ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 47, Number 7, 2017

BLOW-UP OF MULTI-COMPONENTIAL
SOLUTIONS IN HEAT EQUATIONS
WITH EXPONENTIAL BOUNDARY FLUX

FENGJIE LI, SHIMEI ZHENG AND BINGCHEN LIU

ABSTRACT. This paper deals with heat equations cou-
pled via exponential boundary flux, where the solution is
made up of n components. Under certain monotone assump-
tions, necessary and sufficient conditions are obtained for
simultaneous blow-up of at least two components for each
initial datum. As for two components blowing up simulta-
neously, it is interesting that the representations of blow-up
rates are quite different with respect to the different blow-up
mechanisms and positions between the two components.

1. Introduction and main results. In this paper, we consider the
multi-componential solutions of heat equations with coupled nonlinear
boundary flux, taken of the form
(1.1)

(ui)e = Au; (x,t) € B x (0,7),
aalff = exp{piui + Git1Uit1} (x,t) € 0Br x (0,T),

ui(z,0) =u;0(x) ¢=1,2,...,n,n>2 x € Bp,

where w1 = U1, Pni1 = P1, Gni1 = q1, Br = {z € RY | |z| < R},
constant exponents p;,q; > 0,1 =1,2,...,n, u;0(x),i=1,2,...,n are
positive, smooth and radially symmetric functions satisfying the com-
patibility conditions on the boundary. The existence and uniqueness of
local classical solutions to (1.1) and the comparison principle are well
known, see [4]. Let T be the maximal existence time of system (1.1).
The n-componential parabolic systems such as (1.1) derive from chem-
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ical reactions, heat transfer, population dynamics, etc., which describe
the phenomena in real-life terms more precisely than the parabolic
systems with only two components, see, for example, [10, 15]. The
components u1, us, . . . , U, represent, for example, concentrations of the
chemical reactants, temperatures of the materials during heat propaga-
tions and the densities of biological populations during migrations. For
more detailed information, the interested reader may refer to [9, 14].

Zhao and Zheng [17] considered radially symmetric solutions of the
system

ur = Au, v = Av (z,t) € Bg x (0,T),

(1.2) g—z = exp{p1u + q2v} (z,t) € 0Bg x (0,T),
g—z = exp{pou + q1v} (x,t) € 0Br x (0,T),
u(z,0) = up(x), wv(x,0) =vo(z) « € Bg.

Simultaneous blow-up rates are obtained in the regions ¢ > p; > 0
and gz > po > 0 as follows:

exp{u(R, t)} ~ (T _ t)*(tlz*;02)/(2(111112*1)1102))7
exp{v(R,t)} ~ (T — t)_(‘h —1!11)/(2(111qz—p1p2))7

where f ~ g denotes that some positive constants ¢ and C' exist such
that ¢f < g < Cf. It is also proved that the blow-up can only occur
on the boundary of the space domain.

Non-simultaneous blow-up for parabolic systems has merited much
attention, see, for example, [1, 2, 11, 12, 13, 16, 18, 19, 20].
Recently, Fan and Du [3] considered the parabolic system
(1.3)

Ut = Upg, UVt = Uga (z,t) € (0,1) x (0,7T),

—uz(0,¢) = exp{p1u(0, ) + q2v(0,¢)} ¢ €(0,T)
—v,(0,t) = exp{q1u(0,t) + p2v(0,t)} ¢ € (0,T),
ug(1,t) = v,(1,8) =0 te(0,7T)
u(z,0) =uo(x), v(z,0)=wv(x) z €10,1],

where exponents p;,q; > 0,7 = 1,2, py +p2 > 0, g1 + g2 > 0, under the
conditions

uo(z),vo(x) > 6 > 0, ug(z), vy(z) <0, ug (x),v) (x) > dy > 0,
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x € [0, 1], for some constants §; and 3. Fan and Du obtained [3] that:

(i) there exists initial data such that non-simultaneous blow-up
occurs if and only if g1 < p; or g2 < ps. Hence, u and v blow up
simultaneously if g1 > p; and g2 > po;

(ii) if g1 < p1 and g2 < p2, both simultaneous and non-simultaneous
blow-up may occur for suitable initial data;

(iii) let p; > 0 and p2 > 0. If ¢ < p; and g2 > p2 (or 1 > p1
and ¢a < p2), then u (or v) blows up alone for each initial datum.
The blow-up phenomenon in the exponent region ¢; < p; and ps = 0
or g2 < pz and p; = 0 is unsettled in [3]. We obtained in [8] that
only non-simultaneous blow-up occurs in that region, which completes
the classifications of simultaneous versus non-simultaneous blow-up
for (1.3). Moreover, we proved the blow-up set is made up of only
a single point, and the solutions always blow up completely. It is
interesting that, even if non-simultaneous blow-up occurs, thermal
avalanche also occurs.

For n-componential parabolic systems, Pedersen and Lin [10] and
Wang [15], respectively, discussed the heat equations coupled via
nonlinear boundary flux

ou; ‘
87; =ullt, i=1,2,..

.M.

It may be verified that any blow-up must be simultaneous. If qiq2
-+ +gn > 1, simultaneous blow-up rates of solutions are obtained.

In [7], non-simultaneous blow-up phenomena were studied for heat
equations with coupled nonlinear boundary flux

ouy; .

87; = uipluiﬂql“, (l‘,t) € Bgr X (0, T)
Three types of non-simultaneous versus simultaneous blow-up phenom-
ena were discussed.

Inspired by [7, 8], we consider the non-simultaneous versus simul-
taneous blow-up of system (1.1) which enlarges from two components
in [17] to n components. In the present paper, the non-simultaneous
blow-up for n components means that at least one component of the ns
still remains bounded up to blow-up time. The initial data positions
of and relationship among the components play important roles in the
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blow-up mechanism of the n components, respectively, see [7]. Even
in the same exponent region, different initial data can lead to different
blow-up phenomena and blow-up rates, see [8]. Moreover, the blow-
up set and classifications are important to the existence of avalanching
phenomena after blow-up time of the solutions, see [8]. What occurs
to the corresponding blow-up phenomena of system (1.1) coupled via
exponential nonlinearities? To our knowledge, such problems for (1.1)
have not previously been considered and are worthy of study.

Rossi [13] showed that any positive solutions of (1.1) blow up if and
only if
rnax{pi7 1=1,2,...,n, qu} > 0,
j=1

where the blow-up means that

> ltilloe — 400 ast— T,
i=1
In the sequel, only blow-up solutions of (1.1) will be considered.

The main results of the present paper, in general, are as follows. Let
& = &;1n if the subscript ¢ < 0. Denote a set

(1.4) Vo= {(u1,07u2,07 csUno) [ w0 > ¢ >0, (ui)r >0,
N -1

(ui,O)rr + T(ui,o)r >0, re0,R),
éon() = exp{piti,0(R) + qir1uit1,0(R)}, 1 <i < n}

The conditions in V| are reasonable, guaranteeing the monotonicity and
compatibility conditions on the boundary for solutions. Such conditions
may also be found in [2, 5, 17], etc. Clearly,

Ui(t) = wi(R,t) = max{u;(y,s), (y,s) € [0,R] x [0,t]}, 1<i<m.

Theorem 1.1. At least two components of the ns blow up simultane-
ously for each initial datum in Vg if and only if p; < q;, 1=1,2,...,n.
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Corollary 1.2. There exist suitable initial data such that w;, © €
{1,2,...,n}, blows up while the other (n — 1)s remain bounded if and
only if ¢; < p;. Moreover, exp{U;(t)} ~ (T —t)~1/pi),

Theorem 1.3.

o Assume thatn > 3. Leti € {1,2,...,n} and k € {1,2,...,n—1}.
If ¢; < p; and q;_, < pi_k, then suitable initial data exist such that
u;—, and u; blow up simultaneously while the others remain bounded
up to the blow-up time T. Moreover,

(exp{Ui-(t)}, exp{Ui(1)})

(T — t)*(pi*‘]i)/(2pipi—l)’ (T — t)*l/(Qpi))
for k=1,

(T — t>—1/(2pz‘—k)7 (T — t)—l/(QPi))
forke{2,3,...,n—2};

(T —t)~Y/CPick) (T — )= (Pi-k—0i=k)/(Pi-kPi))
fork=n-—1.

o Assume that n = 2. If g1 < p1 and g2 < pa, then there exist
suitable initial data such that ui; and us blow up simultaneously at
time T. Moreover,

(exp{U1(t)}, exp{U2(t)})
~ ((T _ t)*(Qz*Pz)/(Q(qwl*plpz))’ (T _ t)*(th*p1)/(2(qzq1*p1p2))).

Remark 1.4. For n = 2, Theorem 1.3 (ii) gives a new exponent region
{g1 < p1, g2 < p2} for the system (1.2) considered in [17], where
simultaneous blow-up may occur, with the blow-up rates of the same
form that

(exp{U1(t)}, exp{U2(t)})
~ (T - ,5)—(112—172)/(2(<1qu—plpz))7 (T — t)_(QI_Pl)/(Q(Q2q1—P1P2))).|:|

Remark 1.5. It may be seen that, with the parameter region {¢; <
Dis Qi—k < Di—k}, there exist suitable initial data such that w; (or w;_g)
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blows up alone by Corollary 1.2, and there also exist other particular
initial data such that u;_j and u; blow up simultaneously. O

Similarly to [5, Theorem 4.8], we have the blow-up set estimates,
provided that the upper bounds of blow-up rates are obtained:

Theorem 1.6. If u; blows up with U;(t) < C(T — t)=* for any
i €{1,2,...,n} and constant o > 0, then the blow-up can only occur
on the boundary.

In the next two sections, Theorems 1.1 and 1.3, respectively, will be
proved.

2. Proof of Theorem 1.1. In order to prove Theorem 1.1, it
suffices to prove Corollary 1.2. We introduce a lemma for some estimate
of Uj.

Lemma 2.1. Let T be the blow-up time of system (1.1). If p; > 0,
then
(21) (ul)t(R’ t) > 562Piui(3,t)e2q1'+1ui+1(R,t)

for the initial data satisfying (w; o)+ (N — 1)/7)(wi0)r > €[(uio)r]*
Hence, there exists some constant Cy > 0 such that

eUi(®) < Co(T — t)_l/(2pi),

where Cy depends only upon € and p;.

Proof. Tt can be seen by the comparison principle that (u;); > 0 due

to
N -1

(wi,0)rr + (us,0)r > 0.

Define J;(r,t) = (u;); — €[(u;),]?. For small € > 0, it may be verified
that

N1 N-1,

(Ji)r > 26e—5—u

), — . _ >
(Jz)t (Jz)'rr r r = 0,

(r,t) € (0, R) x (0,T);

(Jz)r (R) > ePiti (R,t) edi+1%i+1 (R,t)
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x[(pi — 2)(ui)e (R, 1) + qiga(uiv1)e(R, 1)) = 0,
te (0,T);

N -1

Ji(T, 0) = (’U,i’())”‘ + (ui,O)r — 5[(ui,0)r]2 >0, re (0, R)

By the comparison principle, (2.1) holds. Then, eV(*) < Co(T —
t)~1/(2P1) is obtained. O

Proof of Corollary 1.2. Without loss of generality, we prove only the
case for i = n. We first prove the sufficient condition. Let G(z,y,t,7)
be Green’s function of the heat equation in Bp, satisfying

oG _
-— =0 and G(z,y,t,7)dS, < C(t—T)_l/Q,
877 OBRr OBR

where the constant C' > 0 depends only upon Bg, see [6, 9].

Fix ’LLL()(R), u270(R)7 - ,’un_Lo(R), and then take M,, > 2Um70(R),
m=1,2,...,n — 1. Choose (u1,0,u20,...,Uno) € Vo such that T is
small and satisfies

Qi 0(R) + 2Cedm+1MmirgpmMupl/2 o Npoo oy = 1,2, — 2,

2un_170(R) + ﬂéepn—an—lanT(pnfqn)/@pn) < Mn—l-

n — qn

Consider the auxiliary problem

(ﬂn—l)t = AtU,_1 (CL‘,t) € Bgr X (O,T),
Tt = opnotMaca Ol (T — )40/ @0) - (2.4) € OB x (0,T),
ﬂn_l(l‘,()) = ﬂn_l,o(fﬂ) €T € BR,

where the radial symmetric initial data %, 1, satisfies that

8ﬂnfl,O
on 9Br

— epn—an—l Cg" T_Qn/(2pn)’

Up—1,0(R) = 2up—1,0(R); Alip—10 > 0, Up_1,0 > Un—1,0 in Br. For
Gn < Pn, we have

9 _
Up_1 < 2Un_1,0(R) + % Cepnf1Mn71anT(Pn*Qn)/@Pn) < M,_1.
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Thus, u,,_1 satisfies

(@n_l)t = AT, _1 (l‘,t) € Bp x (O,T),
Tt > (T — )00/ Cendepn-atins (g,t) € OBg x (0,7),
ﬂn,1($,0) = En,l,o(x) T € Bg.

From Lemma 2.1, eV»(®) < Co(T — t)_l/(Qp"). Then, u,,_, satisfies
(2.2)

(Un—1); = Aty_q (z,t) € Bg x (0,T),
8“8"7,—1 < O (T — )~/ @pn)epn—run—1 (g ) € 9Bg x (0,T),
Un—1(2,0) = up_1,0(x) x € Bp.

By the comparison principle, u, 1 < U,_1 < M,,_1 on Bgx[0,T). We
introduce the problem

(ﬂnfg)t = Aty _o (£C7t) € Bgr X (0, —f'OO)7
(2.3) 6”#‘2 = eln-1Mu-1gpn—2Mn-2 (gt} € OBR x (0,+00),
ﬂn_g(.ﬁ, 0) = ﬂn—Q,O(l') x € Bg,

where radial @, _2,0(x) satisfies

%TL—Q,O
an

— elln,—an—lepn—2Mn—27 Tp—20=2Un_20 oON OBg;

Alyp_90 >0, Up_20 > Up_20 in Bg.
Considering system (2.3) in [0,T"), we have
TUp—y < 2Up_0(R) + 201 Mnotepn2Mn2l/2 < 0f,, o

Then, W, o satisfies (9U,_2)/0n > edn—1Mr—1ePn—2Un-2 (g ¢) ¢
0Br x (0,T). Since up—1 < M,_1, un_o satisfies (Qu,—2)/0n <
edn—1Mn-1gPn—2un-2 for (1 t) € OBR x (0,T). By the comparison prin-
ciple, U, < U,_o < M, o on Bgr x [0,T). The boundedness of
Up_3, Up—_4,---,U1 can be similarly proved. Thus, only u,, blows up.

Now, we prove the necessary condition. Assume u; < C. Then, u,
satisfies that

(un) = Aup, (x,t) € B x (0,T),
(2.4) G < enCerntn (z,t) € 9BR x (0,T),
U (2,0) = up o(x) z € Bg.
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By Green’s identity, we have U, (t) < U, (z)+2Ce?CePrUn()(T — 2)1/2,
z <t < T. Take z such that U,(z) + C' = U,(t) for some C" > 0.
Then eV (*) > ¢(T — 2)=1/(pn) | 5 € (0,T). Also, by Green’s identity,

1 t
SUn () > c/ (T — 7)~9/Cp) (¢ — 7)1 24,
0
The boundedness of u,_1 requires that ¢, < pn. O

3. Proof of Theorem 1.3. In this section, we discuss the existence
of merely two components blowing up simultaneously. Without loss of
generality, we prove only the case for i = n. We divide Theorem 1.3
for n > 3 into three subcases: k =1; k € {2,3,...,n—2}; k=n— 1.
Firstly, we deal with the subcase k = 1.

Proposition 3.1. If ¢, < p, and gn—1 < pn—1, then suitable initial
data exist such that u,_1 and u, blow up simultaneously at some time T
while the others remain bounded up to T'. Moreover,

(eU'nfl (t)’ eU'n (t)) ~ ((T _ t) _pn_Qn/(2pnpn71)’ (T _ t)_l/(Qpn)).

Next, we introduce a subset of Vi as follows:
Vi = {(u1,0(7“)7uz,0(7“), ey tp (7)) | Umo(r)

R ——— R

_ VRQ ~ (4M /M +A- SM2 )2, re0,R,

with M, = epmum,o(R)QQm+1um+1,0(R)’

R
Ny = tumo(R), m=1,2,...,n, where uj o(R) = e
1
R
uo(R) = —————, [=23,...,n—1,
Hj:l(l *)‘j))\l
(R) f A A An_1 € (0,1)
n,0 = 1,1 1y A2y ¢y An—1 s 1),
N -1

(un,O)rr + T(un,o)r > 5[(U7L,0)7']2a
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N -1

(1,0} + ———(tn-1,0)r 2 £l(un—10)r12, 7 € [0, R]}.

We use the following four lemmata to prove it.

Lemma 3.2. If ¢, < p, and ¢,_1 < pn_1, then there exists some
An—2 € (1/2,1) such that, for any initial data satisfying ujo(R) =
ZjR, 7 =12,...,n— 3, and un_Q’O(R) = (2n73R)/(Xn_2) m Vl,
non-stmultaneous blow-up must occur with ui, Us, ..., Un_2 reMaiNIng
bounded.

Proof. Take M; > 2t1R §=1,2,...,n—2. Consider the following
auxiliary problem

(unfl)t = A@nfl (Jf,t) € BR X (O’znfl)v
(3.1) Lﬂg; = (2" R-R)gPno1tuy (g.¢) € OBg x (0,T,_,),
Uy 1(2,0) = w,, 4 () x € Bp,

where radial symmetric initial data w,,_; o(v) satisfy the compatibility
condition and
2n—3R 2n—3R

= _9R< < - T _
1 _ )\n72 R — M’IZ—LO(l‘) — 1 _ )\n72 R

with A,,_2 to be determined. For problem (3.1), some \,_o € (1/2,1)

must exist such that, if A,_2 = A,_2, then T',,_; satisfies
M; > 241 R 4 20t Mitigri Mipl/2 = =1 9 p 3,

M, _y > on—lp 4 2pn—1 éepn,gMn,zcgw,flIZnifll7‘]n71/(2pn71).
Pn—1 —Qdn-1

For any (u1,0,u2,0,...,un0) € Vi satisfying ujo(R) = 2/R, j = 1,2,
coyn =3, and u,_20(R) = (2" 3R)/(Ay—2), we have

2n73R 2n73R
Un_10(R) = — > = for any A\,_1 € (0,1).
1’0( ) (1 - /\n72))\n71 1 )\n72 Y ' ( )

Then,

2" 3R
—=— 2R <u,, o(x) < —
1-— >\n—2 ’ 1- >\n—2
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2" 3R

<up_10(z) < ———F7.
(1 - )\n72)>\n71

For (un): > 0, uy(z,t) > uno(x) > 2"2R — R. By the comparison
principle, w,,_; <wu,—1 and T'< T, _,. Hence,

M, > JHpR 4 26eqj+1Mj+leijiT1/27 j=1,2,...,n—3,

Mn72 Z 2n_1R + 2pn71 éep7172Mn72Cg""*1Tpnfl_anl/(2pn71).
Pn—1 —Gn-1

Consider the second auxiliary problem

(ﬂn_2)t = AT, _2 (a:,t)EBR X (O,T),
Otn_2 _ pp_oM,_s19n-1
(3.2) By =Gy

(T —t)=an=1/@Pn-1)  (2,4)€0Bg x (0,T),

Un—2(x,0) = Up_2,0(x) x € Bp,
where the radial @, _2 () satisfies

Oun—20(x) _ P2 Mu2 QA P=tu1 /(200 1),

on

Up—20(z) = 2" 1R for © € OBr, AUy—20(x) > 0 and Up_2,0(z) >
Up—2,0(x) for z € Bp.

By Green’s identity and ¢,,—1 < pn—1, we have

Uniz S 2n_1R+ ﬂ éepnszan Cg"*lTpnfl _Qn71/(2pn—1)§ M’IL*Q'
Pn—1—Q4n-1

Thus, u,,_o satisfies

aﬂn—Z

> O (T — t) ==t/ Gpn—t)gbn—2tin=z (3 1) € OBp x (0,T).

From Lemma 2.1 and p,_; > 0, we have e%n~1 < Co(T — t)~1/(Pn-1),
and hence,

8“6;7—2 < CI (T =) an-0)/ o) pn2tnz (1 #) € OB x (0, ).

Then, by the comparison principle, u,—o < Up_o < M;,,_s.
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Now, we introduce the third auxiliary problem

(@n—3)t = Aﬂn—?) (J,‘,t) € Br x (Oa +OO)7
(3.3) Tt = etn-2Mu-2epnsMn-s (3.¢) € OBR x (0, +00),
ﬂnfg(il', 0) = En,3’0($) T € BR,

where the radial @, _3,0(z) satisfies

8ﬂ"_370 (z) — gin—-2Mn-2Pn-3Mn—3
)

on

Up—30(z) = 2" 2R for © € OBr, Al,_30(z) > 0 and Up,_3,0(z) >
Un—3,0(x) for © € Bg. Considering problem (3.3) in (0,7"), we have

Upg < 271—2R_|_ 268%711\/[”71epnsznszl/Q < M, _s.

Thus, u,,_3 satisfies

o, _ _
% > etn-2Mn-2gPn-stin-s for (1) € OBg x (0,T).
Ui
For u,,_o < M,,_o, u,_3 satisfies
Oy, —
ua” 3 < ein—2Mn—2gPn—3un—3 {5 (x,t) € OBR x (O’T)
n

By the comparison principle, u,_3 < U,_3 < M, _3. The boundedness
of Up_4,Un_5,...,u; can be similarly proved. O

Lemma 3.3. If ¢, < pn and gn—1 < Pn_1, then, for the fized \,_o
€ (1/2,1) in Lemma 3.2, there exists some X,_; € (0,1/2) such
that non-simultaneous blow-up occurs with u,—1 blowing up and the
other components remaining bounded, where u;o(R) = 2R, j=1,2,

., —3,

n—BR 2n—3R
— s un_l,o(R) = T v
An—2 (1 - )\n72))\

n—1

Un—2,0(R) =

and

n—3
wno(R) = — 2 B in V..
’ (1=Ap2)(1 =X, _)
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Proof. Take M,, > (2" 'R)/(1 — A\,_2). We then introduce the fol-
lowing auxiliary problem

(Un), = AT, (z,t) € Bg x (0,400),
(3.4) aain" = ettMigPnMn (1. t) € B x (0, +0),
Up(z,0) =Tpo(x) = € Bg,

where the radial symmetric %, o(z) satisfies

afn 2”71R
Tnol@) _ audtigpadte g (g) = 2T
an 1-— /\n72

for x € 0Bg and Au, o(x) > 0, Uy 0(z) > up,o(x) for z € Bpg.

Consider problem (3.1); however, here, the initial datum w, 4 q
satisfies
2" 3R 28R
(]- - >\n—2))\n—1 ' (]- - /\n—2)>\n—1
with A,_1 to be determined. There exists some A),_; € (0,1/2) such
that, if A\,_1 = X/ then T, satisfies

n—1»

n—1

M, > 2R + 2Cet MigpnMupl/2
"1 e

n—2

Similarly to Lemma 3.2, w,,_; < u,—1 and T' < T, _,. Hence, M, >
(2" 1R) /(1 — X\, _2) +2Cett MiepnMnT1/2 - Consider (3.4) in [0,T). By
Green’s identity,

— 2" 'R g1 My pnMnrl/2
Up < ——=—— + 2CeT 1P MnT /2 < M,

n—2

Then, %, satisfies that 9w, /0n > e?*MiePnin for (x,t) € Bg x (0,T).
Since u; < Mj, u, satisfies Ou,,/On < eltMiePntn for (x,t) € OBR x
(0,T). By the comparison principle, u,, < @, < M,,. Thus, only u,_1
blows up. O
Lemma 3.4. If q, < p, and q,—1 < pn—1, then, for the fixed
A2 € (1/2,1) in Lemma 3.2, there ewists some X!, € (1/2,1)
such that non-simultaneous blow-up occurs with u, blowing up and the
other components remaining bounded, where u;o(R) = 2R, j = 1,2,
., =3,
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2"—3R 2" 3R
Un—2,O(R) = = s Un—l,o(R) = W

n—1
and

2n—3
Un o(R) = — R m Vl.
’ (1= An2)(1 = A7)

Proof. Now, we introduce the following auxiliary problem

(@n)t = Aun (.’I},t) S BR X (Oazn);
86“;77“ = et1BgPni, (x,t) € 0Bg x (0,T,,),

Mn(x?O) = ﬂn,O(x) T < BR7

where the radial symmetric u,, (z) satisfies the compatibility condition
and
2n73 2n73
K SR<u )<t R
7 (1_)‘n72)(1_)‘n71)

(1 - )‘n72)(1 - )‘nfl)
with \,,_1 to be determined.

Take M,,_1 > (2""'R)/(1 — X\,_2). There exists some \”_; € (1/2,
1) such that, if A, = Al’_4, then

n—1
M,_1> 2 _ R 4 2pn 6ep"*1MnflC’g"T pn*Qn/(QPn)_
h 1-— )\n72 Pn — 4n -
Take the initial data (ui0,u2,0,...,un0) in Vq such that A\; = 1/2,
j = 1, 2, e, — 37 >\n—2 = Xn_g, )\n—l = Ag—l' For
2" 3R

Qn,O(x) < (1 — Xn72)(1 — )\Zil) -R < un,O(‘r)

and uy(x,t) > uy o(z) > R, u, satisfies

Ouy,
Fin 5 enReputin  on 9Bp x 0,7),
on
and hence, u,, < wu, and T'< 7T, . Thus,
—1
M, > 2n7 R n 2pn éepnfan—lanTpn_QR/(Qpn)_

1-— >\n—2 Pn — Qn
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Consider the next auxiliary problem

(Un—1), = AUy (z,t) € Bg x (0,T),
Pt = epnorMaca Ol (T — )70/ 0n) - (2,t) € OBR x (0,T),
Up—1(2,0) = Up—1,0(7) * € Bp,

where the radial symmetric @, _1 o(x) satisfies the compatibility condi-
tion and ﬂn_Lo(l‘) = (2n_1R)/(1 — /\n_g), r € 0Bpg, Aﬂn—l,O(l‘) >0
and ﬂn_l,o(x) > un—l,O(I)a T € Bg.

For ¢, < pn, by Green’s identity,

n—1
Upq < 2 7R + 2pn éepnfanqanTp7ﬁqn/(2pn) <M, ;.
1—Xi2  Pn—Gn

Thus, u,_1 satisfies

Oy, — .
Un—1 > (T — t)_Qn/(Qpn)epn—lun—17 (z,t) € OBg x (0,T).

For p, > 0, eU»() < Co(T — t)~1/(Pn). Hence, u,_; satisfies

O, —
SoL SO (T - )/ CPer e (a,t) € 0Bp x (0,T).
Ui
By the comparison principle, u,—1 < Up—1 < M,_1. Then, only u,
blows up. O

Lemma 3.5.

(i) The set of initial data in Vq such that w, blows up while the
others remain bounded is open in L°°-topology.

(ii) The set of initial data in V1 such that u,—1 blows up while the
others remain bounded is open in L°°-topology.

Proof. Without loss of generality, we prove only case (i). Let (uq,
Ug, ..., Uy) be a solution of (1.1) with initial data (u1,0,u20, ..., Un,0)
in V; such that u, blows up at ¢ = T while the other components
remain bounded, say 0 < 2¢ < wy,ug,...,up—1 < M. It suffices
to find an L°°-neighborhood of (u10,u2,0,--.,Un,0) in Vi such that
any solution (uy,us,...,uy,) of (1.1) coming from this neighborhood
maintains the property that @, blows up in finite time while the others
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remain bounded. By Corollary 1.2, ¢, < p,. Take S; > 2M + 2¢,
ji=1,2,...,n—1. Let (uy,uq,...,uy,) be the solution of:
(3.5)

(ﬂ;j)t = Au; (z,t) € Bg x (0,Tp),
G = epstietiilin (z,t) € OBg x (0,Tp),

ﬂj(x,O) = ﬂjp(l‘), j=12,....n,n>2 x € Bp,
Up1 = U1, Pnt1 = D15 Qnt1 = q1,

where the radial symmetric (41,0, U20,.-.,Uno0) € Vo is to be deter-
mined. Denote

N(u1,0,u2,0,- -, Uno) = {(U1,0,U2,0, ..., Uno) € Vo |
[5,0(2) = uj(2,T = €0)lloc <& 1<j<n}.

Since (u1, ug, . . ., Uy ) blows up at finite time T with fixed £, some gg > 0
exists such that T satisfies

S; > 2M + 2 4 20ePsSiettiSinl /2 G192 n—2,

2, -
Spot = 2M + 26 + —20 Tepn- 1S g0/ ),

n — dn
provided that (17170, 172,0, L ,an,o) S N(ul,o, U2,05 - - -5 umo).

Consider the auxiliary problem

(Hinfl)t = Aﬂnfl (l’,t) € Bgr X (07T0),
—"’“gn*l = ePr-1Sn-1 0" (Ty — )~/ (2P)  (2.t) € dBR x (0,Ty),
Up—1(2,0) = Up—1,0(x) x € Bg,

where the radial symmetric @, _1 o(x) satisfies the compatibility condi-
tion, ﬂn_Lo(l‘) = 2%_170(:@, T € 8BR7 Aﬂn_l,o(x) > (0 and ﬂn_l,o(.ﬁ)
> Up—1,0(z), x € Br. By Green’s identity,

20 = _
TUp_y < 2M + 26 + —L2 TepnrSnrginPn=0:/Crn) < g

n — dn
Then,

aﬂn—l

on

> O (Ty — )~/ @P)eprriin=1 (g ¢) € 9BR x (0,Tp).
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For p,, > 0, e < Co(Tp — t)_l/(Qp"). Thus, u,,_1 satisfies

Dt )
Un=l - Cn (T — )= 0/ CPa)ePnarin=s (1 4) € OBg x (0, Tp).

By the comparison principle, U, 1 < Up_1 < Sp_1.

Next, consider the auxiliary problem

(@n—Q)t = Aly_o (l',t) € Bpr X (O, —I—OO)7
OUTT;Z — @In—15n-1gPn—25n—2 (1’,t) c aBR % (0,+OO),
Up—2(2,0) = Up—2,0() x € Bg,

where @,_2o(x) satisfies the compatibility condition and u,—20 =
2Up—20 on OBR, Alp_20 > 0, TUp—20 > Un—20 in Br. From Green’s
identity, @,—2 < Sp—2 in Br x (0,Tp). Thus,

aﬂn72

an

For i, 1 < Sp_1, (0lp_o)/0n < eln-19n-1ePn—2tn-2_ (g t) € §Bp x
(0,Tp). Thus, tUp—2 < TUp—2 < Sp_2, (z,t) € Br x (0,Tp). The bound-
edness of u;, i =n—3, n—4,...,1, can be similarly proved. Thus, @,
is the blow-up component.

> eQ'rLflSnflep7L72ﬁ1L727 (:E,t) € OBg x (O,TQ).

According to the continuity on initial data for bounded solutions,
there must exist a neighborhood N(C V1) of (u1,0,u2,0,-..,Un,0) such
that every solution (1, s, .. ., U,) starting from the neighborhood will
enter NV (uj 0, u2,0,-..,Un,0) at time 7' — g9. This upholds the property
that w, blows up while the other components remain bounded. ([l

Proof of Proposition 3.1. Lemma 3.2 states that some X\, o € (1/2,
1) exists such that any initial datum in Vi satisfying Ay = Ay =

- = A3 = 1/2, A\y_a € (1/2,1) develops the nonsimultaneous
blow-up solution with u;, 7 = 1,2,...,n — 2, remaining bounded.
We know from Lemma 3.3 that there exists some X, ; € (0,1/2)
such that the solution of (1.1) with the initial datum in V; satisfying
)\1 = )\2 = - = )\n_g = ]./27 /\n_g = Xn_g and /\n—l = )\;L—l
blows up non-simultaneously, where u,,_1 blows up and the others are
bounded. Lemma 3.4 guarantees that some X/ _; € (1/2,1) exists
such that w, blows up alone with the initial datum in Vi, where

)\1 = /\2 = - = /\n—3 = 1/2, /\n_g = /\n_g and )\n—l =\ In

n—1-

addition, the sets of the initial data in V; such that wu, blows up
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alone and wu,_1 blows up alone are all open by Lemma 3.5. Note
that V; is connected. Thus, there must exist initial data (suitable

An—1 € (Al,_1, A _4)) such that w, and u,_; blow up simultaneously

while the others remain bounded.

Due to the boundedness of u; and by Green’s identity, we have
Upn(t) < Up(2) 4+ CePrUnO(T — 2)1/2,

For the blow-up property of u,, take z < t < T such that C' =
Un(t) — Un(2) > 0. Thus, V() > ¢(T — 2)~/2P) Similarly to
the method of Lemma 2.1, eU»(®) < C(T — )=1/(Pn) and eVUn—1() <
C(T — t)~(Pn=a)/(PnPn-1) may be obtained. Combining the upper
estimate of U, with Green’s identity to u,_1, we have

Un_l(t) < Un_l(Z) + Cepn*lUn*l(t) (T — Z)pniq”/(zp”).

Similarly to the discussion for lower estimates of u,,, we have

eUn—1(t) > ¢(T — t)—(pn—qn)/@pnpn_l)_ |

Secondly, we discuss the subcase k € {2,3,...,n — 2}. It may be
verified that it must be n > 4, if the blow-up rate

(eUn—+) Un®)y ~ (T — )1/ ZPnr) (T — 4)=1/(@Pn))

occurs.

Proposition 3.6. If ¢, < p, and q¢n—x < Pn—k, then suitable initial
data exist such that un,_i and u, blow up simultaneously at some time T
while the others still remain bounded. Moreover,

(6040, ) (T = )72/ Brnos), (7 — )1/ 200,

Without loss of generality, we prove only the case for k = 2 by the
following five lemmata. Define another subset of V( as follows:

Va = {(w0(r), u20(r), - o (1)) | (1)
R —— R

VL VAN e BN Y
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Wlth Mm — eprnu7n,0(R)e‘I7n+lum+1,0(R)7

Ny =umo(R) (m=1,2,...,n), where u1o(R)= SVR
1
R
T2 = 2)N
R
Uun-10(R) = ——3
Hj:l (1 - )‘j)An—2

R
Un—20(R) = ——5
Hj:l (1- )‘j)An—l
tno(R) R M Ao Anet € (0,1)
n,0 = T 1,. . 0 AL A2 An—] )
N -1
(un,O)'r Z 5[(un,0)r]27

N -1

uo(R) = (1=2,3,....n—3),

)

(un,O)rr +

(tn-20)rr + = (tn—20)r > £l(un—2,0),1% 7 € [0, R]}.

Lemma 3.7. If ¢, < p, and qn—2 < pp—2, then some \,_o € (1/2,1)
exists such that non-simultaneous blow-up occurs with uy, us, ..., Un_3,
Un—1 remaining bounded for the initial datum satisfying u;jo(R) = 2R,
i=12,...,n—3, and up_1,0(R) = (2" 3R)/An_2 in Vs.

Proof. Take M; > 20t R, j=1,2,...,n—3, M,_1 > 2" 'R. Con-
sider the auxiliary problem

(agn—Z)t - Agn—2 (I’,t) € Bg X (Oazn—Q)a
(3.6) % — en-1(2" P R—R) gPn—2u, (z,t) € dBg x (0,T,,_,),
Up_o(,0) = Uy, _o () T € Bg,

where the radial symmetric u,,_, o(x) satisfies the compatibility condi-
tion and

2" 3R 2" 3R
—92R < <———R
1 _ >\n72 — un72,0(x) — 1 _ )\n72 I’

with \,_o to be determined.
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For problem (3.6), some \,_2 = A,_2 € (1/2,1) must exist such
that T, _, satisfies

M; > +lp 4 zéeqjﬂMjﬂeijjI:fZ’ i=1,2,...,n—4,
M 3 > 2n—2R + 2pn—2 éepn_:;Mn_gCQn—ZT(Pn,72_Qn72)/(2pn—2)
n—3 Z Ln— )
Pn—2 — Gn—2 0 n-2
]\471_1 > 2n71R + 2pn éepn,an,l anT(PnQ—Qn)/%?n'
o Pn —d4n -

For any (u1,0,u2,0,...,un0) € Vo satisfying ujo(R) = 2/R, j = 1,2,
cooyn—3and up_10(R) = (2" 3R)/A,—2, we have

2n73 n—3
Up—2,0(R) = rR > 2R
7 (]- - )\n72)>\n71 1- >\n72

for any A\,,—1 € (0,1). Then,

2n73 277,73
fR —2R <w, ,4(x) < fR - R
1-— )\n,Q ’ 1- )\n72
2" 3R
< un72,0($) < — -
(1 - )\n—Q)An—l
For
(Un—1)t >0, Un—1(2,t) > up_10(z) > 2" 3R - R,

Uy —o satisfies

aun72
on

Z e%zfl(2n_3R7R)ep”*2u"72 on aBR X (OvT)

By the comparison principle, w,,_o < u,_2 and T'< T, _,. Hence,

M; > 27HR 4 2C e+ Mit1opiMiT1l/2) j=1,2,...,n—4,
M, _3 > 2“*2R + 2Pn—2 6ep7L73M1L73Cg'"'_2T(p1L727q7L72)/(2pn72),
o Pn—2 — qn-—2

M, 1> 2”—1R + 2pn éepn—an—l anTpn_Qn/(zpn).
- Pn — 4n
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Consider the second auxiliary problem

(tin—3), = Al (x,t) € Bpx(0,T),
Tt = epo-aMlna OFn=2(T — )~ (an-2)/@pno2) - (3.1) € OBrx(0,T),
ﬂnfg(l', 0) = ﬂn,3’0($) T € BR;

where the radial @, _g3,0(z) satisfies

OlUn—3,0

o — epnsznfsan—QT*(qnfﬁ/(Q;anz),

Hn—3,0(z) = 2" 2R for x € 8BR, Aﬂn_370(l‘) > 0 and ﬂn_&o(lﬂ) >
Un—3,0(z) for x € Bp.

From Green’s identity and ¢,—2 < pp—2,

— n—2 2Pn—2 7V pn_3M,_3¥dn—2 n—2—qn—2)/(2pn_
Tz <2 R+moep 3 e T(Prn—2=an-2)/2Pn-2) < N[ ..

Thus, u,,_3 satisfies

aﬂn—S

A 2 Ofn=2(T — t)= =2/ CPn-2)gPn-stn-s (3 t) € dBp x (0,T).
n

By Lemma 2.1 and p,,_o > 0, e¥n—2 < Co(T — )~/ (Pn—2),

< OF (T —t)~(an=2)/@pn—2)epn—sun=s (3 t) € 9B x (0,T).

Then, by the comparison principle, u,_3 < Up—3 < M,,_3.
Similarly to the proof for wu,_3, we have u,—1 < M,,_1.

In order to obtain the boundedness of wu,,_4, we introduce the third
auxiliary problem:

(ﬂn—él)t = Aﬂn—él (J?,t) € BR X (07 —|—OO),
L“é’;‘* = etm-3Mn-segPn—aMn-s (g ) € 9Bp x (0, 400),
Up—a(x,0) = Tp_a,0(z) x € Bg,

where the radial symmetric @, _4 (z) satisfies

Olp—4,0

) = eq"*gM"*3ep"*4M"*4, ﬂn_4,0(£€) =2"3R for z € 0Bg,
n



2316 FENGJIE LI, SHIMEI ZHENG AND BINGCHEN LIU

ATp_g0(x) > 0 and Up—q,0(x) > up—a,0(z) for © € Bg. From Green’s
identity, we have

U’I’L*4 S 2n_3R + 2GGQn73Mn73ep71—4Mn74T1/2 S M’I’L74'

Thus, u,_4 satisfies

ou, _ _
713" 1> ensMnsePn—ans  for (z.¢) € OBg x (0,T).
n
For u,_3 < M,,_3, u,_4 satisfies
Oy, —
Pln—d < en=3Mn-3gPn—atin—s (x,t) € 0Br x (0,T).
on
By the comparison principle, u,—4 < w,—gy < M,_4. We can obtain
u; < Mj;, j=n—-5mn—6,...,1, similarly. O

Lemma 3.8. If q, < p, and g,—2 < Pn_a, then, for the fived N\, _o
€ (1/2,1) in Lemma 3.7, there exists A,,_; € (0,1/2) such that u,_o
blows up while the other components remain bounded for the initial data
satisfying ujo(R) =2'R, j=1,2,...,n—3,

2n73R 2n73R
Un—l,O(R) = X , un—Q,O(R) = W
n—2 - A\n-—-2

n—1

and

n—3
Unp o(R) = — 2 R m Vg.
’ (1= An2)(1 =A%)

Proof. Take M,, > (2""'R)/(1 — X\,_2). Consider problem (3.6)
with initial data w,,_, o satisfying the compatibility condition and

2n—3R 2n—3R
= " 2R<u, 90(0) < —=—— -k
(]- - >\n—2)An—1 ’ (1 - )\n—2>)\n—1

where A,_1 is to be determined. There exists some A\, ; € (0,1/2)
such that, if A,y =X, _;, T,,_o satisfies

n—1
My, > % + 20 MighnMa! /2

n—2
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Similarly to Lemma 3.7, u,, o < up_o and T' < T, . Hence,

n—1
M, > 124 + 2aeqlMlepnMnT1/2'

— A\n-—2
Considering problem (3.4) in [0,T), we have

— 2" 'R g1 My pn M l/2
Up < 15 . + 2C e MrePnMni/ s < M.

- A\n-—2
Then, u,, satisfies

du,

on
Due to uy < My, u, satisfies

ou,

on

> ettMigPnlin for (z,t) € OB x (0,T).

< etMigpntn for (z,t) € 9Bg x (0,T).

2317

By the comparison principle, u, < w, < M,. Thus, only u,_s blows

up.

O

Lemma 3.9. If ¢, < pn and gn—2 < pp—2, then, for the fized
An—2 € (1/2,1) in Lemma 3.2, some N!_; € (1/2,1) exists such that
Uy, blows up while the other components remain bounded for the initial

data satisfying u;o(R) =2'R, j=1,2,...,n—3,

on=3p =3 R
Un—1,0(R) = ST Un—2,0(R) = =
n—2

n—1
and

n—3
Un, O(R) = = 2 ul m Vg.
’ (1= An—2)(1 = A7 1)

Proof. We now introduce the following auxiliary problem

(Qn)t = Ayn (Z,t) € BR X (Oazn)a
%Lnn = et flePnn  (z,t) € OBR x (0,T,,),

Qn(fE,O) = Qn,O(m) LS BR7

(1— Apo) N/
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where the radial symmetric w,, o(x) satisfies the compatibility condition
and
2" 3R 2" 3R

— —2R<u, < —
(I =An2)(1 = A1) ’ (1 =An2)(1 = A1)

)

with \,_; to be determined. Choose M, 5 > (2"7'R)/(1 — X\,_2).
There exists some A/_; € (1/2,1) such that, if A\,o1 = N/, T

n—1» n
satisfies

2n—1R o
M, _o > _ + QOeqn—lMﬂ,—lepn—QMn—ZInl/Q.

n—2

Take the initial data in Vy such that A\; = 1/2, j = 1,2,...,n — 3,
A2 = An—z and A\, 1 = A, _;. For u, () < upo(z) and uy(z,t) >
ui,0(x) > R, we have u, <u, and T < T,,. Thus,
n—1
M, 5> 12 < R + Qéeqn—anflepn—2Mn72T1/2.

n—2

Consider the next auxiliary problem:

(Un—2), = ATy 2 (z,t) € Br x (0, 400),
T2 = etnrMucrgraMics (g, ) € 9B x (0, +00),
ﬂn,Q(.’E, 0) = ﬂnfzo(.’t) T € BR,

where the radial symmetric @,_2(x) satisfies the compatibility con-
dition and %,_20(R) = (2" 'R)/(1 — A\y_2), AU, _20(z) > 0 and
Up—2,0(x) > un—20(z) for z € Br. By Green’s identity, T2 < M,_s.
Thus, w,,_» satisfies

o, _ _
8” 2 > eqnflj\/jnflepn72un727 (1.715) c aBR % (O,T).
n
For u,,_1 < M,,_1, u,_o satisfies
Oy, —
Gln=2 < en=1Mn—1gPn—2tn-2 (x,t) € 0Br x (0,T).
on
By the comparison principle, u,_o < Up_s < M, _5. Then, only u,
blows up. O

Similarly to the proof of Lemma 3.5, we have the following lemma.
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Lemma 3.10.

(i) The set of initial data in Vo such that w, blows up while the
others remain bounded is open in L°°-topology.

(ii) The set of initial data in Vo such that u,—_o blows up while the
others remain bounded is open in L -topology.

Lemma 3.11. If ¢, < pn, Gn-2 < Pn—2 and Up_2,U, blow up
simultaneously while the others remain bounded up to time T, then

(eUn72(t)’ eUn(t)) ~ (T - t)_l/(Qpn72), (T — t)—l/(2pn))_

Proof. The proof is similar to the scale case of the system in [17].
Here, we omit the details. O

Until now, we have obtained Proposition 3.6. Finally, we consider
the subcase k¥ = n — 1. Similarly to Proposition 3.1, we give the
following proposition without a proof.

Proposition 3.12. If g, < p, and q1 < p1, then there exist suitable
initial data such that uy and u, blow up simultaneously at some time T
while the others remain bounded up to T'. Moreover,

(eUl(t), eUn(t)) ~ ((T _ t)—l/(2p1)7 (T _ t)—(p1—q1)/(2p1pn)). 0
Thereby, Theorem 1.3 for n > 3 is obtained.

Proof of Theorem 1.3 for n = 2. Simultaneous blow-up of (u1,us2)
can be proved similarly to the proof of Proposition 3.1. The blow-up
rates may be followed by the methods used in [17]. O
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