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PERIODIC SOLUTIONS TO NONLINEAR
WAVE EQUATIONS WITH 2z-DEPENDENT
COEFFICIENTS AT RESONANCE

WEI SHI AND KAI LIU

ABSTRACT. In this paper, the unique existence of gen-
eralized solutions to periodic boundary value problems for
a class of systems of nonlinear equations with z-dependent
coefficients is discussed under a resonance condition. The ar-
gument presented makes use of the global inverse theorem
and Galerkin’s method.

1. Introduction. There is much research on solutions of nonlinear
wave equations with ordinary coefficients, see [2, 3, 9, 10, 11, 13]
and the references therein. The solvability of nonlinear equations
with resonance conditions has been considered by many authors (see
[4, 5, 6, 7, 8, 12]). By using the global inverse theorem and Galer-
kin’s methods, Chen [3] studied the semilinear elastic beam equations
at resonance. lannacci and Nkashama in [5] treated the general op-
erator equation at resonance and obtained some very general abstract
results which unify and generalize most of the known existence the-
orems for the case where the resonance occurs at the eigenvalue ry
and the nonlinearity lies between consecutive eigenvalues. Compared
with nonlinear equations with ordinary coefficients, there are fewer pa-
pers regarding nonlinear wave equations with variational coefficients
[1, 6, 12]. In [12], Wang and An investigated the following nonlinear
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one-dimensional wave equation with z-dependent coefficients:

(1.1) p(z)uw — (p(x)ug)e — f(z, t,u(x, t)) = h(z,t) for all (x,t) € Q,
with boundary conditions:

(1.2) —p(0)u,(0,t) =0, u(m,t) =0 forallte (0,T),

and T-periodic conditions:

(1.3)  wu(z,0) =u(z,T), ug(2,0) = ug(x, T) for all x € (0,7),

where Q = (0,7) x (0,7). They considered the resonance conditions
which are of Landesman-Lazer type by using the Leray-Schauder de-
gree. In [1], by using the subdifferential method, Barbu and Pavel in-
vestigated equation (1.1) with the Dirichlet boundary condition (0, t)
= u(m,t) = 0 and periodic condition (1.3). However, it is noted that
they were mainly concerned with the existence of solutions for (1.1)
and did not consider the uniqueness of the solution. Moreover, they
only considered the scalar equation.

The main difficulty of the presence of resonance is that the problem
of existence of periodic solutions may not have solutions for general
nonlinearity f. Simply speaking, in the non-resonance case, the non-
linearity f must lie between an interval [p,q] that does not contain
any eigenvalues of the linear operator associated with the equations.
However, the resonance case allows the nonlinearity to interact with
the eigenvalues. More precisely, the nonlinearity lies between two con-
secutive eigenvalues and possibly “touches” the eigenvalues to some
extent. Therefore, the resonance case could be trickier than the non-
resonance case. In this paper, we are concerned with the existence and
uniqueness of a generalized solution of system (1.1)—(1.3) at resonance
of a particular type: the nonlinearity simultaneously interacts with the
two consecutive eigenvalues. Our approach is based on a global inverse
theorem and Galerkin’s method.

Throughout the paper, the following assumptions are satisfied.

1 z,t,u) : QX — is continuous and continuously dif-
H t OQxR" - R"i ti d ti ly dif
ferentiable with respect to w.

(Hs) p(x) € H*(0,7), p(z) =s > 0,2€(0,7) and no=essinf n,(x) >0,
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where

(H3) T=7n(2k—1)/p, p,k € N.

The outline of this paper is as follows. Some properties of the linear
part of the equation with which we are concerned are presented in
Section 2. Section 3 is devoted to the notation and two useful lemmas
used in this paper. In Section 4, we give our main result and its proof.
The main result is given in Theorem 4.3.

2. Properties of the linear part of the equation. We denote
by LP(£2), 1 < p < 400, the Lebesgue spaces, i.e., spaces of measurable
real-valued functions whose pth power of the absolute value is Lebesgue
integrable.

H™(Q) ={veL*Q) | D e L*Q),|lal| <m}, m=1,2,
are the usual Sobolev spaces with the norm

1/2
ol = ( S pe vnm)) |

a|]<m
Consider the following scalar linear equation

p()u — (p(x)ug), = p(x)h(z,t) for all (x,t) € 9,
(2.1) —p(0)u,(0,t) =0, wu(m,t)=0 for all t € (0,T),
u(z,0) =u(z,T), wu(x,0)=u(zx,T) forall ze (0,n).

Let

C3(Q) = {v e C*(Q) : v,(0,t) =0,
v(m,t) = 0,v(x,0) = v(x,T),v¢(x,0) = ve(z, T)}.

It is easy to see that CF(Q) is dense in L?(Q2). We say that u € L?(Q)
is a weak solution of (2.1) if, for all v € CF (),

(2.2) /Qu(x,t)(p(x)vtt—(p(x)vm)m)d:rdt:Lp(w)h(m,t)v(mj)dmdt.
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Set dom(L) = {u € L*(Q);there exists an h € L?(f2) such that (2.2)
holds}, and define L : dom(L) — L%*(Q) by Lu = h for u € dom(L),

i.e., Lu = hif and only if (2.2) holds for all v € CZ (€2). This operator is
well defined and is called the weak solution operator. Define the inner
product in L?(Q2) by

(f.9) = / o) (e g, D) dedt, g € L3(Q).

The norm in L?(2) is given by

fute.ol = ( [ p@)w@,t)pdmt)m.

Then, we have the following complete orthornornal system of eigen-
functions {¢y, (t)¢n(z) : m € Z,n € N* = {0} |JN} in L3(), see [12],
where

1 .
(2.3) U (t) = ﬁewmtv Pm = ——, mETL,

and A\, ¢ (z) are determined by the Strum-Liouville problem:
(2.4)

(p(@)en (@) = p(@)Aopn(z),  #,(0) = pn(r) =0, neN,
where ¢!, = (d/dx)py,.

Denote by

Uy, = / p(x)u(z, t)on (), (t) do dt
Q
the Fourier coefficient of

U= Z Umn‘Pn(x)wm(t)

meZ
nelN*

in L?(Q) and
R = / p(x)h(z, t)on (), (t) do dt
Q

the Fourier coefficient of

h = Z hmn@n(x)djﬂl(t)

meZ
neN*
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in L?(Q). According to Parseval’s formula, we have

Jull* = Z [ Ip]1* = Z ||
meZ meZ
neN” neN”

Substituting v = ¢, (z)1m (t) into (2.2) yields that Lu = h if and only
if
(A’IZ’L - M%@)umn = hmn-
We can derive some of the main properties of L as follows.
Lemma 2.1 ([1]). L is self-adjoint in L?(Q) with closed range ImL
given by
ImL = Span{p,Ym;m € Z,n € N, with A\, # |pm|} = (ker L)
with null space
ker L = Span{yntm;m € Z,n € N, with A\, = |pm|}-

The right inverse of L (denoted by K = L ) is compact and

dom(L)ﬁImL
continuous.
Moreover, we have:
K| 1) < CIKR| L2, | KR L) < CIKh| 20

and
<Khvh> > _a_thHQ’ <Kuvu> = —of1||Lu||2,
h € ImL, wu € dom(L),

where o=t = inf{p2, — \2; u2, > A2},

We denote by o(L) = {\2 — u2, | m € Z, n € N*} the spectrum set
of L. Tt is a consequence of Lemma 2.1 that each r # 0, r € o(L) is
an eigenvalue of finite multiplicity and that o(L) has no finite cluster
point.

3. Preliminaries. Before discussion of the existence of solutions to
system (1.1)—(1.3), in what follows, we give some notation and useful
lemmas. Let H = [L?(Q)]", with integer n > 1. Then, H is a real Hil-
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bert space with inner product

™ T
(3.1) (u,v) :/ / p(x)(u(z, t),v(z,t))dedt, wu,v e H.

o Jo
Note that (-,-) denotes the Euclidean inner product in R", and the
norms induced by (-, -) and (-, -) are denoted by ||-|| and | - |, respectively.

We call v € H the weak solution to system (1.1)—(1.3) if it satisfies
(3.2)
[ (W), (o) (o)), dade ~ [ (Fastin),o(w,0) do d
Q

Q

_ / (h(z, ), (@, 1)) dzdt for all v € [CF(D)]".
Q

System (1.1)—(1.3) is said to be at resonance if the following condition
holds, i.e., there exist two constant symmetric n X n matrices A and B
such that

fi(t,x,u "
A<M<B, U[Vli,Vzi]ﬂU(L)#@,
p(@) e
where v17 < vi2 < - < vy, and Vo1 < vy < - < vy, are the
eigenvalues of A and B, respectively, with vy; < v, fori =1,...,n.

For two n x n symmetric matrices A and B, by B > A, we mean that
((B—A), &) >0 forall £ € R".

To be more precise, we will prove in this paper that, if f is continu-
ously differentiable and f/ (¢, x,u) is symmetric satisfying

(3.3) At a(lul)I < W < B— (lul)z
and

3.4 " i ds =

(3.4) / min{a(s), B(s)} ds = +oo,

then there exists a unique weak solution to (1.1)—(1.3), where I is an
nxn identity matrix, A and B are two real symmetric matrices (and we
assume that vy;,v9; € o(L) are consecutive, for ¢ = 1,2,...,n, where
v1; and vo; are the eigenvalues of A and B, respectively) and «(s) and
B(s) are two continuous and nonincreasing functions from [0,00) to
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(0,00). We note that v4;,v9; € o(L), v1; # Vo, are consecutive for
i=1,...,n, provided

U Vi, V2 ﬂa(L) =0

j=1

and vy < vig < o0 < Vi, Vo1 < Vo2 < oo K Vo, Vi < Vg for
1=1,....n

Next, we introduce the following two lemmas which play an impor-
tant role in this paper.

Lemma 3.1 ([7]). Let H be a real Hilbert space, T € C'(H,H), and
assume that T'(u) is everywhere invertible for all w € H. Then, T
is a global diffeomorphism onto H if w satisfies | T"(u)~ || < w(||ul])-
Here, w is a nondecreasing mapping and satisfies the following condi-
tions:

< dt
w: R+ — R+, / — = 00,
o w(t)

w(t) >0, ¢>0.

(3.5)

Lemma 3.2 ([3, 8]). Let H be a vector space such that, for subspaces
Yand Z, H=Z@@Y. If Z is finite-dimensional and X is a subspace
of H such that X NY = {0} and dim X =dim Z, then H =X QY.

4. Main result and proof. We will follow the setup in Mawhin [8].
Set Vi (2,t) = @n(2)Ym (¢), m € Z, n € N*, and let {e, | 1 < k < n}
denote an orthonormal basis in R™. Then, for every u € H, we have
the Fourier series

(41) u = Z Z Uk, m,nUmnCk,
k=1 (m,n)€EZxN*

where Uy ., satisfies ug m,n = Uk, —m,» to make the series real. We
define

(4.2) D(L) = {

08 = 1 Pl < o0
=1 (m,n)€EZxN*
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and
(4.3) L:D(L)C H— H,
u— Z Z (/\EL - an)uk,m,nvmnek-
k=1 (m,n)€ZxN*

From Lemma 2.1, it is easy to verify that L is a self-adjoint operator.
We assume that there exists a constant C' > 0 such that, for all w € R",

(4.4) 1Lt w)] < C.

It is well known that the mapping N defined on H by

ft, z u(x, t))
p(x)

continuously maps H into itself. Then, the existence of the weak sol-
ution for (1.1)—(1.3) is equivalent to the existence of a solution v € D(L)
for the equation in H:

Nu(z,t) = almost everywhere on 2

(4.5) Lu—Nu="h, h=h/p.

We shall now construct Galerkin’s approximate equations for (4.5)
in a manner similar to Mawhin [8]. Let {ar | 1 < k¥ < n} and
{br | 1 < k < n} be two orthonormal bases in R" such that

Aay, = vipayg, Bb, = vopbr, k=1,2,...,n.
For every j € N, define a subspace H; of H by
(4.6) H; = {Z Z Uk nVmn bk, We.mon = “k,m,n}’
k=1 (m,n)€(ZxN*);
where
(ZxN); ={(m,n) € Zx N": |\ — | <j, [Aal <j}-

Note that, by this construction, the restriction of L to D(L)() H,
has, in contrast with L, a spectrum bounded below and above, and
the spectrum set is made of eigenvalues having finite multiplicity.
Moreover, UjeN Hj; is dense in H. If we denote by P; : H — H
the orthogonal projection onto H;, 7 € N, Galerkin’s approximate
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equations for (4.5) will be

(47)  Luj — PjNu; = P;h,  u; €D(L)(H; =H;, jeN.

We are now in a position to prove the existence of Galerkin’s
approximate solutions. Let j € N be fixed. We introduce a direct
sum decomposition of H;:

n
Xj = { § E uk,m,nvmnbkyuk,m,n = uk,m,n},
k=1 (m,n)€(ZxN");
A2 —p2 Svap,

n
ij = { § E uk,m,nvmnbkyuk,m,n = uk,m,n},
k=1 (m,n)€(ZxN");
)\i*/ﬁn<V2k

n
Zj = { § E Uk, m,nVUmnAk, Uk,mn = Uk,m,n}-
k=1 (m,n)E(ZxN"),

Ai*ﬂfn<u1k

Clearly, H; = X; @Y/ (the orthogonal direct sum) and, since v1;, vo; €
o(L) are consecutive, dimY; = dim Z; < +o0.

Now, we establish a unique existence result. We note that some of
the ideas in the proof are modeled after [8, Lemma 2].

Lemma 4.1. If conditions (3.3) and (3.4) hold for all (x,t) € Q,
then equation (4.7) has, for each j € N and each h € H, a unique
solution uw; € D(L)(\H; and there exists a constant C = C(vi1,
e Vln, V21 - -« Van, ||B]) such that ||uj|| < C for all j € N.

Proof. We show that the mapping F} : H; — H;, defined by
FjUj = LU]‘ - PjNUj,

for every u; € H; satisfies all the conditions of Lemma 3.1. The con-
tinuous Fréchet differentiability of Fj is trivial. Now, if u; € H; and
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n
XTj = § E kanvmnblm

k=1 (m, n)G(ZXN*)j
)\2 —/1, U2k
we have

(4.8)
(Lxj — PjN'(uj)z;, ;)

= (Laj, ) — (PN (uj)zj, x;)

> Yo N =) wkmal® = (B = B(lus)D)a;, ;)
k=1 (m,n)e (ZXN*)j
A%L 7n>y2k

n
=3 S 22— e — AUl D)k
k=1 (m,n)€(ZXN™*);
/\?L—M%HEV%

Bl 1) ll511°.
Similarly, if z; € D(L) () Z; = Z;, we obtain
(4.9) (Lzj = PpN'(uj)zs, 25) < —o[luglDl 2511

Inequalities (4.8) and (4.9) imply that X, () Z; = {0}, which, together
with dimY; = dim Z; < oo, and Lemma 3.2, show that H; = X, @ Z;
algebraically, and hence, topologically.

Consequently, if u; € Hj,v; € Hj and v; = x; + z; with z; € X
and z; € Z;, using (4.8), (4.9), and the symmetry of L and P;N'(u;),
we obtain

(Fj (uj)vj, @ — ) = (Fj(uj)aj, 25) — (Fj(u;)z5, 2;)

(F,
BlugllllI* + alllug Dz >
y

z
= ([l D lv; 117,
where y(s) = min{a(s), 8(s)}. Furthermore, we have
¥l Dl 12 < NE Cugyv [l 1+ 1211
and
(4.10) Yl DN I < Al Dl I+ 2510 < 211F5 (ws)vs

since Va2 +b?> < a+b and (a+ b)? < 2(a® +b?) for a >0, b > 0.



z-DEPENDENT COEFFICIENTS AT RESONANCE 1301

We will prove that the conditions of Lemma 3.1 are satisfied. First,
we show that F/(u;) is a one-to-one mapping. In fact, suppose that
wy # we, w1, wy € Hj, such that Fj{(uj)wl = F;(uj)wg. Then, from
(4.10), we have

0 = || Fj(uj)wr — Fj(uj)wa| = [[F}(uz) (w1 —wa)]|
(1)

> B
which is a contradiction. Also, by (4.10), we can prove that F/(u;)H; is
a closed subspace of H;. Next, we prove that Fj(u;)H; = H;. For this
purpose, we assume that there exists a v € (Fj(u;)H;)* with v # 0.

Then, (v, F}(u;j)w) = 0 for all w € H;. Let v =vx +vz,vx € Xj,vz €
Z; and set w = vz —vx. Then,

w1 — well >0,

'7(”1;]”) ||wH2
This is a contradiction since X;(Z; = {0}; hence, Fj(u;)H; = H;.
Note that

0 = (v, Fj(uj)w) > B(lJu;)llvx | + alllusDllvz]* >

/ N1 2
(4.11) 155 ) < S

With (4.11) and Lemma 3.1, we can see that F; : H; — Hj is a

homeomorphism. In order to obtain the estimate for unique solution
u; to equation (4.7), by Fj(u;) = Pjh, we obtain that

uj = F; ' (Pih) = F (F;(0));

hence, using the integral mean value theorem, we obtain
(4.12)
lugll = |1F57 (Pih) — F7H(F5(0)]

< /0 I(E") = (F5(0) + 0(Psh — F3(0))) || dO]| Pih — F5(0)].

Noting that
175(0) + 0(Psh = E5(0))|| < [[Pihll + [1F50) | < IRl + [N (0)]],
it follows from (4.10) and (4.12) that
2
Y(IRI =+ IN(O)])

(4.13) sl < IR{l+ [N (0)]
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with the right-hand side member independent of j. The proof is com-
plete. O

The convergence result for Galerkin’s method associated to nonlinear
perturbations of L may be found from the following lemma.

Lemma 4.2 ([8]). Assume that there exists a sequence {H;} of finite-
dimensional vector subspaces of H such that

Hjc Hy,  L(D@)(VH) c H, jeN,

H=|J H,
JEN

(4.14)

and let P; : H — H be the orthogonal projector onto H;, j € N. Let

N : H — H be a continuous monotone mapping which takes bounded
sets into bounded sets. Assume that, for some h € H and some r > 0,
the equation

(4.15) Luj — P;Nu; = Pjh,

has a unique solution u; € D(L)(\H; such that ||u;|| < r, j € N.

Then, Lu — Nu = h has at least one solution u € D(Z) such that
[ul < 7

Now, we present our main theorem.

Theorem 4.3. If conditions (3.3) and (3.4) hold for all (z,t) € Q and
u € H, then the system (1.1)~(1.3) has a unique generalized solution.

Proof. Since vy, vor € o(L), for k =1,2,...,n are consecutive, then
there exists an integer 0 < p < n such that

N

Vo, v <0, 1

Vik <
V1k>03 p+1<k<

k< p,
n.

WV

Vak

Now, define the operators Sy and S_ on R" as follows:

n P

Six= Z &k, S = Zﬁkbk

k=p+1 k=1
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for every # = >, _, &kay in R"™. Next, we show that ImS; (ImS_ =
{0}. In fact, for x € ImS,, we have

(B = B(llull)z, z) = (A+ a(ul))z, )

n

= > e+ alul)é

k=p+1
> min (v + ollu Z
/p+1<k<n( 1+ ] (k p+1£k>

and, for x € ImS_, we have

((A+a(llul))z, ) < (B = B(|lul))z, )
= > (var = B(lull))€R

e
ma (v — A(ul)) (ka)

Since mingy 1 <pn (Vik +a([[ul])) > 0 and maxy <rep(var — B([ul])) <0,
we have ImS; (N ImS_ = {0}. From Lemma 3.2, we have R" = ImS
P ImsS_.

—

N

If we now define the operators S‘: and S_ on H by
Siu(x,t) = Si(u(z,t)) almost everywhere on €,
then H = ImS, @ ImS_ (topologically), Si( (L )) C D(L),. Sy —S_

is a linear homeomorphism on H with (S+ S_ )71 =S, —S_ and, on
D(L), we have LSy = S1 L. Consequently, if we set, in equation (4.5),
u= (S’: - ét)v

so that v = (5’: - é‘t)u, then we obtain the equivalent equation

L(Sy — S_)v — N((Sy — 5_ ) ) = h. Moreover, u; € H; is a solution

of (4.7) if and only if v; = (S+ -5 Ju; € Hj satisfies the equation
LUj —PjN’Uj = P]E,

where L = L(ﬁ - S/’\:), N = N(S’:_ - SN_) Now, L has the same
domain, kernel, range and spectrum as L. For every w € H, N is also
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of class C' at w, and

N'(w) = N'((Sy — S_)w)(Sy — S-).

Next, we will show that N is Lipschizian and monotonic. _From con-
dition (3.3) and the above property, i.e. (SJr - S_)_ = S+ — 5, of
S, — S_, we have (note that p(A) = ||A||) that

IV (w) ]| = [ N((S = S2)w)(Sy — SO

<IN'((S5 — SD)w)| = || £/ (t, 2, (Sy — S_)w)|
< max{|[All, | B} < max {jor], e}

This means that N is Lipschitzian.

For every w,v € H, using the symmetry of N’(u), we can obtain

(N'(w)v,v) = (N'((S4 — S_)w)(Sy — S_)v, (S4 — S )v)
= (N"((S5 — S_)w)Syv, Sv)
— (N"((Sy = S_)w)S_v, S _v)
> (A + a([[w]}))Sv, Syv)
—((B=B(lw])S-v,5-v) >0
This implies that N is monotone and takes bounded sets into bounded

sets. Since (L) \ {0} is made of eigenvalues with finite multiplicity
with no finite accumulation point, its right inverse

~ ~ -1
K= (L |D(Z)mmz)
is compact, and we can apply Lemmas 4.1 and 4.2 to obtain the
existence of v € D(L) such that Lv — Nv = h, and hence, we have the
existence of the solution v = (S+ S_ v for (4.5), i.e., the existence of

the solution u to (1.1)—(1.3).

For the uniqueness, let u! and u? be two periodic solutions to (1.1)—
(1.3), and set

i poi i i i i ) i )
uj = Pju’, uj =x; + 2, z; € Xj, zj € Zj,
_ .1 2 12
v; =T — 7, wj =2 — 25,
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so that uj1 — u? = vj + wj, § € N. Therefore, using the notation of

Lemma 4.1, we have
0= (L(u 1—U2)—N(u1 —u?),v; — wy)
= (L(uj —u}), v; — w;)

/ N'(u? + s(u! — u?))(u — u?) ds, v — w>
= (Lo +wy), 05 — 05)

(N st a0 s
— </01 N'(u? + s(u' —u?))(u' — uf +ul — u®)ds,v; — wj>

(4.16)

— (Luy,0) </ N2 + s(u! — u?))o, ds v]>
(4.17)

— (Lwj, wj) + </O1 N'(u? + s(u' —u?))w; d87wj>
(4.18)

1
- </ N'(u? + s(u' —u?))(u' — uj +ul — u®)ds,v; — wj>
0
1
> / B(lu? + s(u — u?)]]) ds]luy |

1

4 / a(llu? + s(ut — u)]]) dsljuw; |
0

Ot — | + [l — 2],

where the first two terms of the last inequality are due to (4.16), (4.17)
and Lemma 4.1, and the last term is due to (4.18) and condition
(3.3), with C > 0, some constant depending only upon vy, Vo,
k=1,2,...,n, and r (see Lemma 4.2). Consequently, v; — 0 and
w; — 0 as j — 00, so that

u' —u? = lim (u} — u?) = lim (v; + w;) =0,
j—o0 j—o0

and the proof of the theorem is complete. |
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