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Theorems of Gauss-Bonnet and Chern-Lashof Types in a Simply
Connected Symmetric Space of Non-Positive Curvature

Naoyuki KOIKE

Science University of Tokyo
(Communicated by R. Miyaoka)

Abstract. In this paper, we shall generalize the Gauss-Bonnet and Chern-Lashof theorems to compact sub-
manifolds in a simply connected symmetric space of non-positive curvature. Those proofs are performed by applying
the Morse theory to squared distance functions because height functions are not defined.

1. Introduction

For an n-dimensional compact immersed submanifold M in the m-dimensional Eu-
clidean space R", it is well-known that the following Gauss-Bonnet and Chern-Lashof theo-
rems hold:
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1.1 _—
(b Vol(§"=1(1)) Jeeu+m

detAEwuLM = X(M) B
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n
|detAg g1y = Y bi(M,F),
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where Vol($”~1(1)) is the volume of the (m — 1)-dimensional unit sphere, A is the shape
tensor of M, wy;1,, is the standard volume element on the unit normal bundle U M of M s
x (M) is the Euler characteristic of M and b; (M, F) is the k-th Betti number of M with respect
to an arbitrary coefficient field F. These relations are proved by applying the Morse theory to
height functions %, (v € R™). For an n-dimensional compact immersed submanifold M in
the m-dimensional hyperbolic space H" (—1) of constant curvature —1 or the m-dimensional
unit sphere §”* (1), E. Teufel ([Teul,2]) tried to obtain the inequality of Chern-Lashof type by
applying the Morse theory to the restrictions (to M) of functions whose level sets are totally
geodesic hypersurfaces in H™(—1) or $” (1). Concretely, in the case where the ambient space
is H™(—1), he proved the following fact:
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If M is contained in some geodesic ball of radius ro (in H™(—1)), then the following
inequality holds:

n

1 1
—_— det Ag|w >
VOIS (D) Jyeyiy S A1

by (M, F).
cosh rp part

However, in the case where the ambient space is $ (1), the similar fact has not been obtained.
We consider that the topology of a submanifold in a general complete and simply connected
Riemannian manifold should be determined by both the extrinsic curvature (i.e., the shape
tensor A) of the submanifold and the curvature R of the ambient Riemannian manifold. So
we propose the following problem:

PROBLEM. Find a function Fa g on UM determined by both A and R such that

/ Far@wyiy = x (M)
teULM

and

F 1 br(M, F
/MLM| AR@|wyLy = Y bi(M.F)

k=0

hold for each n-dimensional immersed compact submanifold M in an arbitrary complete and
simply connected Riemannian manifold N.

For a submanifold in a Euclidean space, its tightness is defined in terms of height func-
tions. However, for a submanifold in a general Riemannian manifold, its tightness is not
defined because of the absence of height functions but its tautness is defined in terms of the
energy functional on the space of H!-paths. In particular, for a submanifold in a Hadamard
manifold, its tautness can be defined in terms of squared distance functions. Thus it is nat-
ural to consider to apply the Morse theory to squared distance functions in order to obtain
the theorems of Gauss-Bonnet and Chern-Lashof types for a compact immersed submanifold
in a Hadamard manifold. In this paper, by applying the Morse theory to squared distance
functions, we shall prove the following theorem of Gauss-Bonnet and Chern-Lashof types
for a compact immersed submanifold in a simply connected symmetric space of non-positive
curvature.

THEOREM A. Let M be an n-dimensional compact immersed submanifold in an m-
dimensional simply connected symmetric space N of non-positive curvature. Then, for each
o € N, we have

1
(1.5) / —— POV Re det(pry o /= Re |1, 0 m — Ae)wy sy = X (M),
geutm V(&)
1 n
(1.6) / — POV R det(pry o /= Re |1, m — Ae)lwyLy = ) bi(M,F)
teULM v(€) =0
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and the equality sign holds in the inequality (1.6) if M is taut, where /—R¢ is the positive
operator with ,/—Rgz = —R(-, &) (R : the curvature tensor of N), v(§) = lim rvoly,,
r—00

="

—R: X . . . .
detm (voly,, : the volume of the geodesic sphere of radius r in N), bg is the

Busemann function for the geodesic ray yg with yg(0) = &, pry is the orthogonal projection
of TN|y (the bundle induced from TN by the immersion) onto TM and 1 is the bundle
projection of U+M. In particular, if M is contained in a geodesic ball of radius rq, then we
have

1 n
(1.7) / — "V R det(pry o /= Relr, o m — AD)loyLy = Y bi(M,F).
&

evtm v(§) pard

REMARK 1.1. (i) Since v(§) and bg (o) are determined by the curvature tensor R,
this theorem answers the above problem in the case where the ambient space is a simply
connected symmetric space of non-positive curvature.

(i) In case of N = R™ (the m-dimensional Euclidean space), we have \/—7Rg =0

and v(§) = Vol(§™~1(1)). Therefore, the relation (1.5) (resp. (1.6)) is rewritten as (1.1)
(resp. (1.2)). Thus this theorem is a generalization of the Gauss-Bonnet and Chern-Lashof
theorems. Hence the proof of this theorem in this paper gives a new proof of the Gauss-Bonnet
and Chern-Lashof theorems in the case where the ambient space is a Euclidean space.

(iii) If N is of rank one, then we have v(&) = Vol(S™~1(1)).

(iv) For a submanifold in an arbitrary Riemannian manifold, the squared distance func-
tions are defined. Hence we expect that the proof of this theorem is applied to a compact
immersed submanifold in various Riemannian manifolds.

As the hypersurface version of Theorem A, we obtain the following result.

COROLLARY B. Let M be a compact immersed hypersurface in an (n+1)-dimensional
simply connected symmetric space N of non-positive curvature. Then, for each o € N, we
have

2

1 . - .

/ > s IV det( = Re, 11w — (=) Ag o = x (M),
xem V(Ex) izl

2 n
1 . — .
/ 3 e O™V R et 2R I — (=1 Ag)low = Y bi(MLF)
X
1

em v(E) & P

and the equality sign holds in this inequality if M is taut, where & is the unit normal vector
field on M determined by the orientation of M and wyy is the volume element of M. In
particular, if M is contained in a geodesic ball of radius rq, then we have

2 n
1 .
f —— VTV RN " det(y/ = Re, |z — (=1 Ag )y = Y bi(M.F).
x i=1

em v(&x) k=0
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In the case where the ambient space is the m-dimensional hyperbolic space H™(c) of
constant curvature ¢, we can obtain the following result from Theorem A.

COROLLARY C. Let M be an n-dimensional compact immersed submanifold in H™ (c).
Then, for each o € N, we have

1

Vol(§"=1(1)) Jeevtm
1

Vol(S"=1(1)) Jeeuim

e =DV=b: ) et(/=cid — Ag)wyiy = x (M),

n
eIVt )| det(y/=cid — Ag)|wyry = Y b(M.F)
k=0

and the equality sign holds in this inequality if M is taut, where id is the identity transfor-
mation of TM. In particular, if M is contained in a geodesic ball of radius ro, then we
have

o m—1)v/=crg

n
—_— |det(v/—cid — Ag)|wy Ly > br(M,F).
Vol(S"=1(1) Jecuu U ;)

REMARK 1.2. The quantity e~ Dv=cb:©) jg explicitly described as

e =DV=b: () — (cosh(v/—cd (0, 7(€))) — sinh(v/—cd (0, T (€))) cos 6(E)} "

(see §2), where d is the Riemannian distance function of H" (c) and 6 (£) is the angle of & and
w(€)o (w(£)o : the initial vector of the geodesic y in N with y(0) = 7w (£) and y (1) = 0).

Denote by CH™(c), QH"(c) and CayH 2(¢) the m-dimensional complex hyperbolic
space of constant holomorphic sectional curvature c, the m-dimensional quaternionic hyper-
bolic space of constant quaternionic sectional curvature ¢ and the Cayley hyperbolic plane of
constant Cayley sectional curvature c, respectively. Also, let J;, {J1, J2, J3}and {Jy, --- , J7}
be the complex structure of CH™ (c), the quaternionic structure of QH™ (c) and the Cayley
structure of CayH?(c), respectively.

In the case where the ambient space is one of these spaces, we obtain the following result
from Theorem A.

COROLLARY D. Let M be an n-dimensional compact immersed submanifold in
FH™(c), where F = C, Q or Cay and m = 2 when F = Cay. Then, for each o € N,
we have

2
J—cC
det(z ; pry o prf|Tﬂ(E)M — Ag JoyLy

i=1
= x(M),

1 (gm+q—2)v/=bg (0)
- e 2
Vol($2m=1(1)) Jeecvim
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(gm+q—2)y/=cbg (0)
2

2

A/ —C

det(Z ; prTopr,;IT,,(E)M—AE ‘wULM
i=1

1
Vol (Sm=1(1)) ./EeUiM ¢

n
> ) b(M,F)
k=0
and the equality sign holds in this inequality if M is taut, where ¢ = dimgF and pr&;
(resp. prg) is the orthogonal projection of T, )} H™ (c) onto Span{J,&, ---, J,_1&} (resp.

Span{&, J1&, -, Jqqé}l). In particular, if M is contained in a geodesic ball of radius ry,
then we have

. (gm+q —22)«/—cr0 2 ﬁ n

— &
_ det E X —A ‘ > by (M, F).
Vol(S9m=1(1)) Jeept ‘ € (i_l ;. PrT O Pr; | T ey M E) Oyly = ;—0 K ( )

. (gm~+q—2)y/=cbg (0) .
REMARK 1.3. The quantity e 2 is evaluated from above and below as

follows:

(gm+q—2)v/=cbg (0)

e 7 < {cosh(5Ed(0, () — sinh(YSd (0, 7(§))) cos B(§))~@mTa=2) |
20 (cosh(y/=2d (0, 7€) — sinh(y/=cd (0, 7(€))) cos (&)}~

(see §2), where d is the Riemannian distance function of FH" (c) and 6 (&) is the angle of &

—
and 7 (§)o.

gm+q—=2
2

e

In Section 2, we shall recall the notion of the Busemann function and define the tautness
of a submanifold in a Hadamard manifold. In Section 3, we shall obtain key equality and
inequality used to prove Theorem A. In Section 4, we shall prove Theorem A and Corollaries
C and D. Finally, in Section 5, we shall confirm by calculations that the equality and the
inequality in Corollary C (resp. D) hold for a geodesic sphere in a hyperbolic space (resp.
a simply connected rank one symmetric space of non-compact type (other than a hyperbolic
space)).

Throughout this paper, we assume that all objects are of class C* and that all manifolds
are oriented and connected ones without boundary.

I would like to thank Professor Eberhard Teufel for his valuable advice about the results
in [Teul,2].

2. Busemann functions and the tautness

In this section, we first recall the notion of the Busemann function. Let N be a Hadamard
manifold and N (c0) be its ideal boundary, that is, the set of all asymptotic classes of geodesic
rays in N. Denote by y (c0) the asymptotic class of a geodesic ray y : [0, 00) — N. Take
p € N and z € N(00). Let y be the geodesic ray in N with y(0) = p and y(c0) = z.
Denote by Soo(z, p) the horosphere through p and z, and by Buo(z, p) the closed domain
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in N surrounded by S (z, p). In the case where N is a Euclidean space, So(z, p) is the
hyperplane through p which is orthogonal to y(0). Let & be a unit tangent vector of N at
po and y: : [0,00) — N be the geodesic ray with y¢(0) = &. The Busemann function
bg : N — Riis defined by

d(p, Seo(y:(0), po))  (when p € By (y:(00), po))

b =
5(p) { —d(p, Seo(y:(00), po)) (when p ¢ By (y:(00), po))

for p € N, where d(p, Sco(y:(00), po)) is the distance of p and Seo (ye (00), po).
In case of N = H™(c), it follows from the cosine theorem that
-1
A/ —c
where 6(£) is the angle of & and pgp. Here we note that pop implies the initial velocity

vector of the geodesic y with y(0) = po and y (1) = p. Further, in case of N = FH"(c)
(F = C, Q or Cay), we have

bg(p) = log(cosh(v/=cd(p, po)) — sinh(v/=cd(p, po)) cos 6(§)) ,

be(p) = 72 log(cosh(¥5d(p, po)) — sinh(Y3<d (p, po)) cos 6(6),
be(p) = 7= log(cosh(y/=cd(p. po)) — sinh(v/=cd (p. po)) cos 6(£))

because the minimal (resp. maximal) sectional curvature is ¢ (resp. c/4), where we use the
comparison theorem.

At the end of this section, we define the tautness of a submanifold in a Hadamard man-
ifold N. Let M be a submanifold in N. If the squared distance function d% xeM—

d(p, x)?) is a perfect Morse function for each p € N \ F, then we shall say that M is taut,
where F is the focal set of M.

3. Key equality and inequality

Let N = G/K be an m-dimensional simply connected symmetric space of non-positive
curvature. For arbitrary two points p and g of N, there exists a unique geodesic y with
y(0) = p and y (1) = q. Denote by y,, this geodesic. Also, denote by p¢ the initial velocity
vector yp,(0). Let M be an n-dimensional immersed submanifold in N. In this section, we
obtain an equality and an inequality (see Proposition 3.4) used to prove Theorem A. Also, we
calculate the volume of a geodesic sphere in N. For simplicity, we set

D¢ == /—Rs, Dgo :=cosh,/—R¢ ,
Dsi _ Sil’lh 7R§ Dct _ 4/71?5
§ JTIQ ’ £ 7 tanh —Rg
for each £ € TN. Now we recall a very useful description of a Jacobi field in N. A Jacobi
field J along a geodesic y in N is described as

(3.1) J($) = Py, (D530 J (0) + s D35, 7' (0))
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where Py, , is the parallel translation along y|[0 s with respect to the Levi-Civita connection
V of N, y(0) is the velocity vector of y at 0 and J'(0) = @y(o)J. See [TT] (or [Ko3]) in
detail. For the squared distance function d2, we have the following fact.

LEMMA 3.1. Let x be a critical point ofdlzj (hence Xp is normal to M). The Hessian
(Hess d%)x ofd2 at x is given by

(Hessd2)((X,Y) =2 < X, (DL —Am)Y > (XY € TM).

PROOF. Take tangent vectors X and Y of M at x. Take a two-parameter map & to M
with S*(i)%m:,:o) = X and 5*(%|u:,20) = Y, where u (resp. t) is the first (resp. the
second) parameter of 8. Define a three-parameter map & to N by S(u,t,8) = Vs »(5).
For simplicity, we denote J (au) 84 (az) and J4 (as) by 3 W and ‘) , respectively. Set
Ji(s) = W'u —0, which is a Jacobi field along ys(0,s,0)p. From (3.1), we have J;(s) =
J /(0)). This together with J;(1) = 0 deduces

P}’B(O,t,O)p\ 0,5] (D¢ mjt(()) + stt e
J/(0) = —D;O_O)) J:(0). Also, since x is a crltlcal point of dp, 3= lu=1=5=0 is normal to M.

These facts deduce

d(d/]d 8
Hessd,). (X, Y —(—, —
(Hessd})x (X, ¥) = dt<8u<8s as>

Zd J/(0) 9
R TN

u=s=0) t=
u=s=0>

0

ds 1=0
d s>
(3.2) =—2—(D< . J;(0), 8(0,1,0)p)li=0

dt = 80,1,0)p

d _
= _2E(JI(O)7 (8(0,7,0)p)r) =0

d
e (3,
ds u=s=0/T

where (-)7 is the tangent component of -. On the other hand, we can show @@% =

Vy(% r — AgY + V%(%quszo)l and ﬁﬁ% = —D%Y, where (-) is the nor-
u=s=0

mal component of -. These relations deduce Vy(aa—s lu=s=0)T = —(pry o D% — Ag)Y. From

(3.2) and this relation, we obtain the desired relation. O

Denote by @ (resp. wr.,,) the volume element of N (resp. T-M). Let exp- be the
normal exponential map of M. Then we have the following relation.

LEMMA 3.2. Foreach& € TM, the following relation holds:

((exp™)*@); = det(pry o D§' |1, m — Ag)detDY (wr1y)e .
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where 7 is the bundle projection of T+M.

PROOF. Setx :=m(€). Let(eq, -, e,) be an orthonormal tangent frame of M at x and
(S?, cee, g,g_n) be an orthonormal frame of TXJ-M. Let& (i =1, .-+, m —n) be the element
of Tz (T{- M) corresponding to &’ under the natural identification of 7-M and T (T M).
Denote by (efT)§ the horizontal lift of ¢; to £ (i = 1,--- ,n). Fixi € {1, --- , n}. Take a curve
c in M with ¢(0) = ¢;. Let 5 be the V-'-parallel vector field along ¢ with § (0) = &. Define a
two-parameter map § to N by §(¢, s) := expl (sg (t)) and set J := %l,:(), which is a Jacobi
field along ye. Itis clear that J(0) = ¢;, J'(0) = —Age; and J(1) = expi((?f)@. Hence we
have

expi((e)g) = Py (D% — (DY 0 Ag)er) .

Fixi € {1,--- ,m — n}. Define a two-parameter map & to N by 8(t, 5) := exp(s(§ + t£”))
and J = %h:o, which is a Jacobi field along ye. It is clear that J(0) =0, J(0) = éio and
J(1) = expi &;. Hence we have expi & = Py, Dgiélp. Therefore, we obtain

((exph)*@)g((eg, -+ » (en)gs 615+ mn) _ '
= One)(Dg%e1 — (DY 0 Ag)er, -+, D%, — (DY o Ag)ey, DY'EY, -, DY'ED)
= deth_iaN)n(s)((Dgt —Agler, -+, (Dgt — Ag)en, é?, T g-r())
= det D' det(pry o Dg! 1,0 m — Ag) .

On the other hand, we have (CUTLM)‘E((;T)E, cee (fe\n/)g, &1, ,&u_n) = 1. Therefore, we
can obtain the desired relation. O

This lemma together with Lemma 3.1 deduces the following fact.
LEMMA 3.3. A point p of N is not a focal point of M if and only ifdlz7 is non-
degenerate (i.e., a Morse function).

PROOF. Let x be a critical point of d127‘ According to Lemmas 3.1 and 3.2, (Hess di)x
is degenerate if and only if Xp is a critical point of exp™, that is, p = exp-(xXp) is a focal
point of (M, x), where we also use detD% > (. This fact deduces the statement. O

In terms of Lemmas 3.2 and 3.3, we obtain the following relations.

PROPOSITION 3.4. Assume that M is compact. Then, for any bounded closed domain
D in N, the following relations hold:

1
Vol(D) Jeeexpt-1(D)

det(pry o Df'|1,,m — Ag)detDf wriy = x (M),
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n
! |det(pry o D§' |7, m — Ag)|detDf op 1y, > Zbk(M, F).
VO](D) EECXpol(D) =0

The equality sign holds in this inequality if M is taut.

PROOF. First we shall show the first relation. Denote by F the set of all focal points of
M, which is of measure zero by Sard’s theorem. Let p € D \ F and £ € expt—!(p). Set
x = m(€). According to Lemma 3.2, (expi-)g preserves (resp. reverses) the orientation if and
only if det(pry o Dg’lTxM — Ag) > 0 (resp. < 0), where we use dethi > 0. On the other

hand, it follows from Lemma 3.1 that the index of the critical point x of dlz7 is even (resp. odd)

if and only if det(pry o Dgt Ir.m — Ag) > 0 (resp. < 0). By using these facts, we obtain

/ det(pry o D§1|Tn<s>M — Ag)dethia)TLM
eexpt=1(D)

_ (expD)*@)e = /E (exph) @)

Eecexpt—1(D) cexpt—1(D\F)

= (,Beven (d;) - ,Bodd(d;))(:)P
peD\F

=/ x(M)o = x(M)Vol(D),
D\F

where Beyen (dl2,) (resp. Bodd (di)) is the number of critical points of even (resp. odd) index of

dlzj. Thus we obtain the first relation. Similarly, we can obtain the second relation in terms of
the Morse inequality. Further, it is shown that the equality sign holds in the second relation if
M is taut. 0

Now we shall calculate the volume voly . of a geodesic sphere of radius r in an m-
dimensional simply connected symmetric space N = G/K of non-positive curvature. Let
Sp(r) be the geodesic sphere in N of center p and radius r. Let S(r) be the hypersphere in
T, N of center 0 and radius r, where O is the origin of 7), N. Denote by exp the exponential map
of N, which diffeomorphically maps S(r) onto S, (r). Also, denote by ws,(r) (resp. ws)) the
volume element of S, (r) (resp. S(r)). Let§ € S(r) and X be a unit tangent vector of S(r) at &
and X be the element of 7, N corresponding to X under the natural identification of T¢ (T, N)
and 7, N. Define a two-parameter map & to N by §(¢, s) = exps(cos t -& +rsin ¢ - Xg). For
simplicity, denote 5*(%) (resp. 8*(%)) by % (resp. %). Set J = %h:o, which is a Jacobi
field along the geodesic yg. It is clear that J(0) = 0 and J'(0) = rXo. Hence, it follows
from (3.1) that J(s) = rs Py D‘;éXo. On the other hand, we have J(1) = r exp, X. Thus

si

we obtain exp, X = Py, DE Xo. This deduces (exp* s,(r)e = det(DgiIspan{&—}L)(wS(,ﬂ))s =
dethi (ws(r))e and hence

(3.3) voly,, = / dethia)S(r) =1 / detDiéwS(l) ,
EeS(r) £eS(1)
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where S(1) is the unit hypersphere in 7, N centered 0.

4. Proofs of Theorems A and Corollaries C and D

In this section, we shall prove Theorem A and Corollaries C and D. First we shall prove
Theorem A in terms of Proposition 3.4.

PROOF OF THEOREM A. Fix o € N. Let B,(r) be the geodeisc ball of center o and
radiusr. Set @, (§) := sup{s | y£([0, s]) C B,(r)} for& € UM and a sufficiently big positive
number . Then we have

/ det(pry o D§t|Tﬂ(E)M — Ag)dethinlM
geexpt=1(B,(r))

ér(§) 1 . —_—
= v/&i iun (/0 det(;prT o D§g|Tﬂ(5)M — Ag)dethésm dS)a)ULM )
€

Also, we can show lim %Dﬁé = Dg. These relations together with Vol(B,(r)) =
§—> 00

,
/ voly sds deduce
0

1

lim det(pry o DE'| 7, m — Ag)detDS wy 1
r—00 Vol(B,(r)) Jecexpt—1(B,(r)) T & Uz § &£ OTlMm

1 1
= lim / det ———pry o Dct |T7.[ M= A
r—oovoly » Jeeuim () T~ o @®FLO £

si m— d¢r($)
xdetDy ¢)cbr (§)"

Wylyp

.
. (ee@&m L de()
/seULM det(pry o Dg|7, M — Ag) rlggo <—volN,r detDy e — = Joutus

which is equal to x (M) by Proposition 3.4. On the other hand, it is easy to show that

lim (¢, (§)—r) = be(0) and that ¢, (§) is concave. Hence we have lim &E _ im % =
r—>00

r—>00 r—>0o0

1. Also, we can show lim det(D;j ) © (D'r‘é)*l) = P (@TrDs  Therefore, we have
r—00 r

: si
Jim detDy, ¢

<¢r(§)'"—1

VO]NJ

deor (&) ) L be(o)teDe .

ey,
dr

v(&)

Thus we obtain the relation (1.5). Similarly, we obtain the relation (1.6). Assume that M is
contained in a geodesic ball of radius rg. Let po be the center of the geodesic ball. Then we
have |bg(po)| < ro (£ € U~ M). Hence the relation (1.6) for o = po deduces (1.7). O

Next we shall prove Corollary C.

PROOF OF COROLLARY C. Since the ambient space is H" (c), we have

sinh(y/—cs) |

Dg = «/—cpr;;_l and D;é =prg + N prg (§€ Utm),
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where prg (resp. prgl) is the orthogonal projection of T ) H™(c) onto Span{§} (resp.
Span{&}1). These relations deduce TrDg = (m — 1)4/—c and detD“ (Smh(ﬁs))’" L
The second relation together with (3.3) deduces v(§) = Vol(5™~1(1)). Hence, the statement
of this corollary is deduced from Theorem A. a
Next we shall prove Corollary D.
PROOF OF COROLLARY D. Since the ambient space is FH"(c), we have D =

/— prl sinh(y/—cs) 2sinh */7 £

¢ and Djé = prg + Y- pr + ?prz, where pr0 is the or-
thogonal projection of Tz FH™(c) onto Span{£} and pr (i = 1,2) are as in the state-

ment of this corollary. These relations deduce TrDs = M and det(rDs’g) =

(Slnhp’))q ‘(25"1}/1_2 )9"=4 x r. The second relation together with (3.3) deduces v (&)

—C

Vol(59~1(1)). Hence the statement of this corollary is deduced from Theorem A. a

5. Examples

In this section, for a geodesic sphere in H” (c) and FH™ (c¢), we shall calculate the in-
tegral quantities in Corollaries C and D and confirm that the equality and the inequality in
those corollaries hold. First we shall consider a geodesic sphere S,(r) of center o and ra-
dius r in H™(c). Let & be the inward unit normal vector field of S,(r). Then we can show

big (0) = %7 (x € M) and A = —~Y———1id. Hence we see that the integral quantity in the

tanh(\/_cr)

first relation of Corollary C is equal to oS nhm{(] (% I)H ) Vol(S,(r)), which is further equal to

{(=1)"™ 1 4+ 1}Vol(§™~1(1)). Thus it is confirmed that the first relation of Corollary C holds.
Similarly, we can show that the integral quantity in the second relation of Corollary C is equal

m—1
Sm}zl,;/]_( N )Vol(So(r)), which is further equal to 2Vol(S™~1(1)). Thus it is confirmed that

the equality sign holds in the second relation of Corollary C. This is compatible with the fact
that S, () is taut.

Next we shall consider a geodesic sphere S, (r) of center o and radius r in FH(c). Let
& be the inward unit normal vector field of S,(r). Then we can show bi¢ (0) = £r (x € M)

and Ag, = %p@x @ ﬁpr‘é (x € M). Hence we see that the integral quantity

in the first relation of Corollary D is equal to
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22: UV gmig-2ye <1 (=1 >q—l(1 (1) )qm_q
e _—— _——_—_—_
tanh(y/—cr) tanh x/?’

i=l1
——qm—1
Xic

S Vol(S,(r)

which is equal to 0. Thus it is confirmed that the first relation of Corollary D holds. Similarly,
we can show that the integral quantity in the second relation of Corollary D is equal to

i <—1>i(qm+2q72>ﬁr 1 (=) ‘q—l ‘1 (—=D!  jam—q
e - X [1—-—
tanh(/—cr) tanh @

I— gm—1

Xci

Vol(S,(r)) ,

which is further equal to

\/_—Cqul
24m=4 sinh?~! (\/=cr) sinh4 4 ¥
(= 2Vol(S9"~1(1))).

x 2Vol(S, (1))

Thus it is confirmed that the equality sign holds in the second relation of Corollary D. This is
compatible with the fact that S, (r) is taut.

References

[CL1] S.S. CHERN and R.K. LASHOF, On the total curvature of immersed manifolds I, Amer. J. Math. 79 (1957),

306-318.

[CL2] S.S. CHERN and R. K. LASHOF, On the total curvature of immersed manifolds II, Michigan Math. J. §
(1958), 5-12.

[F] D. FERUS, Totale Absolutkriimmung in Differentialgeometrie undtopologie, Lecture Notes 66, Springer
(1968).

[H] S. HELGASON, Differential geometry, Lie groups and symmetric spaces, Academic Press (1978).

[Kol] N. KOIKE, The Lipschitz-Killing curvature for an equiaffine immersion and theorems of Gauss-Bonnet type
and Chern-Lashof type, Results Math. 39 (2001), 230-244.

[Ko2] N. KOIKE, The total absolute curvature of an equiaffine immersion, Results Math. 42 (2002), 81-106.

[Ko3] N. KOIKE, Tubes of nonconstant radius in a symmetric space, Kyushu J. of Math. 56 (2002), 267-291.

[Kul] N.H. KUIPER, Minimal total absolute curvature for immersions, Invent. Math. 10 (1970), 209-238.

[Ku2] N.H. KUIPER, Tight embeddings and maps. Submanifolds of geometrical class three in E", The Chern
Symposium 1979 (Proc. Internat. Sympos., Berkeley, Calif., 1979) Springer (1980), 97-145.

M] J. MILNOR, Morse theory, Ann. Math. Stud. 51 (1963), Princeton University Press.

[NR] K. NoMmizu and L. RODRIGUEZ, Umbilical submanifolds and Morse functions, Nagoya Math. J. 48 (1972),
197-201.

[TT] C.L. TERNG and G. THORBERGSSON, Submanifold geometry in symmetric spaces, J. Differential Geom.
42 (1995), 665-718.



THEOREMS OF GAUSS-BONNET AND CHERN-LASHOF TYPES 539

[Teul] E. TEUFEL, Differential topology and the computation of total absolute curvature, Math. Ann. 258 (1982),
471-480.

[Teu2] E. TEUFEL, On the total absolute curvature of immersions into hyperbolic spaces, Topic in Differential
Geometry Vol II, North-Holland (1988), 1201-1210.

[WS] T.J. WILLMORE and B.A. SALEEMI, The total absolute curvature of immersed manifolds, J. London Math.
Soc. 41 (1966), 153-160.

[W] T.J. WILLMORE, Total curvature in Riemannian geometry, Ellis-Horwood (1982).

Present Address:

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, SCIENCE UNIVERSITY OF TOKYO,
WAKAMIYA, SHINJUKU-KU, TOKYO, 162-8601 JAPAN.

e-mail: koike @ma.kagu.sut.ac.jp



