MYHILL'S THEORY OF COMBINATORIAL FUNCTIONS

J.C.E. DEKKER

Abstract. This is an expository account of the theory of

combinatorial functions introduced by J. Myhill in 1958.

§1. Introduction. The English logician John Myhill (1923-1987)

introduced certain functions which he called combinatorial [3]. He used
these functions to study recursive equivalence types, but we conjecture that
many logicians will find these functions of interest apart from their use in
recursion theory. This is an expository account of some of Myhill's work.
Combinatorial functions can have any finite number n of variables, but the

mcst important cases are n =1 and n = 2. We shall therefore restrict

our attention to these two cases.

We write € for the set of all nonnegative integers and e* for the
set of all integers. Our starting point is the following theorem which is a
special case of Newton's approximation theorem.

THEOREM T1. For every function f:€ —¢ thefe is exactly omne
function c:e-9€* such that

n i
(1) f(n) = ) ci{i} s namely the function
i=0

(2) c, = AE(0) = [Aif(n)]n_____o : where Af(n) = £(n+l) - £(n).
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The function c: related to f(n) by (1) or equivalently by (2) is

the function associated with f(n) .

AR

ILLUSTRATION. Let f£(n) = a©, where a €€, a>0. Then
M(n) = (a-1)f(n), ¢, = A£(0) = (a-1)" .

In particular, if a=2, f(n) = 2N

and Cs =1. We see therefore that the

function associated with one of the most important functions of

combinatorics, namely 2" is extremely simple: it is identically one.
THEOREM Tl*. For every function f:eg —> € there is exactly one

%
function c:ez-—é € such that

m n miin
(3) fm,n) = ¥ ) c. (i) lk] , namely the function
: ik
i=0 k=0
ik [,k

Am f(m,n) = f(m+l,n) - f(m,n), An f(m,n) = f(m,n+1) - f(m,n).

The function Csx related to f(m,n) by (3) or equivalently by (4)

is the function associated with £(m,n) .

ILLUSTRATIONS. We are especially interested in functions from 82

into € for which the associated functions only assume values 20, e.g.,

ah
m n
(A) m+tn =1 ¢ (1) + 1 ¢ (1}', where €91 = €10 = 1, Cix = 0, otherwise,
m] [n |
(B) men=1 '\lj{l} ; where €1 = 1, Cix = 0, otherwise,
(m+n) ! m| (n m|(n} m||n
(C) = \0J{0) + (1J{1) + ... + (2f{&) ,

m'n!

where £ = min(m,n), Cig = 1, for i = Kk, Ciy = 0, otherwise.



SUMMARY. We shall give set-theoretic characterizations of the
functions f(n), f(m,n) and their associated functions Cis iy in case

€i» C;p Only assume values 20.

§2. Notations and terminology. Let a subcollection of € be called

a set and a collection of sets a class. We write o for the empty set, Q

e

for the class of all finite sets, |o| for the cardinality of a , C for

inclusion and C;_ for proper inclusion. For sets o,B8,Y,3,

(o,B) # (Y,8) means: a# yor B # 0,
(¢,B) C (v,8) means: o Cy & BCSH,

(@,B) C, (v,6) means: (a,B) C (v,8) & (a,B) # (Y,6)

We need a function which maps ez one-to-one onto €. For this

purpose we use the function

joy) = ZOEH) oy

For every n € € there is exactly one ordered pair (x,y) with j(x,y) = n.
The functions k(n) and 2(n) are therefore well-defined by the identity
jk(m),2Mm)) =n.

We also need an effective enumeration without repetitions of the
class Q of all finite sets. For this purpose we use the enumeration

po,pl,..., where



Pp = ©a

'(al,...,ai), where 315.+.,3; are the
P = , for n > 1 .
n % i

| distinct numbers such that n = 2 “+...+2

Let r_ Ipnl , then r_ is an effectively computable function of n. We

put \)n={xee|x<n}, for n€e. Thus vy=o0 and v = (0,...,n-1),

for n > 0. A mapping from Q into Q or from Q2 into Q 1is called an

operator.

L )

DEFINITION. An operator ¢

from Q into Q is numerical, if |a] = |B| = |e(@) ]| = |®(B)] ,
from Q2 into Q is numeric_'f_l, if |a| = |v] & |B] = |8] = |¢(a,B)]| = |2(y, )|

DEFINITION. For a numerical operator ¢

from Q into Q, fg(n) = |¢(vn)| = the function induced by & ,

from Q2 into Q, fq)(m,n) = |<I>(\)m,\)n)| = the function induced by ¢ .

§3. Combinatorial operators. We shall introduce two special types

of numerical operators, namely the combinatorial operators and the dispersive
ones. They are poles apart, but intimately related.

DEFINITION. A numerical operator ¢:Q — Q is combinatorial, if

for ¢ = U{®(a)|a € Q}, there is a mapping © 1:9° —» Q such that
xEo() & i) Ca, for x € 9%, a €Q .

: 2 : : : .
A numerical operator ¢:Q — Q 1is combinatorial, if for

o = U {¢(a,B) |a,B € Q}, there is a mapping <I>'1:<I>E———-> Q2 such that

x € 0(a,B) & ¢ (x) C (a,B) , for x € ¢, (a,B) € Q° .



Both in the one-variable case and the two-variable case, ¢ is

called a quasi-inverse of ¢ . It is not an ordinary inverse, since (i) ¢

need not be one-to-one and (ii) while ¢ maps Q into Q or Q2 into Q,

1

the domain of & ~ is a set of nonnegative integers.

DEFINITION. A function f(n) [or f(m,n)] 1is combinatorial, if it

is induced by some combinatorial operator from Q into Q [or from Q2 into
Q] .

ILLUSTRATIONS. (A) Let &(a) = {x € elpxc o}, then & maps Q
into Q and |o| =n =>|®(a)| = 2". Thus & 4is a numerical operator

n

which induces the function f(n) = 2 Also, ¢ = ¢ and

x € ¥(a)&p Ca, for x € &°

hence dfl(_x) =0, for x € o° , is a quasi-inyerse of ¢ . We have proved
that ¢ 1is a combinatorial operator and f£f(n) = 2™ a combinatorial function.
(B) Let &(a,B) = {2xE€ e|x€a}U{2x+1 € e|x € B} , then ¢ maps Q2

into Q@ and

lo| =m & |B] = n = |#(a,B)| =m + n .

Thus- ¢ is a numerical operator which induces the function f(m,n) = m+n.,

Note that ¢ = €. For xé@e,

x € ¢(a,B) & [x evené?z(-Ea] v [x odd a-’-‘:i-l—ee]

Put o
[—2-], ol , if x 1is even,
q)-l(x) =$
[o{?f-‘z;-l-” if x is odd ,




then 31 is a quasi-inverse of ¢ . We have proved that ¢ 1is a
combinatorial operator and f(m,n) = m+n a combinatorial function.

(C) Let ¢(a,B) = j(axpB), then ¢ maps Q2 into Q and

la| =m & [B] =n = [®(c,B)| =men.

Thus ¢ is a numerical operator which induces the function f(m,n) = men.

Also, o€ = ¢ and

j(x,y) €0(0,B) &= j(x,y) €j(0XB) &> xEaby€EPB

& (x,m)C @8 .
Substitution of k(n) for x and £&(n) for y yields
n€0(a,8 & (km), (2m)) C (8 .

Hence ¢ has a quasi-inverse. We proved that ¢ is a combinatorial

operator and f(m,n) = men a combinatorial function.

(D) Let ¢(a,B) = {j(x,y) € E:lpx Caéd Py, CB&r = ry} , then
lal = |v| & |B] = |8] = |®(a,B)]| = |®(Y,8)] .

Thus ¢ is a numerical operator. Note that

€

¢~ = {j (x,y) € e:lrx = i‘y} = {n € Elrk(n) = rl(n)} ,

j(x,Y) € 0(c,B) &= p, Ca & p CBED [p,0 ) C (B,

since the condition r = ry holds for all j(x,y) € ¢ . Hence

n E @(0., 8) <-'='_""> (pk(n)’pi(n)] C (a, B) ’ for n E ‘be .



I

- ( ,
Thus ¢ 1(n) = lpk(n)’pl(n)] for n & ot , 1s a quasi-inverse of ¢. We

proved that ¢ 1is a combinatorial operator. Also,

fplmm) = |ofv, v ]| = I{J (x,y) Eelp, Cv &p CV &7, = ry}.
2
= ’iL-:Jo {J'(x,y) €elp, Cv, & Py &V, &1, =Ty = i} ’

where & = min (m,n) . It follows that

)
f¢(m,n) = §0|{j(x,y) € E:IpxC Vm & py Cvn & r = ry = i}

) - - ) - o).

n
I ™10

We proved that (m+n)!/m!n! is a combinatorial function.

THEOREM T2. For a combinatorial operator ¢ of one variable,
aCB=9%(a) CoHRB) , for a,B €Q .
PROOF. Let <I>"1 be a quasi-inverse of ¢. Assume o C B, then

x €Ed(0) => ¢ 1(x) Ca
L =01 (x)C B =>x € 5(B) .

a C B,

COROLLARY. Every combinatorial function of one variable is monotone
increasing.

PROOF. For a combinatorial operator ¢ of one variable,

m<n=> Vo C\)n -—-———><I>(\)m) C <I>(vn)

<

= lcb(vm)

0(v)) | = £4(m) 5 £y(m) .



This corollary tells us that some of the simplest functions of combinatorics
are not combinatorial. Let e.g., f(t) = (i} . Then f(t) 1is not monotone
increasing, hence not combinatorial (i.e., in the sense of Myhill).

*
THEOREM T2 . For a combinatorial operator & of two variables,

(0,8) C (Y,8) => &(a,B) C &(Y,8) , for (0,8), (1,8 € Q° .

The proof is similar to that of T2. As a corollary we now obtain the
statement that a combinatorial function of two variables is monotone
n
increasing in each variable. Thus (k} is not a combinatorial function of two

variables (i.e., in the sense of Myhill).

If & is a combinatorial operator we define

<I>o(oa) = ®(a) - U{‘P(Y) IY C, a} , for o €Q .

We claim that for a combinatorial operator ¢,

(5) 0 (a) = {x = <I>€|<I>_1(x) = a} , for a € Q ,
(6) <I>'1(x) =ﬂ{a € Q|x = <I>(oc)} ) for x E<I>€ ,
(7) ® uniquely determines its quasi-inverse and vice versa.

Re (5). X EQ (o) &>x E () § x & U{@(y) ly c, a}
& x € 9(a) & (Vy) [Y C,a=>x ¢ <I>(Y)]
& ' Cas (VY [Y C, o = not {Q'I(X) - Y}]
& ') =a.

Re (6). For xE@E,

10



cb‘lcx) = ﬂ{a € Qlcb"l(x) C a} , since <1>‘1(x) €Q,
= ﬂ{a €qQ|x € @(a)} .
Re (7). ¢ uniquely determines & © by (6). Moreover,
®(a) = {x € o%|x Eé(a)} = {x €<I>€|<I>°1(x) COL} s

hence &1 uniquely determines &.
The definition of @o and the relations (5), (6), (7) can be

generalized to operators of two variables.

84. Dispersive operators. We now define a second type of numerical

operator.

DEFINITION. A numerical operator VY:Q—> Q is dispersive, if it

maps distinct sets onto disjoint sets, 1.e., if
a#F B = YW@((Y¥(B) =0 .

A numerical operator W:Qz——ebQ is dispersive, if

(a,B) # (v,08) == ¥(a,B) N ¥(y,8) = o .

We do not call a function c¢ from € into € dispersive, if it is
induced by some dispersive operator of one variable. For let c¢ be any

function from € 1into €. Define

Y(a) = {j(X,Y) € €|px =a §y< cr(x)} , for a € Q, then

r =i= ¥Y(a) ={j(x,y)E€le a&y<ci}==> ¥ (o) | =Cs

X

11



hence VY

a # B

implies that VY(a)

is a numerical operator which induces the function c.

and Y(B)

Moreover,

are disjoint, hence Y is dispersive.

Thus every function from € into € would be dispersive.

§5. The natural one-to-one correspondence.

THEOREM T3.

There is a natural one-to-one correspondence between

the family of all combinatorial operators of one variable and the family of

all dispersive operators of one variable.

6 (0) = ¢(a) - U{@(v)lv C, a} ,
by () = U{\Pm Iy C a} :
Moreover, [@W)o =Y.
THEOREM T4. A function
f(n) = ;:l cim
i=0

is combinatorial

iff (Vi) [ci > O] . If f

is combinatorial, f

It can be described as follows:

if ¢ is combinatorial,

if Y is dispersive.

is induced

by the combinatorial operator ¢ and c¢ by the dispersive operator ¢o ,

where

¢ (a)
¢ (a)

We shall

{J’(x,y) E'EIpxC a &y < cr(x)} ;

{J’(x,y) Eelp, =agyc< Cr(x)} .

prove a part of T4, namely:

12
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11

f(n) =

n
Cs (1) & (Vi) [ci 2 0] =) f(n) combinatorial.
i

i~

0

For assume the hypothesis. If |a| = n we have

¢(0)

l{j (x,y) € elpxc a§y < cr(x)}

O

i=0

{J’(x,y) EelpxCa §r, =1 &y< ci}

"
I >3

‘ {5(X,}’) Eelp, Cagr =i &y<ci}
i=0

n
Since |a| = n, the condition pxC:a & r, = i 1is satisfied by (i} values

of x; also, y < C: holds for Cs values of y . Hence

ci(?} = f(n)

|o(0) | =
1=0

1

I ~~>3

Thus ¢ is a numerical operator which induces f . Moreover,
s ‘ : €
jx,y) €E¢(a) &= p,Ca, for j(x,y) € ¢,

neq>(a)é==>pk(n)ca, for n € &° .

Hence ¢ is a combinatorial operator and f a combinatorial function.

For the complete proofs of T3 and T4 see [2, P12, P13 and P20]. We
now state the two-variable analogues of T3 and T4.

THEOREM TS*. There is a natural one-to-one correspondence between
the family of all combinatorial operators of two variables and the family of

all dispersive operators of two variables. It can be described as follows:

13



¢, (@, B)

¢(a,B) - Lj{@(y,d)I(Y,G) C; (a,B)} , if ¢ is combinatorial,

QW(Q,B) L){W(Y,G)I(Y,G) C:(a,B)} , if ¥ is dispersive.

Moreover, (¢W) =Y.
o

In the next theorem we need a function which maps 53 one-to-one

onto €. The function j.,(x,y,z) = j[i(x,yY),z] is such a function.
3

THEOREM T4*. A function

m n [m][n]
f(m,n) = ) ) cip \i) Lk
~ i=0 k=0

is combinatorial iff (Vi)(Vk)[eik > 0] . If £ 1is combinatorial, f is
induced by the combinatorial operator ¢ and c¢ by the dispersive operator

@0, where

(0, B) = {j3(x,y,2) Eelp, Cad pyCBE& 2 cr(x),r(y)} ,

<I>o(a,8) = {j3(X,}’,Z) € €|px =0 § py =B &z < cr(x),r(y)} .

§6. Interpretation of the function C;. Suppose

n n
f(n) = 2 ci [i] ’ where (Vl) [C- 2 0]
i=0 1
and f(n) can be defined conceptually, say as IFnI , for some family Fn

of entities associated with a finite set of cardinality n, say a. Then

c; can be interpreted as the contribution to f(n) made by each i-element

14
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subset of a. If for example, f£f(n) = 2" so that f(n) is the number of
subsets of an n-element set o, each i-element subset of o with
0 <i<n contributes ci==1 element to f(n) . We now discuss two more

examples of this type, namely:

(A) f(n) = n! # of permutations of an n-set,

np

(B) f£f(n)

# of functions from a p-set into an n-set.

In order to associate numerical operators with the functions f and c we
use appropriate Godel numberings of the entities under consideration.

Re (A). & = the family of all permutations of €,

m=1{x€elpx) #x}, P ={peflmpeq.

The family @9 consists therefore of all permutations of € which leave
almost all elements of € fixed. It is readily seen that there is an
effectively computable function pm(x) of two variables such that .(f) is
enumerated without repetitions in the sequence po(x), pl(x),... of

functions from € into €. Define

<I>(a)={m€el1rpmc:a}, for c €Q,

then |a| = n implies |®(a)| = n! Hence & is a numerical operator which
induces the function f£(n) = n! Note that 0% =€ and that & l(m) = mp_
is a quasi-inverse of ®. Hence ¢ is a combinatorial operator and n! a

combinatorial function. Using (5) we see that

c. =-

ffeein o)

# of derangements (permutations without fixed points) of Vs

&, (V)

15



Henceforth we write di for the number of derangements of an i-set.

Thus

n n)
(8) n! = ) di[i :

i=0

Relation (8) reflects the fact that every permutation p of an n-set, say
o, 1is characterized by a derangement of some subset of 0, namely the set
of all nonfixed points of p.

Re (B). Let Xr = (xl,...,xr), for r > 1 and
J1(x9) = x5 35(x05%5) = J(x0,%5), o (Xpyq) = J[Jr(xr), xr+1] :

For every r > 1 the function jr maps e’ one-to-one onto €. Thus the

functions kl (m),.. .,kr(m) are well-defined by the identity

jr[kl(m)""’kr(m)] =m .

Define m = (1,...,p) and for a €Q ,
P(A) = 3 (XageoesX ) |XyyeeesX a} , hence
(@) {Jp( ) ) 1% €
d(a) = {xlkl(x),...,kp(x) Ea} .
Thus |a| = n implies |®(a)| = nP, hence ¢ is a numerical operator which
induces the function nP . Also, o% = ¢ and for x € o ,

x €%(d) & [kl(x),...,kp(x)] Ca.

Thus ¢ has a quasi-inverse, namely <I>'1(x) = {kl(x),...,kp(x)] . It follows

that ¢ is a combinatorial operator and nP a combinatorial function of n ’

16



15

for every p >0 (also for p=0, since n®=1). Using (5) we see that

{x € el[kl(_x),...,kp(x)) = "i}l

# of surjective functions from 7 into 7

¢°(vi)

Henceforth we write su(i,p) for the number of functions from
onto v, , i.e., from a p-set onto an 1i-set. Thus

n
(9) nP = ¥ su(i,p) U

i

N1

0

Relation (9) reflects the fact that every function f from a p-set into an

n-set, say o, is a function from that p-set onto some subset of a,

namely the range of f.

The well-known formulas for di and su(i,p) , namely

i
(10) d, =i! ) (-1)

t 1
T4
i 20 t!

ot () aor,

(11) su(i,p) =
t

1 e L

0

readily follow from formula (2) of section 1. For let Ef(n) denote the
function f(n+l) of n and If(n) the function f(n) itself. Write
l1 for I,then E -1=A. If we substitute

[¢) gt o1y

. i
(E-1t= )
=0

t

for A' in (2), we obtain

17
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-1t {i) £(i-t)
0

(12) c, =

Il g

t

Taking c; = di and f(n) = n! in (12) yields (10), while taking

c; = su(i,p) and £(n) = n® in (12) yields (11).

§7. Composition. Let f(n) and g(n) be combinatorial functions,

say,

c, (?) , g(n) =

0 i

(13) f(n) =

N s
I i~~13

i

where ci,di 20, for 1 20. Then c; + di 20, for 1 2 0, hence the
function f(n) + g(n) is also combinatorial. We now consider the foliowing

two questions:
(A) 1Is the function f(n) ¢g(n) combinatorial?

(B) Is the function f(g(n)) combinatorial?

The answer to each question is 'Yes." Combinatorial operators enable us to

prove this without the algebraic complications which arise from substitution
involving the expressions listed in (13). Let the functions f(n) and g(n)
be induced by the combinatorial operators ¢ and Y respectively. Suppose

-1 and W'l are the respective quasi-inverses of ¢ and VY.

¢
Re (A). Put x(o) = j[®(a) X ¥(a)], for a €Q. We claim that

for a,B €Q,

(i) x(@®€Q,
(ii) o] = (8] == |x@] = |x(® ],
(1i1) £, (n) = £(m) + g(n) ,

18



17

(iv) X has a quasi-inverse.

Statements (i)-(iii) are almost immediate. As far as (iv) 1is concerned, we
observe that xe = j[@e X ‘i’e] , Since each side is a subset of the other side.
In the proof that the right side is included in the left side we use the fact
that if k(x) € ¢(a¢) and L(x) € Y(B) , then k(x) € ¢(a UB) and

2(x) € Y(a UB) by T2. Define

X-l(X) = ‘P-l[k(x)] u vl [2(x)] , for x € x°, then
x €XE = k(x) € 0% § 2(x) € ¥¢ =
v lkmleqe vy inmlieq= xm €eq.

Thus )("1 is a well-defined mapping from x® into Q. Moreover, for

xEXE and o EQ’
x €X() &= k(x) € ¢(a) &§ A(x) € V(o) &=
k)] Ca g Vi ICoe=xx) Ca .

This completes the proof of (iv) and thereby of the affirmative answer to (A).

Re (B). Put x(a) = ¢¥(a) , for o €Q. We claim that for a,B €Q,

(i) x() €Q,
(i1) |a| = [B] = |x(@ ]| = Ix® | ,
(1ii) fx(n) = fg(n) ,

(iv) X has a quasi-inverse.

Statements (i) and (ii) are immediate, while (iii) follows from

Yol =em = ¥ = (00, )] = fam) = £,(n) .

19
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As far as (iv) is concerned, we note that
£ -1 . -1 €
xE€Y => ¢ "(x) defined § & "(x) C Y™ .

For assume the hypothesis, say x € 0¥(a) , where o« €Q. Then & (x) is

defined and & '(x) C ¥(a) , hence & (x) C¥®. Define

x 1 x) = U{\P'l(y) ly € <1>"1cx)} : for x € x%, then
we have for x exe and o €Q,

x Ex(a) & x E V() & <1>"1’(,x) C¥(a) &

(Yy) [y evlx) = yE ‘P(a)]

& (Yy) [Y €0l (x) = ‘P—I(YJ C OL]

s x’l(x) Ca.

This completes the proof of (iv) and thereby of the affirmative answer to (B).

We mention another theorem of this type: 1if f(m,n) 1is a
combinatorial function of two variables and g(m),h(n) are combinatorial
functions of one variable, then f[g(m),h(n)] is a combinatorial function
of two variables. All these theorems are special cases of a general theorem
[S, Prop. (6.4), p. 381] which deals with the composition of combinatorial

functions of any number of variables.

20
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