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Abstract. Let (A, m) denote a Noetherian local ring with maximal ideal m, J an m-primary ideal, Iy, ..., Is
ideals of A; M a finitely generated A-module. This paper will answer when mixed multiplicities of the multi-graded
fiber cone
ey
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are positive and characterize them in terms of the length of modules.

1. Introduction

Throughout this paper, (A, m) denotes a Noetherian local ring with maximal ideal m,
infinite residue field k = A/m; M a finitely generated A-module with Krull dimension
dimM =dimA =d > 0.

Let J be m-primary and I1, ..., I ideals of A such that I = I} - - - I is not contained in

+/AnnM. Define

IM...1"M ) "M
Fuy(J, I,..., L) = @ W’ Ezdlm(®m1nM>
>0 "1

Lty 2 s n>0
to be the multi-graded fiber cone of M with respect to J, Iy, ..., I; and the analytic spread
of I with respect to M, respectively. The multi-graded fiber cone Fy(J, I, ..., I) is an

important object of Commutative Algebra and Algebraic Geometry.

_ s m
Set f(n1.-....ny) = La (o
for all large ny, ..., ns, and the degree of this polynomial is (£{ — 1)(see Proposition 3.1,

Section 3). The terms of total degree £ — 1 in this polynomial have the form

n

). Then by [HHRT], f(n1, ..., ns) is a polynomial
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Here E;(1 1[d1]’ e, IS[dS]; M) are non-negative integers not all zero, called the mixed multi-

plicity of the multi-graded fiber cone Fy(J, 11, ..., I;) of the type (d1, . .., ds) [HHRT].

We emphasize that E j (I l[d‘], cees IS[dS]; M) is not only an important object in computing
the multiplicity of multi-graded fiber cones(see [HHRT, Theorem 4.3]) but also a generalized
object of mixed multiplicities in [Ve2] (see Remark 3.2, Section 3).

The purpose of this paper is to answer to the question when

E;af™, . 114 M)

is positive and characterize it in terms of the length of modules (see Theorem 3.5, Section 3).

This paper is divided into three sections. In Section 2, we give some results on weak-
(FC)-sequences of modules. Section 3 investigates mixed multiplicities of multi-graded fiber
cones.

2. On Weak-(FC)-Sequences of Modules

In this section, we present some results on weak-(FC)-sequences of modules and reduc-
tions of ideals with respect to modules which will be used in the paper. Set

a:b®=|J@:b".

n=>0
The notion of weak-(FC)-sequences in [Vil] is extended to modules as follows.

DEFINITION 2.1 (see [MV, Definition 2.1]). Let U = (Iy, ..., I;) be a set of ideals
of A such that I = I; - -- I; is not contained in AnnM. Set M* = # We say that an
element x € A is a weak-(FC)-element of M with respect to U if there exist an ideal /; of U
and a positive integer n; such that

(FCy): x € I; \ ml; and

Ilnl «~Isn“'M* me* — xlf] .”Ini—ll'nifllnz”rl IS"SM*

i-1 4 i+1
forall n; > n: and all non-negative integers ni, ..., nj—1, i1, ..., Hs.
(FCp) : Opp :x S0y I,
Let x1, ..., x; be a sequence in Ule I;. Foreachi =0,1,...,t—1, set A = ﬁ,
I = LA,...,[, = LA, M = ﬁ Let x;11 denote the image of x;41 in A. Then
X1, ...,x: is called a weak-(FC)-sequence of M with respect to U if X;4; is a weak-(FC)-

element of M with respect to (L, ..., I)fori =0,1,...,t—1.

REMARK 2.2. If I is contained in ~/AnnM, then the conditions (FC;) and (FC,) are
usually true for all x € [ J;_, /;. This only obstructs and does not carry useful. That is why in

Definition 2.1, one has to exclude the case that / is contained in +/ AnnM.
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In [MV], the authors showed the existence of weak-(FC)-sequences of modules. The
important key to the proof of this result is the following lemma.

LEMMA 2.3 (see [MV, Lemma 2.2]). Let (A, m) be a Noetherian local ring with max-
imal ideal m, infinite residue field k = A/m and M a finitely generated A-module. Let
U= (I,...,1I) be a set of ideals of A and Y_ a finite set of prime ideals non containing
I1---I;. Then for each 1 <i < s, there exists an element x; of I; not contained in any prime
ideal in )", and a positive integer k; such that

' ISM O M =l LT ey

for any r; > k; and all non-negative integers ry, ..., ri—1,¥i+1, ---,Fs.

Using the same argument as in Remark 1 [Vil], the paper [MV] proved the following.

LEMMA 2.4 (see [MV, Proposition 2.3]). Let (I, ..., Is) be a set of ideals such that
I =1y--- I is not contained in ~/ AnnM. Then forany 1 <i < s, there exists a weak-(FC)-
element x € I; of M with respect to (I, ..., Is).

So the existence of weak-(FC)-sequences is universal.
In the case where I, ..., I; are m-primary ideals, by an argument analogous to that used
for Remark 3 [Vil], we have the following result.

LEMMA 2.5 (see [MV, Proposition 2.5]). LetU = (11, ..., ;) be a set of m-primary

ideals. Then for all non-negative integers ki, . .., ks suchthatky+- - -+ ks = d, there exists a
weak-(FC)-sequence x1, ..., xq in | J;_, Ii of M with respect to U consisting of ki elements
of I, ..., ks elements of I.

Set Ra(I) = @n>0 I"t", Ry(I) = @n>0 I"Mt". Ra(I) and Ry (1) are called the
Rees algebra and the Rees module of 7, respectively.

Note that if I = I; --- I is contained in /AnnM then weak-(FC)-element of M with
respect to U = (11, ..., I;) does not exist, and the analytic spread of I with respect to M
(¢ = dim(6D,> wor27)) is zero. Then Theorem 3.4 [Vi3] is stated in terms of modules as
follows.

LEMMA 2.6 (see[Vi3, Theorem 3.4]). Let Ji,...,J; be wm-primary ideals and
L, ..., Iy arbitrary ideals. Set I = I,---I;,U = (J1,....J1,11,..., ), L =
dim(@n>0 n{;—,,";[w) Let Ly(ILy,...,Is; M) denote the set of lengths of maximal weak-
(FC)-sequences in \ Ji_y Ii of M with respect to U. For any 1 < j < s, set ij =
Iy - I ljy1--- I if s > 1 and ij = Aifs = 1; R; = Ra(lj), Rj(M) = Ry(I}).
Then the following statements hold.

(1) Forany 1 < j < s, the length of maximal weak-(FC)-sequences in 1; of M with

respect to U is an invariant and this invariant does not depend on t and J1, . . ., J;.
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(i) If I is not contained in ~AnnM and p is the length of maximal weak-(FC)-
sequences in Ij of M with respect to U, then

\Eja

p= dim( M - )<
Ussolm@mI)ER; (M) = (ml;)*R;(M)]

, "M
where £ = dlm(@n>o m)

111 X1,...,Xp IS a maximal weak- -sequence in l; o witn respect to U, then
(i) I i imal weak-(FC)-seq in I; of M with U, th
. —1
IV I M = (g xp)I T IM
forall large ny, ..., ng.
@Gv) maxLy(ly,...,I;; M) =L.

Let I be an ideal of A. An ideal J of A is called a reduction of I with respect to M if
Y C I and I"M'M = 31" M for all sufficiently large n [NR].

As an immediate consequence of Lemma 2.6, we have the following result.

LEMMA 2.7 (see [Vi3, Theorem 3.5]). Let J be an wm-primary ideal and I an ideal
is not contained in ~/AnnM. Set { = dim(@n>0 %) Suppose that p is the length of
maximal weak-(FC)-sequences in I of M with respect to (J, I) and x1, ..., xp is a maximal
weak-(FC)-sequence in I of M with respect to (J, I). Then

i p=¢t

(i) (x1,...,xp) is a reduction of I with respectto M.

Let 3 be a reduction of I with respectto M i.e., I € I and
I"'M =31"m

for all sufficiently large n. A reduction J of / is called a minimal reduction if it does not
properly contain any other reduction of I [NR]. The least integer n such that I"T'M = 1" M
is called the reduction number of 1 with respect to I and M, and we denote it by ry(I; M).
The reduction number of I with respect to M is defined by

r(I; M) = min{ry(I; M)|3 is a minimal reduction of / with respect to M} .

Let J be an m-primary ideal and I an ideal is not contained in ~/AnnM. Set £ =

dim(6p, > %) By Lemma 2.7(i), the length of maximal weak-(FC)-sequences in I of

M with respect to (J, I) is £. Assume that J is a minimal reduction of / with respect to M.

It can be verified that if x, ..., x; is a maximal weak-(FC)-sequence in J of M with respect
to (J, 1, J), then x1, ..., x; is also a maximal weak-(FC)-sequence in / of M with respect to
(J,I). By Lemma 2.7, t = ¢ and (x1,...,x¢) € 3 is a reduction of / with respect to M.

Since J is a minimal reduction of / with respect to M, we get I = (x1, ..., x¢). So we have:
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LEMMA 2.8. Let J be m-primary and I an ideal is not contained in ~/AnnM. Then
3 is a minimal reduction of I with respect to M if and only if I is generated by a maximal
weak-(FC)-sequence in I of M with respect to (J, I).

Denote by Ly (14, ..., I;; M) the set of the lengths of maximal weak-(FC)-sequences in
(Ui_; i of M withrespectto U = (J, I1, ..., Iy). We have the following proposition.
PROPOSITION 2.9. Let J be an m-primary ideal and 11, . . ., I ideals such that I =
11 --- I is not contained in ~AnnM. Set U = (J, I1,..., 1) and £ = dim(@,@o n{;—"MM)
Suppose that x| is a weak-(FC)-element of M with respect to U. Set A = A/(x1), M =
M/xiM,m=mA,J =JA I =1A1, =LA G=1,...,8),U =,I,.... 1)t =
dim(@,@o ﬁl;—nMM) Then the following statements hold.
() max L1y, ..., I M) <maxLy(I,...,I;; M) — 1, the equality holds iff there
exist xa, ..., xg suchthat xy, . .., x¢ is a weak-(FC)-sequence in Ule I; of M with

respect to U.
(i) The length of maximal weak-(FC)-sequences in I of M with respect to (J, I) is

max Ly (I, ..., Iy; M).

(iii) Ifmax LIy, ..., Is; M) =maxLy(Iy, ..., I;; M) — 1, then ¢’ = € — 1.

PROOF. The proof of (i): Set p = maxLﬁ(I_l, oI M). Let Yi,...,Yp be a se-
quence in | Jj_, /; such that y{, ..., Y}, is a maximal weak-(FC)-sequence in Ui_, Ii of M
with respect to U, where y| the initial form of yx in A (k = 1,..., p). By Definition 2.1,
X1, Y1, - -+, ¥p is a maximal weak-(FC)-sequence in U?=1 I; of M with respect to U. Thus

p+1<maxLy(ly,...,I;; M)
or p<maxLy(ly,..., I;; M) — 1. By Lemma 2.6 (iv),
{=maxLy(Iy,...,Is; M).

Hence

maxLﬁ(I_l,...,I_s;M) =maxLy(ly,...,I;; M) —1

iff max L7(I1, ..., I;; M) = € — 1. This condition is equivalent to the existence of elements
X2, ..., x¢ € iy I; such that %2, ..., X, is a weak-(FC)-sequence in | J{_; I; of M with
respect to U, where 1, . . ., x¢ are the initial forms of x5, ..., x; in A, respectively. It is clear
that x1, x3, . .., x¢ is a weak-(FC)-sequence in Ule I; of M with respect to U.

The proof of (ii): Denote by p the length of maximal weak-(FC)-sequences in [
of M with respect to (J,7). By Lemma 2.7, p = £. On the other hand, we have
¢ =max Ly (Iy, ..., I;; M) by Lemma 2.6 (iv). Hence

p=maxLy(ly,...,I;; M).
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The proof of (iii): By Lemma 2.6 (iv), we have

¢=maxLy(li,...,I;; M)and ¢’ = max Lz (11, ..., I;; M) .
Since
max Ly (Iy, ..., Iy M) =max Ly (I, ..., I;; M) — 1,

we get ' =€ — 1. [ ]

3. Mixed Multiplicities of Multi-graded Fiber cones

Using the results on weak-(FC)-sequences of modules in Section 2, this section answers
to the question when mixed multiplicities of multi-graded fiber cones are positive and charac-
terizes them in terms of the length of modules.

If we assign the degree —1 to the zero polynomial then we have the following proposi-
tion.

PROPOSITION 3.1. Let J be an m-primary ideal and 11, . .., I; arbitrary ideals. Set
I=1 - I,

"M ..M
¢ = dim (.. ng) =l ).
<§ mI"M) flm «) A(JI{“---I;“M)

Then f(ni, ..., nyg) is a polynomial of degree £ — 1 for all large ny, . . ., ng.

PROOF. If I is contained in ~/AnnM then the analytic spread of [/ is zero and
f(ny1,n, ..., ng) is the zero polynomial for all large ny, na, ..., ny. Hence, the degree of
this polynomial is —1 = 0 — 1. So the proposition is true. The case that I is not con-
tained in ~/AnnM. By Theorem 4.1 [HHRT], f(ni,...,ny) is a polynomial for all suffi-
ciently large ny, ..., ns. Moreover, all monomials of highest degree in this polynomial have
non-negative coefficients. Denote this polynomial by P(ny,...,ns). We will prove that
deg P(ny,...,ns) = £ — 1. Set Q(n) = P(n,...,n). Itis clear that deg P(ny,...,ng) =
deg Q(n). We have

o) = P( g (MM (1M
n)=~Pn,...,n)=lx JI - 1M — M\ urm

for all sufficiently large n. Thus

, "M . "M
deg Q(n) = dlm(@ “nM>—1 = dlm<@ mlnM>—1 =0-—1.

n=0 n=0
Hence deg P(ny,...,ns) =€ — 1. [ |
REMARK 3.2. If set ¢ = dim(@n>0 ng{;%) then by Proposition 3.1,

( Jﬂ]{ll ---I:SM
A J

m) is a polynomial of degree ¢ — 1 for all large n, ny, ..., ng. One writes
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the terms of total degree ¢ — 1 in this polynomial in the form

nkOnkl e nks
Z eA(J[k()"rl] I[kl] I[kq] M) 1 B
B YT ST N
ko+ki+-+ks = g—1 ’
then ey (J o+, Il[kl], e IS[kS]; M) is called the mixed multiplicity of M with respect to

(J, I, ..., L) [Ve2] and [HHRT]. Since
L JU LM _1, JU LM
Jrpt M JIt M)’
it follows that E j(J ko], Il[k]], e ISU“]; M) = ey (Jkot1, Il[k]], e IS[kS]; M) for all non-

negative integers ko, k1, . . ., ks such that ko+k1+- - -+k; = g—1. This equality proves that the
mixed multiplicity is a particular case of the mixed multiplicity of multi-graded fiber cones.

So E;(1 l[d‘], cee, Is[d‘]; M) is not only an important object in computing the multiplicity of
multi-graded fiber cones but also a generalized object of mixed multiplicities.

Next, we need the following proposition.

PROPOSITION 3.3. Let J be an m-primary ideal and 11, . . ., I ideals such that I =

11 - - - I is not contained in ~AnnM. Set U = (J, I, ..., I;) and £ = dim( n>0 n{;%w)

Assume that x| € I; is a weak-(FC)-element of M with respect to U for some j. Set M* =

OM 755> M = M /x1M. Denote by P(ny,...,ns) and Q(ny,...,ns) the polynomials such

that
P( ) =1 Ik M o ) =1 WM
ni,...,Ng) = _ ), Ny, ..., lg) = — =
! CSEM\TI M : VUM

or all large ny, . .., ng. Then the following statements hold.
11 Then the followi hold.
i Q@y,...,ng)=Pny,....,nj,...,ns) — P(ny,...,nj; —1,...,n).
(i) If there exist x3,...,x¢ € A such that x1,...,x¢ is a weak-(FC)-sequence in
Ui_ i of M with respect to U, then

degQ(ny,...,ns) =degP(ny,...,ng) — 1.

Gii) IFE; (Y, . 1) M) £ 0and d; > 0, then
deg Q(ny,...,ns) =deg P(ny,...,ns) — 1.
. aut M
PROOF. Set N ZOM I and M = W
The proof of (i): It is clear that M~ ~ —2__ We have

1A< M )—1A< I LM+ (M oz I) )
JI LM JIP - LM A (i Mz %)
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_ ( I LM+ x M+ N
T M A (T M 0 M+ N) (M ;1)

( I M+ x M+ N
T TIT M A M AN+ I MO M T%))

By Artin-Rees Lemma, Ilnl LM (M o 1) C x M for all sufficiently large
ni,...,ns. Thus

<11"'...1;“M*) <1{“...1;“M+x1M+N>
) \T M M+ N

1 < I "M+ N
= A _]11"1...[S"SM+(x1M+N)ﬂ(I?1"'IsnsM+N)
1 " I"M+N )
JI{"...[;’SMer]I{"...If’ l~~I§’SM+N

_ <11’”...1;“M+N
I M AN

J]{“...[;’SM+x111'"...1}’,’-/*1...[;’SM_|_N
_IA( n Ty
JI - ISM A+ N

11"' c IS M
=\ Ty
T M

nj

! ( ahtl
s _
I LM+ Ny I - 17 - LM+ N)
xlll”l...[

j
]1"'...15”SM*
=la\ s
JO M
VLM N )

_zA( .
JI - LM+ N O ---1}” o IM + N)((x1M + N)

ISM4N )

nj

nj

IR xllln]“'lj _1"‘IsnsM+N
=IA<W)—1A( n ' i—1 n >
AR xl]}}'...]},/ o IgM+ N

l<11n1”.15nsM*) l(xl[i“...[j c I M
= A — -
iy ) X1J11n1"'1;1j_1"'1snsM*
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for all large ny, ..., ns. Since x; is a weak-(FC)-element, x; is a non-zero-divisor in M*.
This follows that
xllf]'ulf"_loulf*"M* Ifl...l;?f_l...ls’“M*
(0 ey
xl]]f”...]},f e I M J]l'”...]jf e I M

From these facts, we get
I (1{”"1;’%*) ; <1{’"~1;“M*) I (’f’""’fj_lwls’“M*>
o)~ o) PR A A
for all large ny, ..., ns. It is clear that

; <1{”...1;“M* )_l < Il”l...ls’“MJrN)
A JI]nlISnSM* = lA Jllnllg:M_i_N

; eIt M
CA\TIT M A I IPMAON )

By Artin-Rees Lemma, Iln1 . IS"SMﬂ N = 0for all large ny, . .., ng. Thus

[?1...1;’51\/[* ]i’l...[S”SM
lA n ng ZZA n ng
JI' - I M JI' - I M

for all large n1, .. ., ny. Using the result just obtained, we also have
l Ay 7] _, ne M
A(JI{” ~«I§’SW)_ A(JII"I---IS"SM*)
for all sufficiently large ny, ..., ny. Therefore
l ( 0. M )—l < e )_l ( [fl...lj’,’./*l,..lg:M )
o) ) T e T e
for all large n1, ..., ny. Hence

Omy,...,nj,...,ng) =Pmny,....,n;,...,ng) — P(ny,...,n; —1,...,n5).
J j j

The proof of (ii): Set A = A/(x1),J = JA,m = mA,[; = ;Aforalli =1,...,s
and U = (f, I,..., I_S). Denote by Ly (11, ..., Iy; M) the set of lengths of maximal weak-
(FC)-sequences in Ule I; of M with respect to U and Lﬁ(l_h ..., Iy; M) the set of lengths
of maximal weak-(FC)-sequences in | J}_, I; of M with respect to U. By Proposition 2.9 (i),

maxLﬁ(I_l,...,I_S;ﬁ) =maxLy(ly,...,Is;; M) —1.
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Set ' = dim(@D, > 7). By Lemma 2.6(iv), we have

mi"M

max L (I, ..., I;; M) = ¢ and max Ly (14, ..., I;; M) = L.
Thus ¢’ = £ — 1. By Proposition 3.1,
deg P(ny,...,ng) =€ —1and deg Q(ny,...,n;) =€ — 1.
Hence
degQ(ny,...,ns) =deg P(ny,...,ng) — 1.
The proof of (iii): By (i),

OWmi,...,nj,...,ng) =Pny,...,nj,...,ng) — P(ny,...,nj; —1,...,ng).
Since E; (11, ..., 11%); M) # 0 and d; > 0,
deg Q(ny,...,ng) =deg P(ny,...,ng) — 1. [ |

The following lemma makes up an important role in the proof of our second main result.

LEMMA 3.4. LetJ beanm-primaryidealand 11, ..., I ideals such that I = I - - - I
"M
is not contained in ~AnnM. SetU = (J, Iy, ..., I;) and £ = dim(@n>0 mI—”M) Then the
following statements hold.
(1) Assume that Ej (Il[d'], e, Ij[.dj], e, IS[dS]; M) # 0and dj > O for some j. Then
for any weak-(FC)-element x € 1 of M with respect to U, we have
Esaf, 01y = By T ) My
G If Ej(]l[dl], ...,Is[d‘]; M) # 0 and x1,...,x¢—1 is a weak-(FC)-sequence in
Ule I; of M with respect to U consisting of dy elements of 11, ..., ds elements
of I, then
N
[d1] ).y — g, [ LM
E;(;"", ... 1 ,M)_IA( _>
s s JI"M
U M
for large n, where M = (CRTE T
PROOF. The proof of (i): Set M’ = M/xM. Denote by P(ny,...,ns) and
Q(ny, ..., ny) the polynomials such that
11"'...];’SM 11"'...15”:]\/1’
Pny,...,ng) =g\ ————+—), Ny ..o fg) =gl ————
(ny 5) A(JI{”~»I§“M> Q(ny s) A<JI{,,'.'[;,SM/)
for all large ny, .. ., ns. By Proposition 3.3(i) and (iii), we have

Omy,...,nj,...,ng) =Pny,...,n;,...,ng) — P(ny,...,n;j —1,...,n5)
J j j
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and deg Q(ny,...,ng) = deg P(ny, ..., ng) — 1. Consequently,

Eg(® 1 vy = B 1Ty
The proof of (ii): By (i) and the proof of (i), we have
Eya 10 1O = By T M) # 0
nensM . .
and lA(m) is a polynomial of degree O for all large niy,...,ns;. Conse-
1 s
quently EJ(I[O] [[0] I,[O]'M) = IA(M> for all large n; n By
f 1 s jore s J];llmlsnsﬁ s ey g,
taking ny = --- = ny = n, where n is a sufficiently large integer, we obtain
0 0 0]. 77 i
EJ(II[ ],...,I][ ],...,IS[ ]; M) ZIA(JIMMM>' Hence
N
[d1] AT M)
E; (77, [ M) =1 ——
J( 1 s ) A(JI"M
for all large n. |

Let / be an ideal of A. Denote by r = r(/; M) the reduction number of / with respect to
M. The vanishing and non-vanishing of mixed multiplicities of multi-graded fiber cones and
determining them in terms of the length of modules are showed by the following theorem.

THEOREM 3.5. Let J be an m-primary ideal and I, ..., I ideals such that I =
I - - - I is not contained in ~AnnM. Set U = (J, I, ..., 1) and £ = dim(@n>0 n‘{;—”MM)
Then the following statements hold.

@) EJ(Il[d]], R IS[dS]; M) # 0 if and only if there exists a weak-(FC)-sequence

X1,y ..., X0—1 In Ule I; of M with respect to U consisting of dy elements of
Ii,...,ds elements of Iy and L3;(I) = 1, where M = m, L) =

: "M
dlm(@n>0 mlnﬁ)'

(i) Suppose that E](Il[dll, e, IS[dS]; M) # 0. Let x1,...,x¢i—1 be a weak-(FC)-

sequence in | Ji_, I; of M with respect to U consisting of dy elements of I, . . ., dg

¥V M A A T A T- M
elements of I5. Set M = CTETE L A= CTRNETEE I =1Aandr =r(I; M).
Then

E,q g gy g (MG X DM T
Lot o JI"M + (x1, ..., x0— )M : I®

foralln >r.

PROOF. The proof of (i): We first prove the necessity. The proof is by induction on
£ > 1. For £ = 1, the result is trivial. Suppose that the result has been proved for £ — 1 > 1.
As the next step, we claim that the result is true for £. Since d| + - -+ +dy = £ — 1 > 0, there
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exists 1 < j < s such thatd; > 0. By Lemma 2.4, there exists a weak-(FC)-element x; € /;
of M with respectto U. Set

A=A/x1), M =M/xiM, J =JA, m'=wmA", [[=LA (=1,..,5s),
I'=1A", U =0U1,....1).

By Lemma 3.4(i), we have

d [d;-1] d [d;]
E;af, 0T My = By L1 My £ 0.
It is clear that
Ep i, gl ey = gl TNy

) ] 1]' 9.

So EJ/(I{[dl],...,I.;.[dﬁl],...,l‘;[dﬂ;M’) # 0. Denote by P(ni,...,ns) and
Q(ny, ..., ny) the polynomials such that

P - M o - 0 M
N, ...,Ng) = _ ], N,...,Ng) = _
! D= T M ! VI Ry VT

for all large ny,...,ns. By Proposition 3.1, deg P(ny,...,ns) = £ — 1. Since
E; (Il[d‘], e IS[dS]; M) # 0 and d; > 0, applying Proposition 3.3(iii) we have
deg Q(ny,...,ng) =degP(ny,...,ng)—1l=L-1)—-1=¢£-2.

On the other hand, if set ¢ = dim(@ "M ) then by Proposition 3.1,

n>0 mI"mM
deg Q(ny,...,ng) = £ — 1. Thus
0 =degQny,....,ng) +1=L—-2)+1=0—-1.

By the inductive assumption applied to £’ = £ — 1 > 1, there exist x7, ..., x¢—] consisting of
dy elementsof I1,...,d;—1elementsof /;, ..., ds elements of I, such thatxé, o xéfl isa
weak-(FC)-sequence in | J;_; I/ of M with respect to U" and £3;7(I") = 1, where x; the im-
ageof g in A’ (k=2,...,6—1), M" = W and £y (I') = dim(@n>0 %)
Set

M

M= —-
(X1, ..., xe—1)M

It is clear that M” ~ M and L37(I) = £y (I"). Hence £5;(I) = 1 and x1,x2,...,x¢—1
is a weak-(FC)-sequence in | J;_, I; of M with respect to U consisting of d; elements of

I,...,djelementsof [}, ..., ds elements of I;.
We turn to the proof of sufficiency. The result is proved by induction on ¢ > 1. For
ny . gns
£ =1,itimplies thatd; = --- =dy =0 and l4 (;}nl%) is a polynomial of degree O for
1 s
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all large ny, ..., ns. Thus

Inl---I(lSM

d 0 R

Ej(]l[ ]],...,IS[dS];M) = Ej(]l[],... I[O] M) (—Jlnl Sns )
[1 "'Is M

for all large ny, ..., ns. Since I Q ~AnnM lA( Il”f‘;l);ﬁ 0 for all ny, ..., ns. Hence
E; (Il[dll, . IS[dS]; M) # 0. The result is true for £ = 1. Assume that the result is true for
£ —1 > 1. As the next step, we show that the result is true for £. Let xq, ..., xg—1 be a weak-

(FC)-sequence in Ule I; of M with respect to U consisting of d; elements of Iy, ..., ds

elements of I; and ¢5;7(/) = 1. Then I Q 1/Ann/g(ﬁ), where A = A/(x1, ..., X0—1), I =
IA. By Lemma 2.4, there exists x; € Ule I; such that x, is a weak-(FC)-element in Ule I;
of M with respect to (J, 1, ..., Iy), where X, the image of x, in A, J =JA,I; = I; A for
i=1,...,5.Since £ — 1 > 1, there exists 1 < j < s suchthatd; > 0and x; € /;. Set

A'=A/x1), M =M/x M, J =JA, w=mA", [[=LAG(=1,...,s),
I/nM/
/ / / .
n=0

Denote by P(ny,...,ns) and Q(ny, ..., ng) the polynomials such that

P( yo (LM =g (LD
Nly...,Ng) = B F Nly...,Ng) = —_
: S N Y] : S NSV

for all large 1, . . ., ny. By Proposition 3.1, we have
degQ(ny,...,ns) =€ —1land deg P(ny,...,n5) =€ —1.

Note that x1, ..., x; is a weak-(FC)-sequence in Ule I; of M with respect to U. By
Proposition 3.3,

Omiy,...,nj,...,ng) =Pmy,...,nj,...,ng) — P(ny,...,nj—1,...,ng)
anddeg Q(ny,...,ns) =deg P(ny,...,ns) — 1. Sothat ¢’ = £ — 1 and

d 141
E;ai,

19 My = By, T e
=Eﬂﬁwlquw”l””g%LM,
By the inductive assumption applied to ¢’ = € — 1 > 1, it follows that

Ep{ gt om0,

Hence E](Il[d‘], el IS[dS]; M) £ 0.
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The proof of (ii): Set £* = dim(@n>0 ﬁl;"M) J=JA I, =LA

i=1,....,9)M = . By Lemma 3.4 (ii),

M
(X1seees Xg— ) M

lA(—Pj—M—>= lA( I"M_): EJ(Il[d]], co I My £ 0
JI"M JI'"M '

for large n. Therefore, I=1--- I_S g \/Annj (M). By Lemma 2.4, for any 1 < j < s there

exists an element x¢ € I; such that x, (the initial form of x, in A) is a weak-(FC)-element in

I_j of M with respect to (j, I, ..., I_S). Then x1, ..., x¢ is a weak-(FC)-sequence in Ule I;
of M with respect to U. Applying Proposition 2.9, we have

C=t—(—-1)=1.

By Lemma 2.8, there exists a weak-(FC)-element x € I of M with respect to (j , 1) such that
(x) is a minimal reduction of I with respect to M and r = r(y(I; M). Therefore I"M =
X"~ "M for all n > r. It follows that

I"M* =x""I"M"
forall n > r. Itis easy to see that

1 (iﬂM* )—z ( "M )
i) \TiM + "M N0y 1))

By Artin-Rees Lemma, "M ((Oy7 : [®) = {037} for all large n. Thus

"M "M "M
ZA _ —x ZIA R — ZZA pr—
JI'"M JI"M JI'"M

for all large n. From these facts and by Lemma 3.4(ii), we have

"M nM"
E;(l™ 1) vy = 1A<—_>= lA(ﬁ)
JI'"M JI"M
for all large n. It is clear that /4 (%): N (%) for all » > r. Since x is a non-

zero-divisor in M s

XTI MT I'm"
lA(ﬁ>= lA(ﬁ)
x"rJIrmM JI'"M

forall n > r. Thus ZA(__;*> IA(J_I_MM )foralln r. Hence

7o)~

"M )—l ( I"M + (x1,...,x0—1)M : I*® )
JI"

n
[d1] 5. 1y —
EsCy oo ds ’M)_ZA< JI"M + (x1, ..., xe_)M : I®

for all n > r. The proof of Theorem 3.5 is complete. ]
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In the case where 11, ..., I; are m-primary ideals, it is easy to see that £ = d. By
combining Lemma 2.5 and Theorem 3.5(i), we get the following result.

COROLLARY 3.6. Let J, I,..., I be m-primary ideals and dy, . . ., d; non-negative
integers such that dy + - - - + ds = d — 1. Then the following statements hold.
G) E;al 14 my £ o.
(i) Let xi,...,x4—1 be a weak-(FC)-sequence in | Ji_, I; of M with respect to
J, 11, ..., Iy) consisting of dy elements of I, ...,ds elements of I;. Set A =
A i:[A,M:%andr:r(l_;ﬁ).Then

(X15eesXd—1)° (X1,

I"M + (x1,...,xq—1)M : I*®
E,(Il[d'],...,ls[dS];M)=1A( + (x1 d-1) )

JI"M + (x1, ..., xg—1)M : [

foralln >r.
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