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MULTIPLICITY OF SOLUTIONS FOR
p-BIHARMONIC PROBLEMS
WITH CRITICAL GROWTH

H. BUENO, L. PAES-LEME AND H. RODRIGUES

ABSTRACT. We prove the existence of infinitely many
solutions for p-biharmonic problems in a bounded, smooth
domain € with concave-convex nonlinearities dependent
upon a parameter A and a positive continuous function
f: Q@ — R. We simultaneously handle critical case problems
with both Navier and Dirichlet boundary conditions by ap-
plying the Ljusternik-Schnirelmann method. The multiplic-
ity of solutions is obtained when A is small enough. In the
case of Navier boundary conditions, all solutions are positive,
and a regularity result is proved.

1. Introduction. In this work, we study the p-biharmonic equation
with concave-convex nonlinearity and critical exponent
(L1)  AZu:=A(JAufP?Au) = Af (2)|u]"*u + lulP" 24 in Q,
where Q C RY is a bounded, smooth domain. We suppose that the

exponents p and ¢ are such that 1 < p < oo, N > 2p, 1 < ¢ < p, and

that
«_  Np
P N —2p
denotes the Sobolev critical exponent for fourth-order problems. The
parameters A and f : 2 — R are assumed to be continuous and positive.

Equation (1.1) is handled simultaneously with Dirichlet

Ou
(1.2) u=o = 0 on 09,
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and Navier boundary conditions

(1.3) u=Au=0 on 0.

The p-biharmonic operator A% has recently attracted the attention
of many researchers (see [5, 7, 12, 17] and references therein). Looking
for positive solutions u, v > 0 defined in a bounded, smooth domain 2,
it is sometimes associated with Hamiltonian systems (see [4, 11]):

—Au=vP in,
—Av=u? in Q,

u=v=0 on 0f,
where p, g > 1 since, formally substituting the first equation
v = (—Au)l/?
into the second, we obtain

—A(| - Au|1/”_1(—Au)) = —A(=AWYP =yl inQ,
u=Au=0 on 0f.

The biharmonic operator, i.e., the case p = 2, can be viewed as a
viscosity coefficient in Navier-Stokes equations, while the biharmonic
equation A%y = 0 appears in quantum mechanics as well as in the
theory of linear elasticity modeling Stokes’ flows.

Existence of solutions for p-biharmonic equations are mostly proved
in cases of Steklov and Navier boundary conditions, see [7, 17];
existence and multiplicity of solutions for problems with Dirichlet
boundary conditions in bounded, smooth domains are rare.

The main motivation for the present work comes from Bernis,
Garcia-Azorero and Peral [2], who in 1996 studied problems (1.2)-
(1.3) in the case p = 2 and f = 1. Thus, our study can be considered
a generalization of these results for the p-biharmonic operator.

In the present paper, we apply Ljusternik-Schnirelmann methods to
prove the existence of infinitely many solutions for problems (1.1)—(1.2)
and (1.1)—(1.3). These methods were considered by many authors dur-
ing the last decade, see [10] for Kirchhoff-type problems, [15] for non-
autonomous elliptic semilinear equations, [18] for elliptic problems with
nonlinear boundary data, [1] for systems in the whole RV and [14] for
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systems in bounded domains. In [6], a nondecreasing and unbounded
sequence of eigenvalues of the p-biharmonic operator was obtained by
considering the Ljusternik-Schnirelmann theory on C'-manifolds.

Next, we state our main result.

Theorem 1.1. There exists a constant Ag > 0 such that, for all
A € (0,Ng), problems (1.1)—(1.2) and (1.1)—(1.3) admit infinitely many
solutions. Furthermore, the solutions of the problem (1.1)-(1.3) are
positive.

In order to obtain our result, we consider the functional

1 D A q,i up*
(14) A(u)z};/ﬂmm fg/gf(w)IUI p*/ﬂ| v

In the case of problem (1.1)~(1.2), Jy is defined in W*(2), while Jy
is defined in W2?(Q) N W, (Q) for the problem (1.1)-(1.3). Thus, let
E = E(Q) stand either for the space WP (Q) or the space W22(Q) N
WO1 P(Q), according to the problem with which we deal. The space E
is endowed with the norm

Jull = / (| AufPdz) V.
Q

In order to handle both problems simultaneously, we apply a result
by Gazzola, Grunau and Sweers [9], which proves that the best constant
for the immersion

WgP(Q) = L7 (Q)

equals the best constant for the immersion

W2P(Q) N W, P(Q) — LP (Q).

Critical points of Jy are weak solutions of problems (1.1)—(1.2)
and (1.1)—(1.3), see Section 4 for problem (1.1)-(1.3). Since the
immersion of E into L”*(Q) is not compact, we apply Lions’ lemma
(see Lemma 2.2), which implies that J, satisfies a local Palais-Smale
(PS) condition below the level

% GN/(20) _ )8,
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(We denote by S the best constant for the immersion of E into L~ and
B =p*/(p* — q); the constant D will be defined later on.)

The outline of this article is the following. In Section 2, we introduce
the framework of both problems and prove a local PS-condition by
applying a measure representation lemma obtained by Lions in the
proof of the concentration-compactness principle (see Lemma 2.2). In
Section 3, the application of Ljusternik-Schnirelmann methods allows
us to establish the existence of infinitely many solutions for A small
enough. In Section 4, we prove a simple regularization result regarding
equation (1.1) with Navier boundary conditions.

2. The local PS-condition via the concentration-compactness
principle. We consider the “energy” functional

1 p A q_i up*
(2.1) JA<u>=];/Q|Au| —E/Qf(x)lul p*/Q| v

As mentioned above, J, is defined in W02 P(2) in the case of problem
(1.1)-(1.2) and in W22(Q)NW,?(Q) in the case of problem (1.1)(1.3).
Both spaces will be simply designated by E = E(Q2), according to the
problem with which we deal. We denote

[ulle = [lull = [|Aullp,

where |- ||, stands for the usual norm of L? (). In order to handle prob-
lems (1.1)—(1.2) and (1.1)—(1.3) simultaneously, we apply the following
result by Gazzola, Grunau and Sweers [9]:

Theorem 2.1. The best constant for the immersion Wi'P() <
LP"(Q) is equal to the best constant for the immersion W2P(Q) N
Wy (Q) = L ().

From now on,
S = inf{[|ul|P : v € E and ||lul|,» =1}

indicates the best constant for the Sobolev’s immersion of E into LP".
Thus, by definition,
pr < STHP|[ul].

lu

For the reader’s convenience, we state Lions’ lemma (see [13]):
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Lemma 2.2. Let {u,} be a weakly convergent sequence with limit u
such that

(1) |Aup|P — p weakly-* in the sense of measures;
(ii) |un|?” — v weakly-* in the sense of measures,

where p and v are non-negative and bounded measure. Then, for some
finite set of indices I, we have

(a) v=|ul? + ZVk(Szm v >0,
kel

(b) w > ‘Au|p + Zﬂkérlu Ui > 07 Tk € ﬁ;
kel

(c) V,f/p* < ppS~1t.

We apply this result to prove that the functional Jy satisfies the
Palais-Smale condition for levels below a certain constant.

We recall that 5 = p*/(p* — q).

Theorem 2.3. There exists a positive constant D such that any Palais-
Smale sequence {u,} C E for Jy at the level ¢ satisfying

2 N/(2p) B
DA
c< =58 ,

has a subsequence that converges strongly in E.

Proof. Tt is easy to conclude that {u,} is bounded in E. Therefore,
we may suppose that

u, — u weakly in E,

and
[Aug [P — p

weakly-* in the sense of measures,
|un|P* —~

for some bounded, non-negative measures y and v. Applying Lemma 2.2
(passing to a subsequence, if necessary) we also have
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(2.2)
U, — uin L"(Q) for 1 < r < p* and almost everywhere in Q,
|Aup [P — p > [Aul? + Zke] POz, »
|un|p* —y= |u|p* + D per VkOa,

for some finite set I.
We claim that I = ). Supposing that k € I, define ¢ € C>®(RY)
such that
¥ :=11in B(xy),
(2.3) Y:=0 O;It Boe(wk), )
VY| < pe |Ay| < =

Now, consider the bounded sequence in E given by {¢u,}, where
o(x) = P(x)xa(x). It follows that

lim (J3 (un), pu,) = 0.

n—oo
Thus,
lim/|Aun|p*2AunA(¢un)dx
n—oo Q
(2.4) = [ s@hulto+ [ fuls
Q Q

= )\/ f(@)|u|¢dx —|—/ o dv.
Q Q
However, the left-hand side of the last equation gives
/ | Aty [P72 Aty (9AUy, 4 2(V @, V) + 1, Ag) da
Q

= / | Ay, |Péde
Q

+ [ |Au, P72 A, (2(V ¢, Vuy,) + u, Ad) da,
Q
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and taking the limit in n, we have

(2.5) lim | Ay P2 Au, Alduy,)de = | ¢du
Q Q

n—roo

+ lim / | Ay, P72 AU, (2(V ), Vi) + un Ad) de.
Q

n—oo
We now prove that

lim < lim / | A P72 Ay (2(V b, Vuy) + 1w, Ag) da:) =0.
Q

e—0 \ n—oo
In fact, by the Cauchy-Schwarz and Hélder inequalities, we have

0 < lim ’ | Ay P2 Ay (Vo, Vauy,) do
Q

n— oo

(p—1)/p 1/p
< lim (/ |Aun|pdx> </ |V¢|p|Vun|pdz> .

The weak convergence of {uy, }, Holder’s inequality and (2.3) thus imply

(p—1)/p 1/p
lim (/ |Aun|pdx> </ |V¢|p|VunPd£L‘>
n—o00 Q Q
1/p
<o [ VoIV
B(z,2¢)NQ
p/N
< CK/ |V¢|Ndx)
B(zk,2¢)NQ
(N-p)/Nq1/p
" (/ |Vu|Np/(N_p)dx) ]
B(zg,2¢)N2

(N—p)/Np
SC(/ |Vu|Np/(Np)d:17>
B(zy,2¢)NQ

— 0 when ¢ — 0.
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However, we also have that

n—oo

0< lim ‘/ | A, [P (Aup )u, Ag dz
Q

< lim/|Aun\p71|unA¢|dx

(p=1)/p 1/p
< lim ( / Aun|pdx) ( / |A¢|punpdx>
1/p
o/ AoPluras)
B(z,2¢)NQ
(2p)/N i p/p*11/p
)™ o) |
B(xk,2¢)NQ B(zk,2¢)NQ

1/p
<C’</ u|p*dx> — 0 when € — 0,
B(xk,2¢)NQ

as claimed.

Equations (2.4) and (2.5) imply

A

IN

IN

O—hm{ /f |u|q¢>dx—|—/¢>du— bedﬂ}_’/k—ﬂk

Applying Lemma 2.2, we know that v > Sug/p So, vy, > SN/ (),
It follows from (2.4) and (2.5) that

c= lim Ix(uy) = nlgr;o {Jk(un) - ;(J/'\(un),un>}

1 1 1 -
= lim A( - ) f(@)|upl?de + ( - *> |un|P dz
n—oo \P ¢ p p Q

_)\(—>/f Jul?de + = (/|u|p d:z:—l—Zyk)

kel

1 1 2 »
>A - —- /f:v uqu—i——/ updx—i——SN/(Qp).
(G-1) [ r@hitas+ 3 [ a3

Since 1 < g < p, applying Holder’s inequality to (2.6) we obtain

A(3=D)usta [ dx)W.

(2.6)

SN/(ZP
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We now consider the function g(z) = k12?  — Akgz? with

11
k1=— and ko= |-——||flls
=2 o= (5 -3 )15

The function g attains its absolute minimum for z > 0 at

<)\/12q> 1/(p"—q)
o = .
P*K1

& p"/(p"—q) & q/(P*—q)
g(x) > g(zg) = nl( 2q) — )\Iig( 2q>

DP*K1 P*R1
p"/(p"—q) q/(p*—q)
— )\P*/(p*_q)lil ("12(]) _ )\1+(Q/(p*_q))l€2 (’3(2(1)
P R1 b k1

_ _D/\p*/(;n**q)’

( Kog >Q/(P*q) ( Koq >P*/(P*q)
D:HQ " — K1 " .
P¥K1 P k1

(It is easy to verify that D > 0.) Therefore, we conclude that

where

2
> —§N/p) _ p)P
‘=N ’

thus reaching a contradiction with the hypothesis ¢ < (2/N)SN/(2r) —
D). We conclude that I = ), and thus, (2.2) implies that

/\Un|p*d33—>/|u|p*dac when n — oo.
Q Q

Applying the Brézis-Lieb lemma, see [3], we conclude that the conver-
gence
u, — uw in LP (Q).

If we set

Fp o= J5 () + M| 2, + )P 2,
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a straightforward computation shows that {F,, } is a Cauchy sequence
in E*. Since we have

||Fn _FmHl/(pil) ifp>2,

E*

[tun —um| < a 9
M=*"P||F,, — Fp,|

where o = a(p) and M = max{||uy,||, ||um|}, we deduce that {u,, } is
strongly convergent in E. O

3. Proof of Theorem 1.1. Assume that 1 < g < p and

1 1 «
() = ];/Q|Au|pdac— 3/Qf(x)\u|mx—§/ﬂ|u|p da.

Then, by the Holder and Sobolev inequalities we obtain:

Ix(u) > 1/ |Au|Pdz
P Ja

A o/ q/p
— || fllgS™9" |AulPdz
q Q

1 . p"/p
— =5 ﬁ’(/ |Au|pdx) ,
p Q

where 8 = p*/(p* — ¢q). Consequently,
Ja(u) = h([ul]),

where ) \ )
h(z) = —aP — Z||f]|sS~V/Pal — —*S_p*/”acp*.
p q p

There exists a Ay > 0 such that, if 0 < A < Ay, then h attains a
local minimum and a local maximum. Let Ry and R; be such that
r < Ry < R < Ry, where R is the value which h attains as its maximum
and r is the value which h attains as its minimum, and h(Ry) > h(r).
(See Figure 1.)

We take the following truncation of the functional Jy. Take

7: Rt — [0,1],
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1
1
| R, R R} =

FIGURE 1. Graph h(z) = (1/p)a? — (\/q)||fllsS™9Pad — (1/p*)S™F /PaP”.

nonincreasing and C'*°, such that

T(z) =1 if x <Ry,
T(x) =0 if x> Ry.

Let ¢(u) = 7(|lul|). We consider the truncated functional

Ta(u) = %/Q|Au\pdac— 2/§2f(x)\u|qu—1%/g|u

Then we have, as before, Jy(u) > h(|ul), with

- 1 A 1 NP
hz) = —af — — STa/Pgd — TP /PyP ().
(z) = Jat = 1lls p ()

P () dz.

Observe that h = h, for z < Ry, and

— 1
h(zx) = ];xp - 2Hf||557q/pxq for x > R;.

The main properties of Js » are the following:

Lemma 3.1.

(i) Jy € CLE,R).
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(i) If Jx(u) <0, then ||lu|| < Ro, and Jx(v) = Jx(v) for all
v € Br, ={uecE:|u| <R}

(iii) There exists a Ay > 0 such that, if 0 < A < Ag, then j,\ verifies
the Palais-Smale condition for any level ¢ < 0.

Proof.
(1) and (ii) are immediate.
In order to prove (iii), let {u,} C E be a Palais-Smale sequence for

Jx:
Ia(up) — ¢ and  Ji(u,) — 0.

Since ¢ < 0, we have that

Ixn(un) <0 for n large enough.

Consequently, by (ii), {u,} C Bg,. Let A2 > 0 be such that, for 0 <
A< Ag,

%SN/ 2r) _ KM > 0.

By definition, N
J)\ = J)\ in BRO;

hence, the sequence {u,,} satisfies
2
Ia(un) — ¢ <0< NSN/(%) D)\

and
J3 (up) — 0.

Therefore, by Theorem 2.3, the sequence {u,} admits a strongly con-
vergent subsequence in E. ([l

Remark 3.2. Note that, if we find some negative critical value for J, N
then, by (ii), we have a negative critical value for J).

Let ¥ be the class of subsets of E \ {0} which are closed and
symmetric with respect to the origin. For A € ¥, we define the genus

v(A) by
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7(A) = min{k € N : there exists ¢ € C(A,R"\ {0}), ¢(z) = —p(—x)}
and, if such a minimum is not attained, we define y(A) = 4o0.

The main properties of the genus are the following (see [16] for
details):

Proposition 3.3. Let A, B € ¥. Then:

(i) if there exists an odd function f € C(A, B), then v(A) < ~(B).
(ii) If A C B, then v(A) < ~(B).
(iii) If there exists an odd homeomorphism between A and B, then
+(4) = 1(B).

(iv) If SN=1 is the sphere in RN, then v(SV~1) = N.

(v) WAUB) < 4(A) +2(B).

(Vi) If v(B) < +o0, then 4(A\ B) > 7(A) —v(B).

(vii) If A is compact, then v(A) < 400, and there is a § > 0 such that
v(A) = v(Ns(A)) where N5(A) = {z € E: d(z, A) < d}.

(viii) If X is a subspace of E with codimension k, and v(A) > k, then
ANX #0.

Now, we will construct an appropriate mini-max sequence of negative
critical values for the functional Jy. The proof of the next result fol-
lows [8].

Lemma 3.4. Given n € N, there is an € = €(n) > 0, such that

Y{u € E: Jy(u) < —€}) > n.

Proof. Fix n € N, and let E, be an n-dimensional subspace of E.
Take u,, € F,, with ||u,|| = 1. For 0 < p < Rg, we have:

j)\(pun) J/\ (pun

== 20 [ 1@l ltde =~ [ ful o

Since all the norms in F,, are equivalent, we define

an, :inf{ [ulP"dz : u € By, ||ul| = 1} >0,
Q
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Bn = inf{/Q f@)|u|ide : v € By, |Jul|| = 1} > 0.

Hence,

T 1 >\ n n *
J)\(pun)gfppiﬁ Q7a7* p
p q p

i

and we can choose € > 0 (which depends upon n) and 0 < n < Rg such
that N
Jr(nu) < —€if u € B, and ||ul| = 1.

Let S, = {u € E : ||u]| = n} be such that
SyNE, C{uck: Jy(u) < —e}.

Therefore, by Proposition 3.3, we have

Y({u € E: Jy(u) < —€¢}) > ¥(Sy N Ey) =n. O
Let
Y, ={C CcE\{0}:Cisclosed, C = -C,~(C) >k},
— inf 7,
o= daf, o )
and

K.={uecE: J(u)=0,J\(u) =c}.
Lemma 3.5. The cis are negative.

Proof. In fact, for simplicity, set
j)\_e —{ucE: Jy(u) < —e}.

From Lemma 3.4, for all £ € N, there exists an € = €(k) > 0 such that

V() = k.

Since Jy is continuous and even, j}\_e € Yi; then, ¢ < —e(k) < 0,
for all k. However, .Jy is bounded from below; hence, ¢ > —oo for
all k. 0

The next result proves the existence of critical points.
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Lemma 3.6. Let Ao = min{\1, A2}, and suppose that A € (0, o). If
C=Ck=Cky1 =" = Chtr, then y(K.) >r+1.

Proof. We will use the classical deformation lemma (see [16]).

Assume that ¢ = ¢y = ¢g41 = -+ = Cp4r, and observe that ¢ < 0;
therefore, Jy verifies the Palais-Smale condition in K. It is easy to see
that K. is compact.

Assume, for contradiction, that v(K.) < r. Thus, there exists a
closed and symmetric set U, with K, C U such that v(U) = v(K,) <r
(we can choose U = N, (K.) for some o > 0).

By the deformation lemma, we have an odd homeomorphism
n:E—E,
such that
77((7)\6‘“S \U) C j}\c_é for some 0 < § < —c.
By definition, N
€= Chgr = 0ei§£+T sup Ix(u).

Then, there exists an A € X4, such that sup, ¢ Ja(u) < c+30, ie.,
AcC J and

(3.1) NA\U) C(J5\U) € I
However, by Proposition 3.3, we have

VANU) 2 7(A) =~(U) > k

and

Y(n(A\U)) =~v(A\U) > k.

Consequently, n(A\ U) € j. This contradicts (3.1) since n(A\ U) €
Yk implies
sup  Ja(u) > ¢ =c. O
uen(A\U)

Proof of Theorem 1.1. It is a consequence of previous results. In
fact, define Ao = min{A;, A2}, and suppose that A € (0,)\y). By
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definition, we have

(32) ek <cppr <o S opgr <o <0

Now, we consider two cases.

Case (I). Suppose that all inequalities in (3.2) are strict. Since Lem-
ma 3.6 proves that v(K. ) > 1 for any k € N, the set K. has at
least one element. Thus, since the values of ¢ are different from each
other, we obtain a sequence of different critical points for J). Since
Lemma 3.5 implies that the values of ¢; are negative, Lemma 3.1 (ii)
implies that critical points of J, » are also critical points of Jj.

Observe that, if E = WZP(Q) (respectively, E = W2P(Q) N
WyP(€)), then critical points of Jy are solutions of problem (1.1)-
(1.2) (respectively, (1.1)—(1.3). See the next section for the second
Navier boundary condition. Furthermore, by the maximum principle,
the solutions of the problem (1.1)—(1.3) are positive.

Case (IT). Suppose that there exist k,r € N, such that
Cl = Clt1 = *** = Clpr-

In this case, Lemma 3.6 gives that (K., ) > 2. This means that the
set K., is connected, closed and symmetric with respect to the origin.
Indeed, if K., is disconnected, then (K., ) = 1 since we can define an
odd function f € C(K.,,R\{0}) as being 1 in a connected component
and —1 in the other symmetric connected component. Therefore, we
have an infinite number of distinct critical points of Ji. Analogously

to Case (I), we obtain an infinite number of solutions for problems
(1.1)-(1.2) and (1.1)—(1.3). d

4. On the Navier boundary condition. For all ¢ € Wz’P(Q) N
WyP(Q), if u € WP(Q) N W, P(Q) satisfies

/ |AuP72Aul¢pda = )\/ f(@)|u|t%up dz —l—/ [ulP”” ~2ug¢ dz,
Q Q Q
we now show that Au = 0 on 9. For this, define

v =—|Au|P2Au € LP/P71(Q)
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and
g(u) = M ()| Pu+ |ufP Pu e L /P 7D(Q) = L7(Q),

where 7 = p*/(p* — 1) > 1. Then, we have

(4.1) / v(—Ag¢)dx = / g(u)pdz,
) Q
for all ¢ € W2P(Q) N W, ?(Q)
Let w € W27 () N W, () be the unique solution of the problem

—Aw = g(u) on Q,

4.2
(42) w=20 on 0.

Therefore, we have, for all ¢ € W27 (2) N W, (),

(4.3) /QVngzde:/Qw(—Aaﬁ)dx: g(u)pdx.

Q
Subtracting (4.1) from (4.3), we obtain

/(v—w)Aqbdsz for all ¢ € C3° (),
Q

from which v = w almost everywhere in €2 follows. Thus,
v=we W (Q)NW;"(Q),
and we conclude that v = 0 on 9f2.
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