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g-linear Functions and Algebraic Independence

Takeshi KUROSAWA and Iekata SHIOKAWA

Keio University

Abstract. We define g-linear arithmetical functions and —g-linear ones and show the algebraic independence
over C(z) of their generating functions.

1. Introduction.

Algebraic independence of power series and their values defined by digital properties of
integers have been investigated by many authors (cf. [4], [6], [9], [10], [11]).

Let ¢ > 2 be an integer. An arithmetical function a(n) : N — C is called strongly
q-additive if a(ng +r) = an) +alr) (mn > 0,0 <r < g), where N = {0,1,2,---}. Its
generating function f(z) = Zioa(n)z” (Jz] < 1) satisfies the functional equation

1=z q 1 ! ,
f@ =@+ = D e

r=1

Toshimitsu [10] proved that, if aj(n), - - - , a;, (n) are strongly g-additive functions, the
functions g, (z) = Y nopar(n)z" (1 < k < m) are algebraically independent over C(z) if
and only if (ax(1),--- ,ar(qg — 1)) € Ci~' (1 <k < m) are linearly independent over C .
As a corollary, the algebraic independence of the values g, () (1 < k < m) for any fixed
algebraic number o with 0 < |a| < 1 can be deduced. A typical example of a strongly

g-additive function is the sum of digits function s, (n) = Zﬁ:o dy, where

k

n=Y dwg". die{0.1.--.q—1}, di#0 ifn#0 (1
h=0

is the g-adic expansion of n € N. The sum Y, _ s, () and also the power sum Y, _ s, (n)’
(I = 1) have been extensively studied (cf. [1], [8], [9]).

In this paper we introduce g -linear functions and —g-linear ones and prove the algebraic
independence of the generating functions and their values. Our method of proof is to apply
two basic theorems in transcendence theory of Mahler functions (see Lemmas 2.1 and 2.2
below).
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An arithmetical function a(n) : N — C is called g-linear, if there is an « € C* such that

a(ng +r) =aan) +a(r) (2)
for any integers n > 0 and 0 < r < ¢g. By definition a(0) = 0. A g-linear function a(n)
is uniquely determined by the coefficient « and the initial vectora := (a(1),--- ,a(g — 1));
namely

k
a(m) =Y a(dy)a",
h=0

where dj, are as in (1). Especially, a(n) is not identically zero ifa # (0, - - - , 0).
Next we define —g-linearlity. An arithmetical function b(n) : Z — C is called —¢-
linear, if there is a 8 € C* such that

b(n(—q)+r) = pb(n) + b(r) 3

for any integers n and 0 < r < g. We note that b(0) = 0. A —g-linear function b(n) is
determined uniquely by 8 and b = (b(1), b(2), --- , b(q — 1)). Every n € Z can be expanded
uniquely as

k
n=>Y e(-q)". enel0.l,--,q—1}, e#0 if n#0 (4)
h=0

(cf. [3, Chap. 4]). We note that n > 0O if and only if & is even. Then we have

k
b(n) =Y blen)p".
h=0

EXAMPLES. We give some examples of g-linear functions and —g-linear ones.

1. The strongly g-additive function defined above is g-linear with « = 1. In particular
the sum of digits function s, (n) is g-linear witho = 1 anda = (1,2,---,g — 1), and the
sum of digits function in base —¢q, i.e. s_4(n) = Z/ZZO ey, (n € Z)) where ¢;, are given by (4)
is —q -linear with 8 = landb = (1,2, --- ,g—1). The sum Y _
as thesum )

2. The radical inverse function ¢,(n) defined by ¢,(n) = Zﬁ:o dhq_h_l =
0.dod} - - - dy, (cf. [5, Chap. 3]) is g-linear with « = ¢ ' anda = ¢~ 1(1,2,---,q — 1),
where dj, are given by (1). The radical inverse function in base —¢g defined similarly

n<x S—q (n) behaves similarly

54 (n) mentioned above (cf. [2]).

as above by ¢_4(n) = Zﬁ:o eh(—q)_h_l (n € Z) is —g-linear with g = —¢~ ' and b =

—cf1 (1,2,---,q — 1). Moreover, the generalized radical inverse function qbg (n) is defined
by ¢7 (n) = Zﬁ:o d;fq’h’1 =0.djdy ---d, where o is a permutation of {0, 1, ---, g — 1}
with 0° = 0, which is also g-linear with @ = ¢~ ' anda = ¢~ 1(19,27, .-, (g — 1)°).

Similarly, ¢ 4(n) canbe defined.
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3. The bases change function yqp (n). For any p € Z with |p| > g, the bases change
function 3/ (n) : N — Z defined by v/ (n) = S5_odyp" is g-linear with « = p and
a=(1,2,---,q — 1), and the bases change function yfq(n) : Z — Z defined by yfq(n) =
S _oenp is —g-linear with 8 = pandb = (1,2,--- ,q — 1).

4. We note that the linear function a(n) = cn (¢ € C*) is g-linear with « = ¢ and
a=c1,2,---,g—1),and b(n) = cn (n € Z ,c € C*) is —g-linear with § = —q with
b=c(1,2,---,q—1).

Let a(n) be a g-linear function with the coefficient o. Then

f@ =7 am
n=1

converges in |z| < 1 by the definition (2) of g-linearlity and satisfies the functional equation

L= ey 4 q§_lj(>r
r b
-7’ 1—z‘7r_la :

f@) =«

since

g—1 oo

f@ =) alng+rt

r=0n=0

q—1 oo qg—1 oo

= Z Z a(m)M + Z Z a(r)z"t .

r=0n=0 r=0n=0

We note that for a(n) = cn (¢ € C*) in Example 4
cz
f(@)=—— € C(2).
(1-2)?

Let b(n) be a —g-linear function with the coefficient 8 and let
o o
9() =) bm", g*@) =) b(-mz".
n=l1 n=1

These power series converge in |z| < 1 by (3) and satisfy the functional equations

(@) = g = gy 4 qulb()r
= r
AV 1_Zg Z 1_qu_1 Z,

-1
S I

07@) = BT T g @)+ g D blg )2

r=1




462 TAKESHI KUROSAWA AND IEKATA SHIOKAWA

Indeed, we have using (3)

g—1 oo
9(@) =YY blng+r"""
r=0n=0
g—1 oo
=D b((=n)(=q) + 1"
r=0n=0
g—1 oo g—1 oo
=833 b= £33 bt
r=0n=0 r=0n=0
q—1 oo
g% @) =YY b(—(ng +r)"*"
r=0n=0
oo g—1 oo
=Y b(=g)N" + YD bn(=q) + )"
n=1 r=1n=1
g—1 oo g—1 oo
=B D b+ D b
r=0n=1 r=1n=1

We note that for b(n) = cn (¢ € C*) in Example 4,

L R = ———— eC@).

P= a2 (1-2)

Putting
F)=(1-2f@, G=0-29k, G =0-2¢%@),

we have the system of functional equations

F(z7) a0 0 F(2) 1 alp(2)
Gz |=| o 0 B lza! G(2) ) B~z vz |, (5
G*(z7) 0o p! 0 G*(2) piz B0 (2)

where p(2) = Y071 a2, 0(2) = X021 b2 1) = Y92 b(g — 1)z’ and

r=1

@(Z)=r§0z’= = (6)

We state our theorem. Let a;;(n) (1 <i < h,1 < j < m(i)) be g-linear functions with
the coefficient o; € C* and let b;;(n) (1 <i < h,1 < j < n(i)) be —q-linear functions with

the coefficient 8; € C* , where

o Fog,  PiF P @ Fk). (N
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We puta;j = (aij (1), aij(2), -+, aij(qg — 1)), bij = (bij(1), bij(2), -+, bij(g — 1)), and
o o0 o
fi@ =Y ajm", 9@ =Y biymz", ;@) =Y bij(-n)7".
n=1 n=1 n=1
THEOREM 1.1. Let fij(2), 9;;(z), and g;kj(z) be as above. Then the functions fij(z)
(1<i<h 1=<j=<m@)), g, and g;"j(z) (1 <i<h,1<j<n(i)) arealgebraically
independent over C(z) if and only if each of 2h sets {a;j; 1 < j < m(@i)}, {bij; 1 < j < n(i)}
(1 <i < h) are linearly independent over C and

(1,2,---,qg—1) ¢ Spanclaij; 1 < j =m@)} if ai =gq,

(1,2, ,qg—=1) ¢ Spancibij; 1 < j =n(@)} if pi=—q

REMARK 1.1. The linear independency of @;; (1 < j < m(i)) and that of b;; (1 <
Jj < n(i)) imply that m(i) < q and if m(i) = ¢ — 1 then o; # ¢, and also n(i) < ¢ and if
n(i) = q — 1then g; # —q.

COROLLARY 1.1. Let fij(z), 9;;(z), and g;kj(z) be as in Theorem 1.1. Assume that
@i, Bi,aij(n), bij(n) belong to an algebraic number field K for alli, j and1 <n < q. Ifa
is an algebraic number with 0 < |a| < 1, then fij(a) (1 <i < h,1 < j < m(i)), g,»j(a)
and g;"j(a) (1 <i<h,1<j<n(@))arealgebraically independent.

EXAMPLES. We give some examples of Theorem 1.1.

1. The generating functions of the sum of digits functions ), ., s,(n)z",
D ons15—qm)Z", and Y o s_4(—n)7" are algebraically independent over 6(1). Let
ord,m be defined by m = aq®%™ with ¢ f a. We remark that, if ¢ is a prime, the
functions an] ordyn!z" and anl 54(n)z" are linearly dependent over Q mod Q(z), since
ordgn! = (n —s;(n))/(g — 1).

2. Let o be the cyclic permutation of {1,2,---,g — 1} and let ¢"i be the general-

ized radical inverse functions. Then the functions Zn>1 q)g’ (n)7", Zn>1 ¢f’q (n)z", and

D ons1 q)fiq(—n)z" (0 < i < g — 2) are algebraically independent, since the initial vectors

1,2,---,9 — 1)"i i=0,1,---,qg — 2) are linearly independent over C, because
1 2 .. g—1
qg—1 1 -+ qg—2
det . . . #0.
2 3 ... 1

3. The generating functions of bases change functions an 1 yqp (n)7", an LY P q (n)7",

and an] yfq(—n)z" (p € Z,|p| > q) are algebraically independent.
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Furthermore, all these functions except anl ordn!z" in Example 1 are algebraically
independent over C(z) and their values at algebraic o (0 < || < 1) are algebraically inde-
pendent.

2. Two lemmas.

The proof depends on the following lemmas.
LEMMA 2.1 (cf.[7, Theorem 3.5]). Letd > 1 be an integer. Let f;;j(z) € C[[z]] (1 <
i <h,1 < j<n(i)) satisfy the functional equations

£i@ = ai(2) fij (2) + bij (2) ®)

where a;(z), b;j(z) € C(2)*. Suppose that
(i) ai()/aj() ¢ H:=1{9z)/g9(); 9() € C@*} G #)),
(i) ifcij € C(A < j < n(i)) are not all zero, there is no f(z) € C(z) such that
n(i)
&N =ai@ @)+ cijbij(2).
j=1
Then the functions fij(z) (1 <i < h,1 < j < n(i)) are algebraically independent over
C(2).
LEMMA 2.2 (cf. [7, Theorem 4.2.1]). Let K be an algebraic number field, and let

f1), -, fm(@@) € K][[z]] converge in a disc U C {|z| < 1}. Suppose that for an integer
d > 1, the functional equation
Sz fi(@)
: = A(2) : + B(2) )
fm (Zd) fm (2)

is fulfiled, where A(z) is an m x m matrix with entries in K (z) and B(z) is an m-dimensional

vector with entries in K(z). If o € U is a nonzero algebraic number such that a? is not a
pole of A(2), B(z) forany k > 0, then

Trans. deggQ(f1(a), -+ -, fm()) = Trans. degg ;) K(2)(f1(2), -+, fm(2)) .

Corollary 1.1 follows from Theorem 1.1 and Lemma 2.2, since our functions f;;(z),
9ij(z), and gf-} (z) satisfy the functional equations of the form (9). So we prove only Theorem
1.1. It is enough to show if part, since the converse is trivial. The algebraic independence of
functions over C(z) satisfying (9) can be reduced to linear independence over C mod C(z)
if all the components of A(z) are in C (cf. [7, Theorem 3.2.2]). However, in the case in which
the components are not all constant, it is not easy to decide the algebraic independence of
these functions over C(z). Unfortunately our functional equation (5) contains non constant
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components. However, by iterating it, we get functional equations of the form (8) withd = ¢2.
Thus we can apply Lemma 2.1, a criterion of algebraic independence of functions over C(z).

3. Proof of Theorem 1.1.

We shall prove the algebraic independence over C(z) of the functions
Fij)=0-2)fije) (A=<i=<h 1=j=m@),

G =(1-29;@. Gi@=1-2¢5) (<i<h 1=j<n@),
which satisfy the functional equation of the form (5). By iterating it, we have

(74 .
R = a2y —a (@250 222

"ozd) T e(2)

) = 2,9G-D G, () _ g-2,aa-D [ g TiED mj(Z)>
G’./(Z ) ’Bl 4 Gl.](z) ﬂl z <'Bl (p(zq) + @(Z) ’

(10)

¥ (%) = B-224-1G* (7) — g2 ( g, TLED qlfij(1)>
G[.](Z ) ﬁ[ Z G[j(Z) ﬁl (ﬁl (p(zq) +Z (p(z) N

the functional equations of the same forms as (8) with d = qz. However, since a;(z) in (8)

are afz, ﬁfzzq(q’]), and ,Bifzzq’] in (10), it may happen even under the assumption (7) of

Theorem 1.1 that a;(z) = ax(z) for some i # k, namely if oy = —a; or B = —pf;. In such
cases, we denote for example «x (or Bx) by —«; (or —g;) and put mo(i) = m@), m1(i) =
mo()+m(k) (orng(i) = n(i),n1(i) = no(i) +n(k)). For notational convenience we assume
that o; > O if o; is real and B; < O if B; is real. After these change of the subscript if
necessarily, we have the stronger assumption

of Faf, BLEB (#ED, (11)
under which a; (z) # ai(z) for all i # k and the functional equations take the following form

Fijz9") = Ai@QFj@) + Pjx) (1 <i <h 1< j<mi()),
Gij(Zqz) = Bi(2)Gij())+ Qij@) (1 =i <h, 1 <j=<ni(i)), (12)

G;,@") = Ci@G;@) + Rij@) (1 <i <h 1< j <m(),
where

A =a %, Bi(z)= B9V Cix) = B0, (13)
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-2 (ai pij (z9) L Pi (Z)) (<7 <moli)).
Pii(z) = ' @(z9) ¢ (2) -
L - .. q ..
—o;? (—ai% + pg;,(_(;))) (mo(i) < j =mi(i)),
20D (ﬁiw + """(Z)> (1< j <noli)).
01:(2) ! @(z9) ©(2)
ij2) = N 5
_p2aa=n (g TED L@ i<y,
! @(z9) ¢(2)
.. q ..
—,3,'72 (,31' —G(;j((;)) +Zq1_r(;,((zz))) (1 <j=<no@)),
Rij(z) = (4 ,
g2 (—ﬂi LGN ’”(Z)> (no(i) < j < mi().
' @(z9) 9(2)
g—1 q—1 g-1
pij(z) = Zaij nz", oij@) = Zbij nNz", i) = Zb,-j (g—rz".
r=1 r=1 r=1

Then we assume that, for each i, each of the sets {a;;; 1 < j < mo(@i)}, {a;j; mo(i) < j <
m1()}, {bij; 1 < j < no(i)}, and {b;;; no(i) < j < n1(i)} are linearly independent over C
and

(1,2,---,g —1) ¢ Spanc{aij; 1 < j <=mo@)} if ai=gq, (14)

(1,2,---,g —1) ¢ Spanc{bij; 1 < j <no()} if fi=—q. 5)

Now we apply Lemma 2.1 to F;;(z), Gij(z), and G?} (z) satisfying the functional equa-
tions (12). Clearly A,’(Z), B,’ (Z), C,’ (Z) € C(Z)X, and P,'j (Z), Q,’j (Z), Rij (Z) € C(Z)>< follow
from Lemma 3.2, bellow.

We first prove the property (i) in Lemma 2.1. It follows from (11) with (13) that A;(z)/
Ar(2), Bi(2)/Bk(2), Ci(2)/Cr(z) € C\ {1} for any i # k. So they are not contained in
H, since H N C = {1}. Since H is a subgroup of C(z)* and A;(z)/Bk(z), Bi(z)/Ck(2),
Ci(2)/Ar(z) € {czl|eeCX 1<l < q(g — 1)} for any i and k, it is enough to show that
cz' ¢ Hforanyc € C*and1 <1 < g(g — 1). Assume that ¢z/ = g(z"z)/g(z), where
g(2) = A(2)/B(z) with coprime A(z), B(z) € C[z]. Then cle(zqz)A(z) = A(zqz)B(z), SO
that B(z"z) devides B(z) , and hence B(z) € C*. Thus we get clA(z) = A(z"z). Comparing
the degrees of both sides , we have a contradiction.

In the rest of the proof, our arguments will be independent of the subscripti (1 <i < h).
So we fix i and omit it from our notations. From now on, we denote a;; (n), b;; (n), Fi;(z), - - -
by a;(z),b;(2), Fj(2),---. In particular, «;, B, mo(i), m1(i), Ai(z), - - - will be written as
o, B,mo,my, A(Z), - -.

To prove the property (ii), we prepare some lemmas.
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LEMMA 3.1. Let f(z) € C(z) satisfy

- p E(z) )
fi&) @ f@)+ 2o (16)
where ¢(z) is defined by (6) and D(z), E(z) € C[z] \ {0} are such that
D(z) € C*or D(0) =0, deg D(z) < q(qg — 1), (17)
E0)=0, degE(z) <2¢*>—q—1. (18)
Then D(1) = qu and
f(z>=lc—_zZ (ceC). (19)

PROOF. We put f(z) = a(z)/b(z) with coprime a(z), b(z) € Clz]. Then it follows
from (16) that
(@(z)b(z) — D@)a@bENe@eE!) = E@b@bET). (20)
We shall prove that
b(z)=1-1z2. 2D

. 2 2 .
Since a(z?") and b(z9") are coprime, we have

b(z%) | b)Y, (22)

which implies deg b(z) < 1. Suppose that deg b(z) = 0. Then we can put b(z) = 1, so that
by (20)

@@z?) - D@)a2))e@)p!) = E(). (23)

If dega(z) = 0, say a(z) = ¢ € C*, we have c(1 — D(2))p(2)¢(z?9) = E(z). Putting
z = 0, we get D(0) = 1, since E(0) = 0. Hence D(0) # 0, and so D(z) = 1 by (17).
Thus we have E(z) = 0, which contradicts the assumption. Hence s = dega(z) > 1. This
implies dega(zqz) > deg D(z)a(z), and so comparing the degrees of both sides of (23),
we get sq> + g2 — 1 < 2¢> — ¢ — 1 using (18), which yields s < 1, a contradiction.
Therefore degb(z) = 1. We can put b(z) = c¢g — z (cp € C), so that we have by (22)

co — zqz =c1(co — 2)9p(2)@(z?) (c1 € C*). Comparing the coefficients of both sides we find
c1 = 1, and putting z = 1 we obtain c¢p = 1, and (21) follows.
To prove (19) it remains to show that

a(z) =cz (ceCX). (24)
It follows from (20) and (21) that

a(z") — D@a@e@eE!) = (1 - DEQ). (25)
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Putting z = 0 in (25), we have D(0) = 1l ora(0) = 0. If D(0) = 1,D(z) = 1 € C*
by assumption (17). Then (25) with z = 1 yields a(1) = 0. This contradicts (21) and
(a(z),b(z)) = 1. Hence we have a(0) = 0. If dega(z) = 0, we have a contradiction as
above. Suppose that s = dega(z) > 2. Then dega(zqz) > deg D(z)a(z)¢(z)¢(z?) by (17).
So comparing the degrees of both sides of (25) using (18), we have sq2 < 2q2 — ¢, which is
impossible. Therefore dega(z) = 1, which with a(0) = 0 implies (24).

It follows from (24) and (25) that czq2 —czD(@)p(2)e(z?) = (1—2)E(z). Puttingz = 1,
we get c(1 — D(l)qz) = 0 with ¢ # 0, so that D(1) = q’z; and the lemma is proved.

We shall use the following notations. We put for ¢y, ¢2, --- € C
mo mi g—1
S@ =) cipi@— Y cipj@ =) s,
j=1 Jj=mo+1 r=1
m q—1

TR) =) cjpj() =y 10,
j=1

r=1

where s(r) = ZTil cjaj(r) — Z.’;lzlmo-i-l Cjaj(l’), t(r)= ZT;I Cjaj(r)v

no nj qfl
UR) =) ¢ti@— Y. ¢tj@ =Y u@®z,
j=1 j=no+1 r=1

g—1

ni
V) =) cjoj@) =Y vz,
j=I

r=I1

where u(r) = Z;'O:I cjbj(q —r) — Z;”:noﬂ cjbj(q —r), v(r) = Z’;”:l cjbj(r),

nj

no q—1
X(2) = ZCjcrj(z) — Z cjoj(z) = ZX(r)z’,
j=1 Jj=no+1 r=1
np g—1
Y@ =) i) =)y,
j=1 r=1

where x () = 27021 cjbj(r) — Z;”:noﬂ cjbj(r), y(r) = Z;"zl cjbj(g —r).
Then it follows from the definitions that

nmi

oy o —2a8@De@) + T ()¢ 1)
I ] @0
N aanBUGDEE) + V(@)
;C} Qj () = :8 4 ¢(Z)¢(Zq) , 27
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L BX (@) + 277 Y (2)e(29)

28
0(@)p(z9) @8

ny
Y ciRj(@) = —B
j=1

LEMMA 3.2. Each of the sets {P;j(z);1 < j < m1}, {Q;(@);1 < j < n1}, and
{Rj(2); 1 < j < ny} is linearly independent over C .

PROOF. We prove that Pi(z), - -, Py, (z) are linearly independent over C . Suppose
that 217;1 cjPj(z) =0forsomecy, --- , cm, € Cnotall zero. Then by (26)
aSzNez) = =T (@)e?). (29)

If T(z) =0, then we have S(z) = 0. Hence s(r) =t(r) =0 (1 <r < g), and so

mo mi
D cjajry= > cjaj(n=0 (1<r<gq)),
Jj=1 Jj=mo+1
which contradicts the assumption that each of the sets {a;; 1 < j < mo} and {a;; mp < j <
m1} are linearly independent over C and cy, - - - , ¢, Dot all zero. Now if T'(z) # 0, then by
(29) S(z) # 0, which together with 7'(0) = 0 and S(0) = 0 imply that ord,—¢S(z?) > ¢ and
1 < degT(z) < ¢, a contradiction.

Similary we can prove that Q1(z), --- , On, (2) are linearly independent over C . To
prove the linear independency of R1(z), - - - , Ry, (z) over C, we assume that 221:1 ciRj(z) =
0 for some ¢y, - - - , ¢5; € Cnot all zero. Then it follows from (28) that

BX (zD)p(z) = -2 'Y (2)e(z9) .

Comparing the degrees of both sides, we have g(¢g —1)+¢g—1> g—1+degY (z) +q(g— 1),
so that deg Y (z) = 0. Since Y(0) = 0, we get Y(z) = 0 and so X(z) = 0. Hence x(r) =
y(r) =0 (1 <r < q), which contradicts the linear independency over C of each of the sets
{bj;1<j<no}and{b;; no < j < ni}; and the lemma is proved.

LEMMA 3.3. IfP(x) = Y./2] p(r)2" € Clz] satisfies
A-PE)+y=0 (30)
for somey € Candany ¢ # 1 with ¢4 =1, then y = qp(1) and

29(2) —qz4

g—1
P =p() ) rd = p)=——

r=1

’

where ¢(z) is defined by (6).
PROOF. It follows from (30) that

qg—1
D () —pr =) —plg—D+y =0, p0)=0.

r=1
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If we put

qg—1
ER) =) (p(r)—pr—1)Z —plg—D+y,
r=I1
q—1
n@ =(plg—1)—plg—2)) 7,
r=0
we have £(z) = n(z), since they have ¢ —1 common distinct roots. Comparing the coefficients,
we get p(r) =rp(l) (1 <r < ¢g)and y = ¢gp(1), and the lemma is proved.

Now we verify the property (ii) in Lemma 2.1 using Lemmas 3.1-3.3. We have to prove
under the assumptions of the theorem that if ¢y, -- -, ¢y, € C are not all zero, there is no
f(z) € C(z) satisfying

£G@7) =A(z)f(z)+iCij(z), (31)
j=1
andif ¢y, -+, ¢, € Care not all zero, there is no f(z) € C(z) satisfying
f@T)=B@ @)+ ic,; 0,() (32)
=1
N J
F@) =C@f@) + nZlc,-R,-@ . (33)

Jj=1
Suppose first that there is f(z) € C(z) satisfying (31). Recalling (26) we have the
equation (16) with D(z) = A(z) = a2 € C*,
E(2) = —a 2 (@SE)e() + T (@) # 0

(by Lemma 3.2), and (18). Hence we can apply Lemma 3.1 and get (19) and D(1) = a =
g~?%, so that @ = ¢ by our convention. Thus we have by (26) and (31)

C(Zq2 — 42201 = —q (1 — (g SDe(2) + T(2)p(?)) (34)
(c € C*). Puttingz = ¢ # 1 with¢? =1, we get (1 — )T (¢) + gc = 0, and hence

z29(z) — qz?

T(z)=c -

by Lemma 3.3, substituting this to (34), we find c(qzq2 —79¢p(z9)) = —(1 — 2)S(2D)p(2),
which yields T (z) = S(z). Comparing the coefficients of both sides, we obtain

mo
chaj(r) =cr (ceC*, 1<r<g),
j=1
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which contradicts the assumption (14).
Next we suppose that f(z) € C(z) satisfies (32). Recalling (27) we have (16) with

D(z) = p2z447 D,
E(x) = =727 D(BU D) + V(29" # 0
(by Lemma 3.2), and (18). Then we apply Lemma 3.1 and get (19) and 8 = —¢q. Thus we
have by (27) and (32)
e — 47221 V29 cN) = —g 72197V (1 - )(—qU D) + V(@pE?) (35)

(c € C*). Putting z = ¢ # 1 with ¢? = 1, we have (1 — £)V(¢) + gc = 0, and hence

z29(z) —qz?
Vi =R —ax (36)
-z
by Lemma 3.3, putting this into (35) , we get U(z7) = c¢(qz? — z9¢(z7))/(1 — z%), which
implies

qg—1
UR)=c) (-7, 37
r=1
since
q—1
Y- = L2 (38)

It follows from (36) and (37) that u(q¢ — r) = v(r) = cr, and hence
19
chbj(r) =cr (ceC*, 1<r<gq),
j=1
which contradicts the assumption (15).
Finally we assume that f(z) € C(z) satisfies (33). Similarly as in the previous case, we
have using (28) 8 = —¢ and

@ — g2 2p(@e(e1) = —¢ 21 = D(—gX D9 + 21 Y De?)  (39)

(c € C*). Putting z = ¢ /9, where ¢ # 1 satisfies ¢¢ = 1, we get (1 — £)X(¢) — gc = 0.
Then by Lemma 3.3

g—1

— q
X(Z) = —¢ E rZr — _CZ(p(T)—qZ .
—Z
r=1

Substituting this to (39) and using (38) we have

Y(@) = — qz—w(z) CZ(‘I
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Hence x(r) = y(q¢ —r) = —cr (1 < r < q), and therefore
no
chbj(r) =—cr (ceC* 1<r<gq),
j=1

which contradicts (15). The proof of Theorem 1.1 is now completed.
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