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Introduction.

Let $p$ be a prime number and denote by $Q_{p},$ $Z_{p}$ and $C_{p}$ , the p-adic rational number field,
the ring of integers of $Q_{p}$ and the completion of the algebraic closure of $Q_{p}$ , respectively. Let
$\mathcal{O}$ denote the ring of integers of $C_{p}$ .

Let $F(X, Y)$ be a Lubin-Tate formal group over $Z_{p}$ and $h(X)$ a meromorphic series in
$\mathcal{O}((X))^{\times}$ . In [12], Shiratani and Imada constructed a p-adic zeta function $\zeta_{p}(s, F, h)$ , which
explains many well-known p-adic interpolating functions in a unified manner. For example,
if $F(X, Y)$ is the formal multiplicative group $G_{m}(X, Y)=(X+1)(Y+1)-1$ and $h(X)=X$ ,

then $\zeta_{p}(s, G_{m}, X)$ is the ordinary p-adic zeta function. If $F$ is the formal group associated
with an elliptic curve over $Z$ having complex multiplication with ordinary reduction, then
$\zeta_{p}(s, F, X)$ coincides with the p-adic zeta function for the elliptic curve ([10]).

Let $\chi$ be a primitive Dirichlet character with conductor a power of $p$ . In [7], under the
slightly generalized situation that $F(X, Y)$ is a relative Lubin-Tate formal group defined over
the ring of integers of an unramified extension of $Q_{p}$ , we constructed a meromorphic function
$L_{p}(s, \chi, F, h)$ , which is an extension of $\zeta_{p}(s, F, h)$ . Especially, $L_{p}(s, \chi, G_{m}, X)$ coincides
with the Kubota-Leopoldt p-adic L-function $L_{p}(s, \chi)$ .

As is well known, Iwasawa gave the fascinating result that $L_{p}(s, \chi)$ is closely related
to the Galois structure of the local units modulo the closure of the cyclotomic units ([4], [9,

Chapter 7], [15, Section 13.8]). This result was extended to abelian fields by Gillard, Tsuji
and so on ([3], [13]). It is also well known that Coates and Wiles discovered the analogue of
this result for the elliptic units ([1]).

The main purpose of this paper is to generalize the above result of Iwasawa for the
function $L_{p}(s, \chi, F, h)$ under the situation that $F$ is defined over $Z_{p}$ and that $h(X)$ satisfies
certain appropriate conditions (Theorems 4.2 and 4.3). For this purpose, we use the method
of the logarithmic derivatives developed by Coates and Wiles [1]. Let us give a description of
each section.
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In Section 1, we describe the general situation and some important notations in this paper.
In Section 2, we recall the construction of $L_{p}(s, \chi, F, h)$ in [7].

In Section 3, by the method due to Coates and Wiles [1], we summarize some results on
the Galois structure of the local units of the field obtained by adjoining the division points of
$F$ to $Q_{p}$ . Because some complicated situations arise in certain special cases, the proofs will
be postponed until the final section.

In Section 4, as a generalization of the cyclotomic or the elliptic units, we define special
units by means of the division points of $F$ and study how the functions $L_{p}(s, \chi, F, h)$ are
related to those units. In consequence, we obtain the main results of this paper, which can be
regarded as a generalization of the Iwasawa theory of local units.

In Section 5, We give two examples in the case $F=G_{m}$ ; one is related to the generalized
Euler numbers ([6],[14]) and the other to the higher-order Dedekind sums ([8]).

Section 6 is the final section, in which we give complete proofs of propositions in
Section 3.

The authors would like to express their sincere gratitude to the Referee who gave them
valuable comments and carefully pointed out the mistakes in this paper.

1. Notations.

In the rest of this paper, we assume that $p$ is an odd prime number. As usual, we denote
by $Q,$ $Z$ and $N$ , the rational number field, the ring of integers of $Q$ and the set of positive
integers, respectively, and put $\overline{N}=N\cup\{0\}$ . Let $|$ be the p-adic valuation of $C_{p}$ normalized by
$|p|=1/p$ , and for each $x\in C_{p}^{\times}$ , let $ord_{p}(x)$ denote the value in $Q$ satisfying $|x|=|p|^{ord_{p}(x)}$ .
We put $ord_{p}(0)=\infty$ and regard $\infty>a$ for any $a\in Q$ .

Let $\pi$ be a prime element of $Z_{p}$ and $f(T)$ a Frobenius power series determined by $\pi$ ,

namely $f(T)$ is a power series in $Z_{p}[[T]]$ satisfying

$f(T)\equiv\pi T$ (mod degree2) and $f(T)\equiv T^{p}$ $(mod \pi Z_{p})$ .

There exsists a unique formal group $F_{f}(X, Y)\in Z_{p}[[X, Y]]$ , called the Lubin-Tate formal
group associated with $f$ , such that $f(T)$ is the endomorphism $[\pi]_{F_{f}}(T)$ of $F_{f}$ ([11]). In what
follows, we fix $\pi$ and $f(T)$ , and instead of $F_{f}(X, Y)$ , we also write $F(X, Y),$ $F$ or $X+F$ Y.
Let $\lambda_{F}(T)$ and $e_{F}(T)$ denote respectively the logarithmic series and the exponential series
of $F(X, Y)$ such that $\lambda_{F}^{\prime}(0)=1$ and $(\lambda_{F}oe_{F})(T)=(e_{F}\circ\lambda_{F})(T)=T$ . We denote the
completion of the maximal unramified extension of $Q_{p}$ by $\overline{Q_{p}^{nr}}$, the ring of integers of $\overline{Q_{p}^{nr}}$

by $\mathcal{I}$ and the Frobenius automorphism of $\overline{Q_{p}^{nr}}$ over $Q_{p}$ by $\psi$ . Then, $ p/\pi=\Omega^{\psi}/\Omega$ holds for
some $\Omega\in \mathcal{I}^{\times}$ . Further, there exists a unique isomorphism $\phi_{F}$ : $G_{m}\rightarrow F$ over $\mathcal{I}$ such that
$\phi_{F}^{\prime}(0)=\Omega^{-1}$ . Throughout this paper, we take $\Omega=1$ in the case $\pi=p$ , so that we have
$\phi_{G_{m}}(T)=T$ . Note that we have

$[a]_{F}(\phi_{F}(T))=\phi_{F}([a]_{G_{m}}(T))=\phi_{F}((1+T)^{a}-1)$ for any $a\in Z_{p}$ , (1.1)

$\phi_{F}(e^{Z}-1)=e_{F}(\Omega^{-1}Z)$ , (1.2)



LUBIN-TATE FORMAL GROUPS 443

$(\lambda_{F}0\phi_{F})(T)=\Omega^{-1}\log(1+T)$ . (1.3)

For each $n\in\overline{N}$ , we put
$\mathcal{T}_{n}=\{\tau\in C_{p}|[\pi]_{F}^{n+1}(\tau)=0\},$ $K_{n}=Q_{p}(\mathcal{T}_{n})$ , $G_{n}=Ga1(K_{n}/Q_{p})$ .

We put further

$K_{\infty}=\bigcup_{n=0}^{\infty}K_{n}$ , $G_{\infty}=Ga1(K_{\infty}/Q_{p})$ , $\Gamma=Ga1(K_{\infty}/K_{0})$ .

Then, there exist canonical isomorphisms
$\kappa$ : $c_{\infty}\rightarrow^{\sim}Z_{p}^{\times}$ and $\kappa|_{\Gamma}$ : $\Gamma\rightarrow^{\sim}1+pZ_{p}$

such that

$\sigma\alpha=[\kappa(\sigma)]_{F}(\alpha)$ for any $\sigma\in G_{\infty}$ and $\alpha\in\bigcup_{n=0}^{\infty}\mathcal{T}_{n}$ . (1.4)

Let $\Delta$ denote the torsion subgroup of $c_{\infty}$ , which is a cyclic group of order $p-1$ and
isomorphic to $G_{0}$ . If $A$ is a $Z_{p}[\Delta]$ -module, we put

$A^{(i)}=$ {$a\in A|\delta a=\kappa^{i}(\delta)a$ for any $\delta\in\Delta$ }

for each integer $i$ modulo $p-1$ . Here and in the rest of this paper, we always use the letter $i$

to mean an integer modulo $p-1$ . We have a canonical decomposition

$A=\bigoplus_{i=0}^{p-2}A^{(i)}$ .

For any $a\in A$ , putting

$a^{(i)}=\frac{1}{p-1}\sum_{\delta\in\Delta}\kappa^{-i}(\delta)\delta a$ , (1.5)

we have $a^{(i)}\in A^{(i)}$ and $a=\sum_{i=0}^{p-2}a^{(i)}$ .
Put $\Lambda=Z_{p}[[T]]$ . Fix a topological generator $\gamma$ of $\Gamma$ and put $c_{\gamma}=\kappa(\gamma)$ . Then, any

compact $Z_{p}$ -module $B$ on which $\Gamma$ acts continuously admits a structure of A-module such
that $(T+1)b=\gamma b$ for any $b\in B$ .

For each $n\in\overline{N}$ , let $U_{n}$ denote the group of units of $K_{n}$ which are congruent to 1 modulo
the maximal ideal and put

$U_{\infty}=proj\lim U_{n}$ ,

where the projective limit is taken relative to the norm maps on the $K_{n}$ . The ring $Z_{p}[G_{\infty}]$

operates naturally on $U_{\infty}$ , and so, $U_{\infty}$ is a compact $\Gamma$ -module and also a A-module.
Finally, we denote by $\omega$ the Teichm\"uller character for $p$ and regard it also as a homo-

morphism from $\mathcal{O}^{\times}$ to the group of roots of unity such that, for each $x\in \mathcal{O}^{\times}$ , we decompose
$ x=\omega(x)\langle x\rangle$ with $|\{x\rangle$ $-1|<1$ and $\omega(x)^{k}=1$ for some integer $k$ prime to $p$ .
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2. The function $L_{p}(s, \chi, F, H)$ .
Let $\chi$ be a primitive Dirichlet character with conductor a power of $p$ and let $ H(T)\in$

$\mathcal{O}((T))^{\times}$ . In this section, we summarize the construction of the function $L_{p}(s, \chi, F, H)$ in
[7].

In general, each $g(T)$ in $\mathcal{O}[[T]]$ defines a $\mathcal{O}$-valued measure $\mu_{9}$ on $Z_{p}$ such that

$g(T)=\int_{Z_{p}}(1+T)^{X}d\mu_{g}(x)$ .

Let $\ell$ : $Z_{p}^{\times}\rightarrow Z_{p}$ be the homomorphism defined by ( $ x\rangle$ $=c_{\gamma^{\ell(x)}}$ for each $x\in Z_{p}^{\times}$ . For each
$g(T)\in \mathcal{O}[[T]]$ , we put

$g^{(i)}(T)=\int_{Z_{p}^{\times}}(1+T)^{\ell(x)}\omega^{i}(x)d\mu_{g}(x)\in \mathcal{O}[[T]]$ .

Then, we have

$g^{(i)}(c_{\gamma^{S}}-1)=\int_{Z_{p}^{\times}}\langle x)^{S}\omega^{i}(x)d\mu_{9}(x)$ . (2.1)

More precisely, for any primitive $D\ddot{m}chlet$ character $\varphi$ of the second kind for $p$ , we have

$g^{(i)}(\varphi(c_{\gamma})c_{\gamma^{S}}-1)=\int_{Z_{p}^{\times}}(x)^{s}\varphi\omega^{i}(x)d\mu_{g}(x)$ . (2.2)

Let $D$ denote the operator $(1+T)(d/dT)$ . We put

$g_{H}(T)=D\{\log(Ho\phi_{F})(T)\}$ (2.3)

$(=\frac{(1+T)(H\circ\phi_{F})^{\prime}(T)}{(H\circ\phi_{F})(T)}=\frac{(H^{\prime}\circ\phi_{F})(T)}{\Omega(\lambda_{F}^{\prime}\circ\phi_{F})(T)(Ho\phi_{F})(T)})$

which is in $(1/T)\mathcal{O}[[T]]$ . For each $c\in Z_{p}^{\times}$ , we put

$g_{H}^{c}(T)=cg_{H}((1+T)^{C}-1)-g_{H}(T)(\in \mathcal{O}[[T]])$ . (2.4)

If $c$ is selected such that $\omega^{i}(c)(1+T)^{\ell(c)}-1\neq 0$ , we set

$\mathcal{G}_{H}^{(i)}(T)=(g_{H}^{c})^{(i-1)}(c_{\gamma}^{-1}(1+T)-1)/(\omega^{i}(c)(1+T)^{\ell(c)}-1)$ , (2.5)

which is independent of $c$ ([7, Proposition 3.1]). Now, we decompose $\chi$ in the form

$\chi=\varphi_{\chi}\omega^{i_{\chi}}$ ,

where $\varphi_{\chi}$ is a primitive Dirichlet character of the second kind for $p$ and $i_{X}$ is an integer
modulo $p-1$ . Then, the function $L_{p}(s, \chi, F, H)$ is defined by

$L_{p}(s, \chi, F, H)=-\mathcal{G}_{H}^{(i_{\chi})}(\varphi_{\chi}(c_{\gamma})c_{\gamma}^{1-s}-1)$ . (2.6)

In the case where $H(T)$ is in $\mathcal{O}[[T]]^{\times}$ , we also have $g_{H}(T)\in \mathcal{O}[[T]]$ and

$\mathcal{G}_{H}^{(i)}(T)=(g_{H})^{(i-1)}(c_{\gamma}^{-1}(1+T)-1)$ . (2.7)
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Hence, the function $L_{p}(s, \chi, F, H)$ is also expressed as

$L_{p}(s, \chi, F, H)=-\int_{Z_{p}^{\times}}\langle x)^{-s}\chi\omega^{-1}(x)d\mu_{g_{H}}(x)$ .

Let us describe the interpolation property of $L_{p}(s, \chi, F, H)$ . Let $p^{m_{X}}$ be the conduc-
tor of $\chi$ . We choose a primitive $p^{m_{X-}}th$ root of unity $\zeta_{\chi}$ arbitrarily, put $\tau(\chi^{-1}, \zeta_{X})=$

$\sum_{a=1}^{p^{m_{\chi}}}\chi^{-1}(a)\zeta_{\chi}^{a}$ and define the numbers $B_{n,\chi}(F, H)$ by

$\frac{1}{\tau(\chi^{-1},\zeta_{\chi})}\sum_{a=1}^{p^{m_{X}}}\frac{\chi^{-1}(a)Z\frac{d}{dZ}\{H(\phi_{F}(\zeta_{X}^{a}-1)+e(Z))\}}{H(\phi_{F}(\zeta_{\chi}^{a}-1)+Fe_{F}(Z))}=\sum_{n=0}^{\infty}B_{n,\chi}(F, H)\frac{Z^{n}}{n!}$ .

This definition is independent of the choice of $\zeta_{X}$ . For each $n\in Z$ , we put $\chi_{n}=\chi\omega^{-n}$ . Let
$\mathcal{N}_{F}$ denote Coleman’s norm operator, so that we have

$\mathcal{N}_{F}H(T)\in \mathcal{O}((T))^{\times}$
$\mathcal{N}_{F}H([\pi]_{F}(T))=\prod_{\tau\in \mathcal{T}_{0}}H(T+F\tau)$

.

Then, for each $n\in N$ , we have

$L_{p}(1-n, \chi, F, H)=-\Omega^{-n}\{\frac{B_{n,\chi_{n}}(F,H)}{n}-\frac{\chi_{n}(p)\pi^{n}}{p}\cdot\frac{B_{n,\chi_{n}}(F,\mathcal{N}_{F}H)}{n}\}$ (2.8)

Let us give examples used later. We have $B_{n,\chi}(G_{m}, T)=B_{n,\chi}(G_{m}, \mathcal{N}_{G_{m}}T)$

$=B_{n,\chi}$ (the n-th generalized Bemoulli number) and $L_{p}(s, \chi, G_{m}, T)=L_{p}(s, \chi)$ . On the
other hand, for a linear polynomial $aT+b$ with $a\in \mathcal{O}$ and $a\in \mathcal{O}^{\times}$ , put $u=1-(b/a)$ and
define the generalized Euler numbers $H_{\chi}^{n}(u)$ by

$\sum_{a=0}^{p^{m_{X}}-1}\frac{(1-u^{p^{m_{\chi}}})\chi(a)e^{at}u^{p^{m_{\chi}}-a-1}}{e^{p^{m_{\chi}}t}-u^{p^{m_{\chi}}}}=\sum_{n=0}^{\infty}H_{X}^{n}(u)\frac{t^{n}}{n!}$ (2.9)

([14]). Then, we have

$\frac{u}{1-u^{p^{m_{X}}}}H_{\chi}^{n}(u)=\frac{B_{n+1,\chi}(G_{m},aT+b)}{n+1}$ for any $n\in\overline{N}$ , (2.10)

except for the case where $n=0$ and $\chi=1$ . The function $-L_{p}(s, \chi, G_{m}, aT+b)$ is
equal to the function $l_{p}(u, s, \chi\omega^{-1})$ in [14], namely the p-adic interpolating function for the
generalized Euler numbers.

3. The local units and Coleman power series.

Let $(\tau_{n})_{n\geq 0}$ be a basis of the Tate module $\mathcal{T}_{F}=proj\lim \mathcal{T}_{n}$ , where the projective limit is
taken relative to the projection maps given by multiplication by powers of $\pi$ . Then, for each
$u=(u_{n})_{n\geq 0}\in U_{\infty}$ , there exists a unique power series $R_{u}(T)\in\Lambda^{\times}$ such that

$u_{n}=R_{u}(\tau_{n})$ for all $n\in\overline{N}$ (3.1)
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([2], [5]). The power series $R_{u}(T)$ is called the Coleman power series attached to $u$ . It also
satisfies $R_{u}(0)\equiv 1(mod pZ_{p})$ and the functional equation

$R_{u}([\pi]_{F}(T))=\prod_{\tau\in \mathcal{T}_{0}}R_{u}(T+F\tau)$
, namely $\mathcal{N}_{F}R_{u}(T)=R_{u}(T)$ . (3.2)

The map $u\vdash\succ R_{u}(T)$ gives a bicontinuous isomorphism from $U_{\infty}$ to the multiplicative group
$\{R(T)\in\Lambda^{\times}|R(O)\equiv 1(mod pZ_{p}), \mathcal{N}_{F}R(T)=R(T)\}$ .

Let $u\in U_{\infty}$ . In connection with (3.3) and (3.7), we put

$g_{u}(T)=g_{R_{u}(T)}(T)=D\{\log(R_{u}o\phi_{F})(T)\}$ $(\in \mathcal{I}[[T]])$ , (3.3)

$\mathcal{G}_{u}^{(i)}(T)=\mathcal{G}_{R_{u}}^{(i)}(T)=g_{u}^{(i-1)}(c_{\gamma}^{-1}(1+T)-1)$ . (3.4)

As described in the Introduction, the method of using the logarithmic derivative $g_{u}(T)$

of the Coleman power series is due to [1]. It is useful in studying the structure of $U_{\infty}^{(i)}$ . In this
section, we summarize some main results on the structure of $U_{\infty}^{(i)}$ , mainly in terms of the map
$u\vdash>\mathcal{G}_{u}^{(i)}(T)$ . The proofs can be given in almost the same way as in the cyclotomic case or
in the elliptic case ([1], [9], [15]). However, some complicated situations arise in the case of
$i\equiv 0,1(mod p-1)$ , and they are mostly omitted in the above references. So, in this paper,
we give complete proofs including the case of $i\equiv 0,1(mod p-1)$ in the final section.

We introduce a $\Delta$ -action on $\mathcal{I}[[T]]$ by defining $(\delta f)(T)=\kappa^{i}(\delta)f(T)$ for any $\delta\in\Delta$

and $f(T)\in \mathcal{I}[[T]]$ , and denote by $\mathcal{I}[[T]]_{(i)}$ the A $[\Delta]$ -module $\mathcal{I}[[T]]$ equipped with such a
$\Delta$ -action.

For each $n\in N$, we denote by $u_{n}$ the group of n-th roots of unity. Note that if $\pi=p$ ,
we have $K_{n}=Q_{p}(u_{p^{n+1}})$ for all $n\in\overline{N}$ and $U_{\infty}^{(1)}\supset proj\lim u_{p^{n+1}}$ , where the projective limit
is taken with respect to the p-th power map.

PROPOSITION 3.1. The map $u\vdash+\mathcal{G}_{u}^{(i)}(T)$ gives a continuous $\Lambda[\Delta]$ -homomorphism
from $U_{\infty}$ to $\mathcal{I}[[T]]_{(i)}$ . It is the O-map on $U_{\infty}^{(j)}$ for any $j\not\equiv i(mod p-1)$ , and exceptfor the
case where $\pi=p$ and $i\equiv 1(mod p-1)$ , it is an injection on $U_{\infty}^{(i)}$ . In the case $\pi=p$ , the
kemel of the map $u\vdash\rightarrow \mathcal{G}_{u}^{(1)}(T)$ for $u\in U_{\infty}^{(1)}$ coincides with proj $\lim u_{p^{n+1}}$ .

For each $n\in\overline{N}$, let $V_{n}$ denote the image of the projection map from $U_{\infty}$ to $U_{n}$ . Denote
by $N_{n}$ the norm map from $K_{n}$ to $Q_{p}$ . Then, by local class field theory, we have $ V_{n}=\{u\in$

$U_{n}|N_{n}(u)=1\}$ . We put $w_{n}(T)=(1+T)^{p^{n}}-1$ and $v_{\pi}=ord_{p}((\pi/p)-1)$ .
PROPOSITION 3.2. (1) If $i\not\equiv 0(mod p-1)$ , we have

$V_{n}^{(i)}=U_{n}^{(i)}\cong U_{\infty}^{(i)}/w_{n}(T)U_{\infty}^{(i)}$ for any $ n\in$ N.

(2) We have $V_{n}^{(0)}\cong U_{\infty}^{(0)}/\frac{w_{n}(T)}{T}U_{\infty}^{(0)}$ for any $ n\in$ N.

PROPOSITION 3.3. We set $\mathcal{K}^{(i)}=\{\mathcal{G}_{u}^{(i)}(T)|u\in U_{\infty}^{(i)}\}$ . If $i\not\equiv 1(mod p-1)$ , or $\iota f$

$v_{\pi}=0$ or $ v_{\pi}=\infty$, we have

$\mathcal{K}^{(i)}=\mathcal{G}_{v^{(i)}}^{(i)}(T)\Lambda$ for some $v\in U_{\infty}$ independent of $i$ .
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Further, $\iota fi\not\equiv 1(mod p-1)$ or $v_{\pi}=0$ , then $\mathcal{G}_{v^{(i)}}^{(i)}(T)\in \mathcal{I}[[T]]^{\times}$ . If $ v_{\pi}=\infty$ , then
$\mathcal{G}_{v^{(1)}}^{(1)}(T)/(T+1-c_{\gamma})\in \mathcal{I}[[T]]^{\times}$ . In the remaining case of $i\equiv 1(mod p-1)$ and $0<$

$ v_{\pi}<\infty$ , we have
$\mathcal{K}^{(1)}=\{(T+1-c_{\gamma})\Lambda+p^{\nu_{\pi}}\Lambda\}P(T)$ (3.5)

for some $P(T)\in \mathcal{I}[[T]]^{\times}$ .
In what follows, we fix an element $v\in U_{\infty}$ which is independent of $i$ and satisfies the

conditions in Proposition 3.3. If $ 0<v_{\pi}<\infty$ , we also fix a power series $P(T)\in \mathcal{I}[[T]]^{\times}$

satisfying (3.5). Then, we can define a A-homomorphism
$W^{(i)}$ : $ U_{\infty}^{(i)}\rightarrow\Lambda$

by
$W^{(i)}(u)=\mathcal{G}_{u}^{(i)}(T)/\mathcal{G}_{v^{(i)}}^{(i)}(T)$ if $i\not\equiv 1$ $(mod p-1)$ or $v_{\pi}=0$ or $ v_{\pi}=\infty$ ,

and by
$W^{(1)}(u)=\mathcal{G}_{u}^{(1)}(T)/P(T)$ if $i\equiv 1$ $(mod p-1)$ and $ 0<v_{\pi}<\infty$ .

As will be seen in the proofs of above propositions in Section 6, we have $ U_{\infty}^{(i)}\cong\Lambda$ in
most cases. However, by combining Propositions 3.1 and 3.3, we also see that the map $W^{(i)}$

gives a concrete description of the structure of $U_{\infty}^{(i)}$ as in the following

THEOREM 3.4. The map $W^{(i)}$ gives $a$ A-isomorphism
$W^{(i)}$ : $ U_{\infty}^{(i)}\rightarrow\sim\Lambda$

except for the case where $i\equiv 1(mod p-1)$ and $ 0<v_{\pi}\leq\infty$ . If $v_{\pi}=\infty,$
$W^{(1)}$ is

surjective with $KerW^{(1)}=proj\lim u_{p^{n+1}}$ . If $0<v_{\pi}<\infty,$ $W^{(1)}$ is injective with ${\rm Im} W^{(1)}=$

$(T+1-c_{\gamma})\Lambda+p^{v_{\pi}}$ A.

4. A-modules related to the function $L_{p}(s, \chi, F, H)$ .
In this section, we suppose that $H(T)$ is in $Z_{p}((T))^{\times}$ and satisfies

$\mathcal{N}_{F}H(T)=c_{0}H(T)$ for some $c_{0}\in Z_{p}$ . (4.1)

For each $c\in Z_{p}^{\times}$ and $n\in\overline{N}$ , we put $v_{H,n}(c)=\langle H([c]_{F}(\tau_{n}))/H(\tau_{n}))$ and $v_{H}(c)=$

$(v_{H,n}(c))_{n\geq 0}$ . By virtue of (4.1), we have $v_{H}(c)\in U_{\infty}$ . If $H(T)=\sum_{n\geq n_{0}}a_{n}T^{n}$ with
$a_{n_{0}}\neq 0$ , the Coleman power series attached to $v_{H}(c)$ is

$R_{v_{H}(c)}(T)=\omega^{-n_{0}}(c)H([c]_{F}(T))/H(T)$ .

Hence, by (1.1), (2.3), (2.4) and (3.3), we deduce

$g_{v_{H}(c)}(T)=D\{\log(Ho\phi_{F})((1+T)^{c}-1)-\log(H\circ\phi_{F})(T)\}=g_{H}^{c}(T)$ . (4.2)

Let $C_{H,n}$ denote the subgroup of $U_{n}$ generated by $\{v_{H,n}(c)|c\in Z_{p}^{\times}\}$ , and $\overline{C}_{H,n}$ the closure of
$C_{H,n}inU_{n}$ . Then, $\overline{C}_{H,n}$ is also the $\Lambda- submoduleofV_{n}$ generated by $\{v_{H,n}(c)|c\in Z_{p}^{\times}\}$ . We

define $\overline{C}_{H,\infty}=proj\lim\overline{C}_{H,n}$ . Note that it coincides with the A-submodule of $U_{\infty}$ generated
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by $\{v_{H}(c)|c\in Z_{p}^{\times}\}$ . If $c_{2}$ is a primitive root modulo $p^{2}$ , then $\overline{C}_{H,n}$ (resp. $\overline{C}_{H,\infty}$ ) also coin-
cides with the A-module generated by $v_{H,n}(c_{2})$ (resp. $v_{H}(c_{2})$), namely $\overline{C}_{H,n}=\Lambda v_{H,n}(c_{2})$

(resp. $\overline{C}_{H,\infty}=\Lambda v_{H}(c_{2})$ ). In addition, we define $Y_{H,n}=V_{n}/\overline{C}_{H,n}$ or $V_{n}/\overline{C}_{H,n}u_{p^{n+1}}$ accord-
ing as $\pi\neq p$ or $\pi=p$ , and $Y_{H,\infty}=proj\lim Y_{H,n}$ , where the projective limit is taken relative
to the norm maps. Then, we have

$Y_{H,\infty}^{(i)}\cong U_{\infty}^{(i)}/\overline{C}_{H,\infty}^{(i)}$

except for the case where $i\equiv 1(mod p-1)$ and $\pi=p$ , and in this case we have
$Y_{H,\infty}^{(1)}\cong U_{\infty}^{(1)}/$ ( $\overline{C}_{H,\infty}^{(1)}$ . proj limit $u_{p^{n+1}}$ ).

Similarly, for each $u=(u_{n})_{n\geq 0}\in U_{\infty}$ and $n\in\overline{N}$ , let $\overline{D}_{u,n}$ be the A-submodule of
$U_{n}$ generated by $u_{n}$ and define $\overline{D}_{u,\infty}=$ proj $\lim\overline{D}_{u,n},$ $Z_{u,n}=V_{n}/\overline{D}_{u,n}$ or $V_{n}/\overline{D}_{u,n}u_{p^{n+1}}$

according as $\pi\neq p$ or $\pi=p$ and $Z_{u,\infty}=proj\lim Z_{u,n}$ .
By the definition (2.6), we have

$\mathcal{G}_{H}^{(i)}(\varphi(c_{\gamma})c_{\gamma}^{1-s}-1)=-L_{p}(s, \varphi\omega^{i}, F, H)$ (4.3)

for any primitive Dirichlet character $\varphi$ of the second kind for $p$ . Further, since $\phi_{F}(T)$ is in
$\mathcal{I}[[T]]$ and $H(T)$ is assumed to be in $Z_{p}((T))^{\times}$ , we see from (2.5) that $\mathcal{G}_{F,H}^{(i)}(T)$ is in $\mathcal{I}[[T]]$

or in $(1/T)\mathcal{I}[[T]]$ according as $i\not\equiv 0(mod p-1)$ or $i\equiv 0(mod p-1)$ .
To study the A-structures of $Y_{H,\infty},$ $Y_{H,n},$ $Z_{u,\infty}$ and $Z_{u,n}$ is the main purpose of this

paper. For this, we use the map $W^{(i)}$ defined in the previous section. In order to describe the
image of $\overline{C}_{H,\infty}^{(i)}$ by $W^{(i)}$ , we put

$\tilde{\mathcal{G}}_{H}^{(i)}(T)=\left\{\begin{array}{ll}\mathcal{G}_{H}^{(0)}(T)T/\mathcal{G}_{v^{(0)}}^{(0)}(T) & if i\equiv 0 (mod p-1)\\\mathcal{G}_{H}^{(1)}(T)/P(T) & if i\equiv 1 (mod p-1) and 0<v_{\pi}<\infty\\\mathcal{G}_{H}^{(i)}(T)/\mathcal{G}_{v^{(i)}}^{(i)}(T) & otherwise.\end{array}\right.$

Then, in particular we have

$W^{(i)}(u)=\left\{\begin{array}{l}\tilde{\mathcal{G}}_{R_{u}}^{(i)}(T)\\\tilde{\mathcal{G}}_{R_{u}}^{(0)}(T)/T\end{array}\right.$

for any $u\in U_{\infty}^{(i)}$ .

if $i\not\equiv 0$ $(mod p-1)$
(4.4)

if $i\cong O$ $(mod p-1)$

PROPOSITION 4.1. We have $\tilde{\mathcal{G}}_{H}^{(i)}(T)\in\Lambda$ and $ W^{(i)}(\overline{C}_{H,\infty}^{(i)})=\tilde{\mathcal{G}}_{H}^{(i)}(T)\Lambda$ .
PROOF. Let $c_{2}\in Z_{p}$ be a primitive root modulo $p^{2}$ , so that we have $\overline{C}_{H,\infty}=\Lambda v_{H}(c_{2})$

and $\overline{C}_{H,\infty}^{(i)}=\Lambda v_{H}(c_{2})^{(i)}$ . It follows that $W^{(i)}(\overline{C}_{H,\infty}^{(i)})=\Lambda W^{(i)}(v_{H}(c_{2})^{(i)})$ .
Now, we have

$\mathcal{G}_{v_{H}(c_{2})^{(i)}}^{(i)}(T)=g_{v_{H}(c_{2})}^{(i-1)}$ ($c_{\gamma}^{-1}(1+T)$ –l)(by (3.4) and Proposition 3.1)

$=(g_{H}^{c_{2}})^{(i-1)}(c_{\gamma}^{-1}(1+T)-1)$ (by (4.2))

$=(\omega^{j}(c_{2})(1+T)^{\ell(c_{2})}-1)\mathcal{G}_{H}^{(i)}(T)(by(2.5))$ .
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Note that we have

$(\omega^{j}(c_{2})(1+T)^{\ell(c_{2})}-1)/T\in\Lambda^{\times}$ or $\omega^{i}(c_{2})(1+T)^{\ell(c_{2})}-1\in\Lambda^{\times}$

according as $i\equiv 0(mod p-1)$ or $i\not\equiv 0(mod p-1)$ . Hence, by Proposition 3.3
and the definitions of $W^{(i)}$ and $\tilde{\mathcal{G}}_{H}^{(i)}(T)$ , we see that $\tilde{\mathcal{G}}_{H}^{(i)}(T)\in\Lambda$ and that $W^{(i)}(\overline{C}_{H,\infty}^{(\iota)})=$

$ W^{(i)}(v_{H}(c_{2})^{(i)})\Lambda=\tilde{\mathcal{G}}_{H}^{(i)}(T)\Lambda$ . This completes the proof.

We note that by the definition of $\tilde{\mathcal{G}}_{H}^{(i)}(T)$ and Proposition 3.3, we have

$\tilde{\mathcal{G}}_{H}^{(i)}(T)\mathcal{I}[[T]]=\left\{\begin{array}{ll}\mathcal{G}_{H}^{(0)}(T)T\mathcal{I}[[T]] & if i\equiv 0 (mod p-1)\\\frac{\mathcal{G}_{H}^{(1)}(T)}{T+1-c_{\gamma}}\mathcal{I}[[T]] & if i\equiv 1 (mod p-1) and \pi=p\\\mathcal{G}_{H}^{(i)}(T)\mathcal{I}[[T]] & otherwise.\end{array}\right.$ (4.5)

In the case of $ 0<v_{\pi}<\infty$ , we put $\mathcal{H}_{\pi}=(T+1-c_{\gamma})\Lambda+p^{v_{\pi}}\Lambda$ .
By Theorem 3.4 and Proposition 4.1, we obtain the following main theorem, which is

a generalization of Theorem 5.2 of Chapter 7 of [9] (or equivalently [15, Theorem 13.56.1])

and also of Theorem 1 of [1] (namely, the Iwasawa theory of local units in the cyclotomic or
elliptic extensions of $Q_{p}$ ).

THEOREM 4.2. Exceptfor the case where $i\equiv 1(mod p-1)$ and $ 0<v_{\pi}<\infty$ , we
have

$Y_{H,\infty}^{(i)}\cong\Lambda/\tilde{\mathcal{G}}_{H}^{(i)}(T)\Lambda$ .

If $ 0<v_{\pi}<\infty$ , we have
$Y_{H,\infty}^{(1)}\cong \mathcal{H}_{\pi}/\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda$ .

On account of (4.4), we also obtain the following

COROLLARY 4.2.1. Let $u\in U_{\infty}^{(i)}$ . If $i\not\equiv 0(mod p-1)$ , we have

$Z_{u,\infty}^{(i)}=Y_{R_{u},\infty}^{(i)}$ .

If $i\equiv 0(mod p-1)$ , we have

$\tilde{\mathcal{G}}_{R_{u}}^{(0)}(T)\in T\Lambda$ and $ Z_{u,\infty}^{(0)}\cong\Lambda/\frac{\tilde{\mathcal{G}}_{R_{u}}^{(0)}(T)}{T}\Lambda$ .

Applying Proposition 3.2, we also see the structures of $Y_{H,n}^{(i)}$ and $Z_{u,n}^{(i)}$ as follows:

THEOREM 4.3. Let $ n\in$ N.
(1) If $i\not\equiv 0(mod p-1)$ , and $lfi\not\equiv 1(mod p-1)$ or $v_{\pi}=0$ or $ v_{\pi}=\infty$ , we have

$Y_{H,n}^{(i)}\cong\Lambda/(\tilde{\mathcal{G}}_{H}^{(i)}(T)\Lambda+w_{n}(T)\Lambda)$ .

(2) If $ 0<v_{\pi}<\infty$ , we have
$Y_{H,n}^{(1)}\cong \mathcal{H}_{\pi}/(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\mathcal{H}_{\pi})$ .
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(3) We have

$Y_{H,n}^{(0)}\cong\Lambda/(\tilde{\mathcal{G}}_{H}^{(0)}(T)\Lambda+\frac{w_{n}(T)}{T}\Lambda)$ .

COROLLARY 4.3.1. Let $u\in U_{\infty}^{(i)}$ and $n\in\overline{N}$. If $i\not\equiv O(mod p-1)$ , then

$Z_{u,n}^{(i)}=Y_{R_{u},n}^{(i)}$ .

If $i\equiv 0(mod p-1)$ , then we have

$Z_{u,n}^{(0)}\cong\Lambda/\frac{1}{T}(\tilde{\mathcal{G}}_{R_{u}}^{(0)}(T)\Lambda+w_{n}(T)\Lambda)$ .

For each $n\in\overline{N}$, let $\Phi_{n}$ denote the group of primitive Dirichlet characters of the sec-
ond kind for $p$ of which the conductors divide $p^{n+1}$ . Conceming the orders of the torsion
subgroups of $Y_{H,n}^{(i)}$ and $Z_{u,n}^{(i)}$ , we have the following

THEOREM 4.4. (1) If $i\not\equiv 0(mod p-1)$ , and $\iota fi\not\equiv 1(mod p-1)$ or $v_{\pi}=0$ ,

then we have

$ord_{p}\{\#(Y_{H,n}^{(i)})_{tors}\}=ord_{p}\{\prod_{\varphi\in\Phi_{n}}\prime L_{p}(1, \varphi\omega^{i}, F, H)\}$ .

Here and throughout this theorem, we use the symbol $\prod^{\prime}$ to mean the product with respect to
the non-vanishing values.

(2) We have

$ord_{p}\{Q(Y_{H,n}^{(0)})_{tors}\}=ord_{p}\{\prod_{\varphi\in\Phi_{n}}’(\varphi(c_{\gamma})-1)L_{p}(1, \varphi, F, H)\}$ .

(3) If$\pi=p$, then we have

$ord_{p}\{Q(Y_{H,n})_{tors}\}=ord_{p}(1)\{\prod_{\varphi\in\Phi_{n}}\prime L_{p}(1, \varphi\omega, F, H)/(\varphi(c_{\gamma})-c_{\gamma})\}$ .

(4) If $0<v_{\pi}<\infty$ , put

$d_{n}(T)=$
$\prod_{\varphi\in\Phi_{n},L_{p}(1,\varphi\omega,F,H)\neq 0}(T+1-\varphi(c_{\gamma}))$

,

$\delta_{n}=ord_{p}(d_{n}(c_{\gamma}-1))$ and $\eta_{n}=ord_{p}(\tilde{\mathcal{G}}_{H}^{(1)}(c_{\gamma}-1))-\delta_{n}$ . Then,

$ord_{p}\{\#(Y_{H,n}^{(1)})_{tors}\}=ord_{p}\{\prod_{\varphi\in\Phi_{n}}\prime L_{p}(1, \varphi\omega, F, H)\}+\rho_{n}$ ,
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where

$\rho_{n}=\left\{\begin{array}{ll}ord_{p}(\tilde{\mathcal{G}}_{H}^{(1)}(c_{\gamma}-1))-v_{\pi} & if v_{\pi}\geq\delta_{n}, \eta_{n}\\\delta_{n} & if \delta_{n}\leq v_{\pi}<\eta_{n}\\\eta_{n} & if \eta_{n}\leq v_{\pi}<\delta_{n}\\v_{\pi} & if v_{\pi}<\delta_{n}, \eta_{n}.\end{array}\right.$

(5) For any $u\in U_{\infty}^{(i)}$ , we have

$\#(Z_{u,n}^{(i)})_{tors}=\#(Y_{R_{u},n}^{(i)})_{tors}$ or $\#(Z_{u,n}^{(i)})_{tors}=ord_{p}\{\prod_{\varphi\in\Phi_{n}-\{1\}}L_{p}(1, \varphi, F, R_{u})’\}$

according as $i\not\equiv 0(mod p-1)$ or $i\equiv 0(mod p-1)$ .
PROOF. In general, for any $ g(T)\in\Lambda$ , we have

$ord_{p}\{\#(\Lambda/(g(T)\Lambda+w_{n}(T)\Lambda))_{tors}\}=ord_{p}(\prod_{\zeta\in u_{p^{n}}}\prime g(\zeta-1))$ ,

$ord_{p}\{\#(\Lambda/(g(T)\Lambda+(w_{n}(T)/T)\Lambda))\}=ord_{p}(\prod_{\zeta\in u_{p^{n}}-\{1\}}\prime g(\zeta-1))$ .

For each $\varphi\in\Phi_{n}$ , we have $\varphi(c_{\gamma})\in u_{p^{n}}$ . The map $\varphi\vdash+\varphi(c_{\gamma})$ gives an isomorphism
from $\Phi_{n}$ to $u_{p^{n}}$ . By (4.3), we have

$ord_{p}(\mathcal{G}_{H}^{(i)}(\varphi(c_{\gamma})-1))=ord_{p}(L_{p}(1, \varphi\omega^{i}, F, H))$ .
Hence the statements (1), (2) and (3) follow immediately from (4.5) and Theorem 4.3.

Suppose that $ 0<v_{\pi}<\infty$ . Note that $w_{n}(T)=\prod_{\varphi\in\Phi_{n}}(T+1-\varphi(c_{\gamma}))$ and that for any
$\varphi\in\Phi_{n},$ $\mathcal{G}_{H}^{(1)}(\varphi(c_{\gamma})-1)=0$ holds if and only if $\varphi\not\in\Phi_{n}^{(1)}(H)$ . Hence, $d_{n}(T)$ is the greatest
common divisor of $\mathcal{G}_{H}^{(1)}(T)$ and $w_{n}(T)$ . It follows from (4.5) and Theorem 4.3 that the torsion
subgroup of $Y_{H,n}^{(1)}$ is isomorphic to the group $(\mathcal{H}_{\pi}\cap d_{n}(T)\Lambda)/(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\mathcal{H}_{\pi})$ . Put

$\mathcal{A}_{1}=d_{n}(T)\Lambda/(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\Lambda)$ ,

$\mathcal{A}_{2}=(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\Lambda)/(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\mathcal{H}_{\pi})$ ,

$\mathcal{A}_{3}=d_{n}(T)\Lambda/\mathcal{H}_{\pi}\cap d_{n}(T)\Lambda$ .
Then, we have the following canonical diagram in which the horizontal and vertical

sequences are exact.
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$0$

$\downarrow$

$(\mathcal{H}_{\pi}\cap d_{n}(T)\Lambda)/(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\mathcal{H}_{\pi})$

$\downarrow$

$0\rightarrow \mathcal{A}_{2}\rightarrow d_{n}(T)\Lambda/(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\mathcal{H}_{\pi})\rightarrow \mathcal{A}_{1}\rightarrow 0$

$\downarrow$

$\mathcal{A}_{3}$

$\downarrow$

$0$

It follows that

$ord_{p}\{\#(Y_{H,n}^{(i)})_{tors}\}=\sum_{j=1}^{3}ord_{p}(\mathcal{A}_{j})$ . (4.6)

Since $\mathcal{A}_{1}$ is the torsion subgroup of $\Lambda/(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\Lambda)$ , in the same way that we
have shown the statement (1), we obtain

$ord_{p}(\mathcal{A}_{1})=ord_{p}\{\prod_{\varphi\in\Phi_{n}^{(1)}}\tilde{\mathcal{G}}_{H}^{(1)}(\varphi(c_{\gamma})-1)\}=ord_{p}\{\prod_{\varphi\in\Phi_{n}^{\langle 1)}}L_{p}(1, \varphi\omega, F, H)\}$
.

As for $\mathcal{A}_{2}$ , we have
$\mathcal{A}_{2}\cong w_{n}(T)\Lambda/\{w_{n}(T)\Lambda\cap(\tilde{\mathcal{G}}_{H}^{(1)}(T)\Lambda+w_{n}(T)\mathcal{H}_{\pi})\}$

$\cong w_{n}(T)\Lambda/w_{n}(T)(\frac{\tilde{\mathcal{G}}_{H}^{(1)}(T)}{d_{n}(T)}\Lambda+\mathcal{H}_{\pi})$ .

The map $A(T)\vdash\rightarrow A(c_{\gamma}-1)$ of $\Lambda$ onto $Z_{p}$ induces a $Z_{p}$ -isomorphism

$\Lambda/(\frac{\tilde{\mathcal{G}}_{H}^{(1)}(T)}{d_{n}(T)}\Lambda+\mathcal{H}_{\pi})\cong Z_{p}/(\frac{\tilde{\mathcal{G}}_{H}^{(1)}(c_{\gamma}-1)}{d_{n}(c_{\gamma}-1)}Z_{p}+p^{v_{\pi}}Z_{p})$ .

Thus, we obtain $ord_{p}(\mathcal{A}_{2})=\min\{\eta_{n}, v_{\pi}\}$ . Similarly, we have

$\mathcal{A}_{3}\cong(d_{n}(T)\Lambda+\mathcal{H}_{\pi})/\mathcal{H}_{\pi}\cong(d_{n}(c_{\gamma}-1)Z_{p}+p^{\nu_{\pi}}Z_{p})/p^{v_{\pi}}Z_{p}$ ,

and obtain $ord_{p}(\mathcal{A}_{3})=\max\{v_{\pi}-\delta_{n}, 0\}$ . Therefore, the statement (4) follows from (4.6).

The statement (5) follows immediately from Corollary 4.3.1.

5. Examples.

In this section, as stated in the Introduction, we give two examples in the case $F=G_{m}$ .
(I) Let $\lambda\in u_{p-1}-\{1\}$ . Then, as described at the end of Section 3, we have

$l_{p}(\lambda, s, \chi\omega^{-1})=-L_{p}(s, \chi, G_{m}, T+1-\lambda)$ .
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We also have
$\mathcal{N}_{G_{m}}(T+1-\lambda)=T+1-\lambda$ . (5.1)

A basis $(\tau_{n})_{n\geq 0}$ of the Tate module $\mathcal{T}_{G_{m}}$ is written as $(\tau_{n})_{n\geq 0}=(\zeta_{p^{n+1}}-1)_{n\geq 0}$ , where for
each $n\in\overline{N},$

$\zeta_{p^{n+1}}$ is a primitive $p^{n+1}$ -th root of unity and satisfies $(\zeta_{p^{n+2}})^{p}=\zeta_{p^{n+1}}$ . We put

$u(\lambda)=((\zeta_{p^{n+1}}-\lambda))_{n\geq 0}=(\omega^{-1}(1-\lambda)(\zeta_{p^{n+1}}-\lambda))_{n\geq 0}$ ,

which is in $U_{\infty}$ by virtue of (5.1). Then,

$R_{u(\lambda)}(T)=\omega^{-1}(1-\lambda)(T+1-\lambda)$ ,

$\mathcal{G}_{u(\lambda)}^{(i)}(c_{\gamma}^{1-s}-1)=l_{p}(\lambda, s, \omega^{i-1})$ .

We also have $\mathcal{G}_{u(\lambda)}^{(i)}(T)\in\Lambda$ , and by (4.5) and Corollary 4.2.1, we obtain

$Z_{u(\lambda),\infty}^{(i)}=\left\{\begin{array}{ll}\Lambda/\mathcal{G}_{u(\lambda)}^{(i)}(T)\Lambda & if i\not\equiv 1 (mod p-1)\\\Lambda/\frac{\mathcal{G}_{u(\lambda)}^{(1)}(T)}{T+1-c_{\gamma}}\Lambda & if j\equiv 1 (mod p-1).\end{array}\right.$

By slightly modifying the power series $\mathcal{G}_{u(\lambda)}^{(i)}(T)$ for $\lambda\in u_{p-1}-\{1\}$ , we can relate them to

the p-adic L-function $L_{p}(s, \omega^{j})$ as in the following

PROPOSITION 5.1. Let $c\in N-\{1\}$ with $c|p-1$ and suppose that $\omega^{i}(c)\neq 1$ or
$(c)\not\equiv 1(mod p^{2})$ according as $i\not\equiv 0(mod p-1)$ or $i\equiv 0(mod p-1)$ . Then, there exists
a set $\{\tilde{A}^{(i)}(T, \lambda)\in\Lambda|\lambda\in\iota k-\{1\}\}$ such that

$\tilde{A}^{(i)}(T, \lambda)\Lambda=\mathcal{G}_{u(\lambda)}^{(i)}(T)\Lambda$

for each $\lambda\in u_{c}-\{1\}$ and

$L_{p}(s, \omega^{i})=\left\{\begin{array}{l}\Sigma\tilde{A}^{(i)}(c_{\gamma}^{1-s}-1,\lambda)\\\sum_{\lambda\in u_{c}-\{1\}}^{\lambda\in u_{c}-\{l\}}\tilde{A}^{(0)}(c_{\gamma}^{1-s}-1,\lambda)/(c_{\gamma}^{1-s}-l)\end{array}\right.$

$ififi\not\equiv Oi\equiv 0$ $(mod p-1)(mod p-1)$

.

PROOF. The statement is essentially contained in what is described at the end of Sec-
tion 2 of [14]. Indeed, we have

$(1-\langle c\rangle^{1-s}\omega^{i}(c))L_{p}(s, \omega^{i})=\sum_{\lambda\in u_{c}-\{1\}}l_{p}(\lambda, s, \omega^{i-1})$
.

So, it is sufficient to put

$\tilde{A}^{(i)}(T, \lambda)=\left\{\begin{array}{ll}(1-\omega^{i}(c)(1+T)^{\ell(c)})^{-1}\mathcal{G}_{u(\lambda)}^{(i)}(T) & if i\not\equiv 0 (mod p-1)\\(1-(1+T)^{\ell(c)})^{-1}T\mathcal{G}_{u(\lambda)}^{(0)}(T) & if i\equiv 0 (mod p-1).\end{array}\right.$
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(II) Let $B_{n}(X)$ be the n-th Bemoulli polynomial defined by

$\frac{te^{tX}}{e^{t}-1}=\sum_{n=0}^{\infty}B_{n}(X)\frac{t^{n}}{n!}$ .

Put $B_{n}=B_{n}(0)$ , which is the n-th Bemoulli number. For each root of unity $\rho$ and $n\in\overline{N}$, we
define the number $E_{n}(\rho)$ by

$\frac{\rho}{e^{t}-\rho}=\left\{\begin{array}{ll}\sum_{n=0}^{\infty}E_{n}(\rho)\frac{t^{n}}{n!} & if \rho\neq 1\\\frac{1}{t}+\sum_{n=0}^{\infty}E_{n}(1)\frac{t^{n}}{n!} & if \rho=1.\end{array}\right.$ (5.2)

For each $x\in Q$ , we denote by $\langle(x\rangle)$ the unique element in $Q$ satisfying $ 0\leq((x\rangle\rangle$ $<1$ and
$ x-(\{x))\in$ Z. Let $m,$ $r,$ $h,$ $k\in N$ with $1\leq r\leq m$ . For simplicity, we assume that $m\equiv 1$

$(mod 2),$ $m\geq 3$ and $(h, k)=1$ . Then, as shown in [8], the higher-order Dedekind sum
$S_{m+1}^{(r)}(h, k)$ is expressed as

$S_{m+1}^{(r)}(h, k)=\sum_{a=0}^{k-1}B_{m+1-r}(\frac{a}{k})B_{r}(\{\{\frac{ha}{k}\}\})$

$=k^{-m}(m+1-r)r\sum_{\zeta^{k}=1}E_{m- r}(\zeta^{h})E_{r- 1}(\zeta^{-1})$
. (5.3)

For each even integer $\alpha$ modulo $p-1$ , Kudo constructed a p-adic analytic function $S_{p,\alpha}(s;r, h, k)$

on $Z_{p}$ such that

$S_{p,\alpha}(m;r, h, k)=k^{m}S_{m+1}^{(r)}(h, k)-p^{m-r}k^{m}S_{m+1}^{(r)}(ph, k)$ (5.4)

holds for any $m\in N$ with $m+1\equiv\alpha(mod p-1)$ and $m\geq r$ ([8]). In what follows, we
also assume that $(k, p)=1$ . Let us show that under this assumption, $S_{p,\alpha}(s;r, h, k)$ is also
expressed as

$S_{p,\alpha}(s;r, h, k)=-(s+1-r)r\sum_{\sigma^{k}=1}L_{p}(r-s, \omega^{\alpha-r}, G_{m}, T+1-\zeta^{h})E_{r-1}(\zeta^{-1})$
. (5.5)

It is sufficient to show that for any $m\in N$ with $m\geq r+1,$ $m\geq 3$ and $m+1\equiv\alpha(mod p-1)$ ,

(5.5) holds for $s=m$ . In order to see this, we recall equation (2.8), which shows

$-L_{p}(r-m, \omega^{\alpha-r}, G_{m}, T+1-\zeta^{h})$

$=\frac{B_{m-r+1,1}(G_{m},T+1-\zeta^{h})}{m-r+1}-p^{m-r}\cdot\frac{B_{m-r+1,1}(G_{m},\mathcal{N}_{G_{m}}(T+1-\zeta^{h}))}{m-r+1}$

for any $\zeta\in u_{k}$ . Considering the case $\chi=1$ for (2.9) and ( $ 2.10\rangle$, and taking (5.2) into
consideration, we see that

$\frac{B_{m-r+1,1}(G_{m},T+1-\zeta^{h})}{m-r+1}=\frac{\zeta^{h}}{1-\zeta^{h}}H_{1}^{m-r}(\zeta^{h})=E_{m-r}(\zeta^{h})$
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for any $\zeta\in u_{k}-\{1\}$ . If $\zeta=1$ , we also have $B_{m-r+1,1}(G_{m}, T)/(m-r+1)=E_{m-r}(1)=$

$B_{m-r+1}/(m-r+1)$ . Further, it is easy to see that $\mathcal{N}_{G_{m}}(T+1-\zeta^{h})=T+1-\zeta^{ph}$ for any
$\zeta\in u_{k}$ . Hence, we obtain

$-L_{p}(r-m, \omega^{\alpha-r}, G_{m}, T+1-\zeta^{h})=E_{m-r}(\zeta^{h})-p^{m-r}E_{m-r}(\zeta^{ph})$

for any $\zeta\in u_{k}$ , and by virtue of (5.3), we see that the value of the right hand side of (5.5) at
$s=m$ is equal to (5.4). This proves equation (5.5).

Now, take an integer $b_{1}\in N$ such that $p^{b_{1}}\equiv 1(mod k)$ . Put $i\equiv\alpha-r(mod p-1)$ .
Then by (5.5), we have

$\sum_{j=0}^{b_{1}-1}\frac{S_{p,i+r}(r-s;r,p^{j}h,k)}{(s-1)r}=\sum_{j=0}^{b_{1}-1}\sum_{\zeta^{k}=1}L_{p}(s, \omega^{i}, G_{m}, T+1-\zeta^{p^{j}h})E_{r-1}(\zeta^{-1})$

$=\sum_{\zeta^{k}=1}L_{p}(s, \omega^{i}, G_{m}, T+1-\zeta^{h})\sum_{j=0}^{b_{1}-1}E_{r-1}(\zeta^{-p^{j}})$ .

If $\zeta\in u_{k}-\{1\}$ , we have $\sum_{j=0}^{b_{1}-1}E_{r-1}(\zeta^{-p^{j}})\in Z_{p}$ . However, we have $\sum_{j=0}^{b_{1}-1}E_{r-1}(1)=$

$b_{1}B_{r}/r$ , which is not necessarily in $Z_{p}$ . Taking this into consideration, we take an integer
$b_{2}\in N$ such that $ b_{1}b_{2}B_{r}/r\in$ Z. We put $E(\zeta, r-1, b_{1})=\sum_{j=0}^{b_{1}-1}E_{r-1}(\zeta^{-p^{j}})$ for each
$\zeta\in u_{k}$ and define

$H_{r,h,k}(T)=\{\prod_{\zeta\in u_{k}-\{1\}}\{\omega^{-1}(1-\zeta^{h})(1-\zeta^{h}+T)\}^{b_{2}E(\zeta,r-1,b_{1})}\}\cdot T^{b_{2}E(1,r-1,b_{1})}$ .

Then, we have $\mathcal{N}_{G_{m}}H_{r,h,k}(T)=H_{r,h,k}(T)\in\Lambda$ ,

$\mathcal{G}_{H_{rh.k}}^{(i)},(c_{\gamma}^{1-s}-1)=-\frac{b_{2}}{(s-1)r}\sum_{j=0}^{b_{1}-1}S_{p,i+r}(r-s;r, p^{j}h, k)$ ,

$Y_{H_{r,h,k},\infty}^{(i)}=\left\{\begin{array}{ll}\Lambda/\mathcal{G}_{H_{rhk}}^{(i)},(T)\Lambda & if i\not\equiv O, 1 (mod p-1)\\\Lambda/\frac{\mathcal{G}_{H_{r,h,k}}^{(1)}(T)}{T+1-c_{\gamma}}\Lambda & if i\equiv 1 (mod p-1)\\\Lambda/\mathcal{G}_{H_{r,h,k}}^{(0)}(T)T\Lambda & if i\equiv 0 (mod p-1).\end{array}\right.$

REMARK. In the case that $\alpha$ is odd, by defining $S_{m+1}^{(r)}(h, k)$ and $S_{p,\alpha}(s;r, h, k)$ by (5.3)
and (5.5) respectively, the above argument is valid as well. However, we should note that in
this case, we have

$S_{p,\alpha}(s;r, h, k)=\left\{\begin{array}{ll}0 & if r\geq 2\\\frac{s}{2}\{k\rangle^{s}\omega^{\alpha-1}(k)L_{p}(1-s, \omega^{\alpha-1}) & if r=1.\end{array}\right.$ (5.6)
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In order to verify this, we put

$F(t_{1}, t_{2})=\sum_{\zeta^{k}=1}\frac{\zeta^{h}}{e^{t_{1}}-\zeta^{h}}$
. $\frac{\zeta^{-1}}{e^{t_{2}}-\zeta^{-1}}$

Then,

$F(-t_{1}, -t_{2})=\sum_{\zeta^{k}=1}\frac{\zeta^{h}}{e^{-t_{1}}-\zeta^{h}}$
.

$\frac{\zeta^{-1}}{e^{-t_{2}}-\zeta^{-1}}=\sum_{\sigma^{k}=1}\frac{e^{t_{1}}}{\zeta^{-h}-e^{t_{1}}}$
. $\frac{e^{t_{2}}}{\zeta-e^{t_{2}}}$

$=\sum_{\zeta^{k}=1}(1+\frac{\zeta^{-h}}{e^{t_{1}}-\zeta^{-h}})(1+\frac{\zeta}{e^{t_{2}}-\zeta})$

$=k+\frac{k}{e^{kt_{1}}-1}+\frac{k}{e^{kt_{2}}-1}+F(t_{1}, t_{2})$ .

Expanding above equation as power series of $t_{1}$ and $t_{2}$ , and comparing the coefficients of
$t_{1}^{m-r}t_{2}^{r-1}$ for $m$ and $r$ in $N$ with $m\geq r+1$ , we see from (5.2) and (5.3) that

$(-1)^{m-1}S_{m+1}^{(r)}(h, k)=\left\{\begin{array}{ll}S_{m+1}^{(r)}(h, k) & if r\geq 2\\S_{m+1}^{(1)}(h, k)+B_{m} & if r=1.\end{array}\right.$

Hence, if $\alpha\equiv 1(mod 2)$ and $m+1\equiv\alpha(mod p-1)$ , we have $m\equiv 0(mod 2)$ and
$S_{m+1}^{(r)}(h, k)=0$ or $(-1/2)B_{m}$ according as $r\geq 2$ or $r=1$ . The same result also holds for
$S_{m+1}^{(r)}(ph, k)$ . Therefore, (5.6) follows from (5.4).

6. Proofs of propositions in Section 3.

(I) Proof of Proposition 3. 1.
We first prove the following

LEMMA 6.1. Let $u\in U_{\infty}$ and put $\tilde{g}_{u}(T)=g_{u}(T)-(\pi/p)g_{u}((1+T)^{\pi}-1)$ . Then

for any $n\in N$ with $n\equiv i(mod p-1)$ , we have

$\mathcal{G}_{u}^{(i)}(c_{\gamma}^{n}-1)=\frac{d^{n-1}}{dZ^{n-1}}\tilde{g}_{u}(e^{Z}-1)|_{Z=0}=(1-\frac{\pi^{n}}{p})\frac{d^{n-1}}{dZ^{n-1}}g_{u}(e^{Z}-1)|_{Z=0}$

PROOF. By (2.1) and (3.4), we have

$\mathcal{G}_{u}^{(i)}(c_{\gamma}^{n}-1)=\int_{Z_{p}^{\times}}x^{n-1}d\mu_{g_{u}}(x)$

for any $n\in N$ with $n\equiv i(mod p-1)$ . In general, for any $g(T)\in \mathcal{O}[[T]]$ , putting $\tilde{g}(T)=$

$g(T)-(1/p)\sum_{\zeta^{p}=1}g(\zeta(1+T)-1)$ , we have

$\int_{Z_{p}^{\times}}x^{n}d\mu_{9}(x)=\frac{d^{n}}{dZ^{n}}\tilde{g}(e^{Z}-1)|_{Z=0}$
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for any $n\in\overline{N}$ . By (3.2), (3.3) and (1.1), it is easy to deduce that

$\sum_{\zeta^{p}=1}g_{u}(\zeta(1+T)-1)=\pi g_{u}((1+T)^{\pi}-1)$ .

Hence, our assertion follows immediately.

Let us prove Proposition 3.1.
By (1.4) and (3.1), we have $R_{\sigma u}(T)=R_{u}([\kappa(\sigma)]_{F}(T))$ for any $\sigma\in c_{\infty}$ and $u\in U_{\infty}$ .

Hence, by (1.1) and (3.3), we deduce

$g_{\sigma u}(T)=D\{\log(R_{u}o\phi_{F})((1+T)^{\kappa(\sigma)}-1)\}=\kappa(\sigma)g_{u}((1+T)^{\kappa(\sigma)}-1)$ .
Then, we see from Lemma 6.1 that

$\mathcal{G}_{\sigma u}^{(i)}(c_{\gamma}^{n}-1)=\kappa(\sigma)^{n}\mathcal{G}_{u}^{(i)}(c_{\gamma}^{n}-1)$

holds for any $n\in N$ with $n\equiv i(mod p-1)$ . It follows that

$\mathcal{G}_{\sigma u}^{(i)}(T)=\omega^{i}(\kappa(\sigma))(1+T)^{\ell(\kappa(\sigma))}\mathcal{G}_{u}^{(i)}(T)$ .
In particular, we have

$\mathcal{G}_{\delta u}^{(i)}(T)=\kappa^{i}(\delta)\mathcal{G}_{u}^{(i)}(T)$ (6.1)

for any $\delta\in\Delta$ and

$\mathcal{G}_{\gamma u}^{(i)}(T)=(1+T)\mathcal{G}_{u}^{(i)}(T)$ .

The first statement follows immediately from these equations.
Let $j$ be an integer modulo $p-1$ . Then, for any $u\in U_{\infty}$ and $\delta\in\Delta$ we see from (1.5)

and (6.1) that

$\mathcal{G}_{u^{(j)}}^{(i)}(T)=\frac{1}{p-1}\sum_{\delta\in\Delta}\kappa^{i-j}(\delta)\mathcal{G}_{u}^{(i)}(T)$ .

Hence, if $j\not\equiv i(mod p-1)$ , we have $\mathcal{G}_{u^{(j)}}^{(i)}(T)=0$ , namely the map $u\vdash+\mathcal{G}_{u^{(j)}}^{(i)}(T)$ is the
O-map on $U_{\infty}^{(j)}$ .

Let $u=(u_{n})_{n\geq 0}\in U_{\infty}^{(i)}$ and suppose that $\mathcal{G}_{u}^{(i)}(T)=0$ . Then, from what we have just
shown above, we have $\mathcal{G}_{u}^{(j)}(T)=0$ for any integer $j$ modulo $p-1$ . It follows from Lemma
6.1 that

$\frac{d^{n-1}}{dZ^{n-1}}g_{u}(e^{Z}-1)|_{Z=0}=0$

holds for any $n\in N-\{1\}$ . This shows that $g_{u}(T)$ is constant, namely $g_{u}(T)=g_{u}(0)$ .
In the first place, suppose that $\pi\neq p$ . Then, Lemma 6.1 also shows that $g_{u}(O)=0$,

and consequently, $g_{u}(T)=0$ . It follows from (3.3) that $R_{u}(T)$ is constant, that is, $u_{n}=$

$R_{u}(\tau_{n})=R_{u}(0)\in Z_{p}$ holds for any $ n\in$ N. By taking the norm from $K_{n}$ to $K_{n-1}$ , this
yields $R_{u}(O)^{p}=u_{n}^{p}=u_{n-1}=R_{u}(0)$ . Since $R_{u}(0)\equiv 1(mod pZ_{p})$ , we obtain $R_{u}(0)=1$ ,

namely, $u=1$ .
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Next, suppose that $\pi$ $=$ $p$ . Then, Lemma 6.1 shows that $\tilde{g}_{u}(T)$ $=g_{u}(T)-$

$g_{u}((1+T)^{p}-1)=0$ . It follows from (1.1) and (3.3) that

$\frac{d}{dT}\{\log(R_{u}o\phi_{F})(T)\}=\frac{1}{p}\frac{d}{dT}\{\log(R_{u}o\phi_{F})((1+T)^{p}-1)\}$

$=\frac{1}{p}\frac{d}{dT}\{\log(R_{u}o[p]_{F}0\phi_{F})(T)\}$ .

Hence, $R_{u}(T)^{p}/(R_{u}o[p]_{F})(T)$ is constant, namely

$R_{u}(T)^{p}/(R_{u}\circ[p]_{F})(T)=R_{u}(0)^{p-1}\in Z_{p}$ .

Substituting $\tau_{n}$ for $T$ , we see $u_{n}^{p}/u_{n-1}=R_{u}(0)^{p-1}$ . Taking norm from $K_{n}$ to $K_{n-1}$ , we
obtain

$R_{u}(0)^{p(p-1)}=u_{n-1}^{p}/u_{n-1}^{p}=1$ .

Thus, we obtain $R_{u}(O)=1$ , and hence $R_{u}(T)^{p}=(R_{u}\circ[p]_{F})(T)$ . This implies $ u\in$

proj $\lim u_{p^{n+1}}$ . As we noted just before Proposition 3.1, proj $\lim u_{p^{n+1}}$ is contained in $U_{\infty}^{(1)}$ .
Hence, in order to complete the proof, it is sufficient to show that $\mathcal{G}_{u}^{(1)}(T)=0$ holds for any
$u\in proj\lim u_{p^{n+1}}$ . Since equation $R_{u}(T)^{p}=(R_{u}o[p]_{F})(T)$ yields $\tilde{g}_{u}(T)=0$, the required

equation $\mathcal{G}_{u}^{(1)}(T)=0$ follows immediately from Lemma 6.1. This completes the proof of
Proposition 3.1.

(II) Proof of Proposition 3.2.
(1) As in Section 3, let $N_{n}$ be the norm map from $K_{n}$ to $Q_{p}$ . In order to prove $V_{n}^{(i)}=$

$U_{n}^{(i)}$ , it is enough to show that $N_{n}(u)=1$ holds for any $u\in U_{n}^{(i)}$ . Let $N_{n,0}$ denote the norm
map from $K_{n}$ to $K_{0}$ . Since $\sum_{\delta\in\Delta}\kappa^{i}(\delta)=0$ holds for any $i\not\equiv 0(mod p-1)$ , we see that

$N_{n}(u)=\prod_{\delta\in\Delta}N_{n,0}(u)^{\delta}=\prod_{\delta\in\Delta}N_{n,0}(u)^{\mathcal{K}^{j}(\delta)}=1$

holds for any $u\in U_{n}^{(i)}$ .
Now, let $M_{n}$ denote the maximal p-abelian p-ramified extension of $K_{n}$ . We put $M_{\infty}=$

$\bigcup_{n=0}^{\infty}M_{n},$ $\mathcal{X}_{n}=Ga1(M_{n}/K_{n})$ and $\mathcal{X}_{\infty}=Ga1(M_{\infty}/K_{\infty})$ . The Galois group $c_{\infty}$ operates
on $\mathcal{X}_{n}$ and $\mathcal{X}_{\infty}$ by conjugation. We regard $c_{\infty}$ as operating trivially on $Z_{p}$ . Then, $\mathcal{X}_{n},$ $\mathcal{X}_{\infty}$

and $Z_{p}$ become compact $\Gamma$ -modules and also A-modules. As in the proof of Lemma 2 of
[1], we make use of the relations among the structures of $U_{\infty},$ $U_{n},$ $x_{\infty}$ and $\mathcal{X}_{n}$ , which are
obtained by local class field theory. We have the following canonical commutative diagram
of A-modules:

$1\rightarrow U_{\infty}\rightarrow \mathcal{X}_{\infty}\rightarrow Z_{p}\rightarrow 1$

$\downarrow$ $\downarrow$ $\downarrow$ (6.2)

$1\rightarrow U_{n}\rightarrow \mathcal{X}_{n}\rightarrow Z_{p}\rightarrow 1$ ,
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where the horizontal sequences are exact. Since $Z_{p}^{(i)}=\{0\}$ for $i\not\equiv 0(mod p-1),$ $(6.2)$

induces the following commutative diagram:
$U_{\infty}^{(i)}\rightarrow\sim \mathcal{X}_{\infty}^{(i)}$

$\downarrow$ $\downarrow$ (6.3)

$ U_{n}^{(i)}\rightarrow \mathcal{X}_{n}^{(i)}\sim$ .

Since we have $V_{n}^{(i)}=U_{n}^{(i)}$ , the vertical homomorphisms in (6.3) are surjective. Further, the
kemel of the homomorphism $\mathcal{X}_{\infty}\rightarrow \mathcal{X}_{n}$ in (6.2) is $Ga1(M_{\infty}/M_{n})$ , which is the commutative

subgroup of $Ga1(M_{\infty}/K_{n})$ and coincides with $\mathcal{X}_{\infty}^{\gamma^{p^{n}}-1}=w_{n}(T)\mathcal{X}_{\infty}$ . Hence, we see ffom
(6.3) that

$U_{n}^{(i)}\cong U_{\infty}^{(i)}/w_{n}(T)U_{\infty}^{(i)}$ .
(2) The diagram (6.2) induces the following commutative one:

$1\rightarrow U_{\infty}^{(0)}\rightarrow \mathcal{X}_{\infty}^{(0)}\rightarrow Z_{p}\rightarrow 1$

$\downarrow$ $\downarrow$ $\downarrow$ (6.4)

$1\rightarrow U_{0}^{(0)}\rightarrow \mathcal{X}_{0}^{(0)}\rightarrow Z_{p}\rightarrow 1$ ,

where the horizontal sequences are exact.
In the first place, let us show that $\mathcal{X}_{\infty}^{(0)}\cong\Lambda$ . Since we have $U_{0}^{(0)}=U_{0}\cap Q_{p}=1+pZ_{p}$ ,

we see from the lower sequence in (6.4) that $\mathcal{X}_{0}^{(0)}$ is isomorphic to $Z_{p}^{2}$ as $Z_{p}$ -modules. Further,

since $\mathcal{X}_{0}^{(0)}/Ga1(M_{0}/K_{\infty})^{(0)}\cong\Gamma^{(0)}=\Gamma\cong Z_{p}$ , we also see that $Ga1(M_{0}/K_{\infty})^{(0)}\cong Z_{p}$ . It
follows that

$Ga1(M_{0}/K_{\infty})^{(0)}\cong \mathcal{X}_{\infty}^{(0)}/Ga1(M_{\infty}/M_{0})^{(0)}\cong \mathcal{X}_{\infty}^{(0)}/T\mathcal{X}_{\infty}^{(0)}\cong Z_{p}$ .

Then, Nakayama’s lemma ([15, Lemma 13.16]) shows that $\mathcal{X}_{\infty}^{(0)}$ is generated over $\Lambda$ by a
single element. Moreover, (6.4) shows that $\mathcal{X}_{\infty}^{(0)}$ has a submodule isomorphic to $U_{\infty}^{(0)}$ , which
has no A-torsion as a result of Proposition 3.1. Hence, we conclude that

$\mathcal{X}_{\infty}^{(0)}\cong\Lambda$ . (6.5)

Next, note that the image of the projection $U_{\infty}^{(0)}\rightarrow U_{0}^{(0)}$ in (6.4) is

$V_{0}^{(0)}=\{u\in U_{0}^{(0)}|N_{0}(u)=1\}=\{u\in 1+pZ_{p}|u^{p-1}=1\}=\{1\}$ .
From this, it is easy to see that the maps in (6.4) satisfy

${\rm Im}(U_{\infty}^{(0)}\rightarrow \mathcal{X}_{\infty}^{(0)})=Ker(\mathcal{X}_{\infty}^{(0)}\rightarrow \mathcal{X}_{0}^{(0)})=T\mathcal{X}_{\infty}^{(0)}$ . (6.6)

Identifying $U_{\infty}^{(0)}$ with ${\rm Im}(U_{\infty}^{(0)}\rightarrow \mathcal{X}_{\infty}^{(0)})$ , we see from (6.2) that
$V_{n}^{(0)}\cong U_{\infty}^{(0)}/(Ga1(M_{\infty}/M_{n})^{(0)}\cap U_{\infty}^{(0)})=U_{\infty}^{(0)}/(w_{n}(T)\mathcal{X}_{\infty}^{(0)}\cap T\mathcal{X}_{\infty}^{(0)})$

$=U_{\infty}^{(0)}/w_{n}(T)\mathcal{X}_{\infty}^{(0)}=U_{\infty}^{(0)}/\frac{w_{n}(T)}{T}U_{\infty}^{(0)}$ .

This completes the proof.
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(III) Proof of Proposition 3.3.
We first prove some preliminary lemmas.

LEMMA 6.2. Let $n\in\overline{N}$. If $n+1\leq v_{\pi}$ , then $K_{n}=Q_{p}(u_{p^{n+1}})$ . Otherwise, the group
ofp-power roots ofunity in $K_{n}$ is $u_{p^{\nu_{\pi}}}$ .

PROOF. The norm groups of the extensions $K_{n}/Q_{p}$ and $Q_{p}(u_{p^{n+1}})/Q_{p}$ are
$(1+p^{n+1}Z_{p})\times\{\pi^{m}|m\in Z\}$ and $(1+p^{n+1}Z_{p})\times\{p^{m}|m\in Z\}$ ,

respectively. Both of them coincide if and only if $n+1\leq v_{\pi}$ . Hence, the statements follow
immediately by local class field theory.

LEMMA 6.3. Let $n\in\overline{N}$ andput $v(\pi, n+1)=\min\{v_{\pi}, n+1\}$ . Then, as $Z_{p}$ -modules,

we have $U_{n}^{(i)}\cong Z_{p}^{p^{n}}$ or $U_{n}^{(i)}\cong Z_{p}^{p^{n}}\times u_{p^{v(\pi,n+1)}}$ according as $i\not\equiv 1(mod p-1)$ or $i\equiv 1$

$(mod p-1)$ .
PROOF. In the same way as in the proof of Lemma 1 of Chapter 7 in [9], we see that

$rank_{Z_{p}}U_{n}^{(i)}=p^{n}$ . By Lemma 6.2, the torsion subgroup of $U_{n}$ is $u_{p^{\nu(\pi.n+1)}}$ and in fact, it is
contained in $U_{n}^{(1)}$ . Hence, the statement is obvious.

Let $\Omega\in \mathcal{I}^{\times}$ be as defined in Section 1.

LEMMA 6.4. There exists an element $v\in U_{\infty}$ which is independent of $i$ and satisfies
thefollowing:

(1) If $i\not\equiv 1(mod p-1)$ or $v_{\pi}=0$, then $\mathcal{G}_{v}^{(i)}(T)\in \mathcal{I}[[T]]^{\times}$ .
(2) If $v_{\pi}>0$, then $\{\Omega \mathcal{G}_{v}^{(1)}(T)-(1-\frac{\pi}{p})\}/(T+1-c_{\gamma})\in \mathcal{I}[[T]]^{\times}$ .
PROOF. Let $\mathcal{F}$ denote the basic Lubin-Tate formal group belonging to $\pi$ , namely, the

formal group such that $[\pi]_{\mathcal{F}}(T)=T^{p}+\pi T$ . There exists an isomorphism $\eta$ : $F\rightarrow \mathcal{F}$

over $Z_{p}$ such that $\eta^{\prime}(0)=1$ . Let $\epsilon\in 1+pZ_{p}$ be a $(p-1)- st$ root of 1 $-\pi$ and put
$v_{\epsilon}=(\epsilon-\eta(\tau_{n}))_{n\geq 0}$ . Let us show that $v_{\epsilon}$ is in $U_{\infty}$ . Indeed, for each $n\in N$, the minimal
equation for $\epsilon-\eta(\tau_{n})$ over $K_{n-1}$ is $[\pi]_{\mathcal{F}}(\epsilon-T)-\eta(\tau_{n-1})=0$ , and so, the image of $\epsilon-\eta(\tau_{n})$

by the norm map from $K_{n}$ to $K_{n-1}$ is $[\pi]\mathcal{F}(\epsilon)-\eta(\tau_{n-1})=\epsilon^{p}+\pi\epsilon-\eta(\tau_{n-1})$ , which is also
equal to $\epsilon-\eta(\tau_{n-1})$ by virtue of $\epsilon^{p-1}=1-\pi$ . It follows that $v_{\epsilon}\in U_{\infty}$ .

Now, it is obvious that $R_{v_{8}}(T)=\epsilon-\eta(T)$ . Hence, (3.3) yields

$g_{v_{\mathcal{E}}}(T)=-D\{\sum_{k=1}^{\infty}\frac{1}{k}(\frac{1}{\epsilon}(\eta 0\phi_{F})(T))^{k}\}$

$=-(1+T)\sum_{k=0}^{\infty}(\frac{1}{\epsilon}(\eta\circ\phi_{F})(T))^{k}\cdot\frac{1}{\epsilon}(\eta\circ\phi_{F})^{\prime}(T)$ .



LUBIN-TATE FORMAL GROUPS 461

Note that we have $(\eta 0\phi_{F})(e^{Z}-1)=e_{\mathcal{F}}(\Omega^{-1}Z)$ , which implies $(\eta\circ\phi_{F})^{\prime}(e^{Z}-1)\cdot e^{Z}=$

$\Omega^{-1}e_{\mathcal{F}}^{\prime}(\Omega^{-1}Z)$ . Hence, putting $v=v_{\epsilon}^{-\epsilon}$ , we have

$g_{v}(e^{Z}-1)=\Omega^{-1}e_{f}^{\prime}(\Omega^{-1}Z)\sum_{k=0}^{\infty}(\frac{1}{\epsilon}e_{F}(\Omega^{-1}Z))^{k}$ (6.7)

Further, the equation $[\pi]_{\mathcal{F}}(T)=T^{p}+\pi T$ implies $e_{\mathcal{F}}(\pi Z)=e_{\mathcal{F}}(Z)^{p}+\pi e\mathcal{F}(Z)$ . From
this, we deduce

$e_{\mathcal{F}}(Z)\equiv Z+\frac{1}{\pi^{p}-\pi}Z^{p}$ (mod degree $p+1$ ) ,

and by (6.7) and by virtue of $\epsilon^{p-1}=1-\pi$ , we obtain

$g_{v}(e^{Z}-1)\equiv\Omega^{-1}(1+\frac{p\Omega^{1-p}}{\pi^{p}-\pi}z^{p-1})\sum_{k=0}^{p-1}\epsilon^{-k}\Omega^{-k}Z^{k}$ (mod degree $p$)

$\equiv\sum_{k=0}^{p-2}\epsilon^{-k}\Omega^{-k-1}Z^{k}+\Omega^{-p}(\frac{p}{\pi(\pi^{p-1}-1)}+\frac{1}{1-\pi})Z^{p-1}$ (mod degree $p$). (6.8)

Hence, if $i\not\equiv 1(mod p-1)$ or $v_{\pi}=0$ , then for a unique integer $k$ satisfying $k\equiv i$

$(mod p-1)$ and $1\leq k\leq p-1$ , Lemma 6.1 shows that $|\mathcal{G}_{v}^{(i)}(c_{\gamma}^{k}-1)|=1$ . The statement
(1) follows immediately from this.

Let us prove the statement (2). Suppose that $v_{\pi}>0$ . By (6.8) and Lemma 6.1, we have

$\Omega \mathcal{G}_{v}^{(1)}(c_{\gamma}-1)=1-\frac{\pi}{p}$ ,

$\Omega \mathcal{G}_{v}^{(1)}(c_{\gamma^{p}}-1)=\Omega^{1-p}(1-\frac{\pi^{p}}{p})(p-1)!(\frac{p}{\pi(\pi^{p-1}-1)}+\frac{1}{1-\pi})$ .

Hence, we can write

$\Omega \mathcal{G}_{v}^{(1)}(T)=1-\frac{\pi}{p}+(T+1-c_{\gamma})A(T)$

for some $A(T)\in \mathcal{I}[[T]]$ such that

$1-\frac{\pi}{p}+(c_{\gamma^{p}}-c_{\gamma})A(c_{\gamma^{p}}-1)=\Omega^{1-p}(1-\frac{\pi^{p}}{p})(p-1)!(\frac{p}{\pi(\pi^{p-1}-1)}+\frac{1}{1-\pi})\cdot(6.9)$

In order to complete the proof, it is sufficient to show that $A(c_{\gamma^{p}}-1)\not\equiv 0(mod p\mathcal{I})$ . Recall
that $\Omega^{\psi}/\Omega=p/\pi$ , which implies $\Omega^{p-1}\equiv p/\pi(mod p\mathcal{I})$ . By the assumption $v_{\pi}>0$ , we
have $1-(\pi/p)\equiv 0(mod pZ_{p})$ . Hence, we see from (6.9) that

$1-\frac{\pi}{p}+(c_{\gamma^{p}}-c_{\gamma})A(c_{\gamma^{p}}-1)\equiv\Omega^{1-p}(p-1)!(-\frac{p}{\pi}+1+\pi)$
$(mod p^{2}\mathcal{I})$

$\equiv\frac{\pi}{p}\cdot(-1)(-\frac{p}{\pi}+1+\pi)$
$(mod p^{2}\mathcal{I})$

$\equiv 1-\frac{\pi}{p}-\frac{\pi^{2}}{p}$ $(mod p^{2}\mathcal{I})$ .
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Since $ord_{p}(c_{\gamma^{p}}-c_{\gamma})=1$ , it follows that

$A(c_{\gamma^{p}}-1)\equiv-\frac{\pi^{2}}{(c_{\gamma^{p}}-c_{\gamma})p}\not\equiv 0$ $(mod p\mathcal{I})$ .

This completes the proof of Lemma 6.4.

Let us proceed to prove Proposition 3.3.
We note that, in general if a rank one A-submodule $\mathcal{K}$ of $\mathcal{I}[[T]]$ contains an element

$\mathcal{G}\in \mathcal{I}[[T]]^{\times}$ , then we have
$\mathcal{K}=\mathcal{G}\Lambda$ .

In the case $i\equiv 0(mod p-1)$ , we see from (6.5) and (6.6) that
$\mathcal{K}^{0}\cong U_{\infty}^{(0)}\cong$ A.

Let $v\in U_{\infty}$ be as in Lemma 6.4. Then, we have
$\mathcal{G}_{v}^{(0)}(T)=\mathcal{G}_{v^{\langle 0)}}^{(0)}(T)\in \mathcal{I}[[T]]^{\times}$

and consequently

$\mathcal{K}^{(0)}=\mathcal{G}_{v^{(0)}}^{(0)}(T)\Lambda$ .
In the case where $i\not\equiv 0(mod p-1)$ and either $i\not\equiv 1(mod p-1)$ or $v_{\pi}=0$ , Lemma

6.3 shows that $U_{0}^{(i)}\cong Z_{p}$ . Then, by Proposition 3.2 (1), we have $U_{\infty}^{(i)}/TU_{\infty}^{(i)}\cong Z_{p}$ . It
follows from Nakayama’s lemma that $U_{\infty}^{(i)}$ is generated over $\Lambda$ by a single element. Further,
by Proposition 3.1, $U_{\infty}^{(i)}$ has no A-torsion. Hence, we see that

$ U_{\infty}^{(i)}\cong\Lambda$ ,

and in the same way as in the previous case, we obtain $\mathcal{G}_{v^{(i)}}^{(i)}(T)\in \mathcal{I}[[T]]^{\times}$ and

$\mathcal{K}^{(i)}=\mathcal{G}_{v^{(i)}}^{(i)}(T)\Lambda$ .
In the case where $i\equiv 1(mod p-1)$ and $\pi=p$ , Lemma 6.3 together with Proposition

3.2 (1) shows that there exists an element $u=(u_{n})_{n\geq 0}\in U_{\infty}^{(1)}$ such that $U_{0}^{(1)}$ is generated
over $Z_{p}$ by $u0$ and $u_{p}$ . Then, by Nakayama’s lemma and by the fact that proj $\lim u_{p^{n+1}}$ is in
$U_{\infty}^{(1)}$ , we have

$U_{\infty}^{(1)}=\Lambda u$ . proj $\lim u_{p^{n+1}}$ .

On the other hand, Lemma 6.1 shows that $\mathcal{G}_{u}^{(1)}(c_{\gamma}-1)=0$ holds for any $u\in U_{\infty}^{(1)}$ . It follows
that $\mathcal{K}^{(1)}\subset(T+1-c_{\gamma})\mathcal{I}[[T]]$ . Hence, by Proposition 3.1 and Lemma 6.4 (2), we see that
$\mathcal{G}_{v^{\langle 1)}}^{(1)}(T)/(T+1-c_{\gamma})\in \mathcal{I}[[T]]^{\times}$ and

$\mathcal{K}^{(1)}=\mathcal{G}_{v^{\langle 1)}}^{(1)}(T)\Lambda$ .
It remains to prove the statement in the case where $i\equiv 1(mod p-1)$ and $0<v_{\pi}<\infty$ .

For each $n\in\overline{N}$, let $\zeta_{p^{n+1}}$ denote the primitive $p^{n+1}$ -th root of unity such that $\phi_{F}(\zeta_{p^{n+}}\iota-1)=$

$\tau_{n}$ . If $n+1\leq v_{\pi}$ , Lemma 6.2 shows that $\zeta_{p^{n+1}}\in U_{n}$ . More precisely, we have $\zeta_{p^{n+1}}\in U_{n}^{(1)}$
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and $\sigma_{p^{n+1}}^{p}=\zeta_{p^{n}}$ . By Lemma 6.3, there exist two elements $u^{\prime}=(u_{n}^{\prime})_{n\geq 0}$ and $v^{\prime}=(v_{n}^{\prime})_{n\geq 0}$ in
$U_{\infty}^{(1)}$ such that $u_{n}^{\prime}=\zeta_{p^{n+1}}$ for all $n\in\overline{N}$ with $n+1\leq v_{\pi}$ and that $U_{0}^{(1)}$ is generated over $Z_{p}$

by $\zeta_{p}$ and $v_{0}^{\prime}$ . Then, by Proposition 3.2 and Nakayama’s lemma, $U_{\infty}^{(1)}$ is generated over $\Lambda$ by
$u^{\prime}$ and $v^{\prime}$ . It follows from Proposition 3.1 that

$ U_{\infty}^{(1)}\cong \mathcal{K}^{(1)}=\mathcal{G}_{u}^{(1)}(T)\Lambda+\mathcal{G}_{v}^{(1)}(T)\Lambda$ . (6.10)

Since $(u_{0}^{\prime})^{p}=(u_{v_{\pi}-1}^{\prime})^{p^{v_{\pi}}}=1$ , Proposition 3.2 (1) shows that $(u^{\prime})^{p}\in TU_{\infty}^{(1)}$ and $(u^{\prime})^{p^{v_{\pi}}}\in$

$w_{v_{\pi}-1}(T)U_{\infty}^{(1)}$ . Then, by (6.10), we can write
$p\mathcal{G}_{u}^{(1)}(T)=\tau\{\mathcal{G}_{u}^{(1)}(T)A_{1}(T)+\mathcal{G}_{v}^{(1)}(T)A_{2}(T)\}$ , (6.11)

$p^{\nu_{\pi}}\mathcal{G}_{u}^{(1)}(T)=w_{v_{\pi}-1}(T)\{\mathcal{G}_{u}^{(1)}(T)B_{1}(T)+\mathcal{G}_{v}^{(1)}(T)B_{2}(T)\}$ (6.12)

for some $A_{1}(T),$ $A_{2}(T),$ $B_{1}(T)$ and $B_{2}(T)$ in $\Lambda$ . Applying p-adic Weierstrass Preparation
Theorem ([15, Theorem 7.3]) to the power series $\mathcal{G}_{u}^{(1)}(T)$ , we see from (6.12) that $\mathcal{G}_{u}^{(1)}(T)$ is
divided by $w_{v_{\pi}-1}(T)$ in $\mathcal{I}[[T]]$ , namely, we can write

$\mathcal{G}_{u}^{(1)}(T)=w_{\nu_{\pi}-1}(T)P(T)$ (6.13)

with $P(T)=p^{-v_{\pi}}\{\mathcal{G}_{u}^{(1)}(T)B_{1}(T)+\mathcal{G}_{v}^{(1)}(T)B_{2}(T)\}\in \mathcal{I}[[T]]$ . Let us show that in fact, $P(T)$

is in $\mathcal{I}[[T]]^{\times}$ . Equation $(R_{u^{\prime}}\circ\phi_{F})(\zeta_{p}-1)=R_{u^{\prime}}(\tau_{0})=\zeta_{p}$ implies

$(R_{u^{\prime}}\circ\phi_{F})(T)\equiv T+1(mod \frac{w_{1}(T)}{T}\mathcal{I}[[T]])$ .

Then, by (3.3), we have $|g_{u^{\prime}}(0)|=1$ , and by Lemma 6.1, we have further

$ord_{p}(\mathcal{G}_{u}^{(1)}(c_{\gamma}-1))=ord_{p}((1-(\pi/p))g_{u^{\prime}}(0))=v_{\pi}$ .
It follows from (6.13) that

$ord_{p}(P(c_{\gamma}-1))=ord_{p}(\frac{\mathcal{G}_{u}^{(1)}(c_{\gamma}-1)}{w_{\nu_{\pi}-1}(c_{\gamma}-1)})=v_{\pi}-v_{\pi}=0$ .

Thus, we see that $P(T)\in \mathcal{I}[[T]]^{\times}$ .
If $v_{\pi}=1$ , then (6.13) becomes $\mathcal{G}_{u}^{(1)}(T)=TP(T)$ . It follows from (6.11) that

$(p-TA_{1}(T))P(T)=\mathcal{G}_{v}^{(1)}(T)A_{2}(T)$ .

Substituting $0$ for $T$ , we see that either $ord_{p}(\mathcal{G}_{v}^{(1)}(0))=1$ or $ord_{p}(A_{2}(0))=1$ holds. If the

latter held, then we would have $\mathcal{G}_{v}^{(1)}(T)\in \mathcal{I}[[T]]^{\times}$ , which contradicts the result of Lemma

6.1 for $n=1$ . Hence, we must have $ord_{p}(\mathcal{G}_{v}^{(1)}(0))=1$ , and consequently $A_{2}(T)\in\Lambda^{\times}$ .
Then, we see from (6.10) that

$\mathcal{K}^{(1)}=TP(T)\Lambda+(p-TA_{1}(T))P(T)\Lambda=(T\Lambda+p\Lambda)P(T)$ ,

and obtain the assertion in the case $v_{\pi}=1$ .
Suppose that $v_{\pi}>1$ . Combining (6.11) and (6.13), we deduce

$(p-TA_{1}(T))w_{\nu_{\pi}-1}(T)P(T)/T=\mathcal{G}_{v}^{(1)}(T)A_{2}(T)$ . (6.14)
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Let us show that $A_{2}(T)$ is in $(w_{v_{\pi}-1}(T)/T)\Lambda$ . For any $n\in N$ with $0<n<v_{\pi}$ , we see from
(6.14) that $\mathcal{G}_{v}^{(1)}(\zeta_{p^{n}}-1)A_{2}(\zeta_{p^{n}}-1)=0$ . If $\mathcal{G}_{v}^{(1)}(\zeta_{p^{n}}-1)=0$ held, then by (6.10) and (6.13),

we would have $\mathcal{G}_{u}^{(1)}(\zeta_{p^{n}}-1)=\mathcal{G}_{u^{(1)}}^{(1)}(\zeta_{p^{n}}-1)=0$ for all $u\in U_{\infty}$ , which contradicts Lemma
6.4 (2). Hence, we must have $A_{2}(\zeta_{p^{n}}-1)=0$ and consequently, $ A_{2}(T)\in(w_{\nu_{\pi}-1}(T)/T)\Lambda$ .
Write $A_{2}(T)=w_{v_{\pi}-1}(T)A_{3}(T)/T$ with $ A_{3}(T)\in\Lambda$ . Then, equation (6.14) becomes

$(p-TA_{1}(T))P(T)=\mathcal{G}_{v}^{(1)}(T)A_{3}(T)$ . (6.15)

In the same way that we have shown $A_{2}(T)\in\Lambda^{\times}$ in the case $v_{\pi}=1$ , we see that $ A_{3}(T)\in$

$\Lambda^{\times}$ . Further, we also have $A_{1}(T)\in\Lambda^{\times}$ . Indeed, by (6.15) and Lemma 6.1, we have
$ord_{p}(p-(c_{\gamma}-1)A_{1}(c_{\gamma}-1))=ord_{p}(\mathcal{G}_{v}^{(1)}(c_{\gamma}-1))\geq v_{\pi}$ ,

and by the assumption $v_{\pi}>1$ , we see that $ord_{p}((c_{\gamma}-1)A_{1}(c_{\gamma}-1))=1$ , and hence
$A_{1}(T)\in\Lambda^{\times}$ . Then, applying p-adic Weierstrass Preparation Theorem to the power series
$p-TA_{1}(T)$ , we have

$p-TA_{1}(T)\in(T-\pi^{\prime})\Lambda^{\times}$

for some prime element $\pi^{\prime}$ of $Z_{p}$ . It follows from (6.10), (6.13) and (6.15) that
$\mathcal{K}^{(1)}=(w_{\nu_{\pi}-1}(T)\Lambda+(T-\pi^{\prime})\Lambda)P(T)$ .

By remainder theorem, we have further
$\mathcal{K}^{(1)}=(w_{\nu_{\pi}-1}(\pi^{\prime})\Lambda+(T-\pi^{\prime})\Lambda)P(T)$

$=(p^{\nu_{\pi}}\Lambda+(T-\pi^{\prime})\Lambda)P(T)$ .
In order to complete the proof, it is sufficient to show that $\pi^{\prime}\equiv c_{\gamma}-1(mod p^{\nu_{\pi}}Z_{p})$ . Let $v$

be as in Lemma 6.4, and write
$\Omega \mathcal{G}_{v^{(1)}}^{(1)}(T)=1-(\pi/p)+(T+1-c_{\gamma})Q(T)$

$=(p^{\nu_{\pi}}C_{1}(T)+(T-\pi^{\prime})C_{2}(T))P(T)\Omega$ , (6.16)

with $Q(T)\in \mathcal{I}[[T]]^{\times}$ and $C_{1}(T),$ $ C_{2}(T)\in\Lambda$ . Substituting $0$ for $T$ in (6.16), we see
$(1-c_{\gamma})Q(O)\equiv-\pi^{\prime}C_{2}(O)P(O)\Omega$ $(mod p^{\nu_{\pi}}\mathcal{I})$ .

By the assumption $v_{\pi}>1$ , this implies $C_{2}(T)\in\Lambda^{\times}$ . Then, substituting $c_{\gamma}-1$ for $T$ in
(6.16), we obtain

$(c_{\gamma}-1-\pi^{\prime})C_{2}(c_{\gamma}-1)P(c_{\gamma}-1)\Omega\equiv\Omega \mathcal{G}_{v^{\langle 1)}}^{(1)}(c_{\gamma}-1)\equiv 0$ $(mod p^{v_{\pi}}\mathcal{I})$

and consequently
$\pi^{\prime}\equiv c_{\gamma}-1$ $(mod p^{v_{\pi}}Z_{p})$ .

This completes the proof of Proposition 3.3.
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