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1. Introduction

Let &> (s; w; w1, wy) be the Barnes double zeta function [2], [9].

In the present paper, we show that the residue computation of the contour integral repre-
sentation of {2 (s; 1; 1, w) yields

(1) the reciprocity formula of Apostol’s generalized Dedekind sum [1] for rational w,
and

(2) Ramanujan’s formula for values of Riemann zeta function at positive odd argu-
ments [6], [8] as the limit case of the formula obtained for irrational w. This shows that, in a
sense, the Dedekind sum and Ramanujan’s formula live on the same ground provided by the
Barnes double zeta function.

As for (1), more generally, we shall derive the reciprocity formula for the Apostol-
Rademacher Dedekind sum using more general 3.

In [10], the authors investigated three kinds of Dedekind sums of Apostol and Apostol-
Rademacher type, by computing values of Barnes’ double zeta functions at non-positive inte-
gers and derived their reciprocity laws. Their method is algebraic. Our method is analytic.

In (2) the formula can be viewed as a limit case x +iw — iw (w: irrational). This seems
a new view point for Ramanujan’s formula.

So, as for limit cases of (1), (2), we may think of a proof of the reciprocity formula
of Gaussian sum [12], of Riemann’s Fragmente [11] in which Riemann considered the limit
cases of formulas in Jacobi [7], and of Dedekind’s Erlduterungen [5] to it. This point of “lim-
iting” view will be important for further investigation of the Dedekind sum and Ramanujan’s
formula.

Our method is very powerful. Barnes’ multiple Riemann zeta functions of various types
relate with Dedekind sums of various types.

In a subsequent paper, we shall consider Barnes’ triple Riemann zeta function. Then, in
particular, we can derive the formula to be called “triple term formula” for Apostol’s Dedekind
sum, which is different from Rademacher’s for ordinary Dedekind sum.
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2. Barnes’ double zeta funtion

We define the Barnes double zeta function [2] (cf. [9]) by

o0
&(s; w; w1, wp) = Z (w+mw; +nwy)™", Res>2,

m,n=0

for complex numbers w # 0, w1, w; with positive real parts. Here, for a complex number
z ¢ (—o0, 0], we put

s _ eslogz ,

Z logz =log|z| +iargz, —m<argz<m.

The function ¢, has the contour integral representation

(1 = s)e™smi e W1y
2.1 0o (s; w; w1, w2) = 7/
1

2mi (1, 00) (11— eiwlt)(l — e~ ?2t) ’

through which ¢, is continued analytically to the whole complex plane except for simple poles
ats =lands = 2.

Here I(A, 0o) is the contour consisting of the real line from oo to A, the circle U (A)
around the origin counterclockwise from A to A and the real line from A to ©o.

We have the expression

e Wy 1 w +w w
22 +<‘ 2 _ )

(1 —e=@)(1 —e=@2t)  wjwot 2wiwy wiw?

o0
(=118 (w; wr, w)t"
+ Z n!

n=1

for |t| < [2w/wil, |127/wz|. Here 28, (w; w1, wz) is the derivative of the polynomial
28 (w; w1, wy), with respect to w, which is called the Barnes double n-th Bernoulli poly-
nomial [2] (cf. [9]).

The connection of 2S,;(w; w1, wp) with ordinary Bernoulli polynomial B, (w) is given
by

('‘Bw) +*Bwy + w)"*!

23 S, , . =
(2.3) 28, (w; w1, w2) " T Dooren

where !B =2 B is the ordinary Bernoulli number and in the multinomial expansion of the
numerator,

('B)’ = (the j-th power of ‘B) = B;
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but

(B)’ - (i/B)k # Bjix fori#i.
Then we have
28y (W; @1, )

p

24 ol = pyw; 01, ) =
for a positive integer p, by the residue calculus around the origin.

3. Generalized Dedekind sum in the sense of Apostol-Rademacher

In [1], Apostol defined and investigated the generalized Dedekind sum
k—1 h
sp(h k) =3 “Bp(—“>, hokeZt. k=1,

where
B,(x)=By(x —[x]) for p>1 and p=1, x¢Z,
Bi(x)=0 forxeZ.

We shall quote some of his results:
First we note that forodd p =1,

(‘Bh =2Bk)P*! = (\Bh +*Bk)P*!

holds, because the left hand side is

p+1 P+ 1 p+1 it 1
B G [V RINTEE o (S PRI
s=0 s=0

since By = 0 for odd s > 1 and the last formula equals (\Bh +2Bk)PT!.
For odd p, Apostol proved the reciprocity law

(3.1) (p 4+ D{hkPs,(h, k) + khPs,(k, b)) = (\Bh —*Bk)?™ + pB,41

and gives the representation of the Dedekind sum by Lambert series:
forodd p > 1,

p! et 1 eZm’nh/k e—2m’nh/k
(3-2) sp(h, k) = Qri)P 2 n_p{ | — oZninh/k | _ g—2minh/k }

n=
n=0 (mod k)

43
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and foreven p = 2,

k—1 B ! o0 1 e2minh/k e~ 2minh/k
splh k) = —5— 717 - (2:,')17 > n_p{ [ oZmimh/k T 1 e2ninh/k}
(3.3) 20 (o k)
k—kP B,
Tk 2

In the present paper, more generally, we consider Apostol’s Dedekind sum of
Rademacher type (=Apostol-Rademacher Dedekind sum):

k—1
- (v + - (h(v+
sp(h,k;x,y)=231( ky>3,,( ( - y)+x>
v=0

where x, y are real numbers and we derive its reciprocity formula, from which (3.1) follows.
In “Erldauterungen” [5], Dedekind already obtained (3.2) for p = 1 and showed that the
series on the right of (3.2) is convergent for p = 1.
The points of deriving (3.2) are

k—1
k

3.4 bz —— k=
34 Z/Lx 1 for x £#1, x"=1,

n=1
and

o0
- / .

(3.5) B,(x) = —p!Qmui)~? Z m P e2mimx

m=—00

where )" means the sum except for 0.

4. Ramanujan’s formula for ¢ (2v 4 1)

We put, forx > 0,v € Z, v >0,

1 1 > 1 Boy12
R _ e 1 v+1.v+1
v(x) (4JTX)U{2€( v+ )+n;m2u+](e2nmx_ 1)} (2v+2)!7f .

[$(v+D)]
RS Z (— 1) By B2 2%
P 2k)! Qv+ 2 —2k)!

-1 (1 > 1 By 2
= — 2 1 — v+1_v+1
(4rx) {24( v+l mX_:l M2 (] — g—2mmx) } BT T

[ v+D)] B B
2k 2v4+2-2k 1—2k
LA NN CI APy Xt
k=1

2k)! v +2—2k)!
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1 1
where for odd v, the term corresponding to k = E(v + 1) is multiplied by 3
Then Ramanujan’s formula asserts that

(4.1) Ry(x) = =Ry (=1/x).

This formula has been proved by several authors. A nice story of Ramanujan’s formula
can be found in Berndt’s [3], Chapt. 14.
For Lambert series

o0
anl
4.2) > 1 izn,

it is known, in general, that

o
(4.2) is convergent, for any |z| # 1, if Z ap is convergent,

n=1

and for any positive §, 0 < § < 1, (4.2) is uniformly convergent for |z] < 1 — § and for
|z] = 14 8. Hence we do not mention the convergence of Lambert series appearing in the
sequel.

5. Deriving Ramanujan’s formula
Let w be a positive irrational number (a complex number ¢ Q with positive real part).
We compute

1 et

s—1 . _
fweTtde, with () = G

27 I(A,00)

by integrating on the path descibed below and letting P tend to oo. Here poles

; /i
NP2

U,

of the integrand are not on the path and U, does not contain any pole of the integrand except
for 0.

Then for P — oo, the integral on the side of the square goes to 0. Its proof is the same
as in Siegel [12] using the larger one of |1 —e™|~! and |1 — et , S0 we do not reproduce
it here.
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Thus we have

(5.1) —0(s: 15 1L, w) =1 —s5)e™*™ Y~ Residue of f(1).
all poles

provided the right hand side converges.
Now

2rin, n==£l1,£2,43,.--

and
o1
2win—, n==+1,£2,43,---
w

are poles of the first order of the integrand.
We have

sl Qrn)$~le™i6-D/2 ¢t —27in, n>0,
Qrn)’1m6=D/2 ¢ = 2xin, n>0.

1
For w withImw > 0 (< 0), we have Im <—> <0(=0).
w

Then forn > 0, Imw > 0,
. 3 ) 1
arg(in/w) = arg(n/w) — En, arg(—in/w) = arg(n/w) — Eﬂ

and forn > 0, Imw < O,

1 3
arg(in/w) = arg(n/w) + Eﬂ , arg(—in/w) = arg(n/w) + En .
Hence we have, forImw > 0,

s—1 —

(27m/a))s_1(3_3”"“_1)/2 t =2rmin/w, n>0,
(27m/a))“'71f,””"("'*])/2 t = 2mwin/w, n=>0,

and forImw < O,

ol Qrnjw)~le™6=D/2 ¢ =2xin/w, n>0,
Qrnjw)~1e376=D/12 = dxin/w, n>0.

Then

27 s—1, mi(s—1)/2
(i) Residue at 2min = 22—,
n —5(1 _ e—2mnw)

27 s—1,3mi(s—1)/2
(ii) Residue at —2min= o0 ", .
nl=s(1 — eZmnw)
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o e3m'(s—l)/2 (271)5—1€3m'(s—1)/2
= (27[) nl—s o nl—s(l _ e—2m’nw) ’

(iii) forImw > 0,
(27.[).3'7]ef3ni(sfl)/2ef2nin/w

1
Residue at 2win— = ; - ,
w nl=se@s(1 — 67271111/(»)

n>0

(27.[)5—1 e—3m'(s—l)/2 (zn)s—le—?mi(s—l)/Z
- wsnl—s(l _ e—2m’n/w) ’

s nl=s

@iv) forImw < O,

1 27 sfleni(sfl)/2e72nin/w
Residue at 2win— = ( 1) - , n>0
w nl=Sws(1 — e—2mn/w)
(27.[)5—1 em'(s—l)/Z (zn)s—leni(s—l)/Z
- w’ nl=s a)snl—s(l _ e—2m’n/w) ’

(v) forlmw > 0,
1 (27.[)5—le—m'(s—l)/ZeZnin/w

Residue at —27win— = 1 - , n>0
w n!=Sws (1 — eZmn/w)
_(zn)s—le—ni(s—l)/Z
= nlfsws(l _ 672nin/w) ’
(vi) forlmw < 0,
(zn)s—1€3m'(s—l)/2€2nin/w
Residue at — 2mwin— = 1 , (n>0)
w nl=sws(1 — eZmn/w)

_(27.[)57163771'(571)/2

= nlf“'a)s(l _ ef2nin/w) :

47

Assume that Re s < 0. Then the residue computation of the right hand side of (5.1) gives

0 (em'(sfl)/2 _ 6,3771'(571)/2)

(27_[)571 Z nl_s(l - e_zn.inw) + (277:)871{(1 _ s)e377i(571)/2

n=1
(27.[).97] 0 (873711'(.97])/2 _ e*ﬂi(sfl)/Z) (27.[).3'71 RiGs—1))2
+ S nlfs(l _ 672nin/w) - S §(1 —S)e

n=1

QTS (TR - B0 gy

_ wi(s—1)/2
nlf“'(l _ ef2nin/w) ws {,’(1 s)e l

o’
n=1

Thus we have

Imw > 0,

Imw <0.
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THEOREM 1. ForRes < 0 and irrational  (with positive real part),
— (s L) =T —s)e ™ Q2r) !
00 (1) /2 i
‘ {5(1 — 5)e’Tie=D/2 4 Z (eTils=D/2 _ p3mi(s=1)/2y
n=1

nl—s(l _ e—Zninw)

eni(sfl)/2 x (e7377i(571)/2 _ efni(sfl)/2)
(5.2) —¢(1 =) P + @nl=s(1 — e~2min/w) }
n=
for Imw >0,
eni(sfl)/2 x (er[i(sf])/Z _ e3ni(sfl)/2) }

_§(1 =) w* + wsnlf“'(l _ ef2nin/w)
n=1

for Imw <0.

Now for s = —2v, v = 1, v € Z, the left hand side of (5.2) is

285, (1w ('B+2Bw+ 1)2F2

—(=2v; 1, 1 0) = =
2v+1 Qv+ 1DQRv+2)w
2042 k 2042k
1 B+1 B _
53) _ Z (B+ D" Byjakw 2 +2)!
: v+ 1DHQ2v+2)w P k! Qv+2—k)!

+1
_ @v)! VX: By Bayyor-okw
- w

= (2k)! 2v +2 —2k)!

2v+2—-2k

since
By =0 forodd k>1 and (B+ 1)f= By for k >2.
The right hand side of (5.2) is

2= @)l [ 1 ad 1
(27.[)21;4-1 {E{(Zv + 1) o ’; n2v+1(1 _ e—Zm‘nw)

1 - I
2v 2v
+w §§(2V +1)-ow 2 n2H1(] — e—27min/w) } :
n=

1 (1 > 1
(5-4) (471'2)‘) {5{:(21} + 1) - r; n2v+1(1 _ e—Znnz) }
R
T\ o {55( v )_;HZU—i—l(l_eZnn/z)}
v+1

’

=Y (-1 By Bavy2ok o,y
— QK (2v+2 — 2k)!
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and the last is

Bay12 { vl

T+ f 7

v+1 (_]T)U-H
+ Zv+1

[3(v+D)] v1—2k
Boy By o2k _ —1
vl 1) . vit—2k , (1
t ]; T (2v+2—2k)!(Z +<z ’

1 1
where for odd v, the term corresponding to k = E(v + 1) is multiplied by 5

For z, with Imz > 0, we put

1 — 1
Fy(2) = @n2) {Eg(zv +1) - ,; n2vtl(1 — e=27n2) }

B [$(v+D)] B B
4 2042 VLVl vt Z (_l)k 2k 2v4+2-2k v+1-2k
k=1

2v +2)! 2k)! Qv +2—2k)! ’
. 1 . - 1
where for odd v, the term corresponding to k = E(V + 1) is multiplied by 5

Then we have

THEOREM 2.

1
Fy(z) = _Fv(_ —> .
Z

COROLLARY (Ramanujan’s formula).

1
wo=n(-1).
X

PROOF. Take the limit y — 0,z = x 4+ iy, in Theorem 2.
This seems to be a new proof of Ramanujan’s formula.

6. Deriving the reciprocity formula for Apostol Dedekind sum

Let K, k be positive integers with (&, k) = 1. Let x, y be non-negative real numbers with
(x, y) # (0, 0). For simplicity, we assume 1| —s = p > 0, p € Z. Put

ef(x/h+y/k)t

[ = AT =78 "
Here we consider
_1)r-1
(6.1) 00 —pix/h+y/k;1/h, l/k)% = Z Residue of f ()t~ 7.
p

all poles
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This is obtained in the same way to get (5.1).
Now poles of f(¢) are given by

(Type D t = =2minh, n #0 (modk)

(Type II) t = 2mwink, n# 0 (modh)

and

(Type IID) t = 2minhk, n=0,+£1,%+2,---.

Poles of (Type I) and (Type II) are of the first order and poles of (Type III) are of the
second order.
Then for residues of f(¢)t~7, we have

(_Zni)—pebrinh(x/h-l-y/k)

(Type I) Resat t = —2minh is =T (1 = rinh/k) "

(—27‘[i)7PEZNink(x/h+y/k)

(Type 1) Res at t = —2mink is kP —Tnp (1 — eZeimkihy

Att = —2minhk, which is a pole of type (II), we have the expansions

ef(x/h+y/k)t hkeQnin(kx+hy)
(1 —e—t/IY(1 = e=1/k) — (t + 2minhk)?

(kx +hy — %(h + k))ez’”"(kx”’y)

+ t + 2minhk o

and
1P = (=2mwinhk) P — p(=2minhk) P\ (t + 2minhk) + - - - .
Hence

1 .
<kx +hy = S+ k))(—zm)Pezﬂm<kX+hy>

Res at t = —2mwinhk is k)P

(_Zni)—p—lebrin(kx—i-hy)
(hk).l’np+1
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Therefore, the right hand side of (6.1) becomes

(_1)p o0 2mnh(x/h+y/k)

Q2mi)PhP— 1 X_: nP(1— eZmnh/k)
k)
(=DP O, p2mink(x/h+y/k)

; -1 _ p2mink/h
Qmi)Pkp e nP (1 — e2rink/h))

(6.2)
1
(—l)l’(kx + hy - E(h + k)) 00 , eZnin(kx-i—hy)

Qri)P (hk)P nb

n=—oo

+

(_1)p+1p oo/ eZm'n(kx+hy)

C @rirtl(hkyr et

where (h), (k) under Y mean “n20 (mod /)" and “n2g0 (mod k)" respectively.
In (6.2), we have by (3.4) and (3.5),

nP(l — eZm'nh/k) - k
=00 n=-—-00 =1
(k) (k)

k=1 O aminfat(h/ k) (y+v)

N PIE
v=1l n=—o0

(6.3) (k)
k—1 v{ ol e2min{x+(h/k)(y+v)} >, eznin(kx+hy)}
v=1 k n=-—00 . =00 (kn)P
1
iy (" - Sk=1

= {Z;Bp((h/k>(y+v)+x)—k—p

v=l1
Here we rewrite Apostol-Rademacher Dedekind sum as follows: For I > y 2 0

splh k;x,y) = ZB]()}:> ((y+v)+x>

(6.4) V=0

oo /h y 1 L /h
=;%Bp(E(Y+V)+X>+(E—§>ZB;7(E(Y+V)+X>.

B, (kx +hy)}.

51
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It is known, by Lemma 3.2 (2) of [10], that

h—1
Byo) =h?' S B, <v n %) .

v=0

Hence

LA e + +
;)Bp<z(y+v)+x)=h”lv2=:2=: (x £y ykv>.

Put this into (6.4) and put the formula thus obtained into (6.3). Then we have, for the first sum
of (6.2),

(=P > Zﬂtnh(x/h—i-)/k)
Q2mi)Php—1 Z: nP(1 _eZﬂtnh/k)
()

—(k— 1)
kP

SFGDEECE )

In the same way for the second sum of (6.2), we have, for 1 > x = 0,

(65) _ Dy

= W{Sp(h, kix,y)—

B, (kx +hy)}

(—=1)P >, e2mink(x/h+y/k)

: —1 __ p2mwink/h
Qmi)Pkp o nP (1 — e2wink/h)

1
(6.6) (=1)? Sh—1

(= 1)!’(__1)}‘21&13( Lyt
P
v=0 u=0 k

Further, in (6.2), we have

N———"

o0 2rin(kx+hy) S\ D
/e Qmi)P -
6.7) Z o = ——— " By(kx +hy),
n=—00 p:
0 , eZnin(kx—i—hy) (2].”')17+1

(6.8) Bpi1(kx + hy)

np T (p+ D)

n=—oo
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and the left hand side of (6.1) equals

kK h k
(p+ D!

hk(lBZ $2B-+ Ty X)

(=1P
By the formulas just above, (6.7), (6.8), (6.5) and (6.6), we obtain
THEOREM 3. Forl>x20,1>y 20, (x,y) # (0,0), and (h, k) =1,

(p + D{hkPs,(h, ks x, y) + khPsy(k, h; y, x)}
= ("Bh +? Bk + kx + hy)?™' + pB,.1(kx + hy)

el X+ Hn y+v
+<p+1)<hk)P< + - >ZZB( ! )

v=0 u=0

— (p + D(kx + hy — hk) B, (kx + hy) .

Note that for p = 1, the formula in the Theorem becomes: for 0 < x < 1,0 <y < 1,
kx+hy € Z, and (h, k) =1,

s1(h, k;x,y) +s1(k, by y, x) = B1(x)Bi(y)
(6.9)

LBz(kx +hy) + %Bz(x)} .

+ 2 2By +
21k 2 Tk

Here we used a consequence of the proof of the formula (2) of Lemma 3.2. [10],
k

ih—l x—i—,u y+v kzlhil ky,—i—hv—i—a _ B,
—~ (hkyp=1"

v=0 v=0 u=0

=

with o = kx + hy € Z.

Under our restriction on x and y, the formula (6.9) coincides with Rademacher’s reci-
procity formula in Theorem 4.1 [4].

So far, it is assumed that x = 0, y = 0, (x, y) # (0, 0). In the formula of Theorem 3,
put y = 0. Then both hands are polynomials of x near 0+. Hence letting x tend to 0+, we
have the following

COROLLARY 1 (Reciprocity formula for Apostol’s Dedekind sum). For oddp = 1
and (h, k) =1,

(p + D{hkPs,(h, k) + khPs,(k, b))} = (' Bh —> BK)?™ + pBy1 .
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PROOF OF COROLLARY. For y =0, x — 0+, the formula in the Theorem becomes
(p + D{hkPs,(h, k;0,0) + kh"s,(k, h;0,0)}
= ('Bh +2Bk)?™' 4 pB,1

(6.10)
k=1 h—1 _ v
—(p+ D> S B,,(% + E) — (p+ DhKB, .
v=0 u=0
By definition,
k—1
1 _
sp(h.k:0,0) = sp(h. k) + 5 X;)B,,(hv/k)
=

and by Lemma 3.2. (2) of [10],

h—1
_ _ - fuv
By(hv/ky = v~y BP(E * %) ‘

n=0
Hence
1 k—1 h—1 m v
(6.11) hkPsp(h, k0, 0) = hkPs, (h, k) = = (hk)” > B”(ﬁ - %) .
v=0 pu=0
Similarly,

k—1 h—1
1 _
6.12) khPsp(k, 10, 0) = khPsp (k. h) = = (hk)" >y B,,(% + %) .
v=0 pu=0

Put (6.11) and (6.12) into (6.10). Then the double sum
k—

v=0 pu=

1 h—1

- nw Vv
B. | 4+ =
‘ ”(h +k)

(p + D{hkPs,(h, k) + khPs, (k, h)}

disappears and (6.10) becomes

(6.13) 1 2 +1
= (Bh+"Bk)""" + pBpi1 — (p+ DhkB),.

Then for odd p > 1, we have the Corollary, since B, = 0 and
('Bh +2Bk)?*! = (\Bh —> Bk)P*!.

Now for p =1,
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2sp(h, k) + 5,k h)} = (Bh +> Bk)> + pBpy1 + 2hk By
= ('Bh =2 Bk)> 4 pBpy1 .

Hence our formula holds for p = 1.
Put

k—1
v- (a+hv
sp(a;h,k)=2z3,,< p )

v=1

This is called the shifted Dedekind sum in [10].

55

COROLLARY 2. Let a be a real number such that 0 < o < h + k. Then for positive

integer p 2 1 and (h, k) = 1,

1
;{k”—lsp(a; h,k) + kP~ sy (o k, 1))

('Bh+2Bk +a)?*'  Byii(@) 1 ( o )B @
——|1l-— o).
p(p + hk (p+ Dhk p hk )"

This is nothing but Theorem 3.4 in [10].

PROOF. The case o = 0 is stated in Corollary 1.
We take a = kx + hy in (6.2). Hence 0 < o < & + k.
Then the first sum in (6.2). equals

1

—(k—1)
(=DP . 2( _
hl’——lp!{sp(a’ h, k) — TBP(O‘)

and the second sum in (6.2) equals

1
(—1)P =1
M’—llﬂ{sP(a; k, h) — TBP(OZ)} .

A straightforward calculation, as in the proof of the Theorem, shows that our formula holds.
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