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Abstract. We treat the extended rings according to Beurling. Especially, Theorems VII and X in [1] are
extended to the case of n-dimensional euclidean space R”.

1. Introduction

Beurling [1] considered a class of functions on R!, each member of which is the Fourier
transform of an integrable function. The purpose of this paper is to extend his results to the
class of functions on R".

Let us start to describe notations, definitions and theorems, which we shall ask for. Ac-
cording to Beurling [1], we consider a normed family £2 of strictly positive functions w(x) on
R” which are measurable with respect to the ordinary Lebesgue measure dx, and furthermore,
together with the norm N (w), satisty the following conditions:

(I) Foreachw € §2, N(w) takes a finite value,

O</a)dx§N(a)).
(II) If A is a positive number and w € §2, then Aw € §2 and

N(w) = AN (w) .

(D) If wy, wy € £2, then the sum w; + wy as well as the convolution w| * wy are also
in £2 and

N(wi + @2) = N(w1) + N(w2),

N(w) * w2) < N(w1)N(@2) .

(IV)  £2 is complete under the norm N in the sense that for any sequence {w,}{° C £2
such that Y 1° N(w,) < 00, = Y_1" @y is in 2 and

N@) <Y N(w).
1
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We associate with each w € §2, the Banach space Li—‘ of measurable functions F on

1/2
i1, = ([ ot [ P "
-1 R R @

From these spaces, we define a family of functions A> = A2(R", £2) by

R" with the finite norms

and a norm
IFIl=1Flle = inf IFI2
Beurling [1] proved that in this norm, A? is the Banach algebra under the addition and
the convolution.
Let us consider the algebras A> which are generated by some particularly simple families

of £2. First let 2 = £2(R") be a set of positive, summable and non-increasing functions
w(|x]|) with the norm

N(a)):/ wdx .
Rn

Next let us consider the subfamily £21 of §2 consisting of functions with the property:

w(0) = lim w(x) < 00.
x—0
The norm in £2; is defined as

N(w) = w(0) +/ wdx .

R)‘I

Since the sets £2 and $2; satisfy conditions (I)-(IV), we can define the Banach algebras A =

AZ(R", 2) and A2 = AZ(R", 2)), respectively. The ring of Fourier transforms f of F € A?

is denoted by A2 and its norm by || 1| = || f|l 7> = | Fll 2. The ring A2 is defined similarly.
Let us also introduce the following notation

1 n
n(e) =n(a, )= \/(E) /Rn | AL f(1)|2dt,

where A, f is the difference along the vector «, that is

n !
A0 =3 D e f =R,
k=0
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and
A _ do
(f)—AnU(a,f)W-

We proved in [2] the following theorems being the extention of Theorems III, VIII and
IX in [1] to the n-dimensional euclidean space R”.

THEOREM L. A function f belongs to the ring A2 if and only if
(a) f is continuous,

(b) | ‘lim f@) =0,
t|— o0
()  A(f) < oo

Under these conditions, f is represented by the Fourier transform of some F € A%, and the
following inequalities hold:

(1.1 cnllFllg2 < ACf) < dullFllp2,
provided f # 0, where ¢, and d,, are positive constants independent of f.

THEOREM II. The space A2 is the intersection of A% and L?, and the norms in these
spaces satisfy the inequalities

Flaz > 1Fllaz, [1Fllaz > 1Fll2 I1Flaz < 1Fla2 +1Fl2-

THEOREM III. A function f belongs to the ring A2 if and only if .
(a) f is continuous,
(b) fel?
() A(f) < oo
Under these conditions the following inequalities hold:
(1.2) cnll Fllaz < ACH) + (1L/N20)" [ fllz2 < dn + DIIF |l 42

provided f # 0, where constants c,, and d,, are those of Theorem 1.

Beurling [1] also introduced a new ring. To the normed ring A2 we may adjoin each
function & with property that ¢ € A2 implies gh € A%. By the closed graph theorem, we have
(1.3) lghll = mllgll  (m < o0),

and define the norm of & as the least number m satisfying (1.3). By the completion of A% with
respect to this norm we obtain a new ring, so called the extended ring which is denoted by

exA2. The norm in ex A2 is denoted by ||#]lex- By M (h) we mean the supremum norm of /.
Then we have

M) < ||hllex -

The extended ring exA? is defined similarly.
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For this extended ring ex A2 of functions on R! Beurling [1] proved the following theo-
rems.

THEOREM IV. The extended normed ring exAZ consists of all continuous functions h
of the form

(1.4) ht)y=c+ f(t),

where c is a constant and f € A2

THEOREM V. A bounded continuous function h on R belongs to exA? if and only if

1
(1.5) K(h) = sup/ \/I//(Ol)% < 00,
YeCJO Ial /

where

€= {W(Ot) = Yt @h); >0 Y < 1}.

m=—00 m=—00
Our goal is to extend Theorems IV and V to the n-dimensional case.

2. The extended ring exA2

We begin with the following interesting theorem which extend Theorem IV on the real
line R! to the case of n—dimensional euclidian space R” .

THEOREM 1. The extended normed ring exA? consists of all continuous functions of
the form

2.1 h(t) =c+ f(1),

where c is a constant and [ € A2,

PROOF. The non-trivial part of this theorem is that exA2 may not contain functions
other than function (2.1). In the proof, assuming 4 € exAz, we shall insert in the formula
A(h), the sequence of functions {¢,,} such that ||g,,|| < 1 and converges uniformly to 1 on
each compact set as m — oo, Applying Fatou’s lemma, (1.1) and the inequality ||gh| <
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Iglllikllex (Vg € A?), we have

da 1\"
3 2
) do 1\" . 5
i) a5 ) ) 1Aeon it

lim A(g,h) <d, lim |g,h|

m—00 m— 00

IA

<d lim ”gm””h”ex < dpl|lhllex < 00.
m—00

Since A is assumed to be continuous, be the same way as in the proof of Theorem I, there
exists F € A2 c L' such that

(2.2) A'h(t) = / e X (¢TI _ )" F(x)dx .
Let us denote its Fourier transform by

(2.3) f@) = fe—"“‘F(x)dx =F@).
Then we have

(2.4) AL f() = / e ¥ (eI — )" F(x)dx,
so by (2.2) and (2.4)

(2.5) Al (h(t) — f(1)) =0 (V1,a € R").

Now we shall prove the following lemma for the sake of completeness.
LEMMA 2. Let g(t) be a bounded continuous function. If g satisfies the condition
(2.6) Abg(t) =0 (Vt,a € R"),

then g (t) is a constant.

PROOF. It is known that if a continuous function ¢ (#) of r; € R! satisfy Ag, 9(t1) =

0 (V11,1 € RY), then it is a polynomial of at most degree n — 1.

Let us write t = (#1,¢') witht' = (t,--- ,t;) and « = (1,0, ---,0). We consider
condition (2.6) as a function of #; and & for any fixed ¢’ = (¢, - - , ;). Then we can show
that ¢ (¢1, 1) is a polynomial of #; at most degree n — 1. Furthermore since g (¢1,t") = O(1)
as |t]] — oo, we can conclude that g (¢1,t') is a constant as for ¢; and so g (t1, 1) = ¢g(0,t)

for any t' = (t,--- ,1,). Next let us write r = (0,1,1”) witht” = (t3,--- ,1;,) and a =
(0,2,0,---,0). Let us consider condition (2.6) as a function of 7, and «; for any fixed
t" = (t3,--- ,1,). Let us also remark that ¢(0, #,,7”) = O(1) as |t3] — oo. Then we

can conclude as before that ¢ (0, 1, ¢”) is a constant for #; and so g () = ¢(0, 0, t") for any
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t" = (t3,--- ,t,). Continuing these arguments, we can conclude that g () is nothing but a
constant g (0) = ¢(0,0, --- , 0) = ¢, say. Thus we have proved Lemma 2.

Now if we apply this lemma to function g (¢#) = h(t) — f(¢), we can prove by condition
(2.5) that h(t) — f(¢) is nothing but a constant and we can show that 4 (¢) has representation
(2.1). Since f(t) is continuous, f(t) — 0 (Jz| — 00) by (2.3) and A(f) = A(h) < oo by
(2.1), we have f € A? by Theorem I. The remaining part of the theorem is clear.

We shall observe the basic properties of exAZ2.

The exA? is a normed ring of numerical functions under the pointwise addition and
multiplication. Furthermore exA? is complete and separable.

It follows from definition that A2 C exAz, and

dp ~
2.7 1 llex = NS = =11 llex for feA®.
n

This shows that two norms || - ||.x and || - || are equivalent on A2. The following proposi-
tions are immediate corollaries to Theorem 1.

PROPOSITION 1. h € exA? ifand only if
(a) h is continuous,

(b) limy oo h(t) =c (aconstant c),

() A(h) < o0.

PROPOSITION 2. Ifh € exA2, then h = ¢ + f with a constant c and f € A2, Among
these functions, we have the inequalities

2.8 Ihllex < Il +I1FI

d
(2.9) lel < Mallex, NIfI < 26—"||h||ex.
n

The exA? satisfies the principle of contraction under some additional condition.

PROPOSITION 3. Let h be a continuous function and a contraction of the series
ZC]:] h.,, where each h., belongs to exA2. Suppose that
® lim h(t) =c.

|t]— 00

Then we have h € exA? and

d N\ &
(2.10) ||h||exs{1+2(a> };uhvmn,

where constants ¢, and d,, are those of Theorem 1.
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PROOF. Let us write by hypothesis

N
(ii) )] <Y ()],

v=1
and

N
(iii) |ALR(D] < Y 1AL ()]

v=1
Let us also write &, = ¢, + f, with a constant ¢, and f, € A? (v=1,2,---,N). Then we

have by the use of the properties (i) and (ii) as || — oo

N

EEDNEE

v=1

Hence, writing i = ¢ + f, we have by the use of property (iii)

N
ALFOI <) 1AL f O]

v=1

N
e, f) <Y (@ f),

v=1

and so

N
Af) ) AR,

v=1

Since A (t) is continuous and so is f (), we see that f € A? by Theorem I and
a N
HESDM VAR
T y=1

Therefore we have i € exA? and

Allex < lcl+1f1
N PR
n
< —
< UE=1 lev] + (Cn) VE=1 LAl

N

d 2
< {1+2(£> }Zluhvuex.
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PROPOSITION 4. Let h be a continuous function and let {h,,} be a sequence of con-
tinuous functions such that each function is a contraction of the series Zf)v: 1 hv, where each

h, belongs to exA%. Suppose that
i’ lim h(t) =c, ||lim () =cm (m=1,2,3,---).
t|—>o00

[t]—o00
Then h and {h,,} belong to exA2. Moreover, if
lim M(h,, —h) =0,
m—0oQ0
then

lim ||y —hllex =0.
m—>00

PROOF. & and {h,,} belong to exA? by Proposition 3. We puth = ¢ + f and h;,, =
cm+ fm (m=1,2,3,---). By hypothesis, & satisfies properties (ii) and (iii) of Poroposition
3 and {h,,} satisfies

N
(i) @O < Y 1] m=1,2.3,---)
v=1
and
N
(i) AR (D] <Y 1ARR O] (m=1,2,3,--).
v=1

If hy, = ¢, + f, with a constant ¢, and f, € A2 (v=1,2,---,N), then we have by (i")

|}im (hu(t) —h(t)=cp—c (m=1,2,3,--)
t|—o00

and by (ii), (ii") and (iii), (iii"),

N
lhm (1) —h(®)] < ZZlhu(t)l (m=123,--),

v=I

N
|AG (i (1) — h(®))] < 22 |[AGhy ()] (m =1,2,3,---).

v=1

Tracing the same lines as the proof of Theorem 2 in [2], we see that lim,;,—. oo M (hy, —h) =0
implies limy;,— 00 A(fin — f) = 0 and so lim,,;,— || f;iu — f |l = 0. On the other hand it is clear
that lim,,— 00 M (hy, — h) = 0 implies limy,— o0 |y — ¢| = 0. Therefore we have

Ihm = hllex < lcm —cl+ 11 fm = fFIl = 0 (m — 00).
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In the study of exAz, it is convenient to set

(2.19) ¢ =h(oo) = ‘lim h(t),
t|—o0

and adjoin ¢ = oo as an ideal point of R”, the so-called one-point compactification.

3. The extended ring exA?

Let us provide a short account of basic properties of A2 and ex A2
(D A? = A2 N L2 and the inequalities

If g2 > I s

1 n
1Al 42 > (E) Ifllz2

1 n
11z < AN g + (E) Il

hold for f € A2, f # 0.
(2) The normed ring A is complete and separable, and it satisfies the uniform contrac-
tion principle with a certain constant k = 1 4 f—: .

(3) A2 has the property

t
3.1) awp LOL 4 v eryy.
lgn=<t llgll
We observe at once that (3.1) implies
(3.2) M(g) < ligll.

Now we can conclude that if each function in a sequence of continuous functions {g,,} is

a contraction of the series Zivzl fy for each f, € A2, then M (gm) = 0 (m — o0) and
lgmll = 0 (m — o0) are equivalent.

(4) The set of all functions f € A2 which satisfy Ao £ (1) = O(|a|¥),
(Je| <1,k =1,2,3,---) is dense in A2.
This is proved as follows. Let us write f = F , F € A? and let us write

F(x) (x| =N),

Fn() = {0 (Ix| > N).

Then Fy € A? and we have

F 2
|F — Fy||> = inf (a)(()) —i—/wdx)/ de -0 (N — 00).
wte ‘

x|>N @
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Therefore if we write fy = F, N, then fy € A? and
If— /Nl =1IF—Fn|l—0 (N—00).

On the other hand, if we take N sufficiently large and fix it, then we have

fn(@) = /eii’xFN(x)dx :/ e " F(x)dx,

|x|<N
Ak v (0 =/ e ¥ (e _ )R (x)dx .
[x|<N

Since e — 1 = O(le|) (Ja| < 1, |x| < N), we have

1Ak v )] < 0(lal®) |F(x)|dx

[x|<N

% |F|2 %
< O(Ialk)(w(0)+/a)dx) < de> .

Taking the infimum for @ € 2 on the right hand side, we have
1Ak fvl < 0aDIFIl (el < 1,k=1,2,3,---).

(5) Example of a function in A2,
Let x, () be the characteristic function of the set Ey = {t; || < N} and p(¢) the
mollifier due to Friedrichs. Now let us write

(3.3) () = xy xp(0).
Then we have
34 y(@) = /l . Xy () p —s)ds .

Therefore we have
Ay (@) =/ Xy ()AL p(t —s)ds .
[s|l<N

By an elementary calculation, we obtain the estimate

n
(3.5) 1ALp D] < Calal™ Y P pilt + Orar)
k=1

where
Pe(t) =1+ [t| + -+t~
1 1
————e TE (1l =),
IAGER NN
0 (It] > 1),
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] <1, 0 < & < k and Cy, is a constant depending only on 7.
Applying the Minkowski inequality of integral type, picking the term of highest degree
singularity and absorbing other terms into it, we have

C’ n 1 __2 2
n(e, y) < 7"'02/2/ ds(/ ———-¢ =112 dt) .
(2m) Is|<N <t (1 — |7]%)

This implies that

n

1 __2
st
<1 (1 — [z]5)2" PR

! r 1 1
L JTiAgr = -
< /Z dG/O a _r2)2ne 1-r2dr Z‘an

where >, | ={x e R"; x| = 1}.

n—1 —
Then we have

AL(r) / e ) 3% < C”N”/ da
1 = 9 T 2.9 — T
lel<1 |oe|37/2 " wl<1 lo|"/?

Py
=C;,’2—Z” LN < 0.
n

/ ds = 2ty 2 o),
[s|<N
1 rn—l __2
da/ 7(1 2)2ne 1-r2 dy
0 —r

00
/ u2n—2€—udu ,
1

n—1

On the other hand, y (¢) is continuous and belongs to L2. Thus we can conclude that
y() € A2 by Theorem III.

(6) To the normed ring A2 we may adjoin each function / with a property that g € A2
implies gh € A2 By the closed graph theorem, we have

(3.6) lghll < mligll  (m < o0),

and we define the norm of % as the least number m satisfying (3.6). We observe at once that
(3.1) and (3.6) imply that

3.7 M) < hlley -
Next if we take the function y (¢) € A% in (5), then by the definition of exA? we have
h(t) =y (Oh() € A> (il <N = 1),

where N is a positive integer, so /(¢) is continuous by Theorem III.

(7) Since each function f € A2 =A2NL%is square summable, it follows that

2 n
(3.8) n(e, f) = (E) Ifllz2 -
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Since the amount of the integral in A(f) on the range 1 < |«| is therefore no longer signifi-
cant, we put according to Beurling [1]

(3.9) Al(f>=f| e D |3,,/2

and observe that

(3.10) A1(f) < A(f) < Ai(f) + ——— «/_ INAER
where ¢, = 2 >l

Combmlng this with the inequalities in Theorems I and II, we have

1 n
(3.11) [RAIRS ZAl(f)'F {1 +< >} o (FAVER

and similarly,

1
(3.12) LA > = A 11> (FAVER

\/_

Under these preparations, we shall prove the following lemma.

LEMMA 3. Let h(t) be a continuous and bounded function such that

(3.13) AL < Crla*M () (jal < 1,k=1,2,---,n—1),
where Cy, < C,, (1 <k <n — 1) and C,, is a constant depending only on n.
Let us define
1 n
(3.14) §(a, g, h) = \/<§> / lg ()?| ALk ()|2dt
forany g € A% and
da
(3.15) §(h) = sup / §(a, g, h)—.
lgi=tJlal<t o] 3/2

Then h € exA? is equivalent to §(h) < oo.

PROOF. Forany g € A?itis easy to see the formula

n

n _
argh =3 () ko ay Tion

k=0
- n
=gALh+ > <k) Ak g AT T h
k=1

holds, where Ty h(t) = h(t +ka) (k=1,2,---,n).
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Then we have

da
‘ /0451 5 g, Iz — Al (gh)‘

Z n da I
k 2
SM(h)ZCk(k)/l 1W\/(Z> /|Aa9(f)| dr.
k=1 ol

Here let us write

1 n
nk(a)=\/(—> /IA’&g(t)lzdt k=1,2,---,n),
2

do
Al,k(g) = /Iasl Uk(a)m (k=1,2,---,n).

and

The estimation of A x(g).
(i) The case where 1 < k < n/2.

Since g € L2, we have

k

WHQHL%

ni(a) <

and so

Ar(g) < 2 ||||/ da
Lk(g) = )n g2 <1 || 1/2+K

(\/Zn
2k, 2K,
= —_— B S —— .
lgllz2 < Y lgll

nj2 —k (@)

(ii)) The case wheren/2 <k <n — 1.

For any w € §2¢9 we consider the o™ of Lemma in [2]. That is, ™ is a majorant of w such
that |x|?w*(]x|) is decreasing and lxPw*(|x]) is increasing with a < n < b, where constants
a and b are determined later. Then we have

A — da
1.k(g) = et nk(a)m
- / i (@) w*(1/la)Pda
 Jag=1 @*(1/ja) /2 |a|1/2= (=0 |

2 1/2 * 1/2
@ (/ w*(1/la) )
d ——d .
: </a|51 o (1/ e la] “) wer ol
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As for the second integral of the last formula, we have

/ w*(l/lal)d(x _/ / *(1/")
@<l loe? Uy ol
=/ do /Ooa)*(s)s"*lds :/ o*(|xdx .
o 1 Ix|>1

A

As for the first integral of the last formula, let us write ¢ = G,
G € A? = A2 N L2. Applying the Plancherel theorem, we have

Uk(a)
d
/M o (1/la]) a2

do ox
= 22/{/ G 2 . 2k d
/Iasl *(1/]a])]er| 2 |G (x)|* sin (_2) x

=22k/|G(x)|2dx/ sinzk(ax/2)
\

al<1 @*(1/lo]) | +2k

In estimating the inner integral, let us write ¢ = rs,s € Zn_l, r = |a|, then da =
r"ldrdo, where do is area element of > .- Furthermore let us write p = |x|r, then
dr = dp/|x|. Then we have
sin?* (ax /2) sin* (rsx/2) 4
I = 5l — " do
wl<1 @*(1/]ec])]oe| ="+ w*(1/ryr—m+

n—1

/* / s1n2k<psx/<2|x|)>( )2"2"‘d_a
o (xl/p) x| x|

nl

x| 2 / o (x]) .
- n d ———sin™(psx/2|x|))do .
o () Jo ° P )y g S P

n

Here in the case of |x| < 1, since |x|’w*(|x]) (n < b) is increasing and 0 < p < 1, we have
lxP@*(Ix]) < (IxI/p)’@*(x]/p) and so

w*(|x])

1 .
m = —b s1n2k(,osx/(2|x|)) <p*

Therefore we have

Ix] *
/ p2n72k71d / (| D smzk(psx/(2|x|))d0
A D)

n

x|

il IZ |
m—b—1 1l on—b
<|Zn1|/ " dp = S , P

p=0
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Now if we set b = 2k + 1/2, then 2n — b > 3/2. Then we have

||~ 2n+2k [> ] || 21 (2k+1/2)
o*(Ix]) 2n— 2k +1/2)

- 213, I3 - 212,011
- 3 w*(lx]) T 3 wr(x])

I <

Next in the case of |x| > 1, we decompose I into

x|~ —2n+2k x| o y o (x) o
o*(|x]) </ / ) / o (xl/p) S (psx/Qlx)do

n—1
=Ir1+ Ikp.
As for I 1, using the fact that |x|Pw*(|x|) with b = 2k + 1/2 is increasing, we have

1
I < |Zn—1|m .

As for Ii 2, since |x|“@w*(|x]) (@ < n) is decreasing and p > 1, we have |x|“w*(|x]) <
(Ix1/p)*@*(|x]/p) and so

w*(|x])

_— - 2k
w*(|x1/p) . sin™(psx/2lx]) < 1.

1
<
—a

Then we have

|x] *
/ 02n72k71dp/ LPCI) sil‘l2k (psx/(2|x|))d0
1 5, @ (x1/p)

x| d 2n—2k—a x|
2n—2k—14P p
< — .
= 'Z"*"/l P pe 'Z”"[zn - L]

2k —a
Now if we seta =n — k — 1/2, then 2n — 2k — a > 3/2, from which we can deduce

Ikz - |X|72n+2k |Zn—l | | |(n7k)+1/2
T oof(x]) m—k)+1/2

AN IR 218,
T3 el - 3 ok

Therefore we have

5|Zn—l | 1
3 wr(xD)’

Ik =L+ Lo <

By these estimates, we have

|G (x)|?

A% (g) < 2% ,|/ w*(Ixdx | ——F-dx
LE 2t - w*(|x])
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Sinceb=2k+1/2,a=n—k—1/2andn/2 <k <n — 1, we have
bCn—a) _ Qk+Hn+k+)
(n—ayb—n)  (k+D(—n+2k+1)

2n—3)2n—1 _ _
3G+ nt 1

Applying Lemma in [2], we have

|G (x)]?
w

Al i(9) < 22"+4|2n_1|(w(0> + / a)dx) dx.

hence

Ari(g) < J22H4 5, gl

(iii) The case where k = n. Since

Arn(g) = A1(g) = dnligll,

we have

-2 _ 4 (gn
\a|§1§(a’g’ )|(¥|T/2_ 1(gh)

< M(h) ch(Z>A1,k(g> <CMmlgll .
k=1

where C is a constant depending on 7.
Now let us write

ai(h) = sup Ai(gh)
lgli<1

and take the supremum with respect to g € A% with ||g| < 1 in the above inequality. Then
we have

|ECh) —ai(h)| < CM(h).
On the other hand from (3.11) and (3.12) we have

1 1 e, 1
—A1(gh) <|lgh| < —A1(gh) +31+ | — h .
) 1(gh) < llghl : 1(gh) { <cn)} e lghll 2

Taking the supremum with respect to g € A? with llgll <1, we have

1 1 e 1
Eal(h) < hllex < aal(h) + {1 + <a)}mM(}l)
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Combining these inequality, we have

1
7 &) = CM(R) = [[Pllex

1 e 1
—(EM)+CM(h 1 — M(h) .
Scn(é()-i- ())+{ +(Cn)}(\/2_n)" (h)

Therefore the equivalence of h € exA? and &(h) < oo has been proved.
(8) From Lemma 3, we have easily derived the following properites.
Let us assume that 4 (¢) is continuous and bounded. Under this condition, we have

(i) IfAkh@) = 0l (el < 1,k =1,2,---,n),then&(h) < oo, sothath € ex. A,

() Ifh = f+gwith f € A>and Akg(t) = O (le*) (la] < 1k = 1,2, ,n),
then / € ex.A2. In particular, if 1 = f + ¢ with a constant ¢, then h € ex A2

Here it should be noted the difference between (3.13) of Lemma 3 and the assumption in
@).

The following theorem is the extention of the interesting Theorem V on the real line R!
to the case of n—dimensional euclidian space R”" .

THEOREM 2. Let us suppose that h is a bounded continuous function on R" and sat-
isfies the same condition as (3.13) of Lemma 3. Then h belongs to ex A2 if and only if

d
(3.16) K(h) = sup V(@) — < oo,
velJlal<l o |31/
where
o o0
(3.17) e= {w(oo =) Tl @ h); Ty >0, Y Ty < 1}
m=0 m=0

and
1

(V2m)"

The proof can be done by following the same lines as Beurling [1] through several lem-
mas.

G18)  mleh) = / TR Pt m=0,1,2,).
m<|t|<m+1

LEMMA 4. Let {E;}7°, be a sequence of closed sets in R" such that the distance be-
tween E; and E; is larger than n fori # j . Let f belong to A? and have the expansion

Y 2, fi where each f; is continuous and vanishes outside E;. Then each f; belongs to A2
and satisfies

STUAIZ <kl £l

i=1

(3.19)




292 KAZUO ANZAI, KENJI HORIE AND SUMIYUKI KOIZUMI

where

d 2 e 2
(3.20) k= 2{(—”) +<1+—”> }
Cn Cn

PROOF. For |a| < 1 we have by assumption,

AL fi(DALfi(1) =0 (G #)),

from which it follows that

D one fi) =ne f).

i=1

By the Schwartz inequality we have

2
da
A2(f) = / l ) A n*(a, f;)
l(f) < |a\<1 f |3n/2 = l(f) o<1 772(0[ f) |O[|3"/2

Then taking the summation on both sides, we have

o
Y AN = ANF) < oo.
i=1
Similarly, we have by assumption
i fi@®)=0 G#J),

hence

o
2 2
Y Ufill =117, < o0

i=1

Therefore we can conclude that each f; belongs to A2, Now applying inequality (3.11) yields

2
£ A (fz)+2(l+ ) o )n”fz”LZ

From (3.12) we obtain

2
||ﬁ||2<—A (fH+2(1 ,,Ilfll
(2m)

i=1
dn ? €n ? 2 2 2
z{(—) +<1+—) }ufn — 2112,
Cn Cn

IA
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LEMMA 5. There is a constant ky such that for any g € AZ

(e.¢]
(3.21) D b <kligll,

m=0

where by, is the maximum of |g(t)| ontheset {t e R"";m < |t| <m+1}(m=0,1,2,---).

PROOF. We begin by constructing the function y,, (¢) according to Example in (5). Let
us write

)/m(t):Xm(t)*p(t) (m=0,1,2,"‘),
where x, (1) =1 (m < |t| <m4+1); xu(®) =0 (t] <morm + 1 < |t|) and p(¢) is the

mollifier. Then we have

Ym(t) = / Xm (@) p(t — s)ds =/ ot —s)ds .

m<|t|<m+1,|t—s|<1

Now let us write

o]

YVl = ZV4m'+j(t) (j=0,1,2,--- ,4n—1).
i=0

Then we have

|aky o)) =

o0
> AgVani+(©)
=0

5/ A p(t — $)lds .
[t—s|<1

By applying the estimation in Example of (5), the right hand side of the above formula is less
than

k
Clal' Y- [ PsIts + Orcods
I=1 [s[=1

1
<1 (1 —[s[?)?

=< Cl/{/|a|k Vi, || <1,k=0,1,2,---,n),

1 _
< Crlalf e 1-1s?ds

where j =0, 1,2,---,4n — 1. Furthermore, by Lemma 3 we have

. 1 4
U1y — 2| An Ll (1) 12
E(a, g, v \/(zn)nflg(t)l | AL yY(2)|=dt

Cn
(V2m)"

=<

le*llg 1l 2
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hence

/ i da
sy = sup / s gy =5
lgli<lJ]e|<1l loe|3n/2

/
Cullgllp2 < o0,

<& / da
< ——lgli> — =
V2o ok <1 o2

from which we can conclude that /! ¢ exA2?. Now for y(@) = y() and any g € A2,
since yg € A% and Y9 =Y oo Vani g, applying Lemma 4 implies

o o o0
Y b3 <> Mg <Y lyanigl2,
i=0 =0 =0

o
<Y llyanigl® <killygll® < killy I gl

i=0
As for y[j]g (j=1,2,---,4n—1), we have the same estimations, so that there is a constant
k> such that
[ee) 4n—1 [ee)
2 2 2 2
Y=Y (z%ﬂ.) < k29I,
m=0 j=0 i=0

where

4n—1

(3.22) ko= ki Y IyWlller < VAinlyllex -
j=0

LEMMA 6. For any sequence {an},,_, of non-negative numbers with a finite square

sum there exists a constant k3 and g € A2 such that

(3.23) min  |g@®)| >a, (m=0,1,2,---)
m<|t|<m+1
and
o0
(3.24) gl <ks | Y a2

m=0

PROOF. Using y,(¢) in Lemma 5, we write

o0

9,0 = aanitjvani+j(®) (G=0,1,2,--- 4n—1).
i=0
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By the same lines as the proof of Lemma 4 we have

o0
2 2 2
n“(a, g;) = Za4m-+jn (@, Vani+j) »
i=0
and so

e An—1),

where a constant C’ is determined by the inequalities
i=0,1,2,---;
(3.25) At (Yanivj) = C' ( . )

Similarly, we have

00
/1 2
”g]”LzSC Za4"i+j’

i=0
where a constant C” is determined by the inequalities
i =0,1,2,--;
3.26 il < (LT :
( ) ||V4nl+j||L2_ <j=0,1,2,-~-,4n—1
By Theorem III we have g ; € A2 (j=0,1,2,---,4n — 1) and the following inequalities
hold:
||n<1A()+Q+“) g
9ill = —Ai(y; =) ——=5lg
=, ) (V22 ok

<{C/+ c” (1+en>} Z 2 (j 01.2 4 1
=\ — ay ;. : j=0,1,2,---,4n—1).
Cn ( /—2]_[ )" Cn P 4ni+j

Then if we write g = Z;‘"z 6] g j> then we have g € A2 and the inequlities

4n—1
gl < Y llgjll < k3
j=0
with
(3.27)

n < 4 {C’+ c’ <1+€n>}
ny — — .
= Cn (W 2m)"
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PROOF OF THEOREM 2. Forany g € A? and a bounded continuous function / on R”
satisfying (3.13). Let

§(a, g, h) =\/(2 )n/Ig(t)Iz | AL (r)|2dt

and

bp= max |g@®)], axy= min |g@)] m=0,1,2,---).
m<|t|<m+1

m<|t|<m+1

Then we have the inequalities

(3.28) /
lee] <1

do
Z mnml |3n/2 S/lailg(a,g,h)lalT/z

m=0

do

|Ol|3"/2 :

o
> b2n?
m=0

Firstly let 1 € exA? and let ¥ € € such that Y(@) = Y00, tunZ (@, h), Ty > 0,
Y oo Tm < 1. Hence by writing 7, = a and applying Lemma 6 to the sequence {a,,/k3},
there exists g € A2 such that

min  |g(n)] > i—m m=0,1,2,-)
3

m<|t|<m+1

and

[ele] a 2 [ele]
lgll < k3 Z(ﬁ) = > <1,

m=0

Then applying the first inequality of (3.28) yields

o0

> i
Ain mI |3n/2

m=0

V@ |Ol|3”/2 /|a§1

<1

< §l, 9, h)—=—,
/|a<l 9 (% |3"/2

therefore

d
K(h) = sup ,/1//(05)T‘Z/2 <&(h) < o0
vel Jlal<1 ||

by Lemma 3.
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Secondly suppose that K(h) < oo. For any g € A? with lgll < 1, let us write
max |g()| =byand T, = (bm/kz)z. Then by Lemma 5 we have t,,, > 0, Z,C;,o:() T <

m<|t|<m+1

gl < 1, ¥(@) = Yooy twn?, € Cand

o
> bhng =k Zrmnm k¥ (@)
m=0

Now applying the second inequality of (3.28), we have

da
g(()[, g7h)— S/ 77
]l;gl |Ot|3”/2 | <1 Z mim |3n/2

la|<1

and therefore

da
&(h) = sup / E(Ot,g,h)T/zssz(h)<OO-
lgli<1Jjel< ||

From this with the help of Lemma 3, we can conclude that & € exA2. Thus the theorem has
completely proved.

THE D1visor PROBLEM

Finally, we show the inequality
_ ky
1A Nlex < 5 I,

which is expected for a function i € exA? with |h(t)] > m > 0.
We need some additional conditions.

THEOREM 3. Suppose thath € exAZ satisfies the conditions

(3.29) |h(t)] >m >0 (¥t e RY)
and
(3.30) 1AER @) < Crlaf* M) (lal < 1,k=1,2,--- ,n).

Then h=! € exA? and

(3.31) 1™ ex < ,,Hllhllex,



298 KAZUO ANZAI, KENJI HORIE AND SUMIYUKI KOIZUMI

where

c_, en 1\
G2 =l (2))(5)

and C is a constant depending only on n.
We need the following estimations.

LEMMA 7. Suppose that h is a bounded continuous function which satisfies conditions
(3.29) and (3.30). Then we have

M (h)*

kyp—1 /1 1k

(el =1Lk=1,2,---,n).

PROOF. These estimations are obtained by elementary calculations. For example, in
the case of k = 1, since

1 1 AL
Aéh_l(t) - - _067()
h(t+a) k() h(t)h(t + o)
we obtain
_ AR M(h)
1AL ()] <= =255 < Cllel—5= (el < 1).
m m
In the case of k = 2, we have
A2ty = Al @)
ALn(t + ) ALh(t)

TR+ )h(t+2a) | h(Oh( + )

_ hO{AGh(t + @) = AGh(0)}) | Agh(O{h( 4 20) — h(1)}
h(t)h(t + a)h(t 4+ 2) h(Oh(t + a)h(t + 2a)

_ —h)AZh(1) + Ayh(1) Ay, h(1)
h()h(t + a)h(t + 20)

bl

hence

M (h)?

m3

142071 (1) < Cala)? (la] < 1).

Finally we have
AN ) = AL A )

p— En
 h(Oh(t + o) -+ h(t + na)
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with
Xp=—hh(t +a)---h(t + (n —2)a) A A1) +
—h(Oh(t + @) - h(t + (n — 3)a) ALh(t + @) Al h(r)
+ALh AL h@) - AL K.
Here it should be remarked that the numerator consists of the sum of terms, each of
which is the product of several kinds of differences and sum of their degrees are always just n

and the denominator is estimated from below by |2 ()|"t! > m"*! > 0 (Vr € R"). Therefore

we have

M(h)"

mn+1

AR ()] < Culal” (al < 1).

PROOF OF THEOREM 3. Forany g € A? we consider

do 1
3.34 Ar(gh™! =/ — —/ An(gh=1)|2dt,
(3.34) h ™= |043,1/2\/(271)” | AL (gh=)]

where

n

_ n _ _
Al (gh 1)=Z(k>A’;gAg *Teah™t.
k=0

By the use of estimations of Lemma 7 we have

kM ()"

n—k -1 /
A, " Trah™ (1) < C,_ila PrEEE

where |o| < 1,k=0,1,2,---,n. Applying the Minkowski inequality, we have

n /
_ n\ C,_ _
Ai(gh 1) = E (k>mnn—k{€HM(h)n kAl,k(g)v
k=0

A1k(9) = Cuxllgll (k=0,1,2,---,n),

where C, x are constants depending only on k and 7.
Putting C = maxo<k<n CnkC,_;, we have

M(h)"

mn+l

Al(gh™h < c2n lgll.
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Taking the supremum with respectto g € A? with lgll <1, we have

15 e < — sup As(gh™) + {1 + (e—)} ﬁM(h)

Cn Jgl<1 Cn «/Zn)
Mh)"
=T

where k4 is the constant defined in (3.32).
Since M (h) < || hllcx, we have

ky
-1
A flex < W” hllgx -

Thus Theorem 3 is proved.
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