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Abstract. Let pn/qn be the n-th convergent of the continued fraction expansion of a real number α. It is
known that |pn − qnα| is very small tending to 0 as n tends to infinity. In this paper we establish a method how
to express pn − qnα in terms of integrals when α is an e-type real number and its continued fraction expansion is
quasi-periodic.

1. Introduction

α = [a0; a1, a2, . . . ] denotes the simple continued fraction expansion of a real α, where

α = a0 + 1/α1 , a0 = �α� ,

αn = an + 1/αn+1 , an = �αn� (n ≥ 1) .

The n-th convergent of the continued fraction expansion is denoted by pn/qn =
[a0; a1, . . . , an ], and pn and qn satisfy the recurrence relation:

pn = anpn−1 + pn−2 (n ≥ 0) , p−1 = 1 , p−2 = 0 ,

qn = anqn−1 + qn−2 (n ≥ 0) , q−1 = 0 , q−2 = 1 .

An irrational number α is well approximated by its n-th convergent pn/qn. Namely, for
n ≥ 0

1

qn+1 + qn

< |pn − qnα| <
1

qn+1

([4] p. 20). Precisely speaking, by using the algorithm mentioned above, the error can be
expressed as

pn − qnα = (−1)n+1

αn+1qn + qn−1

([1] Lemma 5.4).
Osler [8] gave a remarkable proof of the simple continued fraction

e1/s = [1; (2k − 1)s − 1, 1, 1]∞k=1 (s ≥ 2)
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by expressing this error explicitly in terms of integrals. Namely, when pn/qn is the n-th

convergent of the continued fraction of e1/s , he showed that for n ≥ 0

p3n − q3ne
1/s = − 1

sn+1

∫ 1

0

xn(x − 1)n

n! ex/sdx , (1)

p3n+1 − q3n+1e
1/s = 1

sn+1

∫ 1

0

xn+1(x − 1)n

n! ex/sdx (2)

and

p3n+2 − q3n+2e
1/s = 1

sn+1

∫ 1

0

xn(x − 1)n+1

n! ex/sdx . (3)

This was the direct extension of the result given by Cohn [2] concerning e. A similar expres-
sion can be seen in [3] too.

It is known that the continued fraction expansion of e2/s is given by

e2/s =
[

1; (6k − 5)s − 1

2
, (12k − 6)s,

(6k − 1)s − 1

2
, 1, 1

]∞

k=1

,

where s > 1 is odd (See [9], §32, (2)). In [6] the author gave a proof of the continued fraction

expansion of e2/s by showing similar errors explicitly.

THEOREM 1 Let pn/qn be the n-th convergent of the continued fraction of e2/s .
Then, for n ≥ 0

p5n − q5ne
2/s = −

(
2

s

)3n+1 ∫ 1

0

x3n(x − 1)3n

(3n)! e2x/sdx , (4)

p5n+1 − q5n+1e
2/s = −23n+1

s3n+2

∫ 1

0

x3n+1(x − 1)3n+1

(3n + 1)! e2x/sdx , (5)

p5n+2 − q5n+2e
2/s = −

(
2

s

)3n+3 ∫ 1

0

x3n+2(x − 1)3n+2

(3n + 2)! e2x/sdx , (6)

p5n+3 − q5n+3e
2/s =

(
2

s

)3n+3 ∫ 1

0

x3n+3(x − 1)3n+2

(3n + 2)! e2x/sdx , (7)

and

p5n+4 − q5n+4e
2/s =

(
2

s

)3n+3 ∫ 1

0

x3n+2(x − 1)3n+3

(3n + 2)! e2x/sdx . (8)

In this paper we shall give a rather direct and combinatorial proof of the continued frac-

tion expansion of e1/s , which can be applied to obtain similar results about the continued

fractions of e2/s and some more families of the e-type continued fractions.
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2. The continued fraction of e1/s

Let pn/qn be the n-th convergent of

e1/s = [1; (2k − 1)s − 1, 1, 1]∞k=1 (s ≥ 2) .

Some explicit combinatorial expressions of the leaping convergents of e1/s are known in
[5]. Namely, for n ≥ 0 we have the following.

PROPOSITION 1.

p3n =
n∑

k=0

(n + k)!
k!(n − k)! s

k ,

p3n+1 =
n∑

k=0

(n + k + 1)!
k!(n − k)! sk+1 ,

p3n+2 = (n + 1)

n+1∑
k=0

(n + k)!
k!(n − k + 1)!s

k ,

q3n =
n∑

k=0

(−1)n−k (n + k)!
k!(n − k)! s

k ,

q3n+1 = (n + 1)

n+1∑
k=0

(−1)n−k+1 (n + k)!
k!(n − k + 1)!s

k ,

q3n+2 =
n∑

k=0

(−1)n−k (n + k + 1)!
k!(n − k)! sk+1 .

Using such expressions, we can obtain (1), (2) and (3) by directly showing the following.

THEOREM 2. For n ≥ 0 we have
n∑

k=0

(n + k)!
k!(n − k)! s

k − e1/s

n∑
k=0

(−1)n−k (n + k)!
k!(n − k)! s

k = − 1

sn+1

∫ 1

0

xn(x − 1)n

n! ex/sdx , (9)

n∑
k=0

(n + k + 1)!
k!(n − k)! sk+1 − e1/s(n + 1)

n+1∑
k=0

(−1)n−k+1 (n + k)!
k!(n − k + 1)! s

k

= 1

sn+1

∫ 1

0

xn+1(x − 1)n

n! ex/sdx , (10)

(n + 1)

n+1∑
k=0

(n + k)!
k!(n − k + 1)!s

k − e1/s
n∑

k=0

(−1)n−k (n + k + 1)!
k!(n − k)! sk+1

= 1

sn+1

∫ 1

0

xn(x − 1)n+1

n! ex/sdx . (11)
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We need the following lemma in order to prove Theorem 2.

LEMMA 1.

∫
xnex/sdx =

( n∑
i=0

(−1)isi+1 n!
(n − i)!x

n−i

)
ex/s .

PROOF. Use the relation

In =
∫

xnex/sdx

= sxnex/s − snIn−1

with I0 = sex/s .
First of all, we shall prove (9). By Lemma 1 we have

1

sn+1

∫ 1

0

xn(x − 1)n

n! ex/sdx

= 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

) ∫ 1

0
xn+kex/sdx

= 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

)[ n+k∑
i=0

(−1)isi+1 (n + k)!
(n + k − i)!x

n+k−i ex/s

]1

0

= 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

) n−1∑
i=0

(−1)isi+1 (n + k)!
(n + k − i)!e

1/s

+ 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

) k∑
j=0

(−1)n+j sn+j+1 (n + k)!
(k − j)!e

1/s

− 1

n!
n∑

k=0

(n + k)!
(

n

k

)
sk .

Here, we put i = n + j with 0 ≤ j ≤ k ≤ n.
The third term is equal to −p3n. Concerning the first term, since

di

dxi
(xn(x − 1)n) = di

dxi

( n∑
k=0

(−1)n−k

(
n

k

)
xn+k

)

=
n∑

k=0

(−1)n−k

(
n

k

)
(n + k)!

(n + k − i)!x
n+k−i ,
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we have for i = 0, 1, . . . , n − 1
n∑

k=0

(−1)n−k

(
n

k

)
(n + k)!

(n + k − i)! = 0 . (12)

Hence, the first term is nullified.
Concerning the second term, for each integer j with 0 ≤ j ≤ k ≤ n we have

dn+j

dxn+j

(
xn(x − 1)n

) =
n∑

k=j

(−1)n−k

(
n

k

)
(n + k)!
(k − j)!x

k−j .

On the other hand, we also have

dn+j

dxn+j

(
xn(x − 1)n

) =
n∑

ν=j

(
n + j

ν

)
(xn)(n+j−ν)

(
(x − 1)n

)(ν)
.

From

(xn)(j) = n!
(n − j)!x

n−j and
(
(x − 1)n

)(n) = n!

we obtain

dn+j

dxn+j

(
xn(x − 1)n

)∣∣∣∣
x=1

=
(

n + j

n

)
n!

(n − j)! · n!

= (n + j)!
(
n

j

)
.

Therefore,
n∑

k=j

(−1)n−k

(
n

k

)
(n + k)!
(k − j)! = (n + j)!

(
n

j

)
. (13)

Thus, the second term is equal to

1

sn+1

1

n!
n∑

j=0

(−1)n+j sn+j+1
n∑

k=j

(−1)n−k

(
n

k

)
(n + k)!
(k − j)! · e1/s

= 1

n!
n∑

j=0

(−1)n−j (n + j)!
(

n

j

)
sj · e1/s

= q3ne
1/s .

Second, we shall prove (10). By Lemma 1 we have

1

sn+1

∫ 1

0

xn+1(x − 1)n

n! ex/sdx
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= 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

) ∫ 1

0
xn+k+1ex/sdx

= 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

)[ n+k+1∑
i=0

(−1)isi+1 (n + k + 1)!
(n + k − i + 1)!x

n+k−i+1ex/s

]1

0

= 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

) n−1∑
i=0

(−1)isi+1 (n + k + 1)!
(n + k − i + 1)!e

1/s

+ 1

sn+1

1

n!
n∑

k=0

(−1)n−k

(
n

k

) k+1∑
j=0

(−1)n+j sn+j+1 (n + k + 1)!
(k − j + 1)!e

1/s

+ 1

n!
n∑

k=0

(n + k + 1)!
(
n

k

)
sk+1 .

Here, we put i = n + j with 0 ≤ j ≤ k + 1 ≤ n + 1.
The third term is equal to p3n+1. Concerning the first term, since

di

dxi

(
xn+1(x − 1)n

) = di

dxi

( n∑
k=0

(−1)n−k

(
n

k

)
xn+k+1

)

=
n∑

k=0

(−1)n−k

(
n

k

)
(n + k + 1)!

(n + k − i + 1)!x
n+k−i+1 ,

we have for i = 0, 1, . . . , n − 1

n∑
k=0

(−1)n−k

(
n

k

)
(n + k + 1)!

(n + k − i + 1)! = 0 . (14)

Hence, the first term is nullified.
Concerning the second term, for each integer j with 0 ≤ j ≤ k + 1 ≤ n + 1 we have

dn+j

dxn+j

(
xn+1(x − 1)n

) =
n∑

k=j−1

(−1)n−k

(
n

k

)
(n + k + 1)!
(k − j + 1)!x

k−j+1 .

On the other hand, we also have

dn+j

dxn+j

(
xn+1(x − 1)n

) =
n∑

ν=j−1

(
n + j

ν

)
(xn+1)(n+j−ν)

(
(x − 1)n

)(ν)
.

From

(xn+1)(j) = (n + 1)!
(n − j + 1)!x

n−j+1 and
(
(x − 1)n

)(n) = n!
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we obtain

dn+j

dxn+j

(
xn+1(x − 1)n

)∣∣∣∣
x=1

=
(

n + j

n

)
(n + 1)!

(n − j + 1)! · n!

= (n + j)!
(

n + 1

j

)
.

Therefore,

n∑
k=j−1

(−1)n−k

(
n

k

)
(n + k + 1)!
(k − j + 1)! = (n + j)!

(
n + 1

j

)
. (15)

Thus, the second term is equal to

1

sn+1

1

n!
n+1∑
j=0

(−1)n+j sn+j+1
n∑

k=j−1

(−1)n−k

(
n

k

)
(n + k + 1)!
(k − j + 1)! · e1/s

= − 1

n!
n+1∑
j=0

(−1)n−j+1(n + j)!
(

n + 1

j

)
sj · e1/s

= −q3n+1e
1/s .

Third, we shall prove (11). By Lemma 1 we have

1

sn+1

∫ 1

0

xn(x − 1)n+1

n! ex/sdx

= 1

sn+1

1

n!
n+1∑
k=0

(−1)n−k+1
(

n + 1

k

) ∫ 1

0
xn+kex/sdx

= 1

sn+1

1

n!
n+1∑
k=0

(−1)n−k+1
(

n + 1

k

)[ n+k∑
i=0

(−1)isi+1 (n + k)!
(n + k − i)!x

n+k−iex/s

]1

0

= 1

sn+1

1

n!
n+1∑
k=0

(−1)n−k+1
(

n + 1

k

) n∑
i=0

(−1)isi+1 (n + k)!
(n + k − i)!e

1/s

+ 1

sn+1

1

n!
n+1∑
k=0

(−1)n−k+1
(

n + 1

k

) k−1∑
j=0

(−1)n+j+1sn+j+2 (n + k)!
(k − j − 1)!e

1/s

+ 1

n!
n+1∑
k=0

(n + k)!
(

n + 1

k

)
sk .

Here, we put i = n + j + 1 with 0 ≤ j ≤ k − 1 ≤ n.
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The third term is equal to p3n+2. Concerning the first term, since

di

dxi
(xn(x − 1)n+1) = di

dxi

( n+1∑
k=0

(−1)n−k+1
(

n + 1

k

)
xn+k

)

=
n+1∑
k=0

(−1)n−k+1
(

n + 1

k

)
(n + k)!

(n + k − i)!x
n+k−i ,

we have for i = 0, 1, . . . , n

n+1∑
k=0

(−1)n−k+1
(

n + 1

k

)
(n + k)!

(n + k − i)! = 0 . (16)

Hence, the first term is nullified.
Concerning the second term, for each integer j with 0 ≤ j ≤ k ≤ n + 1 we have

dn+j

dxn+j

(
xn(x − 1)n+1) =

n+1∑
k=j

(−1)n−k+1
(

n + 1

k

)
(n + k)!
(k − j)!x

k−j .

On the other hand, we also have

dn+j

dxn+j

(
xn(x − 1)n+1) =

n+1∑
ν=j

(
n + j

ν

)
(xn)(n+j−ν)

(
(x − 1)n+1)(ν)

.

From

(xn)(j−1) = n!
(n − j + 1)!x

n−j+1 and
(
(x − 1)n+1)(n+1) = (n + 1)!

we obtain

dn+j

dxn+j

(
xn(x − 1)n+1)∣∣∣∣

x=1
=

(
n + j

n + 1

)
n!

(n − j + 1)! · (n + 1)!

= (n + j)!
(

n

j − 1

)
.

Therefore,

n+1∑
k=j+1

(−1)n−k+1
(

n + 1

k

)
(n + k)!

(k − j − 1)! = (n + j + 1)!
(
n

j

)
. (17)

Thus, the second term is equal to

1

sn+1

1

n!
n∑

j=0

(−1)n+j+1sn+j+2
n+1∑

k=j+1

(−1)n−k+1
(

n + 1

k

)
(n + k)!

(k − j − 1)! · e1/s
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= − 1

n!
n∑

j=0

(−1)n−j (n + j + 1)!
(
n

j

)
sj+1 · e1/s

= −q3n+2e
1/s .

We conclude this section by summarizing some useful combinatorial identities.

LEMMA 2. For i = 0, 1, . . . , n − 1
n∑

k=0

(−1)n−k

(
n

k

)
(n + k)!

(n + k − i)! = 0 . (12)

For i = 0, 1, . . . , n − 1
n∑

k=0

(−1)n−k

(
n

k

)
(n + k + 1)!

(n + k − i + 1)! = 0 . (14)

For i = 0, 1, . . . , n

n+1∑
k=0

(−1)n−k+1
(

n + 1

k

)
(n + k)!

(n + k − i)! = 0 . (16)

LEMMA 3.
n∑

k=j

(−1)n−k

(
n

k

)
(n + k)!
(k − j)! = (n + j)!

(
n

j

)
. (13)

n∑
k=j−1

(−1)n−k

(
n

k

)
(n + k + 1)!
(k − j + 1)! = (n + j)!

(
n + 1

j

)
. (15)

n+1∑
k=j+1

(−1)n−k+1
(

n + 1

k

)
(n + k)!

(k − j − 1)! = (n + j + 1)!
(

n

j

)
. (17)

3. The continued fraction of e2/s

The proof is based upon the explicit combinatorial expressions of the leaping convergents

of e2/s in [7]. Let pn/qn be the n-th convergent of

e2/s =
[

1; (6k − 5)s − 1

2
, (12k − 6)s,

(6k − 1)s − 1

2
, 1, 1

]∞

k=1

.

PROPOSITION 3. For n = 0, 1, 2, . . . we have

p5n =
3n∑

k=0

(3n + k)!
k!(3n − k)!

( s

2

)k

,
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p5n+1 =
3n+1∑
k=0

(3n + k + 1)!
k!(3n − k + 1)!

sk

2k+1 ,

p5n+2 =
3n+2∑
k=0

(3n + k + 2)!
k!(3n − k + 2)!

( s

2

)k

,

p5n+3 =
3n+2∑
k=0

(3n + k + 3)!
k!(3n − k + 2)!

( s

2

)k+1
,

p5n+4 = 3(n + 1)

3n+3∑
k=0

(3n + k + 2)!
k!(3n − k + 3)!

( s

2

)k

and

q5n =
3n∑

k=0

(−1)3n−k (3n + k)!
k!(3n − k)!

( s

2

)k

,

q5n+1 =
3n+1∑
k=0

(−1)3n−k+1 (3n + k + 1)!
k!(3n − k + 1)!

sk

2k+1 ,

q5n+2 =
3n+2∑
k=0

(−1)3n−k+2 (3n + k + 2)!
k!(3n − k + 2)!

( s

2

)k

,

q5n+3 = 3(n + 1)

3n+3∑
k=0

(−1)3n−k+3 (3n + k + 2)!
k!(3n − k + 3)!

( s

2

)k

,

q5n+4 =
3n+2∑
k=0

(−1)3n−k+2 (3n + k + 3)!
k!(3n − k + 2)!

( s

2

)k+1
.

By using these combinatorial expressions of leaping convergents, we can prove Theorem
1. If we replace s by s/2 and n by 3n in (9), then we get (4). If we replace s by s/2 and n

by 3n + 1 in (9) and divide both sides by 2, then we get (5). If we replace s by s/2 and n by
3n + 2 in (9), then we get (6). If we replace s by s/2 and n by 3n + 2 in (10), then we get (7).
If we replace s by s/2 and n by 3n + 2 in (11), then we get (8).

4. Applications to some families of the e-type continued fractions

If we know the complete expression of the continued fraction expansion of the value of
the e-type function, it is possible to obtain the similar evaluation in terms of integrals.

For example, for s ≥ 2 we have

e1/(3s)

3
= [0; 2, 1, (2k − 1)s − 1, 5 ]∞k=1 ,
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e1/(3s+1)

3
= [0; 2, 1, (6k − 5)s + (2k − 3), 1, 1,

27(2k − 1)s + (18k − 10), 1, 1, (6k − 1)s + (2k − 1), 5]∞k=1 ,

e1/(3s+2)

3
= [0; 2, 1, (6k − 5)s + (4k − 5), 1, 5,

(6k − 3)s + (4k − 3), 1, 5, (6k − 1)s + (4k − 1), 5]∞k=1 .

Let pn/qn be the n-th convergent of the continued fraction expansion of e1/(3s)/3. By
induction, we can show the following combinatorial expressions of convergents.

LEMMA 4. For n = 1, 2, . . . we have

p3n =
n−1∑
k=0

(n + k)!
k!(n − k − 1)!

(3s)k+1

3
,

p3n+1 =
n∑

k=0

(3n + 2k)
(n + k − 1)!
k!(n − k)!

(3s)k

3
,

p3n+2 =
n∑

k=0

(n + k)!
k!(n − k)!(3s)k ,

q3n = n

n∑
k=0

(−1)n−k (n + k − 1)!
k!(n − k)! (3s)k ,

q3n+1 =
n∑

k=0

(−1)n−k(2n + 3k)
(n + k − 1)!
k!(n − k)! (3s)k ,

q3n+2 = 3
n∑

k=0

(−1)n−k (n + k)!
k!(n − k)! (3s)k .

Now we have the following.

THEOREM 3.

p3n − q3n
e1/(3s)

3
= 1

(3s)n

∫ 1

0

xn(x − 1)n−1

(n − 1)!
ex/(3s)

3
dx , (18)

p3n+1 − q3n+1
e1/(3s)

3
= 1

(3s)n+1

∫ 1

0

(3sn − 2x)xn−1(x − 1)n

n!
ex/(3s)

3
dx (19)

and

p3n+2 − q3n+2
e1/(3s)

3
= − 3

(3s)n+1

∫ 1

0

xn(x − 1)n

n!
ex/(3s)

3
dx . (20)
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PROOF. If n is replaced by n− 1, s is replaced by 3s and both sides are divided by 3 in
(10), then we obtain (18). If s is replaced by 3s in (9), then we obtain (20). Since

p3n+1 = 2
n∑

k=0

(n + k)!
k!(n − k)!

(3s)k

3
+ n

n∑
k=0

(n + k − 1)!
k!(n − k)!

(3s)k

3

and

q3n+1 = 2
n∑

k=0

(−1)n−k (n + k)!
k!(n − k)! (3s)k +

n−1∑
k=0

(−1)n−k−1 (n + k)!
k!(n − k − 1)! (3s)k+1 ,

by (9) where s is replaced by 3s, and (11) where n is replaced by n − 1 and s is replaced by
3s, we obtain

p3n+1 − q3n+1
e1/(3s)

3

= − 2

(3s)n+1

∫ 1

0

xn(x − 1)n

n!
ex/(3s)

3
dx + 1

(3s)n

∫ 1

0

xn−1(x − 1)n

(n − 1)!
ex/(3s)

3
dx ,

which equals (19).

Let pn/qn be the n-th convergent of the continued fraction expansion of e1/(3s+1)/3. By
induction, we obtain the following combinatorial expressions of convergents.

LEMMA 5. For n = 1, 2, . . . we have

p9n−6 =
3n−2∑
k=0

(2k − 3n + 2)
(3n + k − 3)!

k!(3n − k − 2)!
(3s + 1)k

3
,

p9n−5 =
3n−2∑
k=0

(6n − k − 4)
(3n + k − 3)!

k!(3n − k − 2)!
(3s + 1)k

3
,

p9n−4 = 1

3

3n−2∑
k=0

(3n + k − 2)!
k!(3n − k − 2)! (3s + 1)k ,

p9n−3 =
3n−1∑
k=0

(3n + 2k − 1)
(3n + k − 2)!

k!(3n − k − 1)!
(3s + 1)k

3
,

p9n−2 =
3n−1∑
k=0

(6n + k − 2)
(3n + k − 2)!

k!(3n − k − 1)!
(3s + 1)k

3
,

p9n−1 =
3n−1∑
k=0

(3n + k − 1)!
k!(3n − k − 1)!(3s + 1)k ,

p9n =
3n−1∑
k=0

(3n + k)!
k!(3n − k − 1)!

(3s + 1)k+1

3
,
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p9n+1 =
3n∑

k=0

(9n + 2k)
(3n + k − 1)!
k!(3n − k)!

(3s + 1)k

3
,

p9n+2 =
3n∑

k=0

(3n + k)!
k!(3n − k)! (3s + 1)k

and

q9n−6 =
3n−2∑
k=0

(−1)3n−k−2(6n − k − 4)
(3n + k − 3)!

k!(3n − k − 2)!(3s + 1)k ,

q9n−5 =
3n−2∑
k=0

(−1)3n−k−2(2k − 3n + 2)
(3n + k − 3)!

k!(3n − k − 2)! (3s + 1)k ,

q9n−4 =
3n−2∑
k=0

(−1)3n−k−2 (3n + k − 2)!
k!(3n − k − 2)! (3s + 1)k ,

q9n−3 =
3n−1∑
k=0

(−1)3n−k−1(6n + k − 2)
(3n + k − 2)!

k!(3n − k − 1)!(3s + 1)k ,

q9n−2 =
3n−1∑
k=0

(−1)3n−k−1(3n + 2k − 1)
(3n + k − 2)!

k!(3n − k − 1)! (3s + 1)k ,

q9n−1 = 3
3n−1∑
k=0

(−1)3n−k−1 (3n + k − 1)!
k!(3n − k − 1)!(3s + 1)k ,

q9n = 3n

3n∑
k=0

(−1)3n−k (3n + k − 1)!
k!(3n − k)! (3s + 1)k ,

q9n+1 = 3
3n∑

k=0

(−1)3n−k(2n + k)
(3n + k − 1)!
k!(3n − k)! (3s + 1)k ,

q9n+2 = 3
3n∑

k=0

(−1)3n−k (3n + k)!
k!(3n − k)! (3s + 1)k .

In a similar way to the proof of Theorem 3, we have the following.

THEOREM 4.

p9n−6 − q9n−6
e1/(3s+1)

3
= 1

(3s + 1)3n−2

∫ 1

0

(x + 1)x3n−3(x − 1)3n−3

(3n − 3)!
ex/(3s+1)

3
dx ,

p9n−5 − q9n−5
e1/(3s+1)

3
= 1

(3s + 1)3n−2

∫ 1

0

(x − 2)x3n−3(x − 1)3n−3

(3n − 3)!
ex/(3s+1)

3
dx ,
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p9n−4 − q9n−4
e1/(3s+1)

3
= − 1

(3s + 1)3n−1

∫ 1

0

x3n−2(x − 1)3n−2

(3n − 2)!
ex/(3s+1)

3
dx ,

p9n−3 − q9n−3
e1/(3s+1)

3
= 1

(3s + 1)3n−1

∫ 1

0

(3x − 1)x3n−2(x − 1)3n−2

(3n − 2)!
ex/(3s+1)

3
dx ,

p9n−2 − q9n−2
e1/(3s+1)

3
= 1

(3s + 1)3n−1

∫ 1

0

(3x − 2)x3n−2(x − 1)3n−2

(3n − 2)!
ex/(3s+1)

3
dx ,

p9n−1 − q9n−1
e1/(3s+1)

3
= − 3

(3s + 1)3n

∫ 1

0

x3n−1(x − 1)3n−1

(3n − 1)!
ex/(3s+1)

3
dx ,

p9n − q9n
e1/(3s+1)

3
= 1

(3s + 1)3n

∫ 1

0

x3n(x − 1)3n−1

(3n − 1)!
ex/(3s+1)

3
dx ,

p9n+1 − q9n+1
e1/(3s+1)

3

= − 3

(3s + 1)3n+1

∫ 1

0

(x + (3s + 1)n − 1)x3n(x − 1)3n−1

(3n)!
ex/(3s+1)

3
dx ,

and

p9n+2 − q9n+2
e1/(3s+1)

3
= − 3

(3s + 1)3n+1

∫ 1

0

x3n(x − 1)3n

(3n)!
ex/(3s+1)

3
dx .

Let pn/qn be the n-th convergent of the continued fraction expansion of e1/(3s+2)/3. By
induction, we obtain the following combinatorial expressions of convergents.

LEMMA 6. For n = 1, 2, . . . we have

p9n−6 =
3n−2∑
k=0

(3k − 6n + 4)(3n + k − 3)!
k!(3n − k − 2)!

(3s + 2)k

3
,

p9n−5 =
3n−2∑
k=0

(3n − 2)(3n + k − 3)!
k!(3n − k − 2)!

(3s + 2)k

3
,

p9n−3 =
3n−1∑
k=0

(3k − 6n + 2)(3n + k − 2)!
k!(3n − k − 1)!

(3s + 2)k

3
,

p9n−2 =
3n−1∑
k=0

(3n − 1)(3n + k − 2)!
k!(3n − k − 1)!

(3s + 2)k

3
,

p9n =
3n−1∑
k=0

(3n + k)!
k!(3n − k − 1)!

(3s + 2)k+1

3
,



A DIOPHANTINE APPROXIMATION OF e1/s IN TERMS OF INTEGRALS 173

p9n+1 =
3n∑

k=0

(9n + 2k)(3n + k − 1)!
k!(3n − k)!

(3s + 2)k

3
,

p3n+2 =
n∑

k=0

(n + k)!
k!(n − k)! (3s + 2)k

and

q9n−6 =
3n−2∑
k=0

(−1)3n−k−2 (9n − 2k − 6)(3n + k − 3)!
k!(3n − k − 2)! (3s + 2)k ,

q9n−5 =
3n−3∑
k=0

(−1)3n−k−3 (3n + k − 2)!
k!(3n − k − 3)!(3s + 2)k+1 ,

q9n−3 =
3n−1∑
k=0

(−1)3n−k−1 (9n − 2k − 3)(3n + k − 2)!
k!(3n − k − 1)! (3s + 2)k ,

q9n−2 =
3n−2∑
k=0

(−1)3n−k−2 (3n + k − 1)!
k!(3n − k − 2)!(3s + 2)k+1 ,

q9n = 3n

3n∑
k=0

(−1)3n−k (3n + k − 1)!
k!(3n − k)! (3s + 2)k ,

q9n+1 = 3
3n∑

k=0

(−1)3n−k (2n + k)(3n + k − 1)!
k!(3n − k)! (3s + 2)k ,

q3n+2 = 3
n∑

k=0

(−1)n−k (n + k)!
k!(n − k)! (3s + 2)k .

Then we have the following.

THEOREM 5.

p9n−6 − q9n−6
e1/(3s+2)

3
= 1

(3s + 2)3n−2

∫ 1

0

(x + 2)x3n−3(x − 1)3n−3

(3n − 3)!
ex/(3s+2)

3
dx ,

p9n−5 − q9n−5
e1/(3s+2)

3
= 1

(3s + 2)3n−2

∫ 1

0

x3n−3(x − 1)3n−2

(3n − 3)!
ex/(3s+2)

3
dx ,

p9n−3 − q9n−3
e1/(3s+2)

3
= 1

(3s + 2)3n−1

∫ 1

0

(x + 2)x3n−2(x − 1)3n−2

(3n − 2)!
ex/(3s+2)

3
dx ,

p9n−2 − q9n−2
e1/(3s+2)

3
= 1

(3s + 2)3n−1

∫ 1

0

x3n−2(x − 1)3n−1

(3n − 2)!
ex/(3s+2)

3
dx ,



174 TAKAO KOMATSU

p9n − q9n

e1/(3s+2)

3
= 1

(3s + 2)3n

∫ 1

0

x3n(x − 1)3n−1

(3n − 1)!
ex/(3s+2)

3
dx ,

p9n+1 − q9n+1
e1/(3s+2)

3
= 1

(3s + 2)3n

∫ 1

0

(5x − 3)x3n−1(x − 1)3n−1

(3n − 1)!
ex/(3s+2)

3
dx ,

and

p3n+2 − q3n+2
e1/(3s+2)

3
= − 3

(3s + 2)n+1

∫ 1

0

xn(x − 1)n

n!
ex/(3s+2)

3
dx .

Consider the continued fraction expansions of se1/(ls) and e1/(ls)/s. We mention the
following results without details.

THEOREM 6. If pn/qn is the n-th convergent of the continued fraction

se1/(ls) = [ s; (2k − 1)l − 1, 1, 2s − 1 ]∞k=1 (l ≥ 2, s ≥ 1) ,

then for n ≥ 0

p3n − se1/(ls) · q3n

= s

n∑
k=0

(n + k)!
k!(n − k)! (ls)

k − se1/(ls)
n∑

k=0

(−1)n−k (n + k)!
k!(n − k)!(ls)

k

= − 1

(ls)n+1

∫ 1

0

xn(x − 1)n

n! · sex/(ls)dx ,

p3n+1 − se1/(ls) · q3n+1

=
n+1∑
k=0

(
l(n + 1)(n + k) − k

) (n + k − 1)!
k!(n − k + 1)!

(ls)k

l

− se1/(ls)

n∑
k=0

(−1)n−k
(
l(n + k + 1) − 1

) (n + k)!
k!(n − k)!(ls)

k

= 1

s(ls)n+1

∫ 1

0

(x + s − 1)xn(x − 1)n

n! · sex/(ls)dx ,

p3n+2 − se1/(ls) · q3n+2

= (n + 1)

n+1∑
k=0

(n + k)!
k!(n − k + 1)! (ls)

k − se1/(ls) · l
n∑

k=0

(−1)n−k (n + k + 1)!
k!(n − k)! (ls)k

= 1

s(ls)n+1

∫ 1

0

xn(x − 1)n+1

n! · sex/(ls)dx .
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If pn/qn is the n-th convergent of the continued fraction

e1/(ls)

s
= [ 0; s − 1, 1, (2k − 1)l − 1, 2s − 1 ]∞k=1 (l ≥ 2, s ≥ 2) ,

then for n ≥ 0

p3n − e1/(ls)

s
· q3n

= l

n−1∑
k=0

(n + k)!
k!(n − k − 1)! (ls)

k − e1/(ls)

s
· n

n∑
k=0

(−1)n−k (n + k − 1)!
k!(n − k)! (ls)k

= 1

(ls)n

∫ 1

0

xn(x − 1)n−1

(n − 1)! · ex/(ls)

s
dx ,

p3n+1 − e1/(ls)

s
· q3n+1

=
n∑

k=0

(
l(k − n) + 1

) (n + k)!
k!(n − k)! (ls)

k

− e1/(ls)

s

n∑
k=0

(−1)n−k
(
s(n + k) − n

) (n + k − 1)!
k!(n − k)! (ls)k

= − s

(ls)n+1

∫ 1

0

(x + nl − 1)xn(x − 1)n−1

n! · ex/(ls)

s
dx ,

p3n+2 − e1/(ls)

s
· q3n+2

=
n∑

k=0

(n + k)!
k!(n − k)! (ls)

k − e1/(ls)

s
· s

n∑
k=0

(−1)n−k (n + k)!
k!(n − k)! (ls)

k

= − s

(ls)n+1

∫ 1

0

xn(x − 1)n

n! · ex/(ls)

s
dx .

When l = 1, let p∗
n/q

∗
n be the n-th convergent of continued fraction

se1/s = [ s + 1; 2s − 1, 2k, 1 ]∞k=1 (s ≥ 1) .

When l = 1, let p∗
n/q

∗
n be the n-th convergent of continued fraction

e1/s

s
= [ 0; s − 1, 2s, 1, 2k, 2s − 1 ]∞k=1 (s ≥ 1) .

In both cases the above theorem holds for p∗
n/q

∗
n = pn+2/qn+2.
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5. Comments

Once we know the pattern in the continued fraction of the real number belonging to the
e family, we can express its diophantine error by using integrals. In other words, if we do not
know any regularity in its continued fraction expansion like

e3 = [20; 11, 1, 2, 4, 3, 1, 5, 1, 2, 16, 1, 1, 16, 2, 13, 14,

4, 6, 2, 1, 1, 2, 2, 2, 3, 5, 1, 3, 1, 1, 68, . . . ] ,

we have no way for the moment.
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