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Abstract. In the present paper, we shall show a Koizumi-type interpolation theorem in order to show the
relation between several Yano-type extrapolation estimates.

1. Introduction and Result

Let (£2, n) be a o-finite measure space. We shall consider operators which transform
each p-measurable simple functions to some p-measurable function. If such operator 7' sat-
isfies |[T(f + ¢g)| < C(Tf|+ |Tgl) and |T («f)| = |a||Tf] n-a.e. for some fixed number
C > 1, any measurable simple functions f, g and scalar «, we call T quasi-linear. If T
satisfies |T(f + ¢)| < |Tf|+ |T g| p-a.e. , we call T sub-additive.

In [5], S. Koizumi showed the following interpolation theorem:

FACT A. Supposel < p1 < oo. Let T be quasi-linear operator and satisfy

(W1-pyp) T is weak-type (1, 1) and strong type (p1, p1) ,
then
(K1) T:L'+L9(2) — L'logL + L1(22) bounded, Vq € (1, pi].

Orlicz classes appeared in (K1), the sum of two spaces, are useful to consider extrapolation
estimates over infinite measure space. In [8], the author showed

FACT B. Letl < p; <ocoa > 0. IfT is a sub-additive operator and satisfies
(Ye) ITfllLr) < Alp = D)™ fllLr) forany f € LP(2, 1), 1 <Vp < pi
then

(Ke) T:L'+ L1(Q) — L'(logL)* + L1(22) bounded, Vq € (1, pi]
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which is an extension of Yano’s classical extrapolation theorem ([9]). On the other hand, the
Marcinkiewicz interpolation theorem asserts (W1-p1) implies (¥,,) for @ = 1. So, Fact B is a
partial extension of Fact A.

Also the following extrapolation estimate is known ([2][4]):

FAacTt C. Ifwe assume the condition (Yy) for some a > 0, then T satisfies

1
“w JoUTfl = D)sdu

C
() ;-0 (1+logtr)

< c/ﬂ FICL+ log* [ £)%dp

forany f € Ll(log L)¥(£2). Here, log+r = max(logr, 0) and (y)+ = max(y, 0), for any
r>0andy eR.

In the present paper, in order to know the relation between two extrapolation estimates
(Ky) and (Cy), we shall show the following: In §2, a Koizumi type interpolation theorem

(Co)
— (Ky) foreachg > 1
L7 boundedness

is given. In §3, we give an extrapolation estimate
(Kg) = (Cy) .
Moreover, we shall remark the relation between our interpolation theorem in §2 and
original Koizumi’s in §4.
2. Koizumi type interpolation theorem

In this section, we shall show the following Koizumi type interpolation theorem.

THEOREM 2.1. Let (£2, u) be a o-finite measure space. Suppose 1 < q < oo and

a > 0. Suppose T be a sub-additive operator on L'(log L) + L9(82, j1), there exists some
A > 0 such that

1/q 1/q
(2.1 [/QITf(x)quu(x)] SA[/QIf(x)quu(x)} forany f e L9(£2, 1)

and there exists some B > 0 such that

[oUTf) = Didu)
r>0 (1 +10g+ r)ot

2.2 = B/Q | £ I +Tog™ | ()N p(x)

forany f € L'(log L)*. Then, we conclude that there exists some C > 0 such that
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/ ITf(x)|9dwn(x) +/ ITF o) |dp(x)
ITf1=1 TfI=1

2.3)
< C|:/|f| | |f(x)|qdﬂ(x) + /fl X |f(x)|(1 + ]og |f(x)|)ad,u(x)i|

PROOF. We shall prove this with the method of [5] and [7]. First, we divide each
function f as

g(x)z{f(x)’ TN ndput b = 00 = g0o).

0, elsewhere

Now, we immediately get

2.4 /T - ITg)1d(x) < A/Q lg)7dp(x) = A/ |f)dp(x),
gl=<

fl=1

/ T (o) ' dp(x) < / 179001 9dpu(x)
ITgl>1 |Tgl>1
2.5)

< A/ Ig(X)I"du(x)=A/ | £ () |9d u(x)
$2 Ifl=1

by (2.1).
Put » = 1 on (2.2) and we have

/ [Th(x)|du(x) < B/ |h(x)|(1 +log™® |h(x))*du(x)
ITh|>1 2
(2.6)
- B/f AN+ log | (D))
Finally, from (2.2), for r =22 (n =0, 1,2...), we have
/ (ITh(O = 27" Hdp(x) < B'(1+n)* / (I +Tog* AN dp(x)
|Th|>2—1~2 2
When [Th(x)| =271, |Th(x)| < 2(|]Th(x)| — 2~"~2). Hence, for each n,
/ [Th(x)|7du(x)
2-n—1 <|Th|<2—n

- / ITh(x)|2~4 D (x)
2-n=1 | Th|<2n

~o-na=1) / 2(1Th(x)] = 27" 2)dp(x)
21 <[Th|<2"
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st [ Tkl - 27 dut)
|Th|>2-"=2
<B4 w20 [ I+ g 1D dRC).
2
Summing up with respect to n, we have

f Th(odu(x) < €' / IR I(1 + log™ |h(x))*du(x)
o7 IThi<1 17,
_¢ /f SOOI +log” LF 0D duce).

Combining (2.4), (2.5), (2.6) and (2.7), we conclude (2.3) as same as Koizumi’s work
[5] with the lemma below.

LEMMA 2.2 (S. Koizumi [5]). Assume A < B+ Cand A,B,C >0and1 < g < oo.
(i) When0 < A <11,

(2.8)

B+C, ifo<C<l1
A< 1
B+C4 ifC>1.

(ii) When A > 1,

(2.9) A<

20(BY +CY), if0<C <1
29(BY + C) ifC>1.

3. The relation between the extrapolation estimates

In this section, we shall give, so to say, an extrapolation estimate.
PROPOSITION 3.1. Leta > 0. If the measurable functions f and g satisfy
/ Ig(x)lqdu(X)+/ lg(x)ldp(x)
lgl=<1

lgl>1

3.1
C

5—[/ If(x)l‘fdu(X)Jr/ If(X)I(l+10g|f(X)|)°‘du(x)}

(g —D*LJif1<1 |fI>1

forany 1 < q < pi, then they satisfy

Jo g — Hdpux)
r>0 (1 +10g+ r)oz

(3.2) < c’/ﬂ Lf I+ log™ [ £ x)D*dp(x) .
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PROOF. Itis easy to show that the right hand side of (3.2) dominates the right hand side
of (3.1). Then, we have

JoUgx)] — Ly dux) /
] d
0<r<l1 (1 +log™ r)e = gl lg(x)|du(x)

< C”/ﬂ |f I +Tog™ [ f()D*dp(x) .

Letr > 1. From (3.1), forqg = 1 +

/Q | £ 1A +log™ [ F)DYdn(x) = (g — 1)“/ - lg()|9du(x)
gl=<

p1— 1\ pi-t
=(2 / 1900 - 1900 ()
ogr e—logr<|g‘s]

p1-1

J1Zig1=1 19O - 19O ™ dpu(x) J1 g1 19
)= du) ~ == —
(logr)* (logr)

>(p1 — 1

Now we conclude

Jolg@) = Hidux)
(1 +log* r)®

< C/ﬂIf(X)I(l+10g+|f(X)I)“du(X)

for any r > 0.

4. Relation between two interpolation theorems

Here, we shall consider the relation between two interpolation theorems, Fact A and
Theorem 2.1. M. Carro proved the following relation([3]).

PROPOSITION 4.1. Let (£2, ) be a measure space. The space of mesurable functions
on (§2, )

[T° (I f1 > ay)dy
L < 1> < oo}

Bl={fi||f||31=inf<k>0: QT8

coincides to the space

M([(l +10g+ t)_l) = {f N ||f||M(I(l+10 +I)—1) = Sup (ﬂ) < X
3 =0 1+t10g+t

and their norms are equivalent. Here,

ff@®) =inf{a > 0: u({x € 2: [ f()] > 1D}

1
and f**(t) = ;fé f*(s)ds.
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From the definitions, it is easy to show
M(t(1+1ogt ™) = L1001 D Lieo

(also see [6]). Therefore, for sub-linear operator (quasi-linear for C = 1 in §1), the bounded-
ness of weak type (1,1) implies (Cy) for « = 1 and we may conclude that our Theorem 2.1 is
a partial extension of Fact A.
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