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Abstract. Let p, /g, be the n-th convergent of the continued fraction expansion of a real number «. It is
known that |p;, — gna| is very small tending to O as n tends to infinity. In this paper we establish a method how
to express p, — gno in terms of integrals when « is an e-type real number and its continued fraction expansion is
quasi-periodic.

1. Introduction

a = [ap; a1, az, ... ] denotes the simple continued fraction expansion of a real o, where
a=ay+1/ay, ap = |o] ,
on =ap+ 1/ongr, ap = loap] (m=1).

The n-th convergent of the continued fraction expansion is denoted by p,/q, =

[ao; a1, ...,an ], and p, and g, satisfy the recurrence relation:
Pn = anpPn—1+ pp—2 (n>0), p-1=1, p-2=0,
dn = nqn—1 + qn—2 (n>0), q—1 =0, q-2 = 1.

An irrational number « is well approximated by its n-th convergent p,/g,. Namely, for
n>0

1
———— <Ipn— | <
qn+1 + qn qn+1
([4] p. 20). Precisely speaking, by using the algorithm mentioned above, the error can be
expressed as
(_1)n+1
Pn —gn = ———————
On+14n + gn—1

([1] Lemma 5.4).
Osler [8] gave a remarkable proof of the simple continued fraction

M= k=D =L, LIZ, (s>2)
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by expressing this error explicitly in terms of integrals. Namely, when p, /g, is the n-th
convergent of the continued fraction of e!/5, he showed that forn > 0

1 L xx — 1"
— /s — _ x/s
pan = e == [ e M
R e VL
Panel = ganrie!’ = < / e @
N 0 n:
and
, 1 1 xn(x _ 1)n+1
P3n+2 — q3n+261/lS = ol / ! e 3)
N 0 n:

This was the direct extension of the result given by Cohn [2] concerning e. A similar expres-
sion can be seen in [3] too.

It is known that the continued fraction expansion of ¢%/* is given by
6k —5)s — 1 6k — 1)s — 1 o
=1, — = 12k —6)s, ————— 1,1 ,
2 2 k=1

where s > 1 is odd (See [9], §32, (2)). In [6] the author gave a proof of the continued fraction

2/s

expansion of e/* by showing similar errors explicitly.

THEOREM 1 Let p, /g, be the n-th convergent of the continued fraction of e>/*.

Then, forn > 0

2 3n+1 1 x3n(x _ 1)3/1
Psn — qsneZ/s - _ <_) / ' eZX/sdx . )
s 0 (3n)!
23n+l 1 x3n+l(x _ 1)3n+1
_ 2/s _ _ 2x/s
Psnt1 = gsnt1e”" = =g /(; Girl ¢ dx, (%)
o) 3n+3 1 x3n+2(x _ 1)3n+2
_ 2s — _ [ 2 2x/sd 6
Psn+2 = q5n+2€ <S) /O Gy ¢ 4 (6)
2 3n+3  ,1 x3n+3(x _ 1)3n+2
— 2fs _ [ Z 2x/sd 7
P5n+3 — {45n+3€ (S) ,/0 Gn+2)! e X, @)
and
2 3n4+3 .1 x3n+2(x _ 1)3n+3
_ s _ [ Z 2x/sd ) 8
P5n+4 — q5n+4€ <s) /o Gn o) e x ()

In this paper we shall give a rather direct and combinatorial proof of the continued frac-

tion expansion of ¢!/

2/s

, which can be applied to obtain similar results about the continued

fractions of e~/* and some more families of the e-type continued fractions.
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2. The continued fraction of ¢!/*

Let p,/qn be the n-th convergent of

=1 2k—Ds — L L 12, (s>2).

Some explicit combinatorial expressions of the leaping convergents of ¢!/* are known in
[5]. Namely, for n > 0 we have the following.

PROPOSITION 1.

n
& b,
Pin _;k!(n EYSTREN

n
& kD,
p3”+1_k2:0 Kon—k! >

n+1
(n+ k)! k
pint2 =M+ 1) Z ms ,

!
q3n—2( )nk(n+) k,

kl(n — k!
n+1
_ k1R
q3n+1—(n+1)];( D e
¥ nk A+ D!
q3n+z—Zj(—1) oot

Using such expressions, we can obtain (1), (2) and (3) by directly showing the following.

THEOREM 2. Forn > 0we have

2\ (n+k)! i wop (n+E)! | S LN
Zik!(n_k)!sk_el/ kZO( 1) kﬁsk:_swﬂfo e /dx’ )

part n!
" (k1) ez (n +K)!
Z 4 o sk+] _el/S(n+ 1)2(_1)n*k+]k' - ; ‘sk
= I(n —k)! = n—k+1)!
Lt — 1)
_ /
= <5 /O P edx, (10)
&tk (n+k+1)!
el/s n— k— k+1

(n+1 )Zk|( k_|_1)v Z( D —k)! §

1 1 ,n _1n+l
/ =D g 4
0

= gnt n!
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We need the following lemma in order to prove Theorem 2.

LEMMA 1.
|
n x/sdx _( (— 1)1 l+1 n ni)ex/s.
Jrrerran= (R gty

PROOE.  Use the relation

I, = /x"ex/sdx

= sx"e*S — snl,_

with Iy = se*/s.

First of all, we shall prove (9). By Lemma 1 we have

1
1 x"(x — l)ne"/sdx
st J n!

1

n+k
n+k—i) z)'

i= 0
n i i+l (n+Kk)! 1/s
k)z( AP

0

k
Z( )11+] n+j+1 (”l+k) e
: (k= D!

|
o5}
:
t
Pﬂ
>—
N
:
»
N N N
= 3

|
©“
=
+
S
Pﬂ
|
—
~
=
L

Here, weputi =n+ jwith0 < j <k <n.
The third term is equal to — p3,. Concerning the first term, since

— ;}:l < Z(_l)nfk (Z)xn+k)

= Z(—l)" "( )_(”'H‘)' ki
(n+k—0)!
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we have fori =0,1,...,n—1
n
k)!
Z(—D"‘k(")L). 0. (12)
= k) (n+k—1i)!

Hence, the first term is nullified.
Concerning the second term, for each integer j with 0 < j < k < n we have

dnti

. ~ n n B n—k n (n+k)' k—j
dx”+j(x (x 1))_;( D (k)(k_j)!x .

On the other hand, we also have

drts L (nt .
dx"+f (x"(x — 1)") = Z ( ) >(xn)(n+./ v) ((x _ 1)n)(V) )
v=j
From
) ! .
(xn)(.l) — ﬁxn_] and ((x _ l)n)(n) — n'
n— j!
we obtain
dn+j n n +] n!
dxnti (x (x ) )x=1 < n )(n Y n
n
=m+ j)!(j) .
Therefore,

n
o\ (n+k)! (n
> o= "(k) - .,=(n+1>!<.). (13)
Py (k= N! J
Thus, the second term is equal to

1 1< R n\ (n + k)!
- - — 1)t gntitl —_1n—k L1/
s+l n! j;o( s l;( ) k) (k= ! ¢

S+ j)!(".)s-" el
n! s Jj

— q3nel/s ]

Second, we shall prove (10). By Lemma 1 we have

1 on+lg, _
1 ARG Vv
st o n!
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= s Z( " "( ) xR/ g
1 1 n n+k+1 (n+k+ 1)' _ 1
— _ N k 1 i i+l . n+k—i+1 x/s
g1 n!lg( ) <k)[ Z( S k=i “
11 n m+k+1)! |,
- - —1)" k 1 i,i+1 1/s
sn+1n!k§( ) <)Z( S k=T D’

1=
k+1
Z(_l)n k )n+] n+j+1 (n+k+ 1)'
s+l gy k —j+ 1)v

RN T\ k+1
+E;(n+k+1)z(k>s .

Here,weputi =n+ jwith0O<j<k+1<n+41.
The third term is equal to p3,41. Concerning the first term, since

d_i n+1 _d_i . =k [TV itk
i )_dxi(g( b <k>x
_Z(_l)n k (n+k+ D! xn+k7i+l
n+k—i+1)! ’
we have fori =0,1,...,n—1
n—k (n+k+1D!
Z( . ()(n+k—z+1>"0' (o

Hence, the first term is nullified.
Concerning the second term, for each integer j with0 < j <k + 1 <n + 1 we have

dn+j. (xn+l Z (_l)n k (i’l +k + l)lxk*j+] )
pRES, o k—j+ 1)

On the other hand, we also have

d”+j n . '
pIeES; (xn+l(x — 1)n) _ Z <’l + ]>(xn+l)(n+j—v)((x _ 1),,)(1;).
* v=j—1 v
From
(xn+1)(j) - (n+ 1)! X" and ((x _ 1)n)(n) —

(n—j+D!
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we obtain
i R _(n+j) @+
2oy (x_l))le_( n >(n—j+1)z'"
:(n—l—j)!(n—i._l).
J
Therefore,
" w1\ (n+k+ 1) o (n+1
E e Qaim-e() 1
=j]—

Thus, the second term is equal to

11 (n+k+ 1)!
1 n+j n+1+1 1)y~ —k L Ll/s
sl Z( ) k;l( ) h—j+0 ¢

n+1
z_lz( "= 1+1(n+]),( ; 1) J.el/s

1
= —{q3n+1€ /s

Third, we shall prove (11). By Lemma 1 we have

1 _ 1yl
1 x"(x — 1" o5 g
shtl 0 n!

11 n+1 1 1
=0 'Z( n"- k“(”: )/ Xk XS gy
N n: 0

1o n4 1\ [ (n + k)! _—
— (— 1)n —k+1 ( ) [ (— 1)1 i+1 : xn+k—tex/s:|
sl n'Z k Z (n+k—i)! 0

n+1

n— n+ i i (n+K)! s
sn+1 Z( 1) k+]( )Z( 1) +1( +k—l)'el/

1 n+1

! k1 (M F ntj+1 gntj+2 (n+k)! 1/s
R Z( b™ ( )Z( b (k—j—l)!e

1nJrl n+1 .
+E§)(n+k)z( . >s

Here,weputi =n+ j+1with0<j <k—-1<n.
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The third term is equal to p3,42. Concerning the first term, since

n n dl n+1 n— n + 1 n
()C _ 1) +1) — (Z( 1) k+1( L ) +k)

— %( 1)}’1 k+l(n + 1> (l’l + k)' xﬂ+k—i ,

kK J(n+k—1i)!
we have fori =0,1,...,n
n+1
1 k)!
Z(_l)n—k+l(”+ )M —0. (16)
= k n+k—1)!

Hence, the first term is nullified.
Concerning the second term, for each integer j with 0 < j < k <n 4+ 1 we have

n+j n+1
I = 1y i} U"HIC+”>W+%NﬁJ

=+, A
dxn+J Py k k= !
On the other hand, we also have
dn+j n n+1 an n +j n j
_ _ (n+j—v) _ 1y
dx”+f(x (x—=1 )_Z< y )(x) J ((x 1) ) .
v=j
From
!
m(—1) _ n: n—j+1 @D |
(x™) _—(n—j+1)!x and ((x 1) ) =m+1)!
we obtain
amtio n+j n!
i 1 n+1 — I
e (x"(x = 1) )x:l (n+1)7(n—]+1)! (n+ 1)
. n
j—1
Therefore,
n+l
n—+1 n—+k)! n
> (=" k+1< >(+)'=(n+j+1)!<,>. (17)
et k )k—j=D! j

Thus, the second term is equal to

n+l1
1 Z( [yt g2 Z( 1y~ k+1<n+l) (n + k)! o/

s+ p) et k ) k—j— D!




A DIOPHANTINE APPROXIMATION OF ¢!/5 IN TERMS OF INTEGRALS 167

1 <& . .
=YD+ 1)!(';>sf+‘ el
&

1 s
= —q3n2e's.

We conclude this section by summarizing some useful combinatorial identities.

LEMMA 2. Fori=0,1,...,n—1
S k(M) (R
g( D <k)(n+k—i)!_0' (12)
Fori=0,1,...,n—1
S =1t (")M 0. (14)
= k)(in+k—i+1)!
Fori =0,1,...,n
n+1
par k )Jm+k—i)
LEMMA 3.
- _ k)! (n
];( VY P Gl (13)
" _ k+1)! (n+1
—1"’<(”)("+4= + !( ) 15
kgl( e U e R 2Ll W (15)
nt! n+1\  (n+ k) n
ZH)""“( ).4',=(n+j+1>!<.). (17)
Myt kK Jk—j—1! j

3. The continued fraction of ¢%/$

The proof is based upon the explicit combinatorial expressions of the leaping convergents
2/5 in [7]. Let DPn/qn be the n-th convergent of

s [ |, Ek=5s

of e

-1 6k — 1)s — 1 o
,(12k—6)s, ——————— 1,1 )
k=1

2

PROPOSITION 3. Forn=0,1,2,... we have
3n

Bn+k)! /s\k
P =2t =i ()

k=0
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W Gnt k1) sk

P+l = ; K\Gn —k + 1)1 2K+

nt2 GBn +k+2)! <£>k

Pn+2 = ]; KGn—k +2)!
W Budk+3) s\kt
Psn+3 = ; KNG —k+2)! (‘) :

3n+43

=3 1 _—
Dsn+4 = 3(n + )];) NGn—k+3)]

Bn +k 4+ 2)! (S)k

and

L Gnk)! sk
qsn—Z( D i (5)

Gsni2 = 322(_1)3nk+2% (%)k |
Gsn+3 = 3(n + 1)3123( 13- k+3% (s>k |
Gsnis = 3§2(_1)3nk+2% (%>k+1 |

k=0

By using these combinatorial expressions of leaping convergents, we can prove Theorem
1. If we replace s by s/2 and n by 3n in (9), then we get (4). If we replace s by s/2 and n
by 3n + 1 in (9) and divide both sides by 2, then we get (5). If we replace s by s/2 and n by
3n 42 in (9), then we get (6). If we replace s by s/2 and n by 3n 4 2 in (10), then we get (7).
If we replace s by s/2 and n by 3n 4 2 in (11), then we get (8).

4. Applications to some families of the e-type continued fractions

If we know the complete expression of the continued fraction expansion of the value of
the e-type function, it is possible to obtain the similar evaluation in terms of integrals.
For example, for s > 2 we have

el/39)

=10;2,T, 2k — Ds — 1,5 2,
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o1/Gs+1)
3 =10;2,1, (6k —5)s + 2k —3),1,1,
272k — 1)s + (18k — 10), 1, 1, (6k — 1)s + 2k — 1), 5],?‘;1 ,
o1/Gs+2)
? =10;2,1, (6k —5)s + (4k — 5), 1, 5,

(6k — 3)s + (4k —3), 1,5, (6k — D)s + (4k — 1), 5152, .

Let p,/gn be the n-th convergent of the continued fraction expansion of ¢!/39) /3. By
induction, we can show the following combinatorial expressions of convergents.

LEMMA 4. Forn=1,2,... we have

n—

P3in =
k

(n+k)!  (3s)kt!
Kn—k—1D! 3

1
=0
n
(n+k—1)! (Bs)k
= 3 2k ,
D3n+1 kZO(nJr )k!(n—k)! 3

n

_ (n + k)! X
Pi3nt2 = kgo T (3s)",

N ik k=D
qan—ng( D" o 9

v ek n+k—1)"
G = D (=" @+ 30 S

k=0

(3s)*,

v ok (0! .
q3n+z—3k§jo( D" o

Now we have the following.

THEOREM 3.

dx, (18)

el/(3s) 1 1 xn(x _ l)n—l ex/(3s)
P3n — q3n /
0

3 Go)n n—1! 3
/3s) 1 /1 Bsn —2x)x"1(x = 1)" ex/(3s)d
= X
(3s)n+l 0

1
e
P3nt1 = @3+l pr 3 (19)

and

dx. (20)

el/(3s) 3 /1 xn(x _ l)n ex/(3s)
0

P3n+2 — q3n+42 3 = — Byt py 3
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PROOF. Ifnisreplaced by n — 1, s is replaced by 3s and both sides are divided by 3 in
(10), then we obtain (18). If s is replaced by 3s in (9), then we obtain (20). Since

P3n+1 =

4k Bs)k " (n4+k— 1! 35k
ng!(n—k)! 3 +"§) kln—k)! 3

and

_n_nk(+) k nek—1__(n+K)! K+
Q3n+1—2]§( D" )(3)+Z< P ()

by (9) where s is replaced by 3s, and (11) where n is replaced by n — 1 and s is replaced by
3s, we obtain

o1/Gs)
P3n+1 — 43n+1
3
2 /1 x"(x = 1" e"/(3s)d N 1 /1 "l = 1n e"/(3s)d
= — X X
(s nl 3 ()" n—1 3

which equals (19).
Let p, /g, be the n-th convergent of the continued fraction expansion of ¢!/Gs+1 /3. By
induction, we obtain the following combinatorial expressions of convergents.

LEMMA 5. Forn=1,2,... we have

3n—2 k
Gn+k—3) Gs+1)
Pon=6 g( )G~k =2 3
3”2‘:2(6 kg Brtk=D)! (3s + Dk
-5 = n—K— 5
== 2 KGn—k—2)1 3
3n 2
Gn+k —2)! )
B ORTRT A 364 1)k,
Pon—4 =73 kX_:Ok!(3n—k—2)!( s+ 1)
3n—1 k
Gn+k—2) Gs+1)
a=3"Gn+2k—1 :
Pon=3 g“ﬂr Gn—k—11 3
3n—1 k
Gn+k—2) Gs+1)
=S 6n+k-2 :
Pon=2 g“ﬂr Gn—k—1D1 3
3n—1
Gn+k — 1) )
=S TR a4
Pt = D Gk =y D
k=0
3n—1

B Z GBn+k)!  (3s+ Dkt
Pon = S HG—k-DI 3
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3n k
Gn+k—1!Gs+1)
=N"9n + 2k ,
Pon+1 g(n-l- )k!(3n—k)! 3
3n
(3n + k)! '
=S " GBs+1
Pon+2 ,;k!ﬁn—k)!(H)
and
3n—2
e 3n 4k —3)!
= B P AN G e A ¥,
Gon—6 ;}< ) (6n k=D
3n—2
e 3n+k —3)!
I ) D NGl S L R
q9n-5 g( ) ( n+)k!(3n_k_2)!(s+)
3n—2
e, Bnt+k—2)!
= _13nk2(—3 lk’
Gon—a ;)( ) G2+ D
3l Gn +k —2)!
3= 1) klen +k—2)—— "~ =7 (35 + DF,
Gon—3 ;}( ) 6n+k =Ty Gs + 1)
3l Gn +k —2)!
= 1)kl 2k — ) ————— =7 35 + D,
Gon—2 ;)( ) (3n + Gkt
3n] Gn+k—1)!
_ =3 _1 3n—k—l—'3 1k’
Gon—1 ];(> TSRy
3n Gn+k —1)!
=3 —)3n R T (354 1)F
Gon né}() G s+
n Gn+k— 1!
=3 (=D *on + k) ———3s + D,
Qont1 ,2() @+l e G+
3n
. B4k
=3) (=) 35 4 1)k,
Gon+2 ,2( P G D

In a similar way to the proof of Theorem 3, we have the following.

THEOREM 4.

el/(3s+l) 1 1 (x + 1)x3n73(x _ 1)3n73 ex/(3s+])
3 (Bs+ D2, 3n —3)! 3

el/(3s+l) 1 /1 (x — 2)x3n—3(x _ 1)3n—3 ex/(3s+1)
3 @Bs+ 12 )y (3n —3)! 3

DP9n—6 — q9n—6 dx,

Pon—5 — qon—s dx,
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el/(3s+l) 1 1 x3n—2(x _ 1)3n—2 ex/(3s+l)
4 — Gon_ = dx,
Pon—4 = qon—473 (3s+1)3”_1/0 Gn —2)! 3
el/(3s+]) 1 1 (3X _ 1)x3n72(x _ 1)3n72 ex/(3s+l)
3 — qon_ = dx,
Pon=3 = @on=37"3 (3s + 1)1 /0 Gn —2)! 3
el/(3s+l) 1 1 (3x — 2)x3n—2(x _ 1)3n—2 ex/(3s+l)
5 — Gon— = dx,
Pon=2 = dom-27"3 (3s+1)3"_1/0 Gn—2)! 3
o1/Gs+1) 3 1 3n=1(x _ 1)3n=1 ox/Gs+D)
| — qon_ = dx,
Pon—1 = @on—17"73 (s + D /0 Gn—1)! 3
el/(3s+]) 1 1 x3"(x _ 1)3n71 ex/(3s+])
_ — dx ,
Pon = 4on =3 Gs + 1) /0 Gn—1)! 3
o1/Gs+1)
Pon+1 — 4on+1 3
3 /‘ (x 4+ 3s + Dn — Dx¥(x — 1) ex/<3s+‘>d
= — X B
(s + D3t J, (3n)! 3
and
el/(3s+]) 3 /1 x3n(x _ 1)311 ex/(3s+l)d
— = — X .
P9n+2 — 49n+2 3 (s + 1)3n+] A Gn)! 3

Let p,/qn be the n-th convergent of the continued fraction expansion of ¢!/3+2) /3 By
induction, we obtain the following combinatorial expressions of convergents.

LEMMA 6. Forn=1,2,... we have

B 3"2‘:2 Bk — 6n +4)(3n + k — 3)! 3s + 2)k
Pon=6 = KGn —k —2)! 3
k=0
72 Bn—2)(3n+k — 3)! 3s + 2)F
Pon—5 = Z s
KNG —k —2)! 3
k=0
0 Bk — 61 +2)(3n 4+ k — 2)! (3s + 2)k
Pon-3 = Z )
KGn—k — 1) 3
k=0
2 G- D@+ k —2)! Bs +2)F
Pon—2 = Z s
KGn—k —1)! 3
k=0
3n—1

Bn+k)! (s +2)k!
Pon = ) | )
kzo K'G3n —k —1)! 3
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B i On + 2k)3n + k — 1)! Bs + 2)k
ot = 2o kG — k! 3
n
(n+k)! r
=y — " 3s+2
Pint2 ;}k!(n_k)!(w)
and
n? On — 2k — 6)(3n + k — 3)!
= _1 3n—k—2 ° 3 2](’
Q9n—6 kgjo( ) Ty S
3n—-3
a3 Gn+k—2)
5= _13nk3(—3 2kt
Qon—5 kgjo( ) e
3n—1
1 On =2k —3)Bn +k —2)!
2= _1 3n—k—1 3 2k’
Gon—3 kgjo( ) Ty S
3n—2
e, Gntk—1)!
= k2 2T TR T g0y o)kl
qon—2 ;0( ) G5+

3n
2 Bn+k—1)
=3 —)nh T T2 T (35 4+ 2)k
qon n};( ) NG — 0! 3s+2)

3n
L Cn+kGn+k—1)!
qon-+1 ];_0( ) NG — 0! (Bs+2)

- ok (£ K)! ‘
q3n+z—3k§0( D o st

Then we have the following.

THEOREM 5.
1/Gs+2) 1 U (x 4 2)x373(x — )33 ox/Gs+2)
Pon=6 = =63 = Gy oymn2 Gn — 3)! 39
o1/Gs+2) 1 I y3n=3(x — 1)3n-2 ox/Gs+2)
Pon=5 = @on =537 = (3 o2 /0 Gn —3)! ;9
o1/Gs+2) 1 U (x + 2)x312(x — )12 o¥/Gs+2)
Pon=3 = @on=3""37 = sy 231 Gn —2)! 34

el/(3s+2) 1 1 x3n—2(x _ 1)3/1—1 ex/(3s+2)
dx,
0

Pon—2 — qon-2 3 = (35 + 2)3n-1 (3n —2)! 3
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el/(3s+2) 1 1 x3n(x _ 1)3n—1 ex/(3s+2)d
Pon = don =37 = (3s+2)3”/ Gn—1)! 3 0
1/(3s+2) 1 1 (5x _ 3)x3n71(x _ 1)3n71 ex/(3s+2)
— = d 9
Pon+1 — 49n+1 3 (s +2) / Gn— 1) 3 X
and
el/(3s+2) 3 /1 xn(x _ 1)/1 ex/(3s+2)
— = — X .
P3n+2 — 43n+2 3 (s + 2)n+1 ) 3

Consider the continued fraction expansions of se!/s) and ¢!/%)/s. We mention the

following results without details.

THEOREM 6. If p,/qn is the n-th convergent of the continued fraction

se/U9) =[5, 2k —DI—1,1,2s — 112, (1>2,5s>1)),

then forn > 0

P3n — Sel/(ls) *q3n
(n+Kk)! k 1/Us) n—k_(n+K)!
=szk'( k)'(ls) — se Z( D k'(—(lS)
__ 1 x"(x—l)".sex/(ls)dx’
(Is)n+1 n!
Pant1 —seV/ ) a4
n+l1 k
(n+k—1" (Is)
= ) 1 k) —k
g(("“L Y +K) )k!(n—k+1)! I
n
1) ik oy (n+R)! k
se! /N (1K (In+k+ 1) 1)—k!(n_k)!(zs)
k=0
_ Px4+s—Dx"(x = D" o*/0) g
s(ls)”"“1 n! ’
Pant2 —sel/) gy s
o m+h! (n+k+1)!
— k 1/ds) n— k4 k
_(n+1)2k'( k_H)'(l) — se ZZ( 1) PTOR=A (1s)

1 el
- { 1)n+1 / e '1)” s/ gx .
S(s n
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If pn/qn is the n-th convergent of the continued fraction

1/ 5)

=[0;s—1LT,2k—DI—1,25—11%2, (>25>2),
S

then forn > 0

el/Us)

P3n — *q3n
n—1 n
(n+k) . e1/<ls> Lt k=1!
=1 1) — Dt —q
];k i == Z( e or @
1 xn(x _ l)nfl ex/(ls)
= / . dx .
(Is)" (n—1) s
el/Us)
P3n+1 — *q3n+1
i n+k!
= (ltk—n)+1)———(ls)
1(n — k)!
= k!'(n —k)!
el/Us) 1 —k n+k—-0D!
_ Z(—l)n (s(n + k) — n)m(ls)
k=0
B (x 4+l — l)xn(x )n 1 x/(ls)d
= (ls)”"‘l ! T %
e1/s)
P3n+2 — *q3n+2

n 1/(s) n

- — Kl — K)! s (-1 R )

k=0

s /1 x"(x — 1)" ex/(lS)d

=— . x.
Us)n+1 Jy n! s

When [ = 1, let p/g be the n-th convergent of continued fraction
se'S=[s+1;2s — L2k, 1122, (s=>1).
When [ = 1, let p;i/g, be the n-th convergent of continued fraction

el/s

=[0;s—1,25,T,2k, 25 — 112, (s> 1).

In both cases the above theorem holds for p) /g, = pui2/qn+2.
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5. Comments

Once we know the pattern in the continued fraction of the real number belonging to the
e family, we can express its diophantine error by using integrals. In other words, if we do not
know any regularity in its continued fraction expansion like

e? =120;11,1,2,4,3,1,5,1,2,16,1,1,16,2, 13, 14,
4,6,2,1,1,2,2,2,3,5,1,3,1,1,68, ...1,

we have no way for the moment.
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