
TOKYO J. MATH.
VOL. 26, NO. 2, 2003

On the Structure of Strictly Complete Valuation Rings

Koji SEKIGUCHI

Kochi University of Technology

(Communicated by K. Shinoda)

Introduction

The purpose of this paper is to determine the structure of strictly complete discrete valu-
ation rings of finite dimension with equal characteristic, and moreover study the finite exten-
sions of these rings. First, we begin with recalling the definition of linear topologies associated
with valuation rings and complete valuation rings (see [7]).

For a valuation ring A, we consider the linear topology on QA with fundamental system
of neighborhoods of 0 :

ΣA = {am(A) | a ∈ A, a �= 0} .

This topology is said to be the A-topology on QA. Here QA is the quotient field of A and
m(A) is the unique maximal ideal of A.

For a valuation ring A, the completion

Â = proj. lim A/a (a ∈ ΣA)

with respect to the A-topology is also a valuation ring (see [7, Theorem 1]). If A ∼= Â holds
naturally, then the valuation ring A is said to be complete. Here we introduce the notion of
strictly complete valuation rings as follows:

DEFINITION. A valuation ring A is said to be strictly complete, if the valuation rings
A/p are complete for any p ∈ Spec A.

For valuation rings of dimension one, the strictly completeness is equivalent to the com-
pleteness. However, for n � 2, there exists a complete valuation ring of dimension n, which
is not strictly complete. See Example 2. The main results are stated as follows:

THEOREM 1. Let A be an equal characteristic strictly complete discrete valuation
ring of dimension n and K = QA.
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(i) Then there exist a subfield k of A and t1, · · · , tn ∈ A such that

A = k ⊕
n⊕

i=1

tik((tn)) · · · ((ti+1))[[ti]] , K = k((tn)) · · · ((t1)) ,

and ti is transcendental over k((tn)) · · · ((ti+1)) for any i ∈ {1, · · · , n}.
(ii) There exists an additive valuation ordA : K× → Zn of K corresponding to A

which satisfies ordA(t
m1
1 · · · tmn

n ) = (m1, · · · ,mn) for any (m1, · · · ,mn) ∈ Zn.
(iii) If the residue field A/m(A) is a perfect field of characteristic p (p �= 0), then the

coefficient field k of A is determined uniquely.

THEOREM 2. Suppose that A is an equal characteristic strictly complete discrete val-
uation ring of dimension n and K = QA. For a finite extension K ′/K of fields, let A′ denote
the integral closure of A in K ′. Then

(i) A′ is also an equal characteristic strictly complete discrete valuation ring of di-
mension n and K ′ = QA′. Moreover we obtain A = K ∩ A′.

(ii) Let e be the ramification index of A′/A and f the relative degree of A′/A, in other
words

e = e(A′/A) = (K ′×/A′× : K×/A×) ,

f = f (A′/A) = [A′/m(A′) : A/m(A)] .

If we put

M =



ordA′(t1)
...

ordA′(tn)


 ∈ M(n, Z)

for t1, · · · , tn determined in Theorem 1, (i), then

e = det M, ef = [K ′ : K] .

(iii) A′ is a free A-module of rank [K ′ : K].
(iv) If the extension A/m(A) ↪→ A′/m(A′) is separable, then for any coefficient field

k of A, the algebraic closure k′ of k in K ′ is a coefficient field of A′.

The author wishes to express his thanks to Professor Shigeru Iitaka for his advices and
warm encouragement.

1. Here we shall prove Theorem 1.

First we consider the case that dim A = 1. The following results are well-known (see [4,
Theorem 28.3]).

LEMMA 1. (i) Let A be an equal characteristic complete discrete valuation ring of
dimension one. Then there exist a subfield k of A and t ∈ A such that A = k[[t]].
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(ii) For a field k and an indeterminate t, we put A = k[[t]], K = k((t)). For a finite
extension K ′/K of fields, let A′ denote the integral closure of A in K ′. Then there exist a
subfield k′ of A′ and t ′ ∈ A′ such that A′ = k′[[t ′]], K ′ = k′((t ′)). If the extension A/m(A) ↪→
A′/m(A′) is separable, then we can take k ⊂ k′.

LEMMA 2. If a valuation ring A is strictly complete, then both the valuation rings
A/p and A� are also strictly complete for any p ∈ Spec A.

The proof is easy from the definition of strictly complete valuation rings and [7, Corollary
to Lemma 5].

PROOF OF THEOREM 1. (i) We shall prove by induction on n = dim A. For n = 1,
it is easy from Lemma 1, (i). Let A be an equal characteristic strictly complete discrete
valuation ring of dimension n. Then we can write Spec A = {p0, p1, · · · , pn}, where pi−1 ⊂
pi (1 � i � n). By Lemma 2, A�n−1 is an equal characteristic strictly complete discrete
valuation ring of dimension n−1. Thus, by the assumption of induction, there exist a subfield

k1 of A�n−1 and t1, · · · , tn−1 ∈ A�n−1 such that A�n−1 = k1⊕⊕n−1
i=1 tik1((tn−1)) · · · ((ti+1))[[ti]].

Then by

pn−1 = m(A�n−1) =
n−1⊕
i=1

tik1((tn−1)) · · · ((ti+1))[[ti]] ,

we have t1, · · · , tn−1 ∈ A. Since A/pn−1 is an equal characteristic complete discrete valu-
ation ring of dimension one, we can write A/pn−1 = k[[tn]], by Lemma 1, (i). Noting that
Q(A/pn−1) = A�n−1/m(A�n−1) = k1, we obtain A = k ⊕ ⊕n

i=1tik((tn)) · · · ((ti+1))[[ti]].
(ii) is easy from [7, Example 3].

(iii) is proved by the similar method to the case that dim A = 1.

COROLLARY TO THEOREM 1. Any equal characteristic strictly complete discrete val-
uation ring of finite dimension has a coefficient field.

REMARK. There exists an equal characteristic strictly complete discrete valuation ring
of finite dimension which has at least two coefficient fields. See Example 1. On the other
hand, if n � 2, then there exists an equal characteristic complete discrete valuation ring of
dimension n which has no coefficient field. See Example 2, (ii).

EXAMPLE 1. Let k be a field and t1, t2 indeterminates. Then the coefficient field of

the equal characteristic complete discrete valuation ring A = ̂k[t1, t2](t1) of dimension one is
not determined uniquely, even if we assume that the coefficient field contains k.

EXAMPLE 2. Let k be a field and t1, · · · , tn (n � 2) indeterminates.
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(i) Then both the valuation rings

A = t1k(tn, · · · , t2)[[t1]] ⊕
n⊕

i=2

tik(tn, · · · , ti+1)[ti](ti ) ⊕ k ,

B =
n−1⊕
i=1

tik(tn)((tn−1)) · · · ((ti+1))[[ti]] ⊕ k[tn](tn)

are equal characteristic complete discrete of dimension n, but these are not strictly complete.
Note that k is a coefficient field of A and B.

(ii) Suppose that k is not algebraically closed. Take an irreducible polynomial p ∈
k[tn], deg p � 2, and put

A = t1k(tn, · · · , t2)[[t1]] ⊕
n−1⊕
i=2

tik(tn, · · · , ti+1)[ti](ti) ⊕ k[tn](p) ,

B =
n−1⊕
i=1

tik(tn)((tn−1)) · · · ((ti+1))[[ti]] ⊕ k[tn](p) .

Then both A and B are equal characteristic complete discrete valuation rings of dimension n,
but these are not strictly complete. Moreover both A and B have no coefficient field.

2. Here we shall prove that any equal characteristic strictly complete discrete valuation
ring of finite dimension is a Henselian ring.

For a field K , let Zar K denote the set of valuation rings of K . Then the set Zar K has
a structure of local ringed spaces. For an extension K ⊂ L of fields, the mapping

Zar L −→ Zar K

ZarL|K : ∈ ∈

B 	−→ K ∩ B

is a morphism of local ringed spaces (see [5]).

LEMMA 3. Let A be a valuation ring and K = QA. For a finite extension L/K of

fields, we put B = N −1
L/K(A). Here NL/K : L → K is the norm mapping.

(i) The following two conditions are equivalent:

(1) B is a valuation ring of L and satisfies A = K ∩ B, that is, B ∈ Zar −1
L|K(A).

(2) x ∈ B ⇒ 1 + x ∈ B.
(ii) A �= K ⇐⇒ B �= L.

The proof is easy.



STRUCTURE OF STRICTLY COMPLETE VALUATION RINGS 397

LEMMA 4. The valuation ring A = k ⊕ ⊕n
i=1tik((tn)) · · · ((ti+1))[[ti]] is a Henselian

ring. In other words, for an indeterminate t over A and for any f ∈ A[t], the following
statement holds; if there exist g 0, h0 ∈ A[t] such that

(a0) f − g 0h0 ∈ m(A)[t]
(b0) g 0 is monic and deg g 0 � 1
(c0) ag 0 + bh0 − 1 ∈ m(A)[t] for some a, b ∈ A[t],

then there exist g , h ∈ A[t] such that
(a) f = gh

(b) g is monic and deg g = deg g 0
(c) g − g 0, h − h0 ∈ m(A)[t].

PROOF. Put pr = ⊕r
i=1tik((tn)) · · · ((ti+1))[[ti]] for r ∈ {0, · · · , n}. Then pr−1 ⊂ pr

(1 � r � n) and Spec A = {p0, p1, · · · , pn}. By the repeated use of the fact that any
complete valuation ring of dimension one is Henselian, there exist g r , hr ∈ A[t] such that

(ar ) f − g rhr ∈ pn−r [t]
(br ) g r is monic and deg g r = deg g 0

(cr ) g r − g 0, hr − h0 ∈ m(A)[t],
for any r ∈ {0, · · · , n}. Then g = g n and h = hn satisfy the conditions (a), (b) and (c).

COROLLARY 1. Let f = a0t
n + a1t

n−1 + · · · + an−1t + an ∈ A[t]. If a0 ∈ m(A),

a0 �= 0 and there exists i ∈ {1, · · · , n − 1} such that ai ∈ A×, then f is reducible in A[t].
COROLLARY 2. Put K = k((tn)) · · · ((t1)). Then

f (0) ∈ A �⇒ f (t) ∈ A[t]
for any irreducible polynomial f (t) in K[t].

COROLLARY 3. Put K = k((tn)) · · · ((t1)). Then for any finite extension L/K of fields,

the integral closure B of A in L is a valuation ring of L and B = N −1
L/K(A). Therefore B is

the unique valuation ring of L that satisfies A = K ∩ B, that is, Zar −1
L|K(A) = {B}.

3. Here we shall prove Theorem 2, (i).

First we consider the relationship between the completion with respect to the linear
topologies and the Cauchy’s completion.

LEMMA 5. Suppose that a separable linear topology of a ring A has a fundamental
system of neighborhoods Σ of 0 consisting of ideals in A. Let C(A) denote the set of Cauchy
sequences in A, C1(A) the set of convergent sequences in A and C0(A) the set of all sequences

which converge to 0. Moreover we put Â = proj. lim A/a (a ∈ Σ) and define a ring

homomorphism ϕ : C(A) → Â as follows: Take (ai)
∞
i=0 ∈ C(A). Then for any a ∈ Σ , there

exists an integer n� such that i, j � n� ⇒ ai − aj ∈ a. Here we put

ϕ((ai)
∞
i=0) = (an�mod a)�∈Σ ∈ Â .
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Then
(i) the diagram

0 → C0(A) → C(A) → Â (exact)
= ↑ ↑

0 → C0(A) → C1(A) → A → 0 (split exact)

commutes.
(ii) If A ∼= Â, then ϕ is surjective and C1(A) = C(A).
(iii) If A satisfies the first countability axiom, in other words if A is metrizable, then ϕ

is surjective. Therefore C(A)/C0(A) ∼= Â and

A ∼= Â ⇐⇒ C1(A) = C(A) .

The proof is easy.

COROLLARY. If A is metrizable, then Â is the completion of A as metric spaces.

LEMMA 6. Let A be a valuation ring, K = QA, L/K an extension of fields and

B ∈ Zar −1
L|K(A). We introduce the following three conditions for the family Σ1 = {K ∩

bm(B) | b ∈ B, b �= 0} and Σ2 = {am(B) | a ∈ A, a �= 0}:
(3) The linear topology on K defined by Σ1 coincides with the A-topology.
(4) The linear topology on L defined by Σ2 is separable.
(5) The linear topology on L defined by Σ2 coincides with the B-topology.

Then
(i) (3) ⇐ (4) ⇔ (5).

(ii) If A �= K, then (3) ⇔ (4) ⇔ (5).
(iii) If A = K and B �= L, then (3) holds but (4) and (5) do not hold.

The proof is easy.

LEMMA 7. Let A be a valuation ring, K = QA and L/K an extension of fields.

(i) If B ∈ Zar −1
L|K(A) and the extension A ⊂ B is integral, then (3), (4) and (5) hold.

(ii) If the extension L/K is finite and B = N −1
L/K(A) satisfies the condition (1), then

(3), (4) and (5) hold.

The proof is easy.

EXAMPLE 3. Let A be a valuation ring and K = QA. For an indeterminate t over K ,
we put L = K(t).

(i) If B = A[t]�(A)[t ], then (3), (4) and (5) hold.
(ii) If A �= K and B = A ⊕ tK[t](t), then (3), (4) and (5) do not hold.
(ii′) If A = K and B = K[t](t), then (3) holds but (4) and (5) do not hold.

LEMMA 8. Let A be a complete valuation ring, K = QA, L/K an extension of fields

and B ∈ Zar −1
L|K(A). Assume that the linear topology on L defined by Σ2 is separable.
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Take linearly independent elements w1, · · · , wr ∈ L over K , and put bn = ∑r
i=1aniwi for

sequences (ani)
∞
n=0 (1 � i � r) in K .

(i) (bn)
∞
n=0 is a Cauchy sequence in L, if and only if (ani)

∞
n=0 are Cauchy sequences

in K for all i ∈ {1, · · · , r}.
(ii) (bn)

∞
n=0 converges to 0, if and only if (ani)

∞
n=0 converge to 0 for all i ∈ {1, · · · , r}.

The proof is easy.

LEMMA 9. Let A be a valuation ring, K = QA, L/K a finite extension of fields and

B ∈ Zar −1
L|K(A).

(i) If the linear topology on L defined by Σ2 is metrizable, then

A is complete �⇒ B is complete .

(ii) If dim A < +∞ and the extension A ⊂ B is integral, then

A is strictly complete �⇒ B is strictly complete .

PROOF. (i) is induced from Lemma 5 and Lemma 8.
(ii) Take any q ∈ Spec B and put p = A ∩ q ∈ Spec A. Then the extension A/p ↪→

B/q is integral and the extension Q(A/p) ↪→ Q(B/q) is finite. By Lemma 6 and Lemma 7,
the linear topology on Q(B/q) defined by

Σ ′
2 = {a mod p · m(B/q) | a ∈ A, a /∈ p}

is metrizable. Therefore B/q is complete by (i), and hence B is strictly complete.

Then the proof of Theorem 2, (i) is complete from Theorem 1, (i), Corollary 3 to Lemma
4 and Lemma 9, (ii).

4. Here we shall prove Theorem 2, (ii), (iii), (iv).

LEMMA 10. For a field k and indeterminates t1, · · · , tn, we put

A = k ⊕
n⊕

i=1

tik((tn)) · · · ((ti+1))[[ti]] , K = k((tn)) · · · ((t1)) .

For a finite extension K ′/K of fields, let A′ denote the integral closure of A in K ′. Moreover,
following Theorem 1, (i) and Theorem 2, (i), we write

A′ = k′ ⊕
n⊕

i=1

t ′i k′((t ′n)) · · · ((t ′i+1))[[t ′i ]] , K ′ = k′((t ′n)) · · · ((t ′1)) .

(i) M =



ordA′(t1)
...

ordA′(tn)


 ∈ M(n, Z) is an upper triangular matrix and all the diago-

nal elements are positive.
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(ii) Let e1, · · · , en denote the diagonal elements of M . Then

ei = e(k′((t ′n)) · · · ((t ′i+1))[[t ′i ]]/k((tn)) · · · ((ti+1))[[ti]])
for any i ∈ {1, · · · , n}.

PROOF. Put pr = ⊕r
i=1tik((tn)) · · · ((ti+1))[[ti]] for r ∈ {0, · · · , n}.

(i) Since tik((tn)) · · · ((ti+1))[[ti]] ⊂ pi ⊂ m(A′) for any i ∈ {1, · · · , n}, we have
ordA′(ti ) >

∑n
j=i+1mj ordA′(tj ) for any mi+1, · · · ,mn ∈ Z. This implies (i).

(ii) is induced from (A/pi−1)(�i/�i−1) = k((tn)) · · · ((ti+1))[[ti]].
PROOF OF THEOREM 2, (ii). By Lemma 10, (i), we have det M = e1 · · · en. By

ordA′(K×) = ZnM , we have e = (Zn : ZnM) = card(Zn/ZnM) = e1 · · · en. Therefore we
obtain e = det M . Moreover, by the theory of formal power series in one variable and Lemma
10, (ii), we get

[K ′ : K] = e1[k′((t ′n)) · · · ((t ′2)) : k((tn)) · · · ((t2))] = · · · = e1 · · · en[k′ : k] = ef .

LEMMA 11. Suppose that A is an equal characteristic strictly complete discrete val-
uation ring of dimension n and K = QA. For a finite extension K ′/K of fields, let A′ denote
the integral closure of A in K ′. Moreover, following Theorem 1, (i) and Theorem 2, (i), we
write

A′ = k′ ⊕
n⊕

i=1

t ′i k′((t ′n)) · · · ((t ′i+1))[[t ′i ]] , K ′ = k′((t ′n)) · · · ((t ′1)) .

Take α1, · · · , αf ∈ A′ that satisfy

A′/m(A′) =
f⊕

s=1

A/m(A) αs mod m(A′) .

Then

K ′ =
e1−1⊕
r1=0

· · ·
en−1⊕
rn=0

f⊕
s=1

Kαst
′
1
r1 · · · t ′nrn ,

A′ =
e1−1⊕
r1=0

· · ·
en−1⊕
rn=0

f⊕
s=1

Aαst
′
1
r1 · · · t ′nrn .

Here e1, · · · , en are the diagonal elements of the matrix M defined in Theorem 2, (ii) and f

is the relative degree of A′/A.

PROOF. Since the set {αst
′
1
r1 · · · t ′nrn | 1 � s � f, 0 � ri � ei − 1 (1 � i � n)} is

linearly independent over K , Theorem 2, (ii) implies Lemma 11.

Then the proof of Theorem 2, (iii) is obvious from Lemma 11.
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PROOF OF THEOREM 2, (iv). Using Lemma 1, (ii), we can prove Theorem 2, (iv) by
induction on n = dim A.

REMARK. (i) The converse of Theorem 2, (iv) does not hold. See Example 4.
(ii) In Theorem 2, there exists a case that the extension K ⊂ K ′ is Galois but the

extension A/m(A) ↪→ A′/m(A′) is not separable. Moreover, under the notation in Lemma
10, there exists a case that we can not take k((tn)) · · · ((ti+1)) ⊂ k′((t ′n)) · · · ((t ′i+1)) ⊂ K ′ for
some i ∈ {1, · · · , n}. See Example 5.

EXAMPLE 4. Suppose that k is a field of characteristic p, which is not perfect. Put
A = k[[t]], K = k((t)). Moreover, for a0 ∈ k − kp, let K ′ denote the splitting field of a
polynomial T p − a0 ∈ k[T ] ⊂ K[T ] over K and A′ the integral closure of A in K ′. If we put
k′ = k( p√a0), then A′ = k′[[t]], K ′ = k′((t)) and k′ is the algebraic closure of k in K ′. But
the extension A/m(A) ↪→ A′/m(A′) is purely inseparable of degree p.

EXAMPLE 5. Let k be a field of characteristic p (p �= 0).
(i) Put A = k[[t]], K = k((t)). Moreover, for a0 ∈ k×, let K ′ denote the splitting field

of a polynomial T p − tp−1T − a0 ∈ A[T ] ⊂ K[T ] over K and A′ the integral closure of A

in K ′. Then K ′ is a cyclic extension of degree p over K and k is algebraically closed in K ′.
Therefore the following three conditions are equivalent:

(a) a0 /∈ kp.
(b) The extension A/m(A) ↪→ A′/m(A′) is purely inseparable of degree p.
(c) The valuation ring A′ has no coefficient field which contains k.

(ii) Put A = k[[t2]] ⊕ t1k((t2))[[t1]], K = k((t2))((t1)). Let K ′ denote the splitting field

of a polynomial T p − t
p−1
1 T − t2 ∈ A[T ] ⊂ K[T ] over K and A′ the integral closure of A in

K ′. Then K ′ is a cyclic extension of degree p over K and

f = e1 = 1 , e2 = p .

Here e1 and e2 are the diagonal elements of the matrix M . Therefore k′ = k, but we can not
take k((t2)) ⊂ k′((t ′2)).

COROLLARY TO THEOREM 2. (i) Suppose that there exist a coefficient field k of A

and a coefficient field k′ of A′ such that k ⊂ k′. Then k′ is the algebraic closure of k in K ′
and k′ ⊗k K = k′K = k′((tn)) · · · ((t1)). Therefore

e = [K ′ : k′K], f = [k′ : k] = [k′K : K] .

(ii) The diagram

1 → A× → K× → Zn → 0 (split exact)
↓ ↓ ↓

1 → A′× → K ′× → Zn → 0 (split exact)

commutes. Here down arrows are the inclusion mappings and γ 	→ γM (γ ∈ Zn).



402 KOJI SEKIGUCHI

(iii) The diagram

1 → A′× → K ′× → Zn → 0 (split exact)
↓ ↓ ↓

1 → A× → K× → Zn → 0 (split exact)

commutes. Here down arrows are the norm mappings and γ 	→ γf M̃ (γ ∈ Zn), and M̃

denotes the adjugate matrix of M .

PROOF. (i) is induced from Theorem 2, (ii).
(ii) is easy from the fact that ordA′(x) = ordA(x)M for any x ∈ K×.

(iii) Since both the mappings ordA′ and ordA ◦ NK ′/K are additive valuations of K ′
corresponding to A′, there exists M0 ∈ M(n, Z) such that ordA′(x)M0 = ordA(NK ′/K(x))

for any x ∈ K ′×. Here we assume x ∈ K×, then by (ii), we have MM0 = [K ′ : K]En.

By M̃M = eEn and Theorem 2, (ii), we obtain M0 = f M̃, and hence ordA′(x)f M̃ =
ordA(NK ′/K(x)).
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