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Abstract. The aim of this paper is to extend the domain of polygamma function from the set of complex
numbers to the set of bicomplex numbers. We also discuss integral representation, recurrence relation, multiplication
formula and reflection formula for this function.

1. Introduction, Definitions and Preliminaries

Corrado Segre published a paper [10] in 1892, in which he studied an infinite set of
algebras whose elements, he called bicomplex numbers, tricomplex,..., n-complex numbers.
The algebras of quarternions and bicomplex numbers were developed by making use of so
called complex pairs. The work of Segre remained unnoticed for almost a century. But
recently mathematicians have started taking interest in the subject and a new theory of special
functions has started coming up.

Recently G. Baley Price [7] and Roénn [9] have developed the bicomplex algebra and
function theory while Rochon [8] has devel oped a bicomplex Riemann zetafunction. Recently
we have extended the domain of Hurwitz zeta function, Gamma and Beta functions from the
set of complex numbers to the set of bicomplex numbers [4], [5]. Motivated by this, in this
paper we study the Polygamma function whose domain isthe set of bicomplex numbers. Also
we discuss integral representation, recurrence relation, multiplication formula and reflection
formulafor this function.

1.1. TheBicomplex Number.
DEFINITION 1. Thebicomplex number  is defined as follows[8]
w =a+ bi1+ cip +dir.ip, (a,b,c,d eR), D
(wherei2 = i3 = —1).
It can be written as

w = (a + biy) + (c +diy)iz, (a,b,c,d € R), 2
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or
w=2z1+z22i2, (z21,22€C), 3
wherez1 = a + biy and z2 = ¢ + di1 and C isthe set of complex humbers.
Let C, denotes the set of bicomplex numbers, then
Cz = {a+bi1 +cip+diriz:i?=i5=—-1, a,b,c,d € R}. (4)
Let w = z1 + z2i2 € Cy. Then w is non-invertible iff
#4+25=0=z21+2201=0 or z1—z2i1=0. (5)
The set of non-invertible elementsin C; is denoted by 0.

1.2. Bicomplex Analysis. (a) Thebicomplex functions of interest are holomorphic
functions and characterized by the fact that they are differentiable. It is possible to define
differentiability of afunction at a point of C; [8]:

DEFINITION 2. LetUbeanopensetof Coandw, € U. Thenf : U C C; — Cp

is said to be Co-differentiable at w, with derivative equal to f'(w,) € Ca, (with (w — w,)
invertible) if

lim JS(w) — fwy)

w—w, w— w,

= f/(wo) (6)

exists.

We shall say that the function f is holomorphic on an open set U iff f is Cop-
differentiable at each point of U.

DEFINITION 3. ([8]). LetUbeanopensetand f : U € Co — Cy. Also suppose that
f(z1 4 z2i2) = fi1(z1, 22) + i2f2(z1, z2). Then f is T-holomorphic on U iff f1 and f> are
holomorphic in U and satisfy

A Ly 0

= nu. @)
021 022 021 972

Equations (7) are known as complexified Cauchy-Riemann (C-R) equations and thefunc-
tion fissaidtobeinclassTH(U), (U < Cy) of holomorphic functions.

(b) The bicomplex integration of a bicomplex function ¢(w) = ¢1(z1,22) +
i2¢2(z1, z2) is defined as a line integral, that is evaluated with respect to some four-
dimensional curve H in C,. More specifically, the bicomplex integration (see, e.g. Ronn [9])
is defined as

| = / $(@) ®@dw, do=(dz1,dz2) (8)
H
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where H is a piecewise continuously differentiable curvein C, and has the parametric equa-
tionH : P = P(t), P(t) = (a(t), b(1)),forr <r < s and H can be taken as a curve made
up of two component curvesy; and y2 inCyi.e. H = (y1, y2). Thus

1 =/ dlo®)]® &' (t) ®dt. 9)

1.3. Theldempotent Basis. Every Bicomplex number w = z1 + z2i2 hasthe follow-
ing unique idempotent representation

w = 71 + 22i2 = (21 — z2i1)e1 + (z1 + z2i1)e2, (10)

wheree1 = (1 +i1.i2)/2, e2 = (1 —i1.i2)/2.
This representation is very useful because addition, multiplication and division can be
done term by term.

DEFINITION 4. A C CyissaidtobeaCy-cartesian set determined by A;, Ao C C, if
A= A1 x¢ Ap = {21+ 22i2 € Cp 1 21 + 2212 = wie1 + woep, (w1, w2) € A1 X A}

Obvioudly if A1, Ao C C, then A1 x, A2 € Co. Thusif w € Cy isinthe form w =
wie1 + woez and also if w = z1 + z2i2, then

w1 =z1— 221, w2=21+ 2201, (11)

1= (w1+w2)/2, z2=(w1—wi1/2. (12)
The results contained in the following Lemmas will & so be required in the sequel.

LEmMmmA 1. If fo; : A1 - Cypand f,, : A — C are holomorphic (analytic) functions
in C on the domains A1 and A respectively, Then the function f : A1 x, A2 — Cy defined
as

21+ z202) = fe (21 — 22i1)e1 + fe,(z1 + 22i1)e2 (13)
Vz1 + z2i2 € A1 X, Az, is T-holomorphic on the domain A1 x, A2 C Ca.
LEMMA 2. If fo, : A1 — Cand f,, : A2 — C areholomorphic functionsin C on the
domains A1 and A respectively, Then we can define a function f : A1 x, Ao — Cp as
f(@) = fey(w1)e1+ fe,(w2)e2 (14)

wherew = wie1 +wrer = dw = (dwi)e1 + (dwr)eaV w € A1 x. A2 € Co. Now we have

/H flw)@dw = { fer(@1) ® dwl}el + { fer(@2) ® da)z}ez (15)
v

V2

whereH : w = w(t), () = w1(t)er + wa(t)ex forr <t <.

1.4. Polygamma Function. A special function whichis given by the (n + 1)" deriv-
ative of the logarithm of the gamma function is called the Polygamma function and is denoted
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by ¥ (2) (see, eg. [2], [6])

n+1

d
Yn(z) = In[I"(z)]

dzn+l
_ d" I''(z)
~dz" I'(2)

dl’l
= Yo(z),n >0
dz"

where ¥(z) is Digamma function.

Also, Polygamma functionis related to Hurwitz Zetafunction ¢ (s, a) as

> 1
1(2) = (=1)"T1n - -
Yu(z) = (=1)""n ;:0: (Z + k) +t

=(=D)"cmn+1,2).
The polygamma function obeys the recurrence relation
Y+ D = ¥u(2) + (=D"nlz "1,
the reflection formula
Yn(L—2) + (=" () = (—D”ﬂ%COt(ﬂz) :

and the multiplication formula

1 m—1 k
Yu(mz) = Spolnm + o an (Z+ Z) ,
k=0

where §,,,, is Kronecker delta.

(16)

17

(18)

(19)

(20)

The Euler Mascheroni constant is a special value of the Digamma function o (z) given

by
y=-TI"(1) =—vyod).

The Polygamma function may be represented in integral form as

= dt
o= [

which holds for Re(z) > 0.
The Taylor seriesat z = 11is
k

- n+k+1 <
Yz + 1) =k§0(—1) e (n+ R+ + D)

(21)

(22)

(23)
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which converges for |z] < 1. Here ¢(n) is the Riemann zeta function. This series can be
derived easily from the corresponding Taylor series for the Hurwitz zeta function.

The Polygamma functions are analytic everywhere in the complex plane except for the
poles (of order n+1) at all non-positive integers. The residues at these poles are al given by
(=)t p1.

2. Bicomplex Polygamma Functions

DEFINITION 5. Letn € N, w = z1+2z2i2 € Cp. Then bicomplex polygammafunction
Y, () is defined by

Yn(@) = (=1 nlc(n + 1, w)

n+1 (24)

d |
= m[ NI’ (w)]

(m 4+ w) ¢ O2,m € NU {0} and O3 isthe set of non-invertible elementsin Co.
Thisdefinition iswell justified by the following
THEOREM 2. Letw =1z1+ z2i2 € Co,m+w &€ O2,m € NU {0}. Then

00 o
1 1
prler = L:o (21— 2201 + "+ 1! kgo (e1 + z2i1 + b1 (25

= V(21 — z2i1)e1 + V¥u (21 + z2i1)€2.
PROOF. By the definition of Bicomplex Hurwitz Zeta function [4], we have

m+1w)=¢m+1, z1—z22i1)e1 +¢(n+ 1, z1 + 22i1)e2

= ; e1+ y €.
kZ:o (z1 — z2i1 + k)" +t kX:(:) (z1 + z2i1 + k)" +1

Thus

D" Mlcin+1, 0) = (1" nlc(n + 1, 71 — z2i1)en
+ (D" Mule(n + 1, 21 + z2in)er (27)

= Y, (z1 — z2i1)e1 + ¥y (21 + z2i1)e2 .

Further, using (16) in (27), we get
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n+1 dn+1

Yn(w) = W”ﬂYZl — zzi1)]e1 + IN[I"(z1 + z2i1)]e2

d(z1 + z2i)" 1

dn+l dn+l
= e1+ e
<d(z1 — i)™ T d(zg + z2i) L 2) (28)
x (I{I"(z1 — zoi1)er + I'(z1 + z2i1)e2})
n+1

d .
= ol @]  (using 5, p.136, (30)) .

2.1. Domain of Bicomplex Polygamma Functions. If O2 is set of non-invertible
elementsasin (5) in C2, we extend thedomain of v, (w) ontheset Co/{—m+ 02}, m € NU{0}
asfollows:

We know from definition of Polygamma function that it has poles of order (n + 1) with
residue (—1)"*1n! when

(z1 — z2i1) = —m Or (21 + z2i1) = —m, m € NU {0}
combining above and using (25), we get poles of bicomplex polygamma function for
wef{—m+ 02}, meNU{0}. (29)

LEmMmA 3. Bicomplex Polygamma functions are T-holomorphic on Co/{—m + O3},
m € N U {0}.

Proor. We define C, cartesian set

A= A1 x, A2 = {w=2z1+ 27202 € Co: 21 + 2202 (30)

= wie1 + w2e2, w1, w2 # (—m), (w1, w2) € A1 X Az}.

Let usdefine f., : A1 — C, fo,(x) = ¥ (x) and fe, : A2 — C, fo,(x) = ¥, (x). Then
thefunction f : A1 x, A2 — Caisdefined by f(w) = ¥, (w),Y @ € A1 X, A>.

Now sincethe function v, (x) isanalyticin C onthe domains A1 and A respectively, by
definition (25) and Lemma 1, we find that v, (w) is T-holomorphic onthedomain A1 x, A2 C
Co.

REMARK. Letwg e {—m + 02} thenforw & {—m + 02}
wlLrg)o [¥n ()| = 00. (31)
Hencethe domain C,/{—m + O3} isthe best possible.

2.2. Integral Representation. Integral representation for bicomplex Polygamma
function is given by

e~ ® p
Y (w) = / 17_5 Rdp (32)
H — e
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provided that Re(z1) > [Im(z2)]. Where w = z1 + i2z2 € Cp, p = p1e1 + pae2 € Co,
p1, p2 € R, and H = (y1, ¥2), y1 = y1(p1) and y2 = y2(p2).

PROOF. Therepresentation given by (32) isjustified since by using (22) and Lemma2,
we have

e P Q p" 00 e*(zl*i112)l’1p’i 00 e*(z1+i1zz)pzpr2l
——— ®dp= —d + ———=d
/H 1—er O /o T—emm % /0 1—ere P2 (3

= V(21 — i122)e1 + Yu(z1 + i122)e2 = Yy (w) .

Also, by the condition for the integral representation (22) for Polygamma function, we
have

Re(z1 —i1z2) > 0 and Re(z1 +i1z2) > 0
Letz1 = o1 + r1i1 and zo = 02 + i1, 01, 02, 11, t2 € R. Then

o1+ >0ando;—1r >0

=o01>0and —o1 < <01

= Re(z1) > 0 and |Im(z2)| < Re(z1) . (34)

2.3. Recurrencerelation. Recurrence relation for Polygamma function is given by
Ya(@+ 1) = Y (@) + (=1)"nlo” "D (35)
ProoOF. By therecurrence relation (18) and the result (25), we have
Vn(w+ 1) = Yn(z1 — z2i1 + De1r + ¥n(z1 + z2i1 + Dez
= {Yn(21 — 22i1)e1 + Y (21 + 22i1)e2} (36)
+ (=1)"n[(z1 — z2i1) " Per + (21 + z2i) " ea] .
Hence using (25), we get (35).

2.4. Réeflection formula and Multiplication formula. Using (19), (20) and (25), we
have the Reflection formulafor bicomplex Polygamma function given by

n

d
V(1 — ) + (=1 (w) = (-1)"n

T cot(rw) , (37)
and multiplication formula given by
1= k
wn(ma))=8,10|nm+wk2c:)1ﬁn (a)+z>. (38)

ACKNOWLEDGEMENT. The author is thankful to Council of Scientific and In-
dustrial Research, India for providing financial assistance under research scheme No.



530 RITU GOYAL

9/149(294)/2K2/ EMR-1. Also she is thankful to Prof. S.P. Goyal, Department of mathe-
matics, University of Rajasthan, Jaipur, for hiskind and able guidance during the preparation
of this paper.

References

[1] ADEsI V.B.and ZERBINI S., Analytic continuation of the Hurwitz zeta function with physical application, J.
Math. Phys. 43 (2002), 3759-3765.

[2] ARFKEN, G., Digammaand Polygamma Functions in Mathematical Methods for Physicists, 3rd ed. Orlando,
FL: Academic Press, 1985, 549-555.

[3] ERDELYI, A. et d., Higher Transdendental Functions-I, McGraw-Hill, New York, 1953.

[4] GovAaL S.P.and GoyAL R., On bicomplex Hurwitz Zeta function, South East Asian J. Math. Math. Sci. (To
appear).

[5] GovAL S.P, MATHUR T. and GoYAL R., Bicomplex Gamma and Beta functions, J. Rgj. Acad. Phy. Sci., 5
(1) (2006), 131-142.

[6] GRossMAN, N., Polygammafunctions of arbitrary order, SIAM J. Math. Anal., 7 (1976), 366-372.

[7] PRrice G.B., AnIntroduction to Multicomplex Spaces and Functions, Marcel Dekker, New York, 1991.

[8] RocHON D., A bicomplex Riemann zeta function, Tokyo J. Math. 27 (2004), 357-369.

[9] RONN S., Bicomplex algebraand function theory, Preprint: http://arXiv.org/abs/math/0101200v1.

[10] SEGRE C., Le rappresentazioni reali delle forme complesse e gli enti iperalgebrici, Math. Ann. 40 (1892),
413-467.

Present Address:

DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF RAJASTHAN,
JAIPUR-302004, INDIA.

e-mail: ritugoyal_1980@yahoo.co.in



