ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 49, Number 1, 2019

MULTIPLICITY OF POSITIVE SOLUTIONS FOR
KIRCHHOFF TYPE PROBLEMS WITH
NONLINEAR BOUNDARY CONDITION

CHUN-YU LEI AND GAO-SHENG LIU

ABSTRACT. In this paper, we study the existence of
multiple positive solutions to problem

<a+b/(\Vu|2+\u|2)dw)(fAu+u) — Ju[tu inQ,
Q

o
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where Q C R? is a smooth bounded domain, a,b > 0, A > 0
and 1 < g < 2. Based on the Nehari manifold and variational
methods, we prove that the problem has at least two positive
solutions, and one of the solutions is a positive ground state
solution.

1. Introduction and main result. In this paper, we are mainly in-
terested in the existence of positive solutions of the following Kirchhoff-
type equation

(a + b/ (|Vul* + ul?) da:) (—Au +u) = |u|*u in Q,
o

0

g Au|?2u on 09,

ov
where € is a smooth bounded domain in R3, a,b > 0, 1 < ¢ < 2,
0/0v denotes the derivative along the outer normal and A > 0 is a real

parameter.
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It is well known that the Kirchhoff-type problem is related to the
stationary analogue of the equation
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proposed by Kirchhoff, see [4] and the references therein. There
has been much research regarding the existence and multiplicity of
positive solutions for Kirchhoff-type problems with a critical term on
a bounded domain Q C R3, and interesting results may be found in
[7, 9,10, 16, 17, 21, 24, 25, 27, 28] and the references therein. For
references to several existence results that have been obtained on the
entire space R3, some representatives may be found in [18, 19, 20, 26].
Note that the main difficulty of such a type of problem is the lack of
compactness of the Sobolev embedding.

In addition, many papers have been concerned with the Kirchhoff-
type problem on a bounded domain 2 C R? involving concave and
convex nonlinearities
(1.2)

- (a + b/ Vqu;E> Au = g(z)|[ulP"2u + A f(z)|u|?%u  in Q,
Q
u =0 on 0f,

and there are some results on the multiplicity of solutions, see [6, 5, 10,
15]. For example, in the case where 1 < ¢ < 2, 4 < p < 6, the weight
functions f,g € C(Q) with f* = max{f,0} # 0, g* = max{g,0} # 0,
based on the Nehari manifold, Chen, et al., [6] obtained two positive
solutions for (1.2) when A > 0 is small enough.

In [14], Zhang discussed the following nonlinear boundary equation

(aer/ (|Vu)|® +|ul?) d:c) (—Au+u) = Mul*?u+ f(z,u) + Q(z)u®
Q
in Q,

ou

— =0 897

ov on
and studied the critical Neumann problem of Kirchhoff-type. By using
the variational method and the concentration compactness argument,
he obtained the existence and multiplicity of nontrivial solutions. Other
Neumann problems were considered by Garcia-Azorero, et al., [11] and
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Humberto, et al., [13]. In [13], Humberto considered the problem with
a sublinear Neumann boundary condition

—Au = a(x)|[ulP~%u in Q,

ou

— = AMul" %y on 09,

ov
where 1 < ¢ < 2 < p < 00, a € C*(Q) with a € (0,1). Then,
he established a global multiplicity result for positive solutions in the
spirit of Ambrosetti, Brezis and Cerami [2] and analyzed the case where
the nonlinearity is concave using a bifurcation analysis, a comparison
principle and variational techniques.

It is well known that Ambrosetti, et al., [2] obtained two positive
solutions of (1.2) in the case of a = 1, b = 0, f(z) = g(x) = 1 and
p=06. When b > 0, f(z) = g(z) =1 and p = 6 in (1.2), it reduces
to a class of nonlocal Kirchhoff-type problems with concave-convex
nonlinearities. To the best of our knowledge, there are no results for
the multiplicity of positive solutions in this case. The reason is that,
by virtue of b > 0, the nonlocal Kirchhoff-type problem becomes more
complicated to study than the case b = 0, i.e., it is difficult to estimate
the critical value level. Thus, mainly motivated by [2, 13, 14], we
propose an interesting question for the Kirchhoff-type problem (1.1)
with a nonlinear boundary condition. Based upon [3], we provide some
multiplicity results for (1.1).

Now, our main result can be described as follows.

Theorem 1.1. Assume that a,b >0 and 1 < q < 2. Then, there exists
a A > 0 such that, for any X € (0, A\y), problem (1.1) has at least two
positive solutions, and one of the solutions is a positive ground state
solution.

This work is organized as follows. In Section 2, we present some
preliminary results. In Section 3, we give the proof of Theorem 1.1.

2. Some preliminary results. Problem (1.1) is posed in the
framework of the Sobolev space H!(Q2) with the standard norm |[Jul|? =
Jo(IVul?>+ul?) dz. In addition, we define [uf = [, [u|? dz as the norm
of the Sobolev space LP(2). Let S be the best Sobolev constant, i.e.,
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(2.1) Sinf{lu”2, ue HY(Q), u;«é()}.

|ulg
The energy functional corresponding to problem (1.1) is given by

a

b 1 A
D) = Gl + Jlall = 5 [ pottde =2 [ jufrae,

where do is the measure on the boundary.

Since I, is not bounded below on H'(2), we shall work on the Nehari
manifold

Ny = {ue HY(Q)\ {0} : (I§(u),u) = 0}.

Note that N contains all nonzero solutions of (1.1), and u € N, if and
only if

allul|? + bl —/ fuffdar — )\/ luftdo = 0.
Q o0
We split Ay into three parts:
Ny = {U €Nx: (2—q)allull® + (4 — q)bllul|* — (6 — Q)/ |ul®dx > 0}7
Q
A3 ={ue N 2= aalllP + (4= ol - 6~ ) [ Ju*as =0

},
;{u €Ny (2= qallul]® + (4 — )bllull* — (6 - q)/Q b da < 0}

Lemma 2.1. Suppose that A € (0,T}), where

_ 3\ (2—q)/4
T = 2a (a(2—q)S o
4—q 6—q 4

Then:
(i) NiF # 0
(ii) MY = 0.
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Proof.
(i) Let u € HY(Q) \ {0}, define ®, ®; € C(RT,R) by

() = at~Hul]® + b2 [ul* )\tq‘G/ lu|9do,
o0

and
Dy (t) = at_"t||u||2 - )\tq_G/ |u|?do.
le)

Then,

B (1) = —dat > [ul]? — A(g — 6)1977 /8 Julvde

and letting @/ (t) = 0, the following holds:

_[A6—9q) faQ |ul?do Ve
e dallu]/® '

Simple computation shows that ®{(t) > 0 for all 0 < t < tpax and
D (t) < 0 for all t > tiax, and P4 (¢) attains its maximum at tp,ayx, that

is,

2—q[ 4a (6—a)/(2—q) ||u|‘(2(67q))/(27q)
(bl(tmax) = i |:6—q] VICER
<)\ Jo0 |u|‘1d0>
By the Sobolev embedding theorem, the following holds
[ uttdo < cglule,
oQ
where C{ is a constant. Then, from (2.1), we obtain
D(tmax) — / lu|dx
Q
Z @l(tmax) _/ |u|6d‘r
Q

6— 2— _ _
. 2—q[ 4a (6—aq)/(2—q) ||’ILH(2(6 7))/ (2—q) _/ |u|6dm
6—q ()‘ faQ |u|qd0-)4/(27q) Q

4

_ 2—q[ 4a (6—9)/(2—q) 1 4/(2—q) Hu”2 3 . ‘u|6
4 [6—g¢ er Julg o
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_f2-q[ 4a (6-)/(2-a) , 4/(2,@33_1 ul
~ | 4 [6-¢ A\Cd 6

> 0.

The last inequality holds, provided 0 < A < Tj. It follows that there
exist two positive numbers denoted by ¢* such that 0 < t* = t*(u) <
tmax <t~ =1t (u), tTu € N and t7u € Ny .

(ii) We prove that NY = 0 for all A\ € (0,77). To the contrary,
suppose that there exists a ug # 0 such that ug € N?, and the following
hold:

22 aluol? + blluol* = / Jup iz + A / up|2dor
Q onN
and
(2.3) daluo |2 + 2b]luo|[ = A6 — q)/ o |“do.
o0

Equations (2.2) and (2.3) imply that

(2.4) A / lug|7do =
o0

On one hand, the strict inequality [lug||* > Slul§ holds for uy €

NP\ {0}. Here, it is convenient to use a parameter O, i.e., let

) [|uo]|(R(6—)/(2—a)

(fasz |UO|ng)4/(2—Q)
||uOH(2(6—Q))/(2—Q)

Cé4q)/(2*q) (| || (4a)/ (2—a)

0 = ¢t/ — lluoll°

N C(§4q)/(2—q) — Jluol|®

= lluol® — lluol®

=0.
On the other hand, by (2.4), the following holds:
|| o | 26—/ (=)

6
4 Jon laltae) 70 1)
o

0= C;lq/(2—q))\4/(2—Q)
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||u0||(2(67q))/(27q)
(/\ fag \uo\qd0)4/(2_Q)
HUO||(2(6—q))/(2—q)
(2a/4 — q)4/ 2= |jyg]|8/ (2~

< o/ /- ol

< Cla/(2=) \1/(0)

_ MHU 2 - M” &
6 — 6—q
4 g\ /20 42— g)5°

4 2— 4/(2— 2 2
S e R

(2 ) 4— 4/(2—q) 6—
< 7‘1”“0”2 Clal (20 34/ (2=a) 274 e S
- 6—g¢q 2a a(2—q)S3

<0,

a contradiction, where the last inequality holds when A < Tj. This
completes the proof of Lemma 2.1. O

Lemma 2.2. I is coercive and bounded below on N .

Proof. Suppose u € Nx. Then, by (2.1), we obtain

a b 1 A
Inw) = Sl + f||u||4 ~ 5 [ e =2 [ julvdo
Q 4 Joq

1 1
= Sl + oyl - (—) / futdo
g 6/ Jsq
a, o 4 1 1
>2 = A= = =) ou|fulj
> Sl + <l (q 6) ]

since 1 < g < 2, and it follows that Iy is coercive and bounded below
on Nj. g

We remark that, by Lemma 2.1, we have Ny = N;F UN; for all
A € (0,Ty). Due to Ny, Ny # 0 and Lemma 2.2, we may define

= inf I = inf I Y = inf Iy(u).
M BLR0 ol B D0, ey = b )

Lemma 2.3. a) < a; < 0.
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Proof. Suppose that u € N . The following holds:
6 2 4 4—q 4
d < —b
[ e < e=LaljulP + g2l
and thus,
a b 1 A
IAu:fu2+fu4—f/u6dx—f/ ul4do
() = Gl + Jlull = 5 [ jultda =2 [
1 1 1 1 1 1
= (53 Jalu 4 (5= 2ot + (5 = 5) [ rutas
2 q 4 q a 6/ Jg
a 1 9 1 1 4
< (- )elt®+ (35 ol
1 1 2—q 5 4—gq 4
S i .
+ (5= 5) (32 Zalul + 3=l
1 2 1 1
=-(1-= o< (=== )bul?
3 (1= 2 )alule+ 5 < (5 ) Jul

< 0.

Hence, from the definitions of o, and a; we can deduce that ay <
af <0. O

Lemma 2.4. For everyu € Ny, there exist ane > 0 and a continuously
differentiable function f = f(w) >0, w € HY (), |w|| < ¢, satisfying

f0)=1, fw)(u+w)eNy foralweHY(Q), |w|<e.
Proof. For u € Ny, define F : R x H(Q) — R by
F(t,w) = t2_qa/ (|V(u+w)* + Ju+w?) dx — t6_q/ |u + w|%dx
Q Q
2
+t4_qb</(|V(u+w)|2+ |u+w|2)dx) —)\/ lufdo.
Q o9
Since u € Ny, F(1,0) = 0 and
Fy(1,0) = (2 = g)afull* + (4 = @)bllul* — (6 — ¢ / Jul°dx

are easily obtained. As u # 0, by Lemma 2.1, we know that F;(1,0) #
0. Thus, we apply the implicit function theorem at the point (0, 1) and
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obtain € > 0 and a continuously differentiable function f : B(0,¢) C
H(Q) — R, satisfying that
fO)=1,  flw)>0,  flw)(utw)eN,,

for all w € H'(Q) with ||w|| < e. This completes the proof of Lem-
ma 2.4. 0

Lemma 2.5. For every u € ./\/;\_, there exist an € > 0 and a con-
tinuously differentiable function f = f(v) > 0, v € HY(Q), |lv]| < e,
satisfying that

F0)=1, f)(utv) €Ny
for allv e HY (), |lv]| <e.

Proof. The pr~00f is similar to the argument in Lemma 2.4. For
u € Ny, define F : R x H}(2) = R by

ﬁuw):ﬁﬂa/qvm+wn%+m+vﬁdm—ﬁﬂ/ﬁu+m%x
Q Q

2
-m“%(/uvw+wﬁ+m+m%¢a —A/|M%a
Q o0

Since u € Ny, we obtain that ﬁ(LO) =0 and ﬁt(l, 0) < 0. Therefore,
we can apply the implicit function theorem at the point (0,1) and
obtain the result. This completes the proof of Lemma 2.5. |

Lemma 2.6. If {u,} C N, is a minimizing sequence of I for any
© € HY(Q), then

, O n ! 7/1 O n
_ Al )III%;II+||¢H < (L (), ) < | ( )IHt; I+l

(2.5)

Proof. By Lemma 2.2, let {u,} € N\ be a minimizing sequence for
I,. Clearly, |u,| € Ny and I)(|uy|) = Ix(u,). For this reason, we
immediately assume that w, > 0 almost everywhere in ) for all n.
Then, applying Ekeland’s variational principle [8], the following holds:
(2.6)

1 1
I (u,) < ay + — Iy(v) — Ix(up) > —E”U —up|  for all v € Nj.
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Obviously, Lemma 2.2 suggests that {u,,} is bounded in H'(£2). Thus,
there exist a subsequence, still denoted {u,}, and u, in H'(Q) such
that

Up — Uy weakly in H(Q),

Uy — Us strongly in LP(€2), 1<p<6,

un(x) = us(x) almost everywhere in Q.
Let t > 0 be small enough, let ¢ € HY(Q), and set u = u,,w =

to € HY(Q) in Lemma 2.4. Hence, we get f,(t) = fn(tp) satisfying
fn(0) =1 and f,,(t)(un + te) € Nix. Note that

al|un || un||* = [ ub dx — ul do = 0.
@D alulf bt~ [ b= [ uwtde=o
Then, (2.6) implies that
(28) (17at) = 11 Junll + 252 (Dl] > T f(0) i + 10) — ]
> Ia(un) ~ D [fa(t) (e + 1)),
and
Ik(un) = L\ fn () (un + t‘P)}
L TN R

fff( ) = fat) =1 g
+T/Q(un+tgo)6dx+)\7 /m(un—i—tap) do

O, 50

5 5 Olllun* + [lun + wIQ)) (lunll* = llun + tol®)

+ / ((un +tp)® — uf) dz + é/ ((un +tp)?* — ugl) do.
6 Jq q Jon

Combining this with (2.7) and (2.8), dividing by ¢ and letting ¢t — 0,
we obtain

(O lunll + llll o

n

—FO)allunl® + £(0)]un]t + £1(0) / oS, da
Q
+AL(0) / u do — (a+ bllun )
onN

/ (Vuy, - Votu,p) d:v+/ ud dx—i—/\/ wi o do
@ Q o0
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= —f1(0) (a||un||2+b||un||4—/ ug dx—/\/ ud do)
Q oN
~ (a+ bflun?) / (Vitn - Vip + tinp) de
Q

-l-/ ud o dx + )\/ ul™ o do;
Q a0
consequently,

T (O)][Jun] +
O [ G )i
Q

—/uigod:c—/\/ ul 1ty do,
Q o0

for any ¢ € H}(Q). Since (2.9) also holds for —¢, we obtain

! 0 "
Q

—/uflgodm—)\/ ul™lpdo.
Q a0

7|fn(0)|||1;nH+lls0|| < (T (1), ) < Ifn(O)IlllzzllwL el

(2.9)

Then,

for every p € H*(Q). Thus, (2.5) holds. Moreover, Lemma 2.4 suggests
that there exists a constant C' > 0 such that |f/,(0)| < C for alln € N.
Therefore, passing to the limit as n — oo in (2.5), we get

(2.10)

(a—l—b lim Hun||2>/(Vu*-V<p+u*<p) dac—/ wopdr—\ | uwilodo =0
nTreo Q Q o0
for all ¢ € H(Q). This completes the proof of Lemma 2.6. O

Let Ssop be the best Sobolev constant for the embedding H} () <
L5(2), namely,
Jo IVul?dz

S.op= in dgl¥ A 22
> wemi@noy (f ulbdx)/3

The proof of the following concentration-compactness lemma is
standard, see [22, 23] for details.
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Lemma 2.7. Let {u,} be a sequence in H(Q), such that

Up — u weakly in H'(Q),
Uy, — u strongly in LP(§2),
Vunl3 = dp > [Vul3 + ) wide,, 1< p <,
JjeJ
[un|8 — dn = |ul8 + an(sl'j’
JjeJ

where J is an at most countable index set, 6., is the Dirac mass at x;,
and x; € §) supports u,n. Then

1/3
My Z Ssobn_j/ .

Define

A=

abSSOb + bgsgob + (bQS;lob +4aSSOb)3/2
4 24 24 '

Lemma 2.8. Assume that 1 < q < 2, and let {u,} C N, be a mini-
mizing sequence of Iy with

4— 2/(2—q) 9 q/(2—q)
a, <A-— DN/~ yhere D = (( 9) Cq> (q) .

4q a a

Then, there exists a u € H*(Q) such that u, — u in L5(Q).

Proof. Let {u,} C N, be a minimizing sequence of Iy. Then
(2.11) I\(up) — o), asn — oo.

By Lemma 2.2, it is easily obtained that {u,} is bounded in H'().
Passing to a subsequence, if necessary, there exists a u € H*({2) such
that

Up — U weakly in H(Q),
Up —> U strongly in LP(2), 1<p<6,

un(z) = u(z) almost everywhere in Q.
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Furthermore, by the concentration compactness principle, there exists
a subsequence, still denoted by {u,}, such that

V|3 = du > [Vuls+ > 16,

jeJ
[n]§ — dnp = [ul§ + > 150,
jeJ
and
1/3
(2.12) tys M5 =0, py = Ssobnj/ :

For any € > 0 small, let 9. j(z) be a smooth cut-off function centered
at x; such that 0 < ¢ ;(x) <1,

e i(x) =1 in B(xj, ;),
Ve, ()

From Hélder’s inequality, we have

/\V(we,jun)ﬁdx:/ Ve + ey V| da
Q Q

C1

C
S |un\2d17 + £ / un|vun| dJC —|—||Un||2
B(Ij,E)

€% JB(;.e) €
c3 Cq
< B unlPe + Junll? + %

(3 + 1)||un||2 + 04”“71”37

where ¢;, i = 1,2,3,4, are positive constants. Since {f(0)} and {u,}
are bounded in H{ (€2), we obtain

2Ol + [I9eunll _

lim 0,
n— oo n
so that ' (0
b e MOl + gl _

e—>0n—o0 n
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Setting ¢ = 1. ju, in (2.5) and taking ¢ — 0, the following holds:

0 = lim lim (I} (un), Ve jun)

e—>0n—o0

= lim lim {(a + bl|un|?) / (Vuy, - V(e jun) + wg,jui) dz
Q

e—+0n—o0

— / uiwajun dx — )\/ u%_lwg’j(ac)un da}
Q a0

> (a+b/9du>/ﬂws,jdu/g¢s,jdna

so that
1y = (a+ buj)p;-

By (2.12), we deduce that

(213) "732-/3 > aSsob + st'Qobnjl'/gv or m; = Hj = 0.

Let X = 77]1-/3. It follows from (2.13) that

X% > aSsob + bS2, X,

O

which means

x> beob + bQS;lob + 4aSqon
- 2 )
so that
bS3

b2 6 4 3
14 > SsobX > sob + Ssob + aSsob A K

Next, we show that

3 /72 C6 3
11 > stob + bQSsob + 4aSsob
- 2

is impossible. Therefore, the set J is empty. Assume to the contrary
that there exists some jg € J such that

3 § 3
11 > stob + bQSsob + 4a’Ssob

0 — 2 °
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From (2.1), (2.11) and Young’s inequality, we obtain

(2.14)

ay = nlirr;o I (uy)

R 1
= i {z;<un>-(auunn2+—bnunn4

n—00 4

f/ ‘un|6d$7>\/ |un|qda)}
Q o9

) )
{(G-1)a(l+ X m)+o(5-7) (1 + )

Vv
Y
=

—N
7 N
N —
|
NN,
N———

L2

B

3

o

+

(=

7 N\
NN,
|
el
N———
=2

2

S

jeJ jeJ
o) (e Sn) (G- 1) [ )
+|l5—= wdr+ ) vi| =AMl - —~ uldo
(4 6)(9 ]Ze:,] q 4 asz||
11 11\, , (1 1
=g 7)o T\ g 7)o T (g g )V

a, .9 1 1
+ Sl (3 - 1)l

11 1 1 9 1 1\ K? 2/(2—q)
(- 1)ek+ (3o (55) g,

b K3 1 K3
SK+ K2 - -3 (aK +bK? — s3> — DN/,

sob

Y

where

In the following, we claim that

a b
K+ -K?% -
TR

6S§0b B
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Indeed,
0K b K
4 6Ssob

2

a bK K?
:K —_ -

(2+ 1 65° )

sob
bsgob + b2 Ss60b + 4aS§ob

b
4 2

26285, +4aSP, + 2683, \/B7ST, + 4aS§Ob]

:K{

[

2453

sob

- K |:a 4 bQSgob + b bQSs(,Sob + 4assgob
2

B V253 + 24+ by/b2S8, + 4a530b}

=K
_ bSoy + VPS5, +4aSE,,  8a+02ST), +by/B2SE, + 4aST,
2

12abS3, + 26358, + (26253 + 8a)/b2SS | + 4aS3

{&l + 0S5, + 0V S5, + 4a5§ob]

48
_ abS3 . n bS8, n (b2S3 )+ 4a)\/b2SS | + 4aS3
4 24 24
_ abS3,  b3SS n (b?S2 ) + 4aSson) /02 S, + 4aSsob
4 24 24
=A.
With simple computation, we obtain
3
aK +bK? — KT =0
S
sob

Therefore, by (2.14), we obtain A — DA*/(2=9) <o) < A — DA?/(2-9),
This is a contradiction. Consequently, J is empty; thus,

/ugdx—> udr asn — oo,
Q Q

This completes the proof of Lemma 2.8. |
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We recall the following lemma, which plays an important role in
proving Lemma 2.10 below.

Lemma 2.9 ([3]). There exists a positive function vs € HY(Q) such

that ) )
Jo(IVos|? + [vs|?) dz

S = " "
(fg lug|2)2/2

By Lemma 3.4, we normalize vg, imposing [, lvg|? dz = 1. Then,

(2.15) S:/(|V1}5|2+|vs|2)daz.
Q

Lemma 2.10. Assume that1 < q < 2. Then there exists avs € H* ()
such that

sup I (tvg) < A — DX¥/ (=9

>0

where D is given in Lemma 2.7. In particular,

a, <A-— DN/ (2=a),

Proof. Since lim;_, 4 o, I)(tvg) = —o0, there exists a t5 > 0 such that
dI(t
(2.16) I (tyvs) =sup I\ (tyvg) and M =0.
t>0 dt t=tx

It follows from (2.16) that
(2.17) allvs||* + t3bllus||* — 5 — Atfﬁ/ vl do =0,
oN

and

(2.18)  allvs||® + 3t3bllvs||* — 5t5 — Mg — 1)t§—2/ vl do < 0.
a0
Hence, the combination of (2.17) and (2.18) implies that

(6 — @)ty > (2= g)allvs|® + (4 - @)t2bllvs]|*
> (2 —q)aS.
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Consequently,

o _ 1/4
(2.19) tA><6 an) .

On the other hand, from (2.17) and (2.19), the following holds:

allvs|? A
3 = o bl|vs]|* — el v do
A A o0

2
+blvs]|*

Then, we deduce that

9_yg 1/4 6—q 1/2 ) 1/2
(220) <6 — an> < t)\ < <QS<aS(2_q) +bS .

Set

a b
Atavs) = §1f§||vs||2 + Zt‘illvs\l4 %

Firstly, we claim that A(tcu:) < A. If we define
a b 16
h(t) = ~t*|vs|® + ~t*||lvs||* — =
(1) = S2usl? + Seosllt — &,

we see that lim_, o h(t) = —oo, h(0) = 0, and lim;_,o+ h(¢) > 0. Tt
follows that sup,sq h(t) is attained at T > 0, that is,

K ()l = aT||vs|® +bT°|vs|* — T° = 0.

Observe that
T* — allvs|* = bT?|lus||* =0,

so that

T = <b||vs||4 + VPP[los® +4a||vs||2>“2
. .
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Note that h(t) is increasing in the interval [0, T]. Then, from (2.15),
the following holds:

h(t)\vs) < h(T)
a b T
= —T?||vg||®> + - T*||vs||* — =
ST llos|® + T sl — =

a b
=12 (§hoslP + 7l

afay o, Blosll® +bllusl|*/0?[lvs[[® + 4af[vs]]?
=72 Slus? +
3 24
:abllvsHGersllvsllmJrallvs\lz\/192||vs||8+4a\|vs\|2
4 24 6
b?[lvs||®/0?[lvs[® + 4a][vs]]?
+
24
_ a’bSSOb 4 b3S§0b + (b2530b+4a550b)3/2
4 24 24
=A.

Now, we present a well-known result [1], that is, there exists a § > 0
dependent upon 2 such that

Ssob
22/N

S < — 0.

As a result, we infer that
S < Ssob-

In addition, due to a result by Azorero, et al., [3], there exists a constant
C > 0 such that
/ |vg|%do > C.
o0

Consequently, using (2.20), the following holds:

At
sup In(tvg) < A — — lvg|?do
t>0 q Joa

_ q/4
<A—C>\(2 an) )
qg \6—¢q
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For A > 0, set A = C/q((2—q)/(6—q)aS)¥*. Let —AX <
—DN\2/(2=9) e
— AN < —DXY/(7D — AN > DN\Y (279

A
A/ (2—9) <« =
= <5

A\ @-D/a
<[= .
<— A\ < (D)

Therefore, let 0 < A < A\g = (A4/D)(~9/9 we obtain that sup;>o Ia(tvs)
< A—D)N?/=9) holds for every A € (0, \g). The proof is complete. [

3. Proof of the main theorem.

Proof of Theorem 1.1. There exists a constant § > 0 such that A —
DX?/(279) > (0 when A\ < d. Set A, = min{7T1,d,\o}. Then Lemmas
2.1-2.10 hold for all 0 < A < A.. By Lemma 2.6, there exists a
minimizing sequence {u,} C N of I,. Obviously, {u,} is bounded
in H(Q), going if necessary to a subsequence, still denoted by {u,}.
There exists a uy € H'(Q) such that

Uy — Uy weakly in H'(Q),
Up —> Uy strongly in L°(2), 1<s<6,
tun(x) = uy(z) almost everywhere in €,

as n — o0o.

Now, we shall prove that u) is a positive ground state solution of
(1.1). Indeed, by Lemma 2.6, for all ¢ € H!(Q), we know that

(a—l—b lim ||un||2>/ (Vux-Vo+uryp) dm—/uigodx—)\/ wi o do = 0.
oo Q Q o0

Set lim;,—, o ||tn|| = . Then, we have

(3.1) (a+bl2) /

(Vuy-Voturp) da:—/ ul @ dr—\ wi " pdo = 0.
Q

Q o0

Taking the test function ¢ = uy in (3.1) implies that

(3.2) (a+bl2)||u)\H2—/u§dx—)\/ ul do = 0.
Q 00
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The fact that u,, € Ny implies

(“+W%”%W“P*Afﬁdx*A/ u do = 0.

aQ
Since ay < 0 < A — DA?/(2=9) by Lemma 2.8, we have
(3.3) (a+ bl*)* — / u§dr — A [ uldo=0.
Q Ely)

It follows from (3.2) and (3.3) that ||uy|| = {. This implies that u,, — uy
in H(9), and uy is a solution of (1.1). Furthermore, note that uy € Ny
and ay < 0 (by Lemma 2.3). Then, the following holds:

1 1 a b
- = qd _Z 2 4 -1
<q 6>>\/39u/\ o 3||u>\|| +712||u/\|| A(ux)

b
> Zllual? + o3l =
>0,
which implies that uy # 0. Therefore, by the strong maximum

principle, uy > 0 in . Moreover, Lemma 2.8 suggests that

(34) ) = h%m I)\(un) = I)\(”U,)\).

Next, we show that uy € ./\/'/{|r and I (uy) = a;\*‘. We claim that uy €
N5F. On the contrary, assume that uy € Ny (NY =0 for A € (0,T1)).
By Lemma 2.1, there exist positive numbers tT < t,.x < t~ = 1 such
that tTu € Ny, t7u € Ny and

ax < Ix(ttuy) < It uy) = In(uy) = ay,
a contradiction. Thus, uy € N, ; . From the definition of aj, we obtain
af < I)(uy); thus, from Lemma 2.3 and (3.4), the following holds:
I(uy) = a}\" =ay <0.
Consequently, uy is a positive ground state solution of (1.1).

In what follows, we shall verify that problem (1.1) has a second
solution vy, and vy € N, . Since Iy is also coercive on N, , applying
Ekeland’s variational principle to the minimization problem o, =
inf, - I\(v) yields a minimizing sequence {v,} C N, of I, with
the following properties:
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(i) In(vn) < ay +1/m;
(ii) In(u) > In(vy) — [Ju — vya]|/n, for all u € Ny .

Since {v, } is bounded in H*({2), passing to a subsequence, if necessary,
there exists a vy € H'(Q) such that

Up, — V) weakly in H(Q),
Up — Uy strongly in L*(£2), 1<s<6,

vn(x) = va(x) almost everywhere in €,

since n — co. Similarly, we can prove v, — vy in H*(2), and vy is a
nonnegative solution of (1.1).

Based on v, € N, , the following holds:
a(2 — q)||va|* < (6 — q) /Q vy, dz —b(4 — q)||v, | *

<6-0) | loal'ds
Q
< (6—q)S7?||vn®
such that

al2 — 3
(3.5) ol > (((26_(2)5

Note that v, — vy in H}(Q), along with (3.5), implies that vy # 0.
Therefore, from the strong maximum principle, vy > 0 in Q.

1/4
) forallvne./\/')\_.

Next, we concentrate on proving that vy € N y - It suffices to prove
that Ny is closed. Indeed, by Lemmas 2.8 and 2.10, for {v,} C Ny,
we have

: 6 7. _ 6
lim vy, dx—/vA dz.
Q Q

n— 00

From the definition of NV, the following holds:
(2 = g)allvnl® + (4 = @)bllva]* — (6 - q) /Q vy, dax < 0;
thus,

(2 = @)aloall* + (4 = @)blloall* — (6 —q) /Q v} dz <0,
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which implies that vy € NY UN; . If Ny is not closed, then we have
vy € N and, by Lemma 2.1, it follows that vy = 0. This contradicts
vy > 0. Consequently, vy € Ny . Note that Ny NNy =0, i.e., uy and
vy are different positive solutions of (1.1). O
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