ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 48, Number 8, 2018

JENSEN TYPE INEQUALITIES AND
THEIR APPLICATIONS VIA
FRACTIONAL INTEGRALS

SADEGH ABBASZADEH, ALI EBADIAN AND MOHSEN JADDI

ABSTRACT. The present paper is devoted to the study
of Jensen type inequalities for fractional integration on fi-
nite subintervals of the real axis. The complete form of
Jensen’s inequality and the generalized Jensen’s inequality
are investigated by using the Chebyshev inequality. As ap-
plications, some new integral inequalities, including Holder’s
and Minkowski’s inequalities, are obtained by using Jensen’s
inequality via Riemann-Liouville fractional integrals.

1. Introduction. The theory of fractional integro-differentiation
was initiated by Liouville [10] in the 1830s. The suggested definition
by Liouville was based on differentiating an exponential function f,
which may be shown as

f(z) = che“” = DPf(z) = Z cpay et
k=1

k=1
for any p € C. Continuing this concept, the differentiation formula of
a power function was derived by Liouville as

Pf(x :71 - T p—1
D) = S / ol + )P dt,

where x € R and Real(p) > 0. This formula is called the Liouville form
of fractional integration. There are many applications of fractional
integration in geometry, physics, mechanics, etc., see [3, 9].

The classical Jensen inequality is one of the interesting inequalities
in the theory of differential and difference equations, as well as other
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areas of mathematics. The well-known Jensen inequality for convex
functions is given as follows: Let (X, 3, 1) be a measure space and f
a real valued p-measurable and p-integrable function on a set D € X
with u(D) € ]0,00[. If ¢ is a convex function on an open interval I in
R, and, if f(D) C I, then

so(u(lD)/Dfdu> Su(lD)/DwOfdw

In recent years, there have been many extensions, refinements and
similar results of the classical Jensen inequality, see [1, 2, 6, 7, 16,
19, 21]. For 1 < p < co and a p-measurable set of real numbers F,
LP(FE) is a normed space of functions f with || f|, < oo, where

1/p
£l = ( / flpdu> .

The triangular inequality for LP(E), i.e.,

1+ gllp < I1F1lp + llglls

is called Minkowski’s inequality. The number ¢ is called the Holder
conjugate number of p, if 1/p+1/¢ =1 with 1 < p. For f € LP(E)
and g € L1(F), the fact that fg belongs to L?(F) is shown by Holder’s
inequality as

/E Faldi < £l - lglla:

where ¢ is the Holder conjugate number of p.

The continuous form of Jensen’s inequality (integral version) and
its extensions are important consequences of convexity. The aim of
this paper is to obtain a generalization of Jensen-type inequalities for
fractional integrals on a finite interval [a,b]. The complete form of
Jensen’s inequality [15] and the generalized Jensen’s inequality [17] are
investigated by using Chebyshev’s integral inequality. As applications,
Holder’s and Minkowski’s inequalities via Riemann-Liouville fractional
integrals are established.

This paper is organized as follows. The definition of the Riemann-
Liouville fractional integral along with a series of their desirable prop-
erties are given in Section 2. Jensen’s inequality, the complete form
of Jensen’s inequality and the generalized Jensen’s inequality for con-
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vex functions via fractional integrals are presented in Section 3. Some
applications and results related to other renowned integral inequalities
are given in Section 4. Finally, a conclusion is given in Section 5.

2. Definitions and basic properties. Throughout this paper,
[a,b], —00 < a < b < oo, will denote a finite interval on the real
axis R. We use standard notation such as R := |—o0, co[, RT := [0, 00|
and Ry := ]0,00] for the entire real line, the closed half-line and the
open half-line, respectively.

A function f : I — R is called convex (on an interval I of the real
axis R), if:

fAz+ (1= Ny) < Af(x) + (1= A)f(y),

for all points z and y in I and all A € [0,1]. Tt is called strictly conver if
the above inequality strictly holds whenever x and y are distinct points
and A € ]0,1[. If —f is convex (respectively, strictly convex), then we
say that f is concave (respectively, strictly concave). For an arbitrary
function f: I — R, the following properties are well known [17]:

(1) f is convex if and only if there is at least one line of support for
f at each g € int I, i.e.,
f(x) > f(zo) + Mz —x9), forallzeintl,

where A depends on zg and is given by A = f/(z), when f’ exists, and
A€ [fL(xo), fi(x0)], when f (xq) # f (x0). We call the set 0 f (o) of
all such A the subdifferential of f at xg.

(2) Every function ¢ : I — R for which ¢(z) € 9f(x) whenever
x € int [ verifies the double inequality

fL(@) < o) < fi (@),
and thus, it is nondecreasing on int I.

The continuous form of Jensen’s inequality (integral version) and its
extensions are important consequences of the convexity. We will point
out these concepts in the following.

Theorem 2.1 ([15]). Let (X,X,u) be a finite measure space, and let
f be a real valued p-measurable and p-integrable function on X. If ¢ is
a convex function given on an interval I that includes the image of f,
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%/){fd,ue[,
so(u(lX)/deO Su(lx)/xswfdu,

provided that po f is p-integrable. If ¢ is strictly convex on I, then the
above inequality becomes an equality if and only if [ is constant almost
everywhere on X.

then

and

Theorem 2.2 (The complete form of Jensen’s inequality [15]). Let
(X,3,u) be a finite measure space, and let f be a real valued p-
measurable and p-integrable function on a set X. If ¢ is a convex
function given on an interval I that includes the image of f, and
g: I — R is a function such that

(1) g(z) € Op(x) for every x € I, and
(ii) go f and f-(go f) are u-integrable functions,
then the following inequalities hold:

Oéﬁ/@fu 90<(1)/fu)
w) J e g ([ 1) (fooran)

Theorem 2.3 (Generalized Jensen’s inequality [17]). Let (X,X, u) be
a finite measure space, and let f be a real valued p-measurable function
on a set X from L™ (). If ¢ is a convex function given on an interval
I that includes the image of f, andp : X — R is a nonnegative function
from L*(p) such that [y pdu # 0, then

sﬁ(fxllodﬂ/p f u) fX;du/ “(pof)du

If o is strictly convex on I, then the above inequality becomes an equality
if and only if f is constant almost everywhere on X.

Remark 2.4. If f is concave, then the inequalities in Theorems 2.1,
2.2 and 2.3 hold in the reverse direction.
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Let C(X,Y) be the set of all continuous functions from X to Y. The
following corollaries are true if i is the standard Lebesgue measure and
X = la,b)].

Corollary 2.5 ([14]). If f € C([a,b],]c,d]) and ¢ € C(]c,d[,R) is
convezx, then

en ol [ rwar) <t [esea

Corollary 2.6 ([15]). If f € C([a,b],]e,d]) and ¢ € C(]e,d[,R) is
conver and also g € C(Jc,d[,R) such that g(s) € Op(s) for every
s € ]ec,d], then

(2.2)
b

0<—— [ w(f@)de - go(bf / ) dx)

~“b—al,

< bfa/abf«gof)du—W(/jfdu)(/:gofdu).

Corollary 2.7 ([11]). If f € C([a,b],]c,d]) and ¢ € C(]e,d[,R) is
convex and also p € C([a,b],RT) such that fabp(x) dz # 0, then
(2.3)

w(W / bp(x)f(x)dx) < W / (@)l f (@) da.

Let L'[a,b] be the space of all Riemann integrable functions on
[a,b]. In the following, we will give the definition of Riemann-Liouville
fractional integrals on [a,b] and present some of their properties in
L'[a,b]. For more details, one can refer to [8, 12, 18, 20].

Definition 2.8 ([8]). Let f € L'[a,b]. The Riemann-Liouville frac-
tional integrals j&, and j;* of order @ € R, o > 0, are defined by

1

Jar f(z) = (o)

/w(m —t)aflf(t) dt, a<x<b,
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and .
o 1 o
@) = o [ 0= @ a<a <o,
where I(a) := [ e "t*1dt is the Gamma function and j°, f(z) =

]b,f( x) = f( ). These integrals are called the left-side and the right-
side fractional integrals, respectively.

In the case of o = 1, the fractional integrals reduce to the classical
integral.

Theorem 2.9 ([13]). Let f(x) and g(x) be such that both j&. f(x) and
Ji f(x) exist. Then, the following basic properties of the Riemann-
Liouwille fractional integrals hold.

(i) Interpolation (continuity):
lim je f(2) = j74 f(z) and i g f(x) = G f(2),

where j'y and j, n € N, are the classical operators for n-fold
integration.

(ii) Linearity:

Jar (M () +9(2)) = Njgs f (@) + Jg g ()
and
Jo-(Mf (@) + g(2)) = Ay~ f(z) + 5y g(x), AeR.

(iil) Semi-group property (law of exponents):
GGl F(@) =55 F (@) and () ) f (@) = G0 f ()
for each ao> 0 and 3 > 0.
(iv) Commutativity:
JetP ) =45 f (@) and G f(x) = G f ()

for each o> 0 and B > 0.

The following Chebyshev’s inequality for fractional integrals has
been proved by Belarbi and Dahamani [4].
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Theorem 2.10. If f,g : [a,b] — R are Riemann integrable and
synchronous (in the sense that (f(z) — f(y))(g(x) — g(y)) = 0 for all x
and y), then:

(i) for each x € |a,b] and o > 0, we have

Fu¥+;3a+f()jiaﬂw)éjﬁdfgxw)

(z

(ii) For each x € [a,b] and a > 0, we have

i ) ala) < 5 (fa)a).

3. The main results. The aim of this section is to show the Jensen-
type inequalities for convex functions via fractional integrals.

Theorem 3.1. If f € C([a,b],]c,d]) and ¢ € C(]c,d[,R) is convez,
then
(i)
Fa+1)

(z — )a Jor f(x) €le,d]  for all x € Ja,b],

and the following inequality for fractional integrals holds:
MNa+1) ) (F(a+1)>
B o dinsw) < () )i,
for all oo > 0 and z € ]a, b].
(i) . X
i ) € e

for all x € [a,b], and the following inequality for fractional integrals
holds:

(3.2 wa*”ﬁfm)st*”)fﬂwm,

x)e x)e

for o> 0 and x € [a,b].
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Proof.
i) By the assumption
(i) By ption,
(3.3) c< ft) <d

for all t € [a,b]. Multiplying inequality (3.3) by (x —¢)*~!/I'(a) and
integrating the resulting inequality with respect to t over [a,x], we
obtain

F(Ca) /:(x _ et < ﬁ /:(x _ e () de
< F(da) /”(x — )1t

for all z € ]a, b]. Consequently,

Tla+1)
< (m )a a+f( )

Choose a function h : ]e,d[ — R such that h(s) € dp(z) for every
s € ]e,d|. Since

(3.4)

Fa+1)
(x_ )a a+f( ) ( )
then
o) 2 o (i o))
+ (- @) (L)

for all t € [a,b]. Multiplying the previous inequality by (z — ¢)*~!/T'(«)
and integrating the resulting inequality with respect to ¢ over [a, x], we
obtain

S Ix_ a-1 1 $x— a-1_( Pla+1)
r ooty - s oo (8 g o) ar

> (F((lo‘z am(:c) t)“lf(;)dtr(la)/j(z t)‘“fgimr)l) Ja+ f(2) >
(2t D e pa)
— )a Ja

(x
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Consequently,
oot - o iz ) ()

> (i o= (G250 (1 ) (R @)
for each = € Ja, b]. Thus,

o1 di @) = (o )i el

(x (x

The proof of (i) is now complete.

(i) Multiplying the inequality (3.3) by (t —2)*!/T'(a) and inte-
grating the resulting inequality with respect to ¢ over [z, b], we obtain

¢ ’ _ a—1 i b _ ya-1 L b e
F(Oz)‘/w (t—z) dt<r(a)A (t—=x) f(t)dt<l_‘(0¢)/x (t—x) dt

for each x € [a, b[. Thus,

(3.5) c< I(Wj?f(m) <d.
Since r .

e (@) € (e
then

o) 2 o i 1)

+ (0= G 1@ )0 i 1)

for all ¢ € [a,b]. Multiplying the above inequality by (t —z)*~!/T'(«)
and integrating the resulting inequality with respect to ¢ over [x,b], we
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obtain

b b
ﬁ/(t—m)a—lw(f(w) dt - ﬁ/ (t—w>a‘1w(f£al_)?j?f<x)) dt
1 b ot L T(atl)
> (F(a)/z(tx) f(t)dt F(a)/z(t z) 1) Jo- [ () dt)

Consequently,

for each x € [a, b[. Thus,

o 1@) < (G )i e,

x)e

and the proof of (ii) is complete. O

Remark 3.2. If we let @« = 1 and « = b in Theorem 3.1 (i) or « =1
and x = a in Theorem 3.1 (ii), then the inequalities (3.1) and (3.2)
become the inequality (2.1). We also note that, if the function ¢ is
concave in Theorem 3.1, then the inequalities (3.1) and (3.2) hold in
the reverse direction.

Combining (3.1) and (3.2), we get the following theorem.

Theorem 3.3. If f € C([a,b],]c,d[) and ¢ € C(]c,d[,R) is convez,

then

w(j(?"'f(b) +ji- f(a)) € le,d],

and the following inequality for fractional integrals holds:

(3.6)

(ol e s 55 1@) = (Goeesh ) Gl S0 55 @),

with o > 0.
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Proof. Combining (3.4) and (3.5) in the two previous theorems, we

get
< (g s s+ s@)) <a
Since Fa+t1) . -
a0 i= gL i 1)+ 55 f1@) € e
then
(37) P((1)) = (o) + () — a0)h(a)

for all ¢ € [a,b]. Multiplying the inequality (3.7) by (z —¢)*~!/T'(«)
and integrating the resulting inequality with respect to ¢ over [a, x], we
get

izt = stao) (=05 > (527600 = a2 ) e,

for each x € ]a,b]. In particular, taking 2 = b, we have
(3.8)

e 10) = oteo) (=25 = (s20£0) — oo ) Yt

On the other hand, multiplying the inequality (3.7) by (t—z)*~1/T'(«a)
and integrating the resulting inequality with respect to ¢ over [z, b], we
get

st — plan) (220 = (37600 = a0 225 )

for each = € [a,b]. In particular, taking = a, we have
(3.9)

i @) = plan) (1) = (100 = o ) Yt
Combining (3.8) and (3.9), we get

e 10) + 1) 2ot (=2

> (i 10+ 33100 = 200 15 ) hla).
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Thus,

oo < (i) (dmeetron + - o(7(@) ).

ie.,

oGt e o+ ) )

< (3t (et o) + s or(@) )

Thus, the proof is finished. |

Remark 3.4. If we let @ = 1 in Theorem 3.3, then inequality (3.6)
becomes inequality (2.1). We also note that, if the function ¢ is concave
in Theorem 3.3, then inequality (3.6) holds in the reverse direction.

The complement of Jensen’s inequality by Chebyshev’s inequality is
given in the next result.

Theorem 3.5 (The complete form of Jensen’s inequality). If f €
C([a,b],]c,d]), ¢ € C(]c,d[,R) is convez and also g € C(]c,d[,R)
such that g(s) € dp(x) for every s € ]c,d[, then:

(i) the following inequality for each x € la,b] and o > 0 holds
(3.10)
0< (G2 )it etron - o L 1)

(x —a)* (x —a)*

< ()i o D))~ (F(a+1))2j3+f(w)jé‘+ (90 ).

(x—a)* (x—a)*

(ii) The following inequality for each x € [a,b] and a > 0 holds

0= (Gmd i etrn - o Glis 1)
r(

2
< (G252 )i (- o M@~ (G252 s F@li-(a Do)
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Proof.

(i) The left hand side inequality is that of Jensen (fractional integral
version). Since
IMNa+1)

WJ%ﬂ@ € (e,b) for all z € ]a,b],

then the right hand side inequality can be obtained from

@(Wj§+f(w)) —lf(1) = (Wj;ﬁf(x) - f<t))9<f<t))

(z —a)* (z —a)*
for all ¢ € [a, b]. Multiplying the previous inequality by (z — ¢)*~!/T'(«)
and integrating the resulting inequality with respect to t over [a, ], we
obtain

L I.’E— a-1 F(a+1) e x€X _L wx— a—1
F(a)/a( ) ¢<<x_a>a9a+f< >>dt o) / (a—t)> 1o (f(2)) dt

a

L ‘ T — aflr(a+1) et T
> [ @0 G St o) ar

1" et
e / (x =0 £(8) - g(F () .

Consequently,
PPt ) (E220) — et
> i Hi () e 1 (@) - 9 0).
Thus,
0= (LD iz ot o) - (e o))
Fla+1)\ ., oo o) I'(a+1) 2.(1 i (0 P

< ((xa)a)ﬂﬁ (f-(go )@ ((xa)a>3a+f( )igi (g0 f) ().
Thus, the proof of (i) is finished.

(ii) The proof of (ii) is similar to that of (i). O

Remark 3.6. If we let « = 1 and = b in Theorem 3.5 (i) or &« = 1 and
x = a in Theorem 3.5 (ii), then inequalities (3.10) and (3.11) become
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inequality (2.2). We also note that, if the function ¢ is concave in
Theorem 3.1, then the inequalities (3.10) and (3.11) hold in the reverse
direction.

The next results are related to the generalized Jensen’s inequality,
see Theorem 2.3.

Theorem 3.7. If f € C([a,b],]c,d]), and ¢ € C(]c,d[,R) is convex
as well as p € C([a,b],RT), then:

(i) the following inequality for each o > 0 and z € Ja,b] with
7% p(x) > 0 holds

j3+(p(x)f(x))>§. Lo (p()el(f(@))).

Jep(x)

(3.12) g0<

J§+p(93)

(ii) The following inequality for each o > 0 and x € [a,b] with
Jeep(x) > 0 holds

(3.13) w(%j?(p(w)f(w))>< S () )
3

Proof.
(i) Under the above-mentioned assumptions,
(3.14) c< f(t) <d

for all t € [a,b]. Multiplying inequality (3.14) by ((z — )1 /T'(a))p(t)
and integrating the resulting inequality with respect to t over [a, ], we
get

c ’ =1 i ’ T — a—1
F(Ol)/a (x—t)* " p(t)dt < = /a( £ Ip(t) f(¢) dt

for each z € ]a,b]. Consequently,

Ja+ (p(2) ()

c < .
7% p(x)
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Choose a function h : ]e,d[ — R such that h(s) € dp(z) for every
s € Jeydl. Since j2. (p(a) £())/ (1% p(x) € (c,b), then

e(f(t)) > w((fzii)(x))

(p(z)f(x)) ) 5 (j3+ (p(w)f(w)))

]a+
* (f ) = e (@) j.p(2)

for all t € [a,b]. Multiplying the previous inequality by ((x —t)*~!/
I'(«))p(t) and integrating the resulting inequality with respect to ¢ over
[a, z], we get

m/a(x—t) p(t)p(f(t)dt I‘(a)/a( t) (p( ‘ )p(t)dt

Jg+p(x)

> (1 [ om0 a
% /gﬁ(ﬂv—t)“‘1 MM dt) h <Mm)f(x))) :

" I(a 7% p(z) 7% 0(@)
Thus
i pretsa) - o(FEEL ) o
(st ) = 22RO oy (Lo BT,

ie.,

1, 1
(G W) @) ) € st (o)l o)

and the proof of (i) is finished.
(ii) The proof of (ii) is similar to that of (i). O

Remark 3.8. If we let @« = 1 and « = b in Theorem 3.7 (i) or & = 1 and
x = a in Theorem 3.7 (ii), then inequalities (3.12) and (3.13) become
inequality (2.3). We also note that, if the function ¢ is concave in
Theorem 3.7, then the inequalities (3.12) and (3.13) hold in the reverse
direction.
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Corollary 3.9. If f € C([a,b],]c,d[) and ¢ € C(]c,d[,R) is convex
and, in addition, p € C([a,b],R), then:

(i) the following inequality for each o > 0 and z € la,b] with
J&% p(x)| > 0 holds

(3.15) </>< j3+<|p<x>|f<x>>> < J2 (p(@) e (2))).

7% Ip(z)]| 7% Ip(x)]

(ii) The following inequality for each o > 0 and z € a,b] with
Jo-|p(z)| > 0 holds

(3.16) w(.a ! )|j§‘(lp(w)|f(w))> <%(w)|jz?—(lp($)ls0(f(w)))-

g Ip(x T gl

Remark 3.10. In particular, for case p = 1, Corollary 3.9 reduces to
Theorem 3.1.

Corollary 3.11. If p, f [a,b] — R are integrable and ¢ € C(]c,d[,R)
is conver, then:

(i) the following inequality for each o > 0 and z € la,b] with
J& |p(x)| > 0 holds

(3.17) @(Mmpwﬂx») < 52 (o) o ()

where f([a,b]) C e, d].

(ii) The following inequality for each o« > 0 and z € [a,b] with
Ji-|p(z)| > 0 holds

Jg Ip(x)]

(3.18) w(Ma’?(lp(@lﬂ@)) < i ()

. o
where f([a,b]) C e, d].

Remark 3.12. In particular, for cases @« = 1 and = = b in Corollary
3.9 (i) or z = a in Corollary 3.9 (ii), the inequalities (3.15) and (3.16)
coincide with the inequality (2.3). Also, in particular, for case o = 1
in Corollary 3.11, the inequalities (3.17) and (3.18) coincide with the
inequality (7.1) in [14].
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Remark 3.13. Let f € C([a,b],Ry), p € C([a,b],R) and p(z) = 2
on ]0, 00[. Tt is clear that ¢ is convex on ]0, 00| for 8 < 0 or 8 > 1, and
f is concave on ]0, oo[ for 8 € ]0, 1[. Then:

(i) The following inequalities for each @ > 0 and = € ]a,b] with
J& |p(x)| > 0 hold:

B
(s (@@ <~y () 0).

7% Ip(x)| J%

if < 0or g >1;

B
j::+<|p<x>|f<x>>) > 32 (1p(@)] £ (@),

(e =
Jeelp(@)] Jax p(@)]
if 8€]0,1].

(ii) The following inequalities for each o > 0 and x € [a,b[ with
Ji- |p(z)| > 0 hold:

A 1
j3<|p<x>|f<x>>) < J (p@) P (@)).

1
(jb“ (@)l ~ U= Ip(2)]

if<0orp<0orfg>1;

s 1
ji- (Ip(:v)lf(w))> > Lo (@)l P(@),

~ g Ip(@)]

( -
jb |Z (:[)|

Remark 3.14. Let f € C([a,b],R4), p € C([a,b],R) and ¢(x) = In(x)
on ]0, 00[. Obviously, ¢ is concave on |0, co[. Then

j§+(lp(w)|f(af)>>> Lo (p(@) In((2),

~ Jgslp(@)]

( 1
In =
7o Ip()]

if x €a,b],0 < o

0 (G (P ) = st (o) (),

if x € [a,b[,0 < a.
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Remark 3.15. Let f € C([a,b],R4), p =1 and ¢(z) = In(x) on |0, oo
Then:

(1) if z € ]a,b], 0 < «,

B19) L ) 2 e (i i) )
(ii) if « € [a,b], 0 < a,
6200 Gl ez e (mﬁ 1n<f<x>>).

Remark 3.16. If we let a = 1 and = b in Remark 3.15 (i) or o =1
and z = a in Remark 3.15 (ii), then the inequalities (3.19) and (3.20)
coincide with [15, Remark 1.8.2]. In the above remark, by choosing
a=0,b=1, f=2" 5>0and a > 0, we conclude that

Na+1) . s ln(lﬁ)> .

o Jow z? > exp (
On the other hand, by [12, equations (2.3), (3.21)], we know that

. T(B+1)
a B a+p
I+ T Tlat+p+1)”

INa+1)
JjOZ

and
«

I'a+1)
where 9 is the digamma function and + is Euler’s constant. Thus,

T(a+ DB+ 1)
Fa+p+1)

In the previous inequality, by choosing 8 =1, a = 1/2 and z = 1/2,

we have W;>exp(1n(;>—7_w<g>>

s oo (1 (1) - o(2)

We note that 9(3/2) =2 — vy —In4.

Jor n(z) = (In(z) =y = y(a+1)),

2” > exp(B(In(z) — v — Y(a+1))).

or
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Remark 3.17. Let f € C([a,b],R), p € C([a,b],RT) and ¢(z) =
exp(z) on R. Obviously, ¢ is convex on R. Then:

(i) the following inequality for each o > 0 and x € ]a, b] holds

Jar (p(@) f(2))
j;ﬁp(fﬁ)

) < j (p(x) exp(F(x)));

Ja+p(T) - exp (

(ii) the following inequality for each o > 0 and z € [a, b[ holds

o (p(z) f ()
Jep(x)

jep(a) - exp ( ) < ¢ (p(x) exp(f(2)).

4. Applications of Jensen-type inequalities via fractional
integrals. Using the generalized Jensen’s inequality via fractional
integrals, the following well-known inequalities are proven.

Theorem 4.1. Let f,p € C([a,b],Ry). Then:

(i) the following inequality for each o > 0 and z € la,b] with
jo (F@p(@) > 0, j2, f(z) > 0 and 2. f(z)/p(z) > 0 holds

L (@),
(j;(f(x)/pm)ja* (p<x>1 ol ))>
< mﬁﬁ (f(m)p(x) lnp(x)).

(ii) The following inequality for each a > 0 and = € [a,b] with
Jo (F@)p(@)) > 0, jg f(@) > 0 and jg f(z)/p(x) > 0 holds

<j;f<f<xl>/p<x>>j5 (57 mr))

1 o
< W}f (f(m)p(x) lnp(x))-

Proof.

(i) Since ¢(x) = —In(z) is strictly convex, it follows from Theo-
rem 3.7 that
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" (e /0) = (e >fa+f<w>p&>

]a+f In 1>
p(x)

Jax f(z) Inp(z).

a+f

B j§+ f(x)
Thus,

(41) (Mmﬂm)) < exp (Mjmx) (o))

Similarly,
L i = L i f(x)p(x
(42) m.j(frf(‘r)p(x) - J(?Jr (f(x)p(m))/p(x)ja+f( )p( )

1 & np(x
< exp (Wja+f(x)p(x)l o >>.

Since exp is a strictly convex function, it follows from (4.1), (4.2) and
Theorem 3.7 that

e p( e (e )

< — 1f(m) ja+< ((m; exp(lnp(x))) by Theorem 3.7

Ja+ p(x) t
= @ @) <p<x>p( >) o Gy = )
1 e
<exp (St () ua)) by (4)
< _a+}(x)jg‘+(f(x)exp(lnp(x))) by Theorem 3.7
- ;( S ()
! | z)p(z) Inp(z
< exp (Wﬂ:)})(ﬂc))]a+ (f( )p(z) In p( ))) by (4.2),

which completes the proof.
(ii) The proof of (ii) is similar to that of (i). O
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In the standard proof of Hoélder’s inequality, the basic Young in-
equality z'/Py'/9 < x/p + y/q for nonnegative = and y is used. Here,
we present a proof based on the application of the generalized Jensen’s
inequality via fractional integrals.

Theorem 4.2 (Generalized Holder’s inequality via fractional inte-
grals). Let f,g,h € C’([a, b], R*) and q be the Holder conjugate numbers
of p. Then:

(i) the following inequality for each o > 0 and x € Ja,b] with
7% (h(2)g9(z)) > 0 and j% h(z) > 0 holds
(43) g (h(@) f(2)g(x)) < (g (@) fP (@) P (g (h(x)g? ())) 9.

(ii) The following inequality for each a > 0 and = € [a,b] with
Ji- (h(x)g9(x)) > 0 and j; h(x) > 0 holds

(4.4) it (h(@) f(2)g(2)) < (g (A@) £7(2))) P (g (h(x)g* (2))) /1.

Proof. Since ¢(x) = aP is convex for 1 < p, it follows from Theo-
rem 3.7 that

43) (s (@) ) < i (o (@)

at

Replacing g by fg~9/P and h by hg? in inequality (4.5), we get

<Mjg+<h<x>gq<w>f<x>gq/w)))

1
= T @) ()
Using the fact that 1/p+ 1/¢ = 1, we deduce
Jow (h(@) f(2)g(x)) < (s (h(@) £7(2))) VP (g (h(w) g (2))) /2.
(ii) The proof of (ii) is similar to that of (i). O

Jo ((@)g () (f (x)g =" (2))P).

Remark 4.3. In particular, for case h = 1, Theorem 4.2 gives Holder’s
inequality via fractional integrals:

Jor (f@)g(x)) < (g fP (@) VP (g g% (2)) /4
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if x €]a,b], 0 < o, j&, g9(x) > 0,
Ji- (f(@)g(@)) < (g f7 ()P (g g () Ve
if v €la,b],0<a, jogix) > 0.

Remark 4.4. In particular, for cases « = 1, h = 1 and z = b in
Theorem 4.2 (i) or @« = 1, h = 1 and = a in Theorem 4.2 (ii),
the inequalities (4.3) and (4.4) coincide with the classical Holder’s
inequality:

jibf(xkﬂx)daf< (jcbfpar>dx)l/p(jéng@»dx)l/i

where 1/p+1/¢=1and 1 < p.

Remark 4.5. In particular, for cases h = 1 and p = ¢ = 2
Theorem 4.2 gives the Schwarz inequality via the fractional integrals:

jor (F@)g(@) < 3/U @) (5 g2(@) ifaelat], 0<a,
g (F@)a(@) < /U @) Gg-g?(@) itz € fabl, 0<a.

)

Remark 4.6. In particular, for cases o = 1, h = 1, p = ¢ = 2
and £ = b in Theorem 4.2 (i) or « = 1, h = 1 and = a in Theorem
4.2 (ii), inequalities (4.3) and (4.4) coincide with the classical Schwarz’s
inequality

[ s [ [ row)( [ vwa)

We are now in a position to prove the Minkowski inequality using
Hoélder’s inequality.

Theorem 4.7 (Minkowski’s inequality via fractional integrals). If
fr9,h € C([a,b],R") and p > 1, then:

(i) the following inequality for each o > 0 and z € la,b] with
jgs (f(z) +g(x))? > 0 holds

4 (f(@) + g(@) P < (% P (@) 7+ (o gP ().
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(ii) The following inequality for each o > 0 and x € [a,b] with
Jg-(f(2) + g(x))? > 0 holds

Je (f(@) + g@) VP < (G fo@) 7 + (e g” (@) 7.

Proof.
(i) We have
jor (F(@)+g(2))P = jou ((f (@) +9(x)P " (f(2) +9(x)))
= jor (f(@)(f(@)+9(2)P " +g(2)(f(2)+g(z))P~ ).
Now, applying Hélder’s inequality with ¢ = p/(p — 1), we obtain
Jar (f (@) + g(@))?
= (Go 17 @) P (G (f () + gla))2@ D)1
+ (G2 gP @)% (f () + gla)) 1)1 a
= (S P @NYP + (555 g7 ()P (84 (f () + gl@)P) /e,

Dividing both sides of the last inequality by (j%, (f(z) + g(z))?)1/?, we
get the desired conclusion.

(ii) The proof of (ii) is similar to that of (i). O

As another application of Holder’s inequality via fractional integrals,
we have the following theorem.

Theorem 4.8. If f,g,h € C([a,b],RT), then

(i) the following inequality for each o > 0 and z € la,b] with
J&h(x) >0 and j&, h(z)f(x) > 0 holds

(S hl@) f(@)P + (& h(@)g(2)P) P < j2 h(@) (f7 () + gF ()7,
ifp>1;

(s hl@) (@) + (g h(x)g(2))) P > G h(x) (£ (2) + g (2)) 7,

if 0 <p<1.
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(ii) The following inequality for each o > 0 and x € [a,b] with
Ji-h(z) >0 and j;-h(x)f(x) > 0 holds

((e=h(@) f(@))P + (5= h(z)g(x))") /P < je-h(z)(fP(z) + g* ()7,
if p>1;

(G- h(@) f ()P + (G5 hl@)g(x)P) P = G h(a) (fP(x) + g° (2)) /7,
if0<p<l1.

Proof.

(i) Clearly, p(z) = (1 4 2P)'/? is convex on ]0, oo for p > 1. Hence,
by Theorem 3.7, we have

) o 1
as (s (Jm(x)f(x))p)”p L k@) (1 @)
j2‘+h(ﬂ?) B J?Jrh(x)
Replacing h by hf and f by g/f in inequality (4.6), we get our desired

result. If 0 < p < 1, then ¢ is concave, and hence, the inequality (4.6)
holds in the reverse direction.

(ii) Similarly, we can prove case (ii). O

Finally, some applications of Jensen-type inequalities via fractional
integrals for the continuous function ¢, which is twice differentiable on
le, d] and there exists m = infocycq ¢’ () or M = sup,,q " (x), will
be presented.

Theorem 4.9. If f € C([a,b],]c,d]), p € C([a,b,R") and ¢ €
C(]c, df, R) is twice differentiable and, in addition, there exists an m =
infecpeq (), then:

(i) the following inequality for each o > 0 and x € |a,b] with j& p(x)
> 0 holds

. o Y (R z)f(z
g PR ) so(mmmp( o)
2g (;a;xw () (f(2)))~ ( i <p<x>f<x>>) )



JENSEN TYPE INEQUALITIES 2483

(ii) The following inequality for each o > 0 and x € [a,b] with
Jiep(x) > 0 holds

! b Y (R ) f(z
T PR @) so(jgp(x)jb-@( ) >>)
> % ( 7 ;(x)j?f (p(2)(f(2))*)— (ja ;(x)j{;i (p(x) f(x))) )
b= bl
Proof.

(i) We choose

bla) = pla) - Fa®

Differentiating two times on both sides of ¥, we get
W'(2) = ¢"(z) — m > 0,
Thus, v is a convex function on |e,d[. By Theorem 3.7, we have

1 i< Ll T x
w<wja+(p(x)f(:c))> < i ().

2‘+P($)
Now, by the definition of 1) and Proposition 2.9 (ii), we conclude that

) R G )

j§‘+p(l‘)
m 1
2 Jngp(x)

.7 “”(jap(x)
<2 72 ()l 2))

J§+p($
Then, by (4.7), we can write

Jor (p(@)(f(2))?).-

1
j;ﬁp(x)

> 2 (i U@ - (i ewse) )

j3+p(93) j3+p(x)

j§+(p(w)so(f(w)))—so( ! j3+(p(w)f(x))>

j§+p($)

(ii) The proof of (ii) is similar to that of (i). O

Theorem 4.10. If f € C([a,b],]c,d[), p € C([a,b],RT) and ¢ €
C(]c,d[,]R) is twice differentiable and, in addition, there ezists an
M =sup..,q¢" (), then:



2484 S. ABBASZADEH, A. EBADIAN AND M. JADDI

(i) the following inequality for each o > 0 and z € la,b] with
7% p(x) > 0 holds

i (@) — o i ) 0)))
< Y (i @) - (i (@) ) ).

(ii) The following inequality for each a > 0 and = € [a,b] with
Ji-p(x) > 0 holds

1 o B ;‘a Nt
g (@) = o i () )
M 1 o 2y 1 - ) ., 2
< 3 (G 0@ P - (5 wr@)) ).

Proof.

(i) We choose 9(z) = ¢(z) — (M/2)z?. Differentiating twice on both
sides of v, we get ¥ (x) = ¢"(x) — M < 0. Then, ¢ is a concave
function on |¢,d[ and, by a similar proof as that of Theorem 4.9, we
obtain

1
j:er(x)

1
j;ﬂp(x)

< Y (i @) - (i (p(af)f(w))>2>-

2 \Jjg+p(x) Jgvp(@)

5 (p(@)e(F(2))) w( jou <p<z>f<x>>)

(ii) Similarly, we can prove case (ii). O

Remark 4.11. In particular, for cases &« = 1 and x = b in Theorem
4.9 (i) and 4.10(i) or @« = 1 and 2 = @ in Theorem 4.9 (ii) and 4.10 (ii),
Theorems 4.9 and 4.10 coincide with [5, Theorem 1.4].

By choosing p = 1 in Theorems 4.9 and 4.10, we have the following
corollary.
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Corollary 4.12. If f € C([a,b],]c,d[) and ¢ € C(]c,d[,R) is twice
differentiable and, in addition, there exists an m = inf.c,<q¢”(x),
then:

(i) the following inequality for each o > 0 and x € |a,b] holds

ot D etr) - o (i )
m(T(a+1) , 5 MNa+1) 2
> (L i v - ({5 @) )
(ii) The following inequality for each o > 0 and x € [a,b] holds
Eﬁjﬁﬁwﬂm—¢s6ﬁ;ﬁﬁﬂw)
E M y o T 2 _ ( ) a T
> (e D - (Rt g ) ),

Corollary 4.13. If f € C([a,b],]c,d]) and ¢ € C(]e,d[,R) is twice
differentiable and, in addition, there exists an M = sup..,.q¢" (x),
then:

(i) the following inequality for each o > 0 and x € ]a,b] holds

ot Dot - o (i )
M (T+1) o oo (Dot :
<G (e dinvwr - (Rl @) )
(ii) The following inequality for each o > 0 and x € [a,b] holds
Eﬁjﬁb§¢uu»—w(ﬂﬁjj%3fu0

Y (e v (et o))

Remark 4.14. In particular, for cases &« = 1 and z = b in Corollaries
4.12 (i) and 4.13 (i) or & = 1 and # = a in Corollaries 4.12 (ii) and
4.13 (ii), Corollaries 4.12 and 4.13 coincide with [5, Corollary 1.5].
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Corollary 4.15. If f € C([a,b],]c,d[) and ¢ € C(]c,d[,R) is twice
differentiable and, in addition, there exist an m = inf.c,<q¢” (x) and
M =sup,.,q¢" (x), then:

(i) the following inequalities for each o > 0 and x € la,b] hold

(Mo D e st - (R D ) )
< izttt oL din @)

3 (i v - (i s ’))

(z

IA

(ii) The following inequalities for each o > 0 and x € [a,b] hold

(o e - (i 1 “”))2)

T(a+1) ., T(a+1)

< i etron - (g )
WMot D e - (2 p)).

z)®

Remark 4.16. In particular, for casesa =1, a=0and x =b=1in
Corollaries 4.15 (i) or & = 1, b = 1 and = a = 0 in Corollary 4.15 (ii),
Corollary 4.15 coincide with [5, Corollary 1.7].

5. Conclusion. The concept of convexity has a great impact on our
everyday lives, and there are numerous applications of this concept
in industry, business, medicine, art, etc. The applications of the
convexity in equilibrium of non-cooperative games and the problems
of optimum allocation of resources are significant. Jensen’s inequality
is the first important result for convex (concave) functions defined on
an interval. The classical Jensen’s inequality, the complete form of
Jensen’s inequality and the generalized Jensen’s inequality for convex
functions are important results in theoretical and applied mathematics,
and in this paper we studied these inequalities via fractional integrals.
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