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EXISTENCE OF POSITIVE SOLUTION FOR A SEMI
POSITONE RADIAL p-LAPLACIAN SYSTEM

EDER MARINHO MARTINS

ABSTRACT. In this paper, we prove, for A and p large,
the existence of a positive solution for the semi-positone
elliptic system

—Apu = dw(z)f(v) inQ,
(P) — Agqv = pp(z)g(u) in Q,

(u,v) = (0,0) on 99,
where Q@ = B1(0) = {z € RN : |z| < 1}, and, for
m > 1, An denotes the m-Laplacian operator p,q > 1.
The weight functions w, p: € — R are radial, continuous,
nonnegative and not identically null, and the non-linearities
f.g: [0,00) — R are continuous functions such that f(t),
g(t) > —o. The result presented extends, for the radial case,
some results in the literature [9, 10]. In particular, we do
not impose any monotonic condition on f or g. The result

is obtained as an application of the Schauder fixed point
theorem and the maximum principle.

1. The system studied. Consider the boundary value problem

—Apu = dw(z)f(v) inQ,
(P) —Ayv = pp(x)g(u) in Q,

(u,v) = (0,0) on 01,
where Q = B1(0) = {z € RN : |z| < 1}, A,,, m > 1, denotes the
m-Laplacian operator p,q > 1. The weight functions w, p: @ — R

are continuous, nonnegative and not identically nulls, and the non-
linearities f,g: [0,00) — R are continuous functions such that

(HO) there exists a o > 0 such that f(v),g(u) > —o;
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(H1) limyyeo f(t) = lims oo g(t) = 005

(H2) lim fY =D (Cg(t)t/a-1)

t—o00 t

= 0 for every C > 0.

An example of functions which satisfy (H0), (H1) and (H2) is given
by f(t) = t*—o and g(t) = t# —0, where ¢ > 0 and a3 < (p—1)(g—1).

For a given non negative continuous function, and not identically
null h: Q — R and m > 1, let ¢, be the only solution of

(11) —Ajpu=h(z) inQ,
u=0 on 0,

where m > 1. Observe that, by the maximum principle, ¢, 5(z) > 0
for all x € Q.

With the above hypothesis, we establish, for A and p large, the
following result.

Theorem 1.1. Suppose that

(i) f,9 : [0,400) — R are continuous nonlinearities satisfying
(HO), (H1) and (H2);

(ii) the weight functions w, p: Q& — R are radial, continuous,
nonnegative and not identically nulls in §2.

Then, problem (P) has at least a nontrivial and positive solution (u,v) €
Che(Q) x C1*(Q), 0 < a < 1, for X\ and u large. In addition,

LY
AEDZ 6 e < [[ullee < Chlldplloo

and
L/< 1)~ _
1/(q n—— ¢q, oo §N1/(q 1)9(C>\||¢p,w||00>1/(q 1)¢q,p7

where Cy is a large constant which depends only upon A\, and L is a
constant which depends upon p, q, w, p and Q.

We do not impose sign conditions in f(0) or ¢(0), and f and g
are not necessarily monotonic. The semi-positone case is considered
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to be a very challenging problem for partial differential equations
(for more details regarding semi-positone problems, see [2] and the
references therein). The main result is obtained as an application of
the Schauder fixed point theorem. For completeness, we present the
following theorem [5, Proof].

Theorem 1.2 (Schauder fixed point theorem). Let T : X — X be a
completely continuous operator, where X is a Banach space. If K C X
is a nonempty convezx, bounded, closed set, and T(K) C K, then T has
at least one fixed point in K.

The main motivation for this paper was the research of Dalmasso [4]
and Hai and Shivaji [9]. In [4], problem (P) was considered, where € is
a bounded and smooth domain, under the assumptions that p = ¢ = 2,
w=p=1and A = u. The nonlinearities f and g are non negatives, at
least continuous if N = 1, and locally Holder continuous with exponent
B € (0;1] if N > 2, as well as non-decreasing functions. The main
strategy used was a representation formula via the Green function and
the Schauder fixed point theorem. Hai and Shivaji, where p = g = 2 [9],
extended the study of [4] to the semi positone case without assuming
monotonic conditions on f and g. In [10], Hai and Shivaji considered
system (P) when p = ¢, w = p and A\ = p, and f and g are also
considered to be continuously differentiable and satisfy (H1) in addition
to

(1.2) lim F(Mg(z)V/(P=1)

I P =0 for every M > 0.
r—+o00 €T

The authors have dealt with the semi positone case; however, f and g
should be monotonic functions. Their approach was based on the sub
and supersolution methods. In [6], Hai dealt with system (P) when
p, ¢ > 1,w = p =1, and the nonlinearities f and g are positives, that is,
the semi-positone case is not considered, continuous, and nondecreasing
in [0, +00), g(z) > 0 for > 0, and
lim sup FY =D (eg/a=1) () e
z—0t x

fl/(pfl) (691/(,1,1) ()

lim inf =0.
T—00 €T
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Maximum principle and fixed point arguments were applied to guar-
antee the existence of the solution when the nonlinearities are possibly
singular at 0.

Chhetri, Hai and Shivaji [3] proved the existence of a radial solution
when p = ¢, A = p large and € is an annulus. For a general bounded
region (), a non-existence result was presented for the case where
f(0) <0, g(0) < 0 and small A.

The case A = u =1, f and g non-negatives, was also considered by
Martins and Ferreira [12] when f and g have local behavior. The result
was obtained when there exist positive constants 0 < § < M such that

(2) 0< f(v) <k MP1, 0 < g(u) < kM7 iE 0 <y v < M;
(b) f(v) > kovP~1if 0 <w <45

where constants k1 and ke depend only upon w, p and 2. No conditions
at oo were imposed, but the semi-positone case was not considered.

In this paper, besides considering the semi-positone case, we do not
impose any monotonic conditions on f and g. Our strategy is to apply
the Schauder fixed point theorem.

2. Existence result proof. In this section, we present the proof of
Theorem 1.1 for the radial case:

Q=DB(0)={z cRY : |z| < 1},

where the weight functions are radials. In this manner, an existence
result is proven for the system

_(TN—lwp(
(PB) 7(7‘N711/1q(
(u,v) = (0,0

u'(r))) = A lw(r) f(u(r)) in By(0),

(r) = pr¥ " p(r)g(u(r))  in Bi(0),
) on 0B(0),

v

where 1, (t) = [t|™2t.

For m > 1, let m’ be the conjugate of m, that is, 1/m + 1/m’ = 1.
It is easy to see that (u,v) is a pair of radial solutions of (Pp) if, and
only if, (u,v) is a fixed point of

T: C(Bl,R) — C(Bl,R),
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given by
(2.1) T(u,v) = (T1(u,v), Ta(u,v)),
where
1wt =30 [ ([ (2) st as)an
and

T (utr), 0) = 00 [y ([ 0 (;)Nlms)g(u(s» ds ) b

T

It is well known that, in the radial case, the function that solves
(1.1) is given by

Grn(r) = /Tl Yo (/06 (Z)Nlh(s) ds> do.

Observe that ¢, 5 is positive and decreasing for r € [0, 1].

For m > 1 and a continuous, non negative and radial function
h:B1(0) = R, let 7, 5, € (0,1) be chosen such that

Tm,h 0 s N—-1
(2.2) / p 1/Jm/ </0 (0> h(s) d5> do > gf)m,h(Tm’h) > 0.

We also define

(2.3)
m—1
Lon= ( 2¢m/(0)¢m,w(7-m,h) ) <0
TN b (fy (5/0)N "V h(s) ds) dB — G n(im 1)
(2.4) L =max{Lp.,Lq,}
and
(2.5)
1/(p—1) 1/(q—1)
() () = (WD 0, e B 0),

The next lemma is required for the proof of Theorem 1.1 in the radial
case.
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Lemma 2.1. Let G and H be such that

o= ([ (3) corownas)w
_ Ll/;p*l) /Tl w,,/</06 (;)le(s) ds) 4

e = ([ (2) ontutnas) a
L) oo

Then, there exists a pair (A*, u*) > (0,0) such that

and

G(u,v)(r), H(u,v)(r) = 0,

for every (u,v) > (u,0) and (A1) > (\*, ).

Proof. We present the proof for G, although the proof of H may
be obtained using the same method. In order to simplify notation, we
denote 7, by 7, and divide the proof into two cases.

Case (i). 7 € [0,7/2). In this case, we have

2o = [ ([ 9 <;>N_1w(8)f(v(8))d8> a0
(] ) )
-~ [Tu( 6 (;)N_lw@)f(v(s»ds)
_ %%/ (/09 <;)N1w(5) ds) d
N
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Since ¢, 1, is a positive and decreasing function, it follows that, for
all r € [0,7/2), we have

. LY/(a=1) LY/ T
) = 0 2 e B, (2) 50

A
v(r) > v(r) > ,ul/(q 1)T¢q79(7/2) > 0.

By (H1), there exists a p; > 0 large enough such that g > p; implies
that f(v(s)) > L for all s € [0,7/2). Then, in (2.6), we can write

e G = [ Ty, ( / (;)N_lw@ ds)
- %%’ (/00 (Z)N_lw(s) ds) df
+/Tl Uy ( /06 ( N_lw(S)f(v(S))ds>
- g%/ (/00 (Z)le(s) ds> d.

SYRYY

Since r € [0,7/2), we can write

LU 7 0 7o\ N1
(2.9) T/ W(/0 <;) w(s)ds) do
L1 7 0 g\ N1
> 2/7/2 zpp,</0 (9) w(s) ds> do.

On the other hand, by (HO0), it follows that
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210 [ e ([ 0 (Z)le(S)f(v(S)) is) df
> o) [ ([ 0 (;)N_lwcs) is) .
Applying (29) and (2.10) to (28), we have
o= [ ([(3) woas)a
~two) | gy ([ 9 (;)le@ is) a9

LY/ (-1
2 ¢p,w(7-);

this allows us to write

a0 > ZE ([ ([ (3) weras)an-o.0)

— Yy (0)Ppw(T) = 0.

Case (ii). r € [7/2,1]. Since

Lo [ () woornar) o

1 6
= / e“—N)/(P—%p/( / sN—1w<s)f<v<s>>ds> o,
r 0

we can rewrite G as

Go)(r) = / LNy, ( / N () () ds) o

LY/ (p—1)
- 2 ¢paw (T)
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(2.11)

1
G(v)(r)z/ 9(1—N)/(p—1)1/,p,

([ oo [ ;valw@ oty i) i

11/(-1)
).
Define
1 1
U/ sN_lw(s)ds+(L/2p_1)/ sN"Yw(s) ds
(2.12) €= 72 0 > 0.

T/2
/ sN1w(s) ds
0

As in Case (i), by (H1), there exists a pz > 0 such that f(v(s)) > C
for every pu > ps and s € [0,7/2]. Then,

T/2 /2
(2.13) /0 sVl (s) f(v(s)) ds > C/O sNw(s) ds.

By (HO), (2.11) and (2.13), we have

(2.14) Gv)(r) > /1 (9(1—N)/(p—1)¢p,

. (/OT/QSN—IW(S)C ds — a/; Nh(s) ds)) d

LY/ (1)
— T bualr)

On the other hand, since

6 1
/ sN71lw(s)ds < / sN71w(s) ds
T/2 T/2

and

1 T/2 0
Dpo(r) :/ 0(1_N)/(p_1)1/}p/ (/ sN_lw(s) ds+/ SN_lw(s) ds) do,
r 0

T/2
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we have

1 1
(2.15) Gpw(r) < / gL/ (=L, (/0 sNlw(s) ds) do

Then, using (2.11), (2.15) and (HO), it follows that

1 /2 1
G(v)(r) 2/9(1_N)/(p_1)1j)p/ << /sN_lw(s)C ds—a/sN_lw(s) ds)) db
r 0 T/2
1 1
LY/ (=1
— 5 /G(I_N)/(p_l)'(/)p/ </SN_1W(S) d8> d9.
r 0
Then, from (2.12), we have G(v)(r) > 0 for all r € [7/2,1]. O

Proof of Theorem 1.2. According to Lemma 2.1, it follows that

(Tl (u’ ’U)(?“), T (u, 7)) (T)) > (@(T)7 Q(T))7

for every r € [0, 1] and (A, p) > (A*, p*). Define g(s) = sup,<, g(t), and
let (w,7) > (u,v) be

(2.16) (W, )(r) = (Cadp(r), u/ T VG(CA [ dpolloc) /T Vg (1)),
where C') is a constant to be chosen.

We claim that, if (u,v) < (@,?), then T'(u,v) < (@, 7). In fact, since
¢ is an increasing function and u < @, we have g(u) < (@) = g(Crdpw)-
Thus,

) =i [ ([
<o | "y ( / 9 ( )N1p<s>a<u<s>> ds) a0
< | b (/ 9 (;)Nlp@)a(cmp,w) ds) do

1 9 s N-1

< w VGl 0 [ ([[(G) o))
- 0

_ ul/(q_l)g(C,\ll%,w |m)1/(q—1)¢q,p(r) =o(r).

)N_1p<s>g<u<s>> is) a9

| »

| »
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On the other hand, v(s) < T(s) = Ml/(q—l)g(CAHquM||m/)1/(q_1)¢q’p(r)
implies that

Flo(s)) < F(u VGO bpwlloe) /T Vg, (r).
Thus,
Ty (u,v)(r)

= e [ w( / 0( )N 1 lo(s) ds ) do
o o)
v [ ()
e ”N(CAH%w||oo)1/(q_1)¢q,p) is) do

<A@ = (gt o 1>||¢>q,p [5G (Calldpallac) @)

Lo [G) o)

< AVOD U=/ ”u<z>q,p|\oog<cx||¢p,w||oo>1/<q D)6y,

According to (H2), if C\ is large enough, it is possible to obtain
T (u,v) < Cx¢pw(r). Then, [(u,v); (W, )] is invariant by T. Since
this set is bounded, closed, convex, and T is completely continuous, it
follows that T has a fixed point which is a solution of (P). O

SRV

SRV

w(s)
N—-1

w(s) f(v(s)) ds) do
N-1

w(s)

| ®»
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