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NON-LINEAR M-JORDAN TRIPLE x+DERIVATION
ON PRIME x-ALGEBRAS

A. TAGHAVI, M. NOURI, M. RAZEGHI AND V. DARVISH

ABSTRACT. Let A be a prime *-algebra and ® a X
Jordan triple derivation on A, that is, for every A, B,C € A,

‘I)(AO)\BO/\C) = (I)(A)O)\BO/\C—l—AO)\(I’(B)O)\C—i-AO)\BO)\(I)(C),

where Aoy B = AB + ABA* such that a complex scalar
Al # 0,1, and ® is additive. Moreover, if ®(I) is self-adjoint,
then ® is a *-derivation.

1. Introduction. Let R be a *ring. For A, B € R, we denote by
AoB = AB+BA* and [A, B]. = AB— BA*, the *-Jordan product and
the x-Lie product, respectively. These products have recently attracted
many authors’ attention (for example, see [2, 7, 10, 11]).

In addition, some authors have considered triple *-products of three
elements. For example, the authors in [4] considered two von Neumann
algebras A4 and B such that one of them has no central abelian
projections. Let A # —1 be a non-zero complex number, and let
® : A — B be a, not necessarily linear, bijection with ®(I) = I.
Then, @ preserves the following condition

(11) @(AOABO)\ C) :(I)(A) (oY q)(B) (Y (I)(O),
for A, B,C € A if and only if one of the following statements holds:

e )\ € R, and there exists a central projection P € A such that
®(P) is a central projection in B, ®|4p : AP — B®P(P) is a linear
*-isomorphism and ®| 4;_py : A( — P) — B(I — ®(P)) is a conjugate
linear *-isomorphism.

e A ¢ R, and ® is a linear #-isomorphism.

The map ® which holds in (1.1) preserves the A-Jordan triple product.
We should note that ¢y is not necessarily associative. In order to clarify
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this, we mention that
(1.2)
Aoy BoyC = (AoyB)oyC = ABC+A(BA*C+CB*A*)+|\?*CAB*.

For more papers regarding maps preserving the triple product, the
interested reader may refer to [3, 5, 8, 12]

We define A\-Jordan x-product by A oy B = AB + ABA*. We
say that the map ® (not necessarily linear) with the property of
P(Aoy B) = D(A) oy B+ Aoy ®(B) is a A-Jordan *-derivation map.
It is clear that, for A = —1 and A = 1, the A-Jordan x-derivation map
is a x-Lie derivation and a *-Jordan derivation, respectively [1]. We

should mention here that, whenever we say ® is a derivation, it means
that ®(AB) = ®(A)B + AD(B).

Recently, Yu and Zhang [14] proved that every non-linear *-Lie
derivation from a factor von Neumann algebra into itself is an additive
s-derivation. Also, Li, Lu and Fang [6] investigated a non-linear -
Jordan #-derivation. They showed that, if A C B(#) is a von Neumann
algebra without central abelian projections and A is a non-zero scaler,
then

o A— B(H)

is a non-linear A\-Jordan x-derivation if and only if ® is an additive
x-derivation.

In [13], the authors showed that the *-Jordan derivation map, i.e.,
P(A o1 B) = ¢(A) o1 B+ Aoy ¢(B), on every factor von Neumann
algebra A C B(H) is an additive *-derivation.

The authors in [9] introduced the concept of skew Lie triple deriva-
tions. A map
¢:A4A— A

is a nonlinear skew Lie triple derivation if
O([[4, Bl+, Cl+) = [[®(A), Bl+, Cl« + [[A, ®(B)]., C« + [[A, B, ®(C)]+
forall A, B,C € A, where [A, B]. = AB— BA*. They showed that, if ®

preserves the above characterizations on factor von Neumann algebras,
then @ is additive *-derivation.
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In this paper, motivated by the above results, we consider a map ®
on a prime x-algebra A which holds under the following conditions

(I)(AO)\ Boy C) = @(A)O)\ BoyC+ Aoy @(B)O)\ C)+AOA Bo,y (I)(C),

where Aoy B = AB + ABA* is such that a complex scalar |A| # 0, 1,
and @ is additive. Also, if ®(I) is self-adjoint, then ® is a *-derivation.
We say that A is prime, that is, for A, B € A, if AAB = {0}, then
A=0or B=0.

2. Main results. Our first theorem is as follows.
Theorem 2.1. Let A be a prime *x-algebra with unit I and a nontrivial
projection. Then, the map ® : A — A satisfies the following condition
(21) (I)(AO)\BO)\O) = @(A)O)\BO)\C+A<>)\@(B)O)\OﬁLAO)\BO)\(p(C),
where Aoy B = AB + ABA* is such that a complex scalar, |\| # 0,1,

1s additive.

Proof. Let P; be a nontrivial projection in A and P, = I4 — P;.
Denote Aij = Pi.APj, i,j = 1,2. Then,

For every A € A, we may write A = A1+ Ao+ Agg + Ago. In all which
follows, when we write A;;, it indicates that A;; € A;;. In order to show
additivity of ® on A, we use the above partition of A and provide some
claims which prove that ® is additive on each A;;, i,7 =1,2.

The above theorem is proven by several claims.
Claim 2.2. We show that ®(0) = 0.

Proof. If ®(0) # 0, then, by successively putting A =0, B =0, and
then C' =0 in (1.2), we obtain a contradiction. O

Claim 2.3. For each A1 € A1o and Asq € Aoy, we have
D(A12 + Agy) = P(A12) + P(A2).
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Proof. We show that
T =®(A12+ Ag1) — P(A12) — P(Ag1) =0.

We can write:
O(I)ox (P1— P2) ox (A1a+ A1) + 1oy (P — Po) ox (A12 + Aa)
+ 1oy (Pr— P2)ox®(A12 + A21)
= (L oy (Py — Py) oy (A12+ A21))
=®(Toy (P — Py) oy A1) + (L oy (P — Py) oy Asp)
=®(I) oy (Pr—P2) ox (A12+ A1)+ 10y O(Pr—Ps) ox (A12+A21)
+ 1o\ (P — Py)oy P(Ar2) + P(Asr).
Thus, we have
Toy(Py—Py)oxT=0.
Since T' = Ty1 + Ti2 + To1 + Tha, then
(L4220 + N2 Toy + (1= A Tz + (1= [N?)Tor — (142X + |\|?)Tae = 0.
We know that |[A| # 0,1. Then,

Ty =Tio =Ty =T = 0. U

Claim 2.4. For each A11 € A1, A1a € A1z, A1 € Asq, we have
DAy + A + A21) = $(A1r) + ©(Ar2) + P(A2).

Proof. We show that, for T in A, the following holds:
(22) T = (b(All + A12 -+ A21) — (I)(All) — @(Alg) — @(AQl) =0.

We can write

O(I) ox (Pr — P2) ox (A1 + A1z + A21)
+ Loy ®(Pr — Pp) oy (A1 + A1z + A21)
+ 1oy (P — P2) oy ®(Ay + Az + A2)
= O(L oy (P1 — P) oy (A1 + A1a + Aap))
= ®(Lox (Pr — P2)ox A11) + P(L ox (P1 + P2) ox A12)
+ (L oy (P — Py) oy Asp)
= ®(I)ox (P1 — Pa) ox (A11 + A1z + A2i)
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+Io)D(P — Po)ox (A11 + Ar2 + A21)
+ 1oy (Pr— D)oy (P(A11) + P(Ar2) + P(A21)).

Then, we have
IO,\ (Pl _P2)0)\T:O.

Since T = T11 + T1o + To1 + T, we obtain
(1422 + N1+ (1= M) Tha + (1 — [N*)Tor — (14 20+ [A[*)Tae = 0.
Since |A| # 0,1, we have

Ty =T =T =T =0. O

Claim 2.5. For each Ay1 € A1, A1s € Aja, Asr € As1, Asg € Aso,
we have:

O(A11 + Arg + Ao + Agg) = O(A11) + O(Ar2) + B(A21) + P(Age).

Proof. We show that, for T in A, the following holds:
(2.3)
T=>0(A11+A12+ A1 +A2)—P(A11) —P(A12) —P(A21) —P(Age) = 0.

From Claim 2.4, we can write

O(Py)oxIox (A1 + Arg + Aoy + Agg)
+ Pyoy ®(I) o (A1r + Az + Agr + Ag)
+ProyIoy®(A1 + Az + Agy + Ago)
= O(Py oy T oy (A1 + A1z + A1 + Ago)
=O(ProyIoy (A + A+ Ag) + B(Pr oy Loy Aga)
=®(P)oyToyApr)+ P(Prox oy Ara)
4 B(Pox T oy Agy) + B(Py oy T oy Aso)
= O(Py)ox I oy (Arn + Arg + Aoy + Azo)
+ Pyoy (1) o (A1 + Az + Aoi + Ag)
+ Proy oy (P(A11) + (A1) + ®(A21) + P(A22)).

Then, we have
Pl (oY IO)\ T=0.
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Thus,

(1+ 20 + M) 711 + (1 + A)Taz + (A + [A*)To1 = 0.
Therefore, 117, = 151 = T2 = 0. Similarly, we can show that
T = 0. O
Claim 2.6. For each A;j, B;j € A;j such that i # j, we have

®(A;j + Bij) = ®(Aij) + ®(Byj).
Proof. For R;;,S;; € A;j, we have

(2.4)
1oy (R” + Pz) O\ (PJ + S”) = (]. + )\)S” + (1 + )\)R”

+ A+ AR + (A + M) S5 R
From equation (2.4), we have
(14 M) (Rij + Sij) + (A + [AP)R;;) + (A + |A]*)Si; Ry;)
= Ol ox (Rij + P;) ox (P + Sij))
= (I)(I) (Y (RU + Pl) (oY (Pj + Szj)
+ 10y O(R;; + Pi)ox (P + Sij) + Lo (Rij + Pi) ox ©(P; + Si5)
= @(I O\ Rij O\ Sij) + CI)(I ISWZESY Pj) + (I)(I oy P; oy Sij)
=+ (P(I N Rij N Pj)
= O((1+ A)Ri;) + (A + [AP)R})
+ (A + [A?)SiR;) + (14 A)Siy).
Hence,
(L4 M) (Rij + Sij)) = (1 + M) Ryj) + 2((1 + A)Sy).
Let Aij = (]. + )\)RZ] and Bij = (]. + )\)S’LJ Then, we have
(D(Aij + Bij) = (I)(Aij) + (I)(Bij). 4

Claim 2.7. For each Ay, Bi; € Ai; such that 1 <1 < 2, we have

O(Aj; + Bii) = (Aii) + O(Bi;).
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Proof. We show that
T =®(A;; + Bi) — (Ay) — ©(B;;) = 0.
We can write, for j # 4,
®(P;j) ox Pjox (Asi + Bis) + Py ox ©(F)) ox (Ais + Bii)
+ Pj o\ Pjox ®(Ai; + Bii)
= ®(P; ox Pjox (Aii + Bii))
= O(P; oy Pjox Aji) + (Pj o Pj ox By;)
= O(Pj) ox Pjox (Aii + Bii) + Pjox ®(Pj) ox (Asi + Bii)
+ Pj oy Pj oy (P(Ai) + (Bai))-
Therefore,
P;oyPjoxT =0.
Thus,
(L4 22+ ATy + (L + ATy + (A + [M*) Ty = 0.
It follows that T;; = T; = T;; = 0. 0

From Claim 2.6, for every C;; € A;;, we have

ij
O(P;) ox (Ais + Bis) o Cij + P oy ®(Aj; + Bis) ox Cij
+ P oy (Aii + Bii) ox ©(Ciy)
= O(P; ox (Asi + Bii) ox Cij)
= O(P; ox Aj; ox Cij) + ®(P; ox By; o Cij)
= O(P;) ox (Aii + Bis) ox Cij + Piox (P(Ais) + ®(Bisi)) oa Cj
+ P; oy (Aii + Bii) ox ©(Cy ).
Thus,
Pio1T o1 Ci =0.
By primeness, and since T' = T11 + T12 + To1 + T2, we obtain T;; = 0.
Hence, the additivity of ® comes from Claims 2.2-2.7.

In the remainder of the paper, we show that ® is a x-derivation.

Theorem 2.8. Let A be a prime x-algebra. Let the map
P A— A
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satisfy the condition
(2.5) (I)(AO)\BO,\C) = ‘I)(A)O)\BO,\C—FAO,\(I)(B)O)\C—FAO)\BO)\(I)(C),
where Aoy B = AB+ ABA* for A,B € A. If ®(I) is self-adjoint, then

d is a *-derivation.

Proof. We present the proof of the above theorem with several
claims. From Theorem 2.1, we need to prove that ¢ is self-adjoint
and has the derivation property.

Claim 2.9. If ®(I) is self-adjoint, then ®(il) = ®(I) = 0.

Proof. Tt is easy to verify that
Toyxiloyxil =il oyil oy 1.

Thus,

O(I)opiloyil +Toy P(I)oxil + T oy il oy P(il)

=@l oyil oy I+ il oy ®(l)ox I+ il oy il oy P(I).

It follows that
200 (iT) — | \2i®(T) +| A% DG+ Ni®(iT)+NiD(iT)*—D(T) +| | @(T)

= —®(I) + [A\P®(I) + 2i®(il) — Ni® (i) — Ni®(il)*

— |AP®GT) 4 [N2i®(iT)*.

Then,
2X(®(il) + ®(il)*) = 0,

which gives
(2.6) D(iI)* = —D(il).
On the other hand, we have
D(il oniloyil) = —D(Ioyil oy ).
Then, we have

(I)(ZI) ox il oy il + il oy q)(’LI) ox il + 1l oy il o) (I)(ll)
= 7((1)(1) oxtloyxI+ 1oy q)(ll) oxI+1oyiloy (I)(I))
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It follows that
—3B(iI) + ANO(I) + ANO(I)* + 2\ ®(il) — (N*®(il)* = —2iD(])
— AO(I) — AD(L)* + 2[A[2i®(il) — [A2OGT)* — D).
From (2.6), we have
—3B(il) + ANP(il) — AND(I) + 2|\2® (i) + |N?@(iI) = —2iD(I)
— AD(IT) + A(il) + 2|A[%i® (i) + |A2®(i]) — D(il).
Equivalently, we obtain
(2.7) —20(iI) + 2|\2®(T) + 2i®(I) — 2|\[%iD (i) = 0.
By taking the adjoint of (2.7), we obtain
(2.8) 20(iI) — 2\\*®(il) — 2i®(I) — 2|\|?i®(il) = 0.
From (2.7) and (2.8), we obtain
(2.9) ®(il) = 0.
In addition, by (2.8) and (2.9), we have ®(I) = 0. O

Claim 2.10. We prove that ® preserves the star.

Proof. Since ®(il) = 0, we have
D(Aoyiloyil) = D(A) oy il oy il.
It follows that
B(—A—ANA*+AA* +|APA) = —D(A) = AD(A)* + AD(A)* + |\[*®(A),
which gives
(2.10) D(IN?A) = \*®(A).

Also,
@(AO/\IOA I) = (I:’(A)O)\IO)\ 1.

From (2.10), we obtain

B(A+20A* + [N?A) = B(A) + 20D(A)* + |A[2D(A).
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Hence,
(2.11) D(2AA") = 20P(A)".

In addition,

@(I (Y I<>,\ A*) = I<>)\ I<>>\ (I)(A*)

It follows that

D(A* + 20A" + | NPA*) = B(A*) + 20D (A%) + |\[2D(A%).

Thus,
(2.12) D(2AA™) = 20D (A").
From (2.11) and (2.12), we obtain

D(A") = P(A)".
Claim 2.11. ®(iA) = i®(A) for every A € A.

Proof. For every A € A, from (2.10), we have

(1= IN2)B(iA) = B(I oy il ox A) = I oy il oy B(A) = (1 — |A[2)id(A).

Therefore,
O(1A) = i®(A).

Claim 2.12. ® is a derivation.
Proof. For every A, B € A, we have
®(AB + AAB + ABA* + |\?BA*)

=®(I oy Aoy B)
=10y CI)(A)O,\B+IO>\ Aoy @(B)

= O(A)B + A\O(A)B 4+ ABP(A)* + |A\?BD(A)* + AD(B)

+ AAD(B) + A\®(B)A* + |\?®(B)A*.
Thus,
(2.13)

O

D(AB + AAB + ABA* + |\[2BA*) = ®(A)B + A®(A)B + ABD(A)*

+ [A?B®(A)*AD(B) + NAD(B) + A\®(B)A* + |\[*®(B)A*.
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On the other hand,
O(AB + MAB — ABA* — |\|?BA*)
=®(IoyiAoy (—iB))
=To)P(1tA) o) (—iB) +10y\iA o\ P(—iB)
= ®(A)B + \2(A)B — AB®(A)* — [\*BO(A)* + AD(B)
+ AA®(B) — AO(B)A* — |\?®(B)A*.

Hence,

(2.14) ®(AB + AAB — ABA* — |\|?BA")
= ®(A)B + \P(A)B — ABD(A)* — |\*Bd(A)*
+ A®(B) + MA®(B) — A®(B)A* — |\*®(B)A*.

From (2.13) and (2.14), we have

O((1+MNAB) = (1+MNP(A)B+ (1+ M\)AD(B).
From (2.12) and knowing that & preserves the star, we have

(1+XNP(AB) = (14+ \)(®(A)B + A®(B)).

Finally, we obtain

®(AB) = ®(A)B + A®(B). O
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