2.8. Let X = [0, 1] with X; = [(¢ — 1)/n,i/n) fori =1,2,---,n—1,
X, = [(n—1)/n, 1] and m the Lebesgue measure on [0, 1], ¢, the piecewise continuous map
on [0,1] defined by

on(x)=nx—(G—-1), (xeX;ieln).
Then ¢, is an MWnL on [0, 1) with the partition {X;}7_, and it follows that
V(gn)i = MﬁMx,,. T,,, (@(e€ln).
Let W = {W;}_, be the family of isometries defined by

J1/n o ap -+ ain
Ji/n axn - am
(Wl’ aWn)=(V(‘Pn)l,"' »V((Dn)n) . . .. . ’
J1/n ana -+ apn
where {a;j |i, j = 2,3, -, n} are complex numbers such that the matrix in the right hand
side is an element in the unitary group U(n). Then W = {W;}7_, is an f.i.c. on L2[0, 1] with
Wi = T, and, by virtue of Proposition 1.6, we have

aw(T) =Y WiTW =Y V@)iTV(gn)} = v (T)
i=1

i=1

for all 7 in B(L?2[0, 1]). Moreover for e = 1 we have Wie = e and ON S(e, W) is complete.
Indeed, for each j = 1,2, --- ,n, the vector Wje is of the form Wje = /n Y [_, aijXx,-
Since the unit vectors {(a1j, - , an j)}'}_:l in C" are linearly independent, L2[0, 1], contains
the vectors {x X; ?_,- Similarly, by considering {W(u)e}, cr(nyx,» We can see that L2[0, 1],
contains the vectors {Xx[;_1)/n*,i /nk)}?il for all k in N. Namely we have L2[0,1], =
L2[0, 1]. Now, by virtue of Corollary 1.7, for any state w in B(L?[0, 1)), it follows that
{(ay, ( ‘p"))k(w)},‘le converges to the vector state w, with respect to the norm topology in
B(L2 [0, 1])«. Especially, it follows that

. k _
Jlim [[4%,n — el =0



CHAOTIC MAPS ON A MEASURE SPACE 521

for each non-negative function 7 in L![0, 1]. Moreover we note that
1~ [(x+i-1 )
A = - 1}, e L' (X)).
(A (x) ngn( - ) (n € L'(X))
EXAMPLE 2.9 (Generalized tent maps). Let X = [0, 1], m the Lebesgue measure on
[0, 1] and 7. (0 < ¢ < 1) the continuous map on [0, 1] defined by

1
—-x for 0O<x <c,
te(x)={°¢

(1—x) forc<x=<1.
1—c¢

Then 7. is an MW2L on [0, 1] with the partition X1 = [0, ¢), X2 = [c, 1] and it follows that

V@ =M My, Tr.. V(T2 =M sipa=gMy, T, -
Let W1 and W, be the isometries defined by

1 —
(W1, W) = (V(to)1, V(%)) (‘/E v c) .

Vi—c - e
That is,
Wi =/eVE + V1 —cV () =T, ,
Wy =V1—cV(@1 = VeV (w) = V(1 = 0)/cMy,  Tr, = e/~ My, | Tr..

Hence, by virtue of Proposition 1.6, we have v, (T) = aw(T) for all T in B(L?[0, 1)).
Moreover for e = 1 we have Wie = ¢ and ON S(e, W) is complete. By virtue of Corollary
1.7, for any state w in B(L?[0, 1])s, it follows that {(a3)*(@)}$2, converges to the vector
state w, with respect to the norm topology in B(L?[0, 1]),. Moreover we have

(Apmx) = cn(ex) + 1 —cmA — (1 —o)x), (ne L'[0,1]).

REMARK. InExample 2.9, when ¢ = 1/2, the map t. is so-called the tent map on [0,1]
and each e; in ONS(e, W) = {eg}52 |, which is defined by (B), is of the form

2f—1
eL=e, e2= 0,12 = X1 a4 e@e iy = Y Xty (€ €L =1D).
j=0
Namely, {e¢}32, is Walsh series in L?[0, 1]. Like this, the study of ON S(e, W) is closely
related to wavelet theory (cf. [4]).

In the definition of MWnL, we gave the condition that, each i in I (n), m o o; I is abso-
lutely continuous with respect to m in addition to m o ;. We cannot drop this condition even if
@i is absolutely continuous on the real line with the Lebesgue measure. This is shown by the
following example. Let c(x) be the Cantor function on [0, 1]. We put k(x) = %C(x) Then
k is a homeomorphism of [0, 1] but not absolutely continuous on [0, 1]. Let A(x) = k~1(x),
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(x € [0, 1]). Then 4 is an absolutely continuous homeomorphism of [0, 1]. We define a map
¢ on [0, 1] as follows:

) = h(2x) for 0<x <1/2,
Y= Nh(-2x+2) for1/2<x<1.
Then ¢ is an absolutely continuous function on [0, 1], which satisfy the condition of Definition
2.1 except the absolutely continuity of m o ¢;” L@ =1,2)in(2).
The following is an example of MW4L on two-dimensional space.

EXAMPLE 2.10 (Maps on two-dimensional space). Let X =IxI =10, 1] x [0,1],m
the Lebesgue measure on I x I and 7. 4 the map defined by 7. 4(x, y) = (. (%), t4(y)), where
t. and 74 are generalized tent maps defined in Example 2.9. Then 7. 4 is a MWA4L with the
partition X1 = [0, ¢) x [0, d), X2 = [¢, 11x [0, d), X3 = [c, 1] x [d, 1], X4 = [0, ¢) X [d, 1]
and it follows that

V(te,d1 =M JWM X[0.¢)x[0,d) I,
V(Tc,d)Z = MmMX[c,l]x[O,d) ch,d ’
V(te,d)3 = MmMX[o,c)x[d,l]TTc.d ’
V(te.a)a = M si=aa=aMxenxian Trea -

Moreover we define a family of isometries {W; }f’=1as follows:
(W1, W, W3, Wy)

Jed aiz aiz aa
= Ve, Ve, Vs Vo) | Vs o2 o @],
JA—c)(1 —d) ax as3 ass
where {a;j |i, j = 2, 3, 4} are complex numbers such that the matrix in the right hand side
is an element in U(4). Then we have Wi = T;_,. Hence for e(x, y) = 1, ((x, y)elIxI
we have Wie = e and ON S(e, W) is complete. Therefore, for any state w in B(L2(I X 1)),

it follows that {(ay, (e d))k(w)},‘jil converges to the vector state w, with respect to the norm

topology in the predual of B(L%(I x I)). Moreover we have
(Apn)(x, y) =cdn(cx,dy) + (1 — Adn(l — (1 = c)x,dy) + c(1 —d)n(cx, 1 — (1 — d)y)
+0—-)1=-dn(l—1—-0ox,1—(1—d)y), @eL'dxD).

In the following, we show some relationship between the measure theoretical property
of a given map ¢ and the functional analytical property of the operators related to ¢.

THEOREM 2.11. Let ¢ be an MWnL on a measure space (X, m) and e a function in
L%(X) such that e(x) # O for a.a. x in X. Then the following conditions are equivalent.

(1) There exists an fi.c. W = {W;}]_, on L2(X) such that aw = ay ) on w(L*°(X))
and Wie = e.
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— d
Q@) I lep(@ ()P "" (x) = 1 on X (a.e.), where e, (x) = &5,
3) Me(PT is an isometry. ‘

PROOF. (1)=> (2),(3). By Proposition 1.6, we can see that W = V (p) H where each
entry Hj; of H is of the form H;; = m(h;;) for some h;j in L*®(X), because w(L®°(X)) =
w(L*®(X)). Since

n
=) V(p)iHi1 and Wie=e,
i=1

n d '
W)@ = | T g, @hin(p()e(p()) = ex)
i=1 '

for a.a. x in X. Thus, for each i € I (n), it follows that

d i
Vg 29 (hir((x))e(p(x)) = e(x), (aa x € X;).
Hence we have
o !
hi1(x) = ey(@;” 1(x))/\/ ( “l(x)) = e(p((p,_l(x)) ——-‘—(x)

for a.a. x in X. Since H = [m(h;j)] is a unitary element in M, ® w(L°°(X)), it follows that

> ha 0 = Zle,,,((p, (x))|2————( y=1

i=1

we have

for a.a. x in X. Moreover we have

n n '
=Y M fgraan Moy Tpm(hin) = ZM%MXXi T, = M., T,.

@) = (1), 3). Let by (x) = e, (9] (x))y) Lt (), (x e X)fori = 1,2,
Using Condition (2), we can get a unitary element H = [H;;] in M, ® m(L*°(X)) such that
Hijy =n(hi1) (i =1,2,--.,n) as follows. Let {fj}’j?=l be ac.o.n.s. of C". We definen + 1
C"-valued measurable functions {s; }”+1 on X by

s1(x) = (h11(x), h21(x), - -+, hn1(x)) ,
six)=fj-1, (G=2,3,---,n+1).

Then, for x in X except a measurable set N with m(N) = 0, {s; (x)}"Jrl is a family of
unit vectors whose linear span is the whole space C”. Hence, as in the way of Schmidt’s
orthogonalization, for x in X \ N, we can get an orthogonal system {t} (x)}"“L1 such that
tj(x) = s1(x) and t;. (x)’s are unit vectors except one zero vector t,:(x)(x) where k(x) is
determined by x. For each x in X \ N, we put ¢;(x) = t;.(x) forj=1,2,--- ,k(x) —1and
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ti(x) = tj’.+1(x) for j = k(x),---,n. Moreover we put ¢ (x) =0for j =1,2,--- ,n and x
in N. Then each ¢; is a C"-valued L°°-function on X and thus it can be expressed as follows:

tj(-x)=(h1j(x)’h2_](x)v' ,hnj(.X))ECn, (xGX)’

where {h;;};_, are C"-valued L*°-functions on X. Since the matrix [A;;(x)] is a unitary
element in M, for all x in X \ N, the family of operators {7 (h; ])}l j=1 is a desired set of
{H,J}tj ;- Now, let W = (Wy, .-, W,) be the f.i.c. defined by W = V(p)H. Then , by
Proposition 1.6, it follows that aw = av(,) on m(L*°(X)). Moreover we have, for any & in
L2(X),

n

(WIE)(@) = Y (M_f My, Ty H1iE)(x) = ep (0§ (9(x)) = (Me, Ty€) ()

i=1
for a.a. x in X. This implies that W = Me‘p T, and we have Me¢ Tye =e.
(3) = (2). Let E be a measurable set in X with finite measure. By virtue of (3), it
follows that ||M., T, xEll2 = || x£|l2 and we have that

||Me¢T¢XE||% = /X lew(x)XE(fp(x))lzdm = Z/ Ie(p(x)XE(§0i(x))|2dm
_Z/ leg (@, (JC))XE(J\T)I2 (x)dm

-/ Z ep @ N PL2 O (i,

||XE||%=/. IXE(x)Izdm=f ldm .
X E

Hence we have

fE(Zlem (x))lz———( )—1)dm—0

This implies (2), because E is an arbitrary measurable subset of X with finite measure and
(X, m) is a o -finite measure space. g.e.d.

EXAMPLE 2.12. Let A be the logistic map on X = [0, 1] defined by A(x) = 4x(1 —x).
‘Then A is an MW2L with the partition X; = [0, 1/2), X, = [1/2, 1] and there exists
an fi.c. W = {W;, W3} such that oy = ay@) on B(L2[0, 1)) and Wje = e for e(x)
= 1/(wr(x(1 — x)/2)1/2 in L?[0, 1] (cf. [6], [5, Example 3.2.5]). Moreover we have that
AT == vT=0)/2, 27 ) =1+ VT = 2)/2, P50 (x )—“'"—“L(x)—l/(wl =)
and e, (x) = +/2|2x — 1|. Hence we can check that Z, 1 IeA(A‘l(x))lzdm°A (x) =1 and
Wi =M,T, = MJTIQY:_TA

COROLLARY 2.13. Let ¢ be an MWnL on a measure space (X, m) with m(X) = 1

and e a non-zero constant function on X. Then the following conditions are equivalent.
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(1) There exists an fi.c. W = {W; }?=1 on L*(X) such that aw = ay(p) on (L (X))
and Wie = e.
dmog!
Q) Yr, A (x)=10nX (ae).

(3) T, is an isometry.

The following is an example such that {T € B(H) |aw(T) = ay)(T)} = (L (X)).

EXAMPLE 2.14 (Square root maps). Let X = [0, 1], m the Lebesgue measure on
[0, 1] and p., (0 < ¢ < 1/2) a continuous map on [0, 1] defined by

() = Vx/c for 0<x <c,
pelt) = (1—=+/d4cx+1—4c)/2¢c for c<x =<1.

Then p. is a MW2L on [0, 1] with the partition X; = [0, ¢), X2 = [c, 1] and it follows that
—1 _ 2 -1 .2
(pc)] (x) =cx* and (o), (x) =cx"—x+1.

Hence Condition (2) in Corollary 2.13 is satisfied. We put

(Wi, Wa) = (V1, V) (”(f‘) 7 (f2) ) ,

n(f) —n(f1)

where fi(x) = +/2cx and f(x) = +/1 — 2cx. Then, by Proposition 1.6 and the fact the
von Neumann algebra generated by the entries in the matrix is equal to 7(L*°[0, 1]), we can
see that the von Neumann algebra {T € B(L2[0, 1D |aw(T) = ay ) (T)} is just equal to
w(L*°[0, 1]). Thus we have that aw (T) = ay)(T) for T in 7 (L°°[0,1]) and Wie = e
where e(x) = 1.

REMARK. If an MWnL g satisfies one of the conditions in Theorem 2.11, W} is always
equal to M, T, and thus W; = V(g); for some i in I (n) only if n = 1. In particular, in the
case where e is a constant function, W is always equal to To,.

Now, in Examples 2.9, 2.10, 2.12 and 2.14, we had a family of those f.i.c’s W = {W; };’=1
which satisfy the conditions in Theorem 2.11. Thus we can see that each V (¢); in the exam-
ples cannot have eigenvalue 1. In the following, we study the condition under which V (¢);
has eigenvalue 1. For ¢ which is an MWaL on (X, m) and k in N, we put

dm o ¥

Xl(k)={xeXllgok(x):x,fpj(x)eleorj=1,~-~,k-—land (x)=1].
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Then we have the following theorem.

THEOREM 2.15. Let ¢ be an MWnL on a measure space (X, m). If there exists a
measurable subset E in X (k) for same k such that m(E) > 0 and {¢/ (E )}'j‘.;g, are mutually
disjoint, then there exists a non-zero vector e in L%(X) such that V(p)ie =e.

PROOF. Using E in the statement of the theorem, we define a function e in L?(X) as
follows:

if x=yfor yeE,

1/\/%'7_,;2@)‘1;;_;2@@)) - 292 (pi=1(y)) if x = ¢/ (y) for
jef{l,---,k—1}and y€e E,
0 if x ¢ U529/ (E).

e(x) =

. .. k . .. ko,
By virtue of the condition ‘—i—'(%ﬂ(x) = 1 on E and chain rule of derivative mefn‘”—, it follows
that

dm o gk dm o dm _ dm
—w = L@ ) S Ry T =1, e B
m dm
Thus we obtain that
V(‘P)le =M dm’:QMXXl T¢e =e.

q.e.d.

COROLLARY 2.16. Suppose that X is a Hausdorff topological space and m a regular
measure on the o -field of Borel sets in X. Let ¢ be an MWnL on a measure space (X, m)
which is continuous on X. If m(X1(k)) > O for some k in N, then there exists a non-zero
vector e in L*(X) such that V(p)lie =e.

PROOF. It is sufficient to confirm that there exists a subset E in X (k) satisfying the
condition in Theorem 2.15. By the assumption and the regularity of m there exists a compact
set K in X (k) with m(K ) > 0. For each x in K, there exists an open neighborhood U (x) of
x such that {p/ (U (x))} _0 are mutually disjoint. Since the family {U (x)};ek is a covering of
K, the set K is covered by finitely many U (x)’s. Thus we have m (U (xg) N K) > O for some
xp in X1, so that E = U(xp) N K is a desired subset of X; (k). q.e.d.

The following is a typical example satisfying the condition in the above theorem and
ON S (e, V(p)) is complete.

EXAMPLE 2.17 (MWnL on the set N with the discrete topology). Let X = N, m the
counting measure on X and § the map on X defined by

S(ntk—1)+i)=k, (keN,iel®)).
Then & is an MWrL on X with X; =n(N —1) 4+ i, (. € I(n)) and

dmod; dm o 8!
dm XX dm

=xx=1 and V(p)i =My, T5, @(eln).
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The point 1 in X; is the only periodic point for § and e = x(y, is a unit eigenvector
for eigenvalue 1 of V(8);. Obviously ON S(e, V(8)) = {X{k} | k € N} is complete in 22(N).
Thus, by Corollary 1.5, {(oz{‘,(a))k (w)}72., converges to w, with respect to the norm topology
in B(£2(N)).. Moreover we have

(Asm)(k) =Y natk— 1) +i), (net'N).
i=1
REMARK. If an MW=L ¢ satisfies the assumption of Theorem 2.4 and ON S(e, W)
is complete, then the fic. W = {W;}_, on L2(X) = L2(X), is regarded as the fi.c.
V() = {W((S)i};':l on the Hilbert space 02 (N), where § is the MWnL defined in the above
example and L?(X) and £%(N) are identified.

Here, we show the behavior of the orbit {(a"“,((p))" (w)}72, in the case where ¢ is an
MWnrL on a measure space (X, m) and there exists an fi.c. W = {W;}7_, such that

(1) aw(T) = ay(T) for all T in B(L%(X)),

(2) Wje = e for some unit vector e in L2(X),

(3) ONS(e, W) is complete, that is, L2(X), = L2(X).

From these conditions it follows that for any state w in B(L2(X)), we have

Jim (@) () = Jim (@) (@) = w, (w.rt. the norm topology in B(L?*(X))x) .
— 00 —00

Moreover we find that W = {W;}?_, can be considered as the f.i.c. V(§) = {V(8);}}_, where

6 is the map defined in Example 2.17 and that ONS(e, V(8)) = ONS(e, W) = {ee};?f__l,
(e1 = e). For f in L°°(X), a in £°(N) and 7 in LY(X), ¢ in 2Y(N), we denote by m1(f),
m2(a) and p}, pg the corresponding operators and elements in the preduals according to (F-2)
and (G). In this case, 71 (L°° (X)) and 75 (£°°(N)) are subalgebras of the same von Neumann
algebra B(L?(X)). Namely, for @ in B(L2(X)), there exist  in L1(X) and a in £! (N) such
that

w(@1(f)) = py(T1(f)) =fo(x)n(x)dm, (f € LX),

w(m(a)) = pf(m2(a) = Y a®)i(@), (aet®N)).
£=1

Then the above convergency implies the following:
. k 1
Jm (@ )" @)z (L) = @elmy (LX) = Pigp2
(w.r.t. the norm topology in L (X)),
. k 2 2
Jm (@3 () (@) 7y (6o N)) = @elmae=N) = Piop = P
(w.r.t. the norm topology in £! (N)),

where ¢ is the characteristic function X{1) On N. Namely we observed that the limit of the
sequence {(oz"“,((p))k (@)}, converges to a unique state p; on m2(¢>°(N)) C B(L?(X)) for
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any o if ¢ satisfies the condition mentioned above. This is a property of the behavior of the
orbit of a state concerning MWnL’s.

Now, in the following proposition and examples, we show that the converse statement of
Theorem 2.15 holds in the case X = [0, 1] and X is an interval in [0, 1], though it does not
hold in general.

PROPOSITION 2.18. Let X = [0, 1], m the Lebesgue measure on X and ¢ an MWnL
on (X, m) which is continuous on X with X1 = [0, ¢). Then we have the following:

M) U X1(k) = X1(D) U X1(2),

(2) m(X1(1) U X1(2)) > O if and only if there exists a non-zero vector e such that
V(p)re=e.

PROOF. (1) By the property of MWnL and the continuity of ¢, the map ¢ is a home-
omorphism of [0, ¢] onto [0, 1]. Hence ¢; is monotonically increasing or monotonically de-
creasing on [0, c]. In the first case, all periodic points are fixed points. On the other hand,
in the second case, there exists one fixed point and the period of the other periodic points are
nothing but 2.

(2) It is sufficient to prove if part bacause of Corollary 2.16. We assume that
m(X1(1)-U X;(2)) = 0 and there exists a vector e in L%(X) such that V(¢)ie = e. In the
following we show that ¢ = 1. By the assumption, we have

dmo
VEnO® = L 0x00We@) =), (@ax € X).

Hence we have e = X[0.0)¢ = Xx,€ and inductively it follows that

d k
e(x) = \| T D@ (W) X0,0 X0, @) - X0, @ (0D,

(aa.x e X, k>1).

Now we put

dmog

dm

Y1(1)=[x€X1|fp(x)=x, and (x)#l} )

2
Y1(2) = {x € X1 |¢*(x) = x, p(x) € X; and d—'%ni”-(x) £ 1} ,
X1(00) = {x € X1|¢*(x) € X; and ¢*(x) # x forall k > 1},
Z={x € X |<pk(x) ¢ X forsome k}.
Then we have
X;=X;(HDUX;QUY (1) UY(QUX (c0)U Z.

By the above equality, it follows that e(x) = 0 for a.a. x in Y1(1) UY1(2) U Z. Let xo be a-
point in X (00). Then there exists an open interval J containing xo such that {(pk(.l ) are
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mutually disjoint. Hence we have

dm o ¢f
fJ le(x)Pdm = /J ‘\/ 22 (x)e(gh ()

for all £ > 1 and thus

2
dm=f le(x)|2dm
k()

o0 o @]
lel)? = / le(x)|*dm = f le(x)[Pdm = f le(x)[2dm .
Uk=1¢4() ,; ) ,; J
Hence e(x) = 0 on J (a.e.) and so on X;(c0) (a.e.). Combining the assumption
mX;(HUX12) =0 with this, we have e = 0. ‘ q.e.d.

EXAMPLE 2.19 (MW2L on [0, 1] such that m(X;(1)) > 0). Let X = [0, 1], m the
Lebesgue measure on [0, 1] and ¢ the map defined by
X for 0<x <1/4,
px)={(6x —1)/2 for 1/4 <x <1/2,
—2x+2 for 1/2<x<1.

Then ¢ is an MW2L on [0,1] and V(p)1 = My, Ty + v3My,, ,Tp V(9)2 =

ﬁMX“/Z‘HT,p. Put e = 2x[0,1,4,' Then V(p)ie = e and ONS(e, V(¢)) is not complete.

Moreover we have

1 2x +1 1 —x +2
(A¢n)(x) = X[o,1/4)(x)77(x) + §X[1/4,1](x)7’) ( x6 ) + 577 ( x2 ) .

EXAMPLE 2.20 (MW2L on [0, 1] such that m((X1(2)) > 0). Let X = [0, 1], m the
Lebesgue measure on [0, 1] and ¢ the map defined by

—5x+1 for 0 <x <1/8,

px)=3—x+1/2) for 1/8<x<1/2,
2x —1 for 1/2<x<1.
Then ¢ is an MW2L on [0, 1] and V(p); = ‘/gMX[o,us) T, + MX“/&I/Z)T‘/,, Vip) =

V2M

X[1/2,1]T¢' Pute = 2)([1/8’3/8]. Then V(p)1e = e and ON S(e, V(¢)) is not complete.
Moreover we have

—2x +1 1 —x+1 1 x+1
(A(pn)(x) = X[()y]/g)(x)n (__5'—‘) + EX[I/&I](X)” ( 5 ) =+ 57’] ( 5 ) .

REMARK. Though we showed one invariant unit vector e for V (¢); in Examples 2.19
and 2.20, it is easy to see that there exist infitely many invariant unit vectors f’s for V (¢); and,
for every f, ONS(f, V(¢)) is not complete in these examples. This holds for any continuous
MWhrL on [0, 1] with m(X;(1)) > 0 or m(X1(2)) > O.
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3. MWIL and the behavior of the orbit of a state.

Let ¢ be an MWIL on a measure space (X, m). Then V(p); = MWT,,, is a
unitary operator on L2(X) and we have

m o

d -1
——d“’ @@~ (@), (xeX)
m

for n in L!(X). Suppose that there exists a non-negative function Ny in LY(X) such that
Ingll1 = 1 and limg— 00 A’(;n = 1), for all non-negative function 7 in LY(X) with ||5]l; = 1.
Then Ayny = n,, that is, ‘

(Apm(x) =

dmo ¢! _
Y Mm@ () = nex),  (aax€X).
dm
We put e = _/7,. Then the above equation implies V(¢)ie = e. However, since

ONS(e, V(p)) = {e}, we have no information for finding whether the sequence {A’;)n},;'f’__l
converges to 7, with respect to the norm topology in L'(X) or not. Indeed, in many cases,
these sequences do not converge in the sense of the norm topology. In case of MW1L’s, the
behavior of {A’;,n},f‘;l seems to be very complicated. So it is one of the our purpose in the
next step to study the behavior of these sequences. In the present paper, we show the behav-
ior of the sequences {A’;n},‘:‘;l for Baker’s transformation B, which is a typical example of
strong-mixing MWI1L.

EXAMPLE 3.1 (Baker’s transformation). Let X = I x I = [0, 1] x [0, 1] and m the
Lebesgue measure on I x I. Let 8 is Baker’s transformation on I x I, which is defined by
2x,y/2) for 0<x <1/2,

B(x,y) = [(2)6— I,(y+1)/2) for 1/2<x <1.

Then B is an MW1L with 87!, where
(x/2,2y) for 0<y<1/2,

-1 —
= [((x+1)/2,2y— D forl2=y=1.

Namely we have 8~ 1(B(x,y)) = BB '(x,y)) = (x,y) on X (ae.). Moreover we
have V(8)1 = Tp and the constant function e(x, y) = 1 is a V(8)1-invariant unit vector in
L2(I x I). Obviously ONS(e, V(B))(= {e}) is not complete. Moreover it follows that

(Agm(x, ) =B~ (x,y), (meL'dxD).

Although Baker’s transformation 8 is strong-mixing, it does not satisfy the ndrm convergence
property of the orbit of a state. Indeed, for the non-negative function 7 in L' x I) with
linll1 = 1 defined by

n(x,y)=sin2ry+1,
we have (A’B n(x, y) = sin2¥*tlzxy 4+ 1 and, of course, {A’Bn},‘j‘;l converges to the constant
function e with respect to o (L1 (I x I), L% (I x I))-topology, where e(x, y) = 1 for all (x, y)
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inI x I, but
2
1A% — lel*ll = =
4

for all k. In the following we show precisely how the sequence {A’;,n},fil behaves for func-
tions n’s in LYI x I).

PROPOSITION 3.2. Let B be Baker’s transformation on X = I x L. Then, for n in
L'(I x I) and & > 0, there exist positive integers K, s and a finite set {c; }%;01 of complex

numbers such that
251

K
AFn = D cexuxiesas sy
£=0

<E€.
1

PROOF. First we put

10D =1[i/27, G+ 1)/2P) x [j/24, (j + 1)/2%)

(p.q
where p, q are non-negative integers and{ = 0,1,---,2? —1,j=0,1,.-.,29 — 1. Then
we have
Xg6.0) for i =0,1,---,2°71 — 1,
A G = (p—1l.q+1) .
ﬂXI(,,,’q) XI(i_zp-—l‘j__'_zq) for i = 2P'—1, 2P—'1 +1,..-, 2P 1.

(p-1.g+1)

Thus for each x;i.j) there exist positive large integers K and r such that
(r.9)
2" -1
K
Ap Xy = D aXuxiesr ety @ €10,1).
' £=0

Moreover we have

ApXuctjfz, v = AXigs = X4n |+ Xyg

= Xix[jj20+1,(j+1)/29+)) T Xixq(j+29) /2941, (j+24+1)/29+1) °
Now we put '

o} 2P—-129-1
S = U { Z Z bi,jxl(i,j) | bi,j € C] .
. ; ».q9)
p.,gq=0" i=0 j=0
Then, for a given function n in L! (I x I), since S is dense in L! (I x I) with respect to the norm
topology in L!(I x I), there exist non-negative integers p, g and complex numbers {b;, ;} such

that

2P 1291
n— D > bijxgn | <é€
. o .9 || 1
i=1 j=1
By virtue of the above discussion, there exist positive integers K and s such that

251

2P—129—-1
K
Ap ( 22 bij XIEi;’L?)) = D CeXuxtey e+1)/20)
’ =0

i=1 j=1
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where each c¢ is a complex number. Since Ag is isometric on L'(I x I), it follows that

21 212l
K
lAﬂ N~ D CeXixie/zs.e+1)/2) 'Aﬁ (" — 2 2 b ’X‘?p@)) l =
=0 i=1 j=1

Now, using the above proposition, the property of strong-mixing for Baker’s transforma-
tion is derived as follows. For a function 7 in L1(I x I), a function f in LI xI) c L1 xI)
and a positive real number ¢ > 0, there exist a large number k in N and step functions in
LY(I x I) such that

251
. Aﬂ n-— Z CeXix[e/2s,(6+1)/25) || < €
£=0
2121
"f Z Zdtjxl(u) <8,
i=0 j=0 e

where {c¢} and {d; ;} are complex numbers. For the finite set of simple functions generating
the step functions in the first approximation formula, we can see that there exists a large
number K’ in N such that

1
‘ -
fIXI(AﬂXlx[e/zs,(e+1)/23>) P Xax(j/2v, G2y dm = 25ty

for all kK > K’. Moreover, for this k > K’, we have
1

k
(ApXaxieszs, @+1y2) * Xy dm = 5oy = /IxIXIx[e/zs,(e+1)/2s)d’"‘ XyGi dm. .

IxI IxI “wv)

Using these facts, we can show that

hm ] (AK+kn)-fdm =f Agndm- fdm =/ ndm - fdm.
IxI IxI IxI IxI

Especially, if 7 is a non-negative function with ||n]|; = 1, we have

lim Abn - fdm = fdm.

k—o0 JixI IxI

Namely we have the following and from this we can see that g8 is strong-mixing.

COROLLARY 3.3. Let B be Baker’s transformation on X = I x L and e the unit vector
defined by e(x,y) = lin LY x I). Then, for each non-negative function n in L1 x I) with
[Inlly = 1 it follows that

hm Aﬂn —e (w.ort.oL'AxI), L% x I))-topology in L'(I x I)) .
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