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HILBERT SPECIALIZATION RESULTS
WITH LOCAL CONDITIONS

FRANÇOIS LEGRAND

ABSTRACT. Given a field k of characteristic 0 and an
indeterminate T , the main topic of this paper is the con-
struction of specializations of any given finite extension of
k(T ) of degree n that are degree n field extensions of k with
specified local behavior at any given finite set of primes of k.
First, we give a full non-Galois analog of a result with a
ramified-type conclusion from a preceding paper, and next
we prove a unifying statement which combines our results
and previous work devoted to the unramified part of the
problem in the case where k is a number field.

1. Introduction. Given a field k of characteristic 0, an indetermi-
nate T , a finite extension E/k(T ) of degree n and a point t0 ∈ P1(k),
which is not a branch point, the specialization of E/k(T ) at t0 is a
k-étale algebra of degree n, i.e., a finite product

∏
l Fl/k of finite ex-

tensions of k such that
∑

l[Fl : k] = n. See Section 2 for basic termi-
nology. For example, if E/k(T ) is given by a monic irreducible (in Y )
polynomial P (T, Y ) ∈ k[T ][Y ], it is the product of extensions of k cor-
responding to the irreducible factors of P (t0, Y ) (for all but finitely
many t0 ∈ k).

The main topic of this paper is the construction of specialization
points t0 ∈ P1(k) such that the following two conditions are satisfied:

(1) the specialization of E/k(T ) at t0 consists of a single degree n
field extension Et0/k;

(2) the extension Et0/k has specified local behavior (ramified or
unramified) at any given finite set of primes of k. The term,
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“with specified local behavior,” means that, in the specific case
where the extension E/k(T ) is Galois, with specified inertia
groups or Frobenius and, in the general case, with specified
ramification indices or residue degrees.

The unramified part of this problem is studied in [3] for arbitrary
finite extensions of k(T ), whereas the ramified problem is studied in [9]
in the particular case where the extension E/k(T ) is k-regular, i.e.,
E ∩ k = k, and Galois. The aim of this paper consists first of handling
the ramified case for arbitrary finite extensions of k(T ) and next in
providing unifying results.

1.1. The ramified case. The ramified part of the problem should be
studied within some classical limitations that we recall briefly below.
Refer to Section 3 for precise statements, such as the “specialization
inertia theorem” and Proposition 3.6, as well as more details and
references.

Let k be the quotient field of a Dedekind domain A of characteris-

tic 0, E/k(T ) a finite extension of degree n, Ê/k(T ) its Galois closure
and {t1, . . . , tr} ⊂ P1(k) its branch point set. Then:

(1) a necessary condition for a given prime P of A (not contained
in a certain finite list Sexc depending on E/k(T )) to ramify in a
specialization of E/k(T ) requires P to be a prime divisor of the minimal
polynomial miP (T ) over k of some branch point tiP (unique up to k-
conjugation), i.e., miP (t0,P) has positive P-adic valuation for some
point t0,P ∈ k;

(2) the inertia group at P of the specialization at a given point

t0 ∈ P1(k) \ {t1, . . . , tr} of Ê/k(T ) is generated by a power gaP
iP

(dependent upon t0 and tiP ) of the distinguished generator giP of the

inertia group of Êk/k(T ) at some prime lying over (T − tiP )k[T − tiP ];

(3) the set of all ramification indices at P of the specialization at
t0 of E/k(T ) is the set of all lengths of disjoint cycles involved in
the cycle decomposition in Sd of the image of gaP

iP
via the action ν

of Gal(Êk/k(T )) on all k(T )-embeddings of Ek in a given algebraic
closure of k(T ) (with d = [Ek : k(T )]).

In [9], we provide a converse to the Galois conclusion. Let S be a
finite set of prime ideals P of A which are not contained in the list Sexc,



HILBERT SPECIALIZATION RESULTS 1919

each given with a couple (iP , aP) where iP is an index in {1, . . . , r} such
that P is a prime divisor of miP (T ) and aP ≥ 1 is an integer. Then,

(1) [9, Corollary 3.3] shows that, if Ê/k(T ) is k-regular1 and k is
Hilbertian,2 then, for infinitely many points t0 ∈ P1(k) \ {t1, . . . , tr},
the specialization of Ê/k(T ) at t0 has Galois group Gal(Ê/k(T )) and
inertia group at P generated by gaP

iP
(P ∈ S);

(2) Theorem 4.2 in Section 4 of this paper provides a full non-Galois
analog:

Theorem 1.1. Assume that k is Hilbertian, and continue with the data
from above. Then, for infinitely many points t0 ∈ P1(k) \ {t1, . . . , tr},

(1) the specialization of E/k(T ) at t0 consists of a single degree n
field extension Et0/k;

(2) the set of all ramification indices of Et0/k at each P ∈ S is
the set of all lengths of disjoint cycles involved in the decomposition of
ν(gaP

iP
).

Under some g-completeness hypothesis, the Hilbertianity assump-
tion can be relaxed; see Theorem 4.3. Furthermore, our results show

that [9, Corollary 3.3] still holds if Ê/k(T ) is not k-regular.

1.2. The mixed situation. In Section 5, we prove a unifying result,
in the number field case,3 which combines some of our results from
Section 4 and the results from the already alluded to previous work
devoted to the unramified part of the problem. Theorem 5.1 gives our
precise result.

Moreover, in the special case k = Q, explicit bounds on the dis-
criminant of our specializations can be added to our conclusions, see
subsection 5.3.1. For instance, we obtain the following result, see sub-
section 5.3.2.

Theorem 1.2. Let E/Q(T ) be a finite extension of degree n with
at least one Q-rational branch point and such that the Galois closure

Ê/Q(T ) is Q-regular. Let G be the Galois group of Ê/Q(T ). Then,
there exist three positive constants m0, α and β (dependent only upon
E/Q(T )) that satisfy the following property. Given two disjoint finite
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sets Sur and Sra of prime numbers p ≥ m0, there exist rational numbers
t0 such that

(1) the specialization of E/Q(T ) at t0 consists of a single degree n

field extension Et0/Q, and the Galois closure Êt0/Q of Et0/Q has
Galois group G;

(2) no prime number p ∈ Sur ramifies in Et0/Q;

(3) each prime number p ∈ Sra ramifies in Et0/Q;

(4) the discriminant dEt0
of Et0/Q satisfies∏

p∈Sra

p ≤ |dEt0
| ≤ α

∏
p∈Sur∪Sra

pβ .

In addition to many Q-regular Galois extensions of Q(T ) with vari-
ous Galois groups, e.g., abelian groups of even order, symmetric groups,
alternating groups, some other non-abelian simple groups (including
the Monster group), etc., several non-Galois finite extensions of Q(T )
satisfy the assumptions of Theorem 1.2. For instance, given an integer
n ≥ 3, this is true of the finite extension of Q(T ) generated by one root
of the irreducible trinomial Y n − Y − T (in which case G = Sn) [12,
subsection 4.4]. Also, see [10, subsection 2.4] (or Remark 4.4) for other
examples with G = Sn, n ≥ 3, and [12, subsection 4.5] for examples
with G = An, n ≥ 5.

2. Basics on finite extensions of k(T ). Given a field k of char-
acteristic 0, fix an algebraic closure k of k.

Recall that a finite k-étale algebra∏
l

Fl/k

is a finite product of finite field extensions Fl/k. The integer∑
l

[Fl : k]

is the degree of
∏

l Fl/k.

2.1. Generalities. Let T be an indeterminate. A finite degree n
extension E/k(T ) is k-regular if E ∩ k = k. In general, there is a



HILBERT SPECIALIZATION RESULTS 1921

constant extension in E/k(T ), which we denote by kE/k and define
by kE = E ∩ k. Note that the extension E/kE(T ) is kE-regular. The
special case kE = k corresponds to the situation where E/k(T ) is k-
regular.

Denote the Galois closure of E/k(T ) by Ê/k(T ). The Galois group

Gal(Ê/k(T )) is denoted by G and called the Galois group of E/k(T ).

Next, denote by Êk the compositum of Ê and k(T ), in a fixed algebraic

closure of k(T ). The Galois group Gal(Êk/k(T )) is denoted by G and
called the geometric Galois group of E/k(T ); it is a normal subgroup

of G (these two groups coincide if and only if Ê/k(T ) is k-regular).

Via its action on all k(T )-embeddings of Ek in a given algebraic
closure of k(T ), G may be viewed as a subgroup of the permutation
group of all of these embeddings. Up to a labeling of them, it may
be viewed as a subgroup of Sd, with d = [Ek : k(T )]. Denote the
corresponding morphism by ν : G → Sd, and call it the embedding
morphism of G in Sd.

2.2. Branch points. Given t0 ∈ P1(k), denote the integral closure of

k[T − t0] in Êk by B.4 We say that t0 is a branch point of E/k(T ) if
the prime ideal (T − t0)k[T − t0] ramifies in B. The extension E/k(T )
has only finitely many branch points, positive in number if and only

if Êk ̸= k(T ). From now on, we assume that this last condition holds
and denote the branch points by t1, . . . , tr, r ≥ 1.

2.3. Inertia canonical invariants. For each positive integer n, fix
a primitive nth root of unity ζn. Assume that the system {ζn}n is
coherent, i.e., ζnnm = ζm for any positive integers n and m.

To each ti can be associated a conjugacy class Ci of G, called the
inertia canonical conjugacy class (associated with ti), in the following
manner. The inertia groups of prime ideals lying over (T−ti) k[T−ti] in

the extension Êk/k(T ) are cyclic conjugate groups of order equal to the
ramification index ei. Furthermore, each of them has a distinguished
generator corresponding to the automorphism

(T − ti)
1/ei 7−→ ζei(T − ti)

1/ei

of k(((T − ti)
1/ei)). The conjugacy class of all distinguished generators

of the inertia groups of prime ideals lying over (T − ti) k[T − ti] in
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the extension Êk/k(T ) is represented by Ci. The unordered r-tuple

(C1, . . . , Cr) is called the inertia canonical invariant of Ê/k(T ).

Denote by CSd
i the conjugacy class of Sd corresponding to Ci via the

embedding morphism

ν : G −→ Sd, i ∈ {1, . . . , r}.

The unordered r-tuple (CSd
1 , . . . , CSd

r ) is called the inertia canonical
invariant of E/k(T ).

2.4. Specializations. Let t0 ∈ P1(k) \ {t1, . . . , tr}.

2.4.1. Galois case. The residue field of a prime ideal lying over

(T −t0)k[T −t0] in the extension Ê/k(T ) is denoted by Êt0 , and we call

the extension Êt0/k the specialization of Ê/k(T ) at t0. This does not
depend upon the choice of the prime ideal lying over (T − t0)k[T − t0]

since the extension Ê/k(T ) is Galois. The specialization of Ê/k(T ) at
t0 is a Galois extension of k whose Galois group is a subgroup of G,

namely, the decomposition group of Ê/k(T ) at a prime ideal lying over
(T − t0)k[T − t0].

2.4.2. General case. Denote the prime ideals lying over (T−t0)k[T−
t0] in the extension E/k(T ) by P1, . . . ,Ps. For each l ∈ {1, . . . , s}, the
residue field at Pl is denoted by Et0,l, and the extension Et0,l/k is called
a specialization of E/k(T ) at t0. The degree n k-étale algebra

s∏
l=1

Et0,l/k

is called the specialization algebra of E/k(T ) at t0. The compositum
in k of the Galois closures of all specializations of E/k(T ) at t0 is the

specialization of the Galois closure Ê/k(T ) at t0.

In the case where the extension E/k(T ) is given by a polynomial
P (T, Y ) ∈ k[T ][Y ], the following lemma is useful.

Lemma 2.1. Let P (T, Y ) ∈ k[T ][Y ] be a monic (in Y ) polynomial
which is irreducible over k(T ) and such that E is the field generated
over k(T ) by one of its roots. Let t0 ∈ k. Assume that P (t0, Y ) is
separable. Then the following conditions hold.
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(1) The point t0 is not a branch point of E/k(T ).

(2) Consider the factorization

P (t0, Y ) = P1(Y ) · · ·Ps(Y )

of P (t0, Y ) in irreducible polynomials Pl(Y ) ∈ k[Y ], and denote the
field generated over k by one of the roots of Pl(Y ) by Fl, l ∈ {1, . . . , s}.
Then, the specialization algebra of E/k(T ) at t0 is the k-étale algebra

s∏
l=1

Fl/k.

2.5. Notation. The following notation will be used throughout the
paper.

Let A be a Dedekind domain of characteristic 0 and k its quotient

field. We denote the Galois closure of a finite extension F/k by F̂ /k.

The minimal polynomial over k of a given point5 t ∈ P1(k) is denoted
by mt(T ) (set mt(T ) = 1 if t = ∞).

Let E/k(T ) be a finite extension of degree n and Ê/k(T ) the Galois

closure. Assume that Êk ̸= k(T ). Denote the branch point set by

{t1, . . . , tr}, the constant extension in Ê/k(T ) by kÊ/k, the Galois

group Gal(Ê/k(T )) by G, the geometric Galois group Gal(Êk/k(T ))

by G, the inertia canonical invariant of Ê/k(T ) by (C1, . . . , Cr), the
degree of Ek/k(T ) by d, the embedding morphism of G in Sd by

ν : G −→ Sd

and the inertia canonical invariant of E/k(T ) by (CSd
1 , . . . , CSd

r ). Fi-
nally, set

mt(T ) =
r∏

i=1

mti(T )

and, with 1/∞ = 0 and 1/0 = ∞, set

m1/t(T ) =

r∏
i=1

m1/ti(T ).
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3. General statements on ramification in specializations. Be-
low, we complement some standard facts on ramification in specializa-
tions of the extension E/k(T ). Our goal is the specialization inertia
theorem which is a more precise version of two results of Beckmann [1,
Proposition 4.2, Theorem 5.1], see subsection 3.2.

3.1. Preliminaries. Here, we recall some standard definitions.

Let P be a non-zero prime ideal of A. Denote the localization of A
at P by AP and the valuation of k corresponding to P by vP . We say
that P unitizes a point t ∈ P1(k) if t and 1/t are integral over AP , i.e.,
if mt(T ) and m1/t(T ) both have coefficients in AP .

Given a finite extension F/k and a prime PF of F lying over P, we
denote the associated valuation of F by vPF

.

Definition 3.1. Given t0, t1 ∈ P1(k), we say that t0 and t1 meet
modulo P if there exist a finite extension F/k and a prime PF of F
lying over P such that t0, t1 ∈ P1(F ) and one of the following two
conditions holds: (1) vPF

(t0) ≥ 0, vPF
(t1) ≥ 0 and vPF

(t0 − t1) > 0;
(2) vPF (t0) ≤ 0, vPF (t1) ≤ 0 and vPF ((1/t0)− (1/t1)) > 0.6

Note that Definition 3.1 does not depend upon the choice of the
finite extension F/k such that t0, t1 ∈ P1(F ).

Let t1 ∈ P1(k). Assume that the constant coefficient at1 of mt1(T )
satisfies vP(at1) = 0 in the case t1 ̸= 0 to make the intersection
multiplicity well defined in Definition 3.2 below. Let t0 ∈ P1(k).

Definition 3.2. The intersection multiplicity IP(t0, t1) of t0 and t1
at P is

IP(t0, t1) =

{
vP(mt1(t0)) if vP(t0) ≥ 0,

vP(m1/t1(1/t0)) if vP(t0) ≤ 0.

The next lemma, which is [9, Lemma 2.5], will be frequently used
throughout this paper.

Lemma 3.3.

(1) If IP(t0, t1) > 0, then t0 and t1 meet modulo P.

(2) The converse holds if P unitizes t1.
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Definition 3.4. We say that the prime ideal P of A is a bad prime for
E/k(T ) if P is one of the finitely many prime ideals of A satisfying at
least one of the following conditions:

(1) |G| ∈ P;

(2) two distinct branch points meet modulo P;

(3) Ê/k(T ) has vertical ramification at P, i.e., the prime PA[T ] of

A[T ] ramifies in the integral closure of A[T ] in Ê;

(4) P ramifies in the finite extension kÊ(t1, . . . , tr)/k.

Otherwise, P is called a good prime for E/k(T ).

Another goal of this section is Proposition 3.6, see subsection 3.3,
which provides an explicit characterization of all primes of k which
ramify in a specialization of E/k(T ). We will need the following
definition.

Definition 3.5. We say that the prime ideal P of A is a prime divisor
of a polynomial P (T ) ∈ k[T ] \ k if vP(P (t0)) > 0 for some t0 ∈ k.

3.2. Statement of the specialization inertia theorem.

Specialization inertia theorem. Let t0 ∈ P1(k) \ {t1, . . . , tr}.

(1) If P ramifies in a specialization of E/k(T ) at t0, then Ê/k(T ) has
vertical ramification at P, or P ramifies in the constant extension
kÊ/k or t0 meets some branch point modulo P.

(2) Let j ∈ {1, . . . , r}. Assume that P is a good prime for E/k(T )
unitizing tj and t0, tj meet modulo P.7 Then the following holds.

(a) The inertia group at P of the specialization Êt0/k of Ê/k(T )
at t0 is generated by some element of

C
IP(t0,tj)
j (= {gIP(t0,tj)

j : gj ∈ Cj}).

(b) Assume that Gal(Êt0/kÊ) = G. Then, the set of all ramifica-
tion indices at P of a given specialization Et0,l/k of E/k(T )
at t0 is the set of all lengths of disjoint cycles involved in the
cycle decomposition in Sd of any element of (CSd

j )IP(t0,tj).

As previously stated, the result is a more precise version of two re-
sults of Beckmann. Since a few gaps seem to appear in the original
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proofs, we have added some extra assumptions above. For the conve-
nience of the reader, we offer a corrected proof in subsection 3.4, based
on a version of the specialization inertia theorem for k-regular Galois
extensions of k(T ) from [9, subsection 2.2.3] (recalled as Theorem 3.7
in subsection 3.4).

3.3. Statement of Proposition 3.6.

Proposition 3.6. Assume that P is a good prime for E/k(T ) unitizing
each branch point. Then, the following two conditions are equivalent :

(1) P ramifies in a specialization of E/k(T );

(2) P is a prime divisor of mt(T ) ·m1/t(T ).

Proof. The proof follows from the proof of [9, Corollary 2.12], which
is Proposition 3.6 for k-regular Galois extensions of k(T ). We reproduce
it here with the necessary adjustments for generality.

First, assume that P ramifies in a specialization of E/k(T ) at
t0 for some t0 ∈ P1(k). Suppose vP(t0) ≥ 0 (the other case for
which vP(t0) < 0 is similar). By the specialization inertia theo-
rem (1) and since P is a good prime for E/k(T ), t0 meets some
branch point ti modulo P. Since P unitizes ti, we may apply Lem-
ma 3.3 to obtain vP(mti(t0)) > 0 (as vP(t0) ≥ 0). However,
mt1(T ), . . . ,mtr (T ),m1/t1(T ), . . . , m1/tr (T ) ∈ AP [T ] and t0 ∈ AP .
Then, vP(mt(t0) ·m1/t(t0)) > 0, as needed for (2).

Now, assume that condition (2) holds. Fix t0 ∈ k such that
vP(mt(t0) · m1/t(t0)) > 0. Since mt(T ) · m1/t(T ) has coefficients in
AP and is monic, we have vP(t0) ≥ 0. Assume that vP(mt(t0)) > 0
(the other case for which vP(m1/t(t0)) > 0 is similar). Then, we have
vP(mti(t0)) > 0 for some i ∈ {1, . . . , r}. Let xP be a generator of
the maximal ideal PAP of AP . We claim that vP(mti(t0)) = 1 or
vP(mti(t0 + xP)) = 1, i.e., IP(t0, ti) = 1 or IP(t0 + xP , ti) = 1 (as
vP(t0) ≥ 0). Indeed, if vP(mti(t0)) = 1, we are done. Then, we may
assume

(3.1) vP(mti(t0)) ≥ 2.

By the Taylor formula, we have

(3.2) mti(t0 + xP) = mti(t0) + xP ·m′
ti(t0) + x2

P ·RP
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for some RP ∈ AP and, by [9, Lemma 2.8], we have

(3.3) vP(m
′
ti(t0)) = 0.

Combining (3.1), (3.2) and (3.3) yields vP(mti(t0 + xP)) = 1, thus
proving our claim. Then, we apply Lemma 3.3 to obtain that either t0
and ti meet modulo P or t0 + xP and ti meet modulo P. Moreover,
we may assume that neither t0 nor t0 + xP is a branch point. Then,
we apply the specialization inertia theorem (2) (a) to obtain that the

inertia group at P of Êt0/k or of Êt0+xP/k is generated by an element

of Ci. In particular, P ramifies in Êt0/k or in Êt0+xP/k. Since a prime
ideal of A ramifies in the compositum of finitely many extensions of k
if and only if it ramifies in at least one of them (Abhyankar’s lemma),
we obtain that P ramifies in a specialization of E/k(T ) at t0 or in a
specialization of E/k(T ) at t0 + xP , as needed for condition (1). �

3.4. A proof of the specialization inertia theorem. First, we
state Theorem 3.7, which is the specialization inertia theorem for k-
regular Galois extensions of k(T ).

Theorem 3.7. Assume that the extension E/k(T ) is k-regular and
Galois. Let t0 ∈ P1(k) \ {t1, . . . , tr}.

(1) If P ramifies in Et0/k, then either E/k(T ) has vertical ramifi-
cation at P or t0 meets some branch point modulo P.

(2) Let j ∈ {1, . . . , r}. Assume that P is a good prime for E/k(T )
unitizing tj and t0, tj meet modulo P. Then, the inertia group at P of

Et0/k is generated by an element of C
IP(t0,tj)
j .

As stated in [9, subsection 2.2.3], Theorem 3.7 is a version of [1,
Proposition 4.2] with less restrictive hypotheses. However, we have
added condition (4) in Definition 3.4, which requires here that the prime
ideal P does not ramify in the extension k(t1, . . . , tr)/k, to close a gap
in the original proof. We refer to [9, Remark 2.7] for more details and
[8, subsection 1.2.1.4] for a proof of Theorem 3.7.

Now, we explain how to obtain the general version of the specializa-
tion inertia theorem from Theorem 3.7. In particular, we use our extra

assumption Gal(Êt0/kÊ) = G in part (2) (b) to close some gaps in the
proof of [1, Theorem 5.1].
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3.4.1. Proof of part (1). Assume that P ramifies in a specialization

of E/k(T ) at t0. Then, P ramifies in the specialization Êt0/k of

the Galois closure Ê/k(T ) at t0. If P ramifies in the subextension
kÊ/k, we are done. Then, we may assume that P does not ramify
in kÊ/k. Let Q be a prime of kÊ lying over P. Then, Q ramifies in

the extension Êt0/kÊ , which is the specialization of Ê/kÊ(T ) at t0.

Since the extension Ê/kÊ(T ) is kÊ-regular and Galois, we may apply

Theorem 3.7 (1) to obtain that Ê/kÊ(T ) has vertical ramification at Q
or t0 meets some branch point modulo Q. First, assume that Ê/kÊ(T )
has vertical ramification at Q. Since the extension kÊ/k is Galois and

since Q lies over P, we use [1, Lemma 2.1] to obtain that Ê/k(T ) has
vertical ramification at P. Now, assume that t0 meets some branch
point ti modulo Q. Then, t0 meets ti modulo P (as Q lies over P).
Hence, part (1) holds.

3.4.2. Proof of part (2) (a). For simplicity, denote the field kÊ(t1,
. . . , tr) by F . Since t0 and tj meet modulo P, there exists a prime
Q of F lying over P such that t0 and tj meet modulo Q. Due to the

fact that P is a good prime for Ê/k(T ), the prime Q is a good prime

for ÊF/F (T ) (use [1, Lemma 2.1] and the fact that the extension
F/k is Galois to handle vertical ramification). Moreover, Q unitizes tj
(as does P). Since the extension ÊF/F (T ) is F -regular and Galois,
we apply Theorem 3.7 (2) to obtain that the inertia group at Q of the

specialization of ÊF/F (T ) at t0 is generated by an element of C
IQ(t0,tj)
j .

Further, since the extension F/k is Galois and P does not ramify in
F/k (Definition 3.4 (4)), we use [1, Lemma 3.2] to obtain that the

inertia group at P of the specialization of Ê/k(T ) at t0 is the inertia

group at Q of the specialization of ÊF/F (T ) at t0. Then, this inertia

group at P is generated by an element of C
IQ(t0,tj)
j . Hence, to obtain

part (2) (a), it suffices to prove

IQ(t0, tj) = IP(t0, tj).

Assume that vP(t0) ≥ 0 (the other case for which vP(t0) < 0 is
similar). Then, we have

(3.4) IQ(t0, tj) = vQ(t0 − tj)
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(since tj is F -rational) and

(3.5) IP(t0, tj) = vP(mtj (t0)).

Due to the fact that P does not ramify in the extension F/k, (3.5)
provides

(3.6) IP(t0, tj) = vQ(mtj (t0)).

Let tj′ be a k-conjugate of tj distinct from tj . We claim that

(3.7) vQ(t0 − tj′) = 0.

Indeed, note that vQ(tj′) = 0 (since P unitizes tj). Then, we have

(3.8) vQ(t0 − tj′) ≥ 0.

Assume that vQ(t0 − tj′) ̸= 0. Then, (3.8) yields

(3.9) vQ(t0 − tj′) > 0.

Moreover, since t0 and tj meet modulo Q and Q unitizes tj , we apply
Lemma 3.3 and use (3.4) to obtain

(3.10) vQ(t0 − tj) > 0.

Combining (3.9) and (3.10) yields vQ(tj − tj′) > 0. Then, the dis-
tinct branch points tj and tj′ meet modulo Q, which cannot occur.
Hence, (3.7) holds. It then remains to combine (3.6), (3.7) and (3.4) to
obtain

IP(t0, tj) = vQ(mtj (t0)) = vQ(t0 − tj) = IQ(t0, tj),

as needed for part (2) (a).

Remark 3.8. With the previous notation, consider the restriction P ′

of Q to kÊ . Then t0 and tj meet modulo P ′ and it can be similarly
shown that IQ(t0, tj) = IP′(t0, tj). We then obtain the following state-
ment which will be used throughout the remainder of this paper.

Let P be a non-zero prime ideal of A, t0 ∈ P1(k) \ {t1, . . . , tr},
j ∈ {1, . . . , r}. Assume that t0 and tj meet modulo P and P is a good
prime for E/k(T ) unitizing tj. Then, there exists a prime Q of kÊ lying
over P such that t0 and tj meet modulo Q and IP(t0, tj) = IQ(t0, tj).
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3.4.3. Proof of part (2) (b). Let Et0,l/k be a specialization of E/
k(T ) at t0. From our extra assumption

(3.11) Gal(Êt0/kÊ) = G,

the specialization algebra of EkÊ/kÊ(T ) at t0 consists of a single de-
gree d extension (EkÊ)t0/kÊ . As t0 and tj meet modulo P and P is a
good prime for E/k(T ) unitizing tj , we can apply Remark 3.8. There
exists a prime Q of kÊ lying over P such that t0 and tj meet modulo Q
and

(3.12) IP(t0, tj) = IQ(t0, tj).

Since P does not ramify in the constant extension kÊ/k (Defini-
tion 3.4 (4)), we apply [1, Lemma 5.4] to obtain that the set of all
ramification indices at P of Et0,l/k is the set of all ramification indices
at Q of (EkÊ)t0/kÊ . Then, by (3.12), it suffices to show that the set of
all ramification indices at Q of (EkÊ)t0/kÊ is the set of all lengths of
disjoint cycles involved in the cycle decomposition in Sd of any element
of (CSd

j )IQ(t0,tj).

Let Q′ be a prime lying over Q in (EkÊ)t0/kÊ . Below, we determine
the ramification index eQ′/Q of Q′ over Q. Let Q′′ be a prime lying

over Q′ in Êt0/(EkÊ)t0 and let gj ∈ Cj . By the specialization inertia

theorem (2) (a) (or by Theorem 3.7 (2)), the inertia group of Êt0/kÊ
at Q′′ (over Q) is equal to

g⟨gIQ(t0,tj)
j ⟩g−1

for some g ∈ Gal(Êt0/kÊ) ⊆ G. Set H = Gal(Ê/EkÊ). By (3.11), the

Galois group of the specialized extension Êt0/(EkÊ)t0 remains equal

to H. We then obtain that the inertia group of Êt0/(EkÊ)t0 at Q′′

(over Q′) is equal to

g⟨gIQ(t0,tj)
j ⟩g−1

∩
H.

Hence, the ramification index eQ′/Q is equal to

(3.13) f(g) :=

∣∣g⟨gIQ(t0,tj)
j ⟩g−1

∣∣∣∣g⟨gIQ(t0,tj)
j ⟩g−1

∩
H
∣∣ .
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Conversely, let g ∈ G. By the specialization inertia theorem (2) (a)

and, as g ∈ Gal(Êt0/kÊ), (3.11),

g⟨gIQ(t0,tj)
j ⟩g−1

is the inertia group of some prime Q′′ lying over Q in Êt0/kÊ . Denote
the restriction of Q′′ to (EkÊ)t0 by Q′. Then, we obtain as before
that f(g), defined in (3.13), is the ramification index of Q′ over Q in
(EkÊ)t0/kÊ . Hence, the set of all ramification indices at Q of (EkÊ)t0/

kÊ is equal to the set8

{f(g) : g ∈ G}.

Finally, consider the action of ⟨gIQ(t0,tj)
j ⟩ by left multiplication on

the left cosets of G modulo H. Given g ∈ G and e ∈ N, we have

g
e·IQ(t0,tj)
j · (gH) = gH ⇐⇒ g−1g

e·IQ(t0,tj)
j g ∈ H.

Then, the orbit of the left coset gH has cardinality f(g−1). Hence,
the set of all ramification indices at Q of (EkÊ)t0/kÊ is the set of the

cardinalities of orbits of the left cosets of G modulo H under the action
of ⟨gIQ(t0,tj)

j ⟩. As the action of G on its left cosets modulo H gives
the embedding morphism ν, we obtain that the set of all ramification
indices at Q of (EkÊ)t0/kÊ is the set of all lengths of disjoint cycles

involved in the cycle decomposition of ν(g
IQ(t0,tj)
j ), as needed.

4. Specializations with specific ramified local behavior. This
section is devoted to the construction of points t0 ∈ P1(k) at which the
specialization algebra of E/k(T ) consists of a single degree n extension
of k and has specific ramified local behavior at any given finite set of
prime ideals of A, within the limitations of the specialization inertia
theorem. Theorems 4.2 and 4.3 give our precise results.

4.1. Data. First, we state notation for this section. Given a positive
integer s, let P1, . . . ,Ps be s distinct good primes for E/k(T ).

Remark 4.1. Given j, there may be no ij such that Pj is a prime
divisor of mtij

(T ) ·m1/tij
(T ) unitizing tij . In this case, if Pj unitizes

each branch point, then, by Proposition 3.6, no specialization of E/k(T )
ramifies at Pj .
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From now on, we assume that such an index ij does exist.

Let (i1, a1), . . . , (is, as) be s couples where, for each j ∈ {1, . . . , s},
ij is an index in {1, . . . , r} such that Pj is a prime divisor of mtij

(T ) ·
m1/tij

(T ) unitizing tij , and aj is a positive integer.

For 1 ≤ j ≤ s, denote the set of all lengths of disjoint cycles involved
in the cycle decomposition of any element of (CSd

ij
)aj by S(ij , aj) and,

given a finite k-étale algebra

s′∏
l=1

Fl/k,

consider the following:

(Ram/Pj/S(ij , aj)) the following two conditions hold:

(1) the set of all ramification indices at Pj of the extension Fl/k is
S(ij , aj) for each l ∈ {1, . . . , s′};

(2) the inertia group at Pj of the compositum F̂1 · · · F̂s′/k of the

Galois closures F̂1/k, . . . , F̂s′/k is generated by an element of C
aj

ij
.

4.2. Main results. These results extend those obtained from [9,
subsection 3.1].

Theorem 4.2. Assume that k is Hilbertian. Then, for infinitely many
points t0 ∈ k \ {t1, . . . , tr} in some arithmetic progression,

(1) the specialization algebra of E/k(T ) at t0 consists of a single

degree n extension Et0/k, and the Galois closure Êt0/k has Galois
group G;

(2) Et0/k satisfies condition (Ram/Pj/S(ij , aj)) for each j ∈ {1,
. . . , s}.

Moreover, the fields Êt0 may be required to be linearly disjoint over kÊ.

Recall that a set Σ of conjugacy classes of G is said to be g-complete
(a terminology due to Fried [4]) if no proper subgroup of G intersects
each conjugacy class in Σ. For instance, the set of all conjugacy classes
of G is g-complete [7].
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Assume in Theorem 4.3 below that the extension E/k(T ) is k-regular
and there exists a subset I ⊂ {1, . . . , r} satisfying:

(a) the set {Ci : i ∈ I}
∪
{Caj

ij
: j = 1, . . . , s} is g-complete,

(b) mti(T ) ·m1/ti(T ) has infinitely many prime divisors (i ∈ I).

Theorem 4.3. For every point t0 ∈ k \{t1, . . . , tr} in some arithmetic
progression,

(1) the specialization algebra of E/k(T ) at t0 consists of a single

degree n extension Et0/k, and the Galois group Gal(Êt0/k) of the

Galois closure Êt0/k satisfies G ⊆ Gal(Êt0/k) ⊆ G;

(2) Et0/k satisfies condition (Ram/Pj/S(ij , aj)) for each j ∈
{1, . . . , s}.

Remark 4.4.

(1) Assumption (a) holds if the set {C1, . . . , Cr} is itself g-complete,
with I = {1, . . . , r}. Several finite extensions of k(T ) are known to
satisfy this condition. Here is an example.

Let m, n, q and v be positive integers such that 1 ≤ m ≤ n, n ≥ 3,
(m,n) = 1 and q(n − m) − vn = 1. Then, the degree n k-regular
extension of k(T ) generated by one root of the irreducible trinomial
Y n − T vY m + T q satisfies the desired condition. Indeed, the branch
point set of this extension is equal to {0,∞,mmn−n(n−m)n−m}, with
corresponding inertia groups generated by the disjoint product of an
m-cycle and an (n−m)-cycle at 0, an n-cycle at ∞ and a transposition
at mmn−n(n−m)n−m. See [10, subsection 2.4].

(2) Assumption (b) holds in either of the following two situations:

(i) each ti, i ∈ I, is k-rational, and A has infinitely many prime
ideals,

(ii) either k is a number field or k is a finite extension of a rational
function field κ(X), with κ an arbitrary algebraically closed
field of characteristic 0 and X an indeterminate. Indeed,
this follows from the Tchebotarev density theorem in the case
where k is a number field. The function field case is left to the
reader as an easy exercise.
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(3) If Ê/k(T ) is itself k-regular, then we obtain G = Gal(Êt0/k) = G
in condition (1) from Theorem 4.3. This regularity condition is satisfied
if either G = Sn (and also, then, G = Sn as E/k(T ) has degree n) or G
is a simple group (as G is a non-trivial normal subgroup of G).

4.3. Proofs of Theorems 4.2 and 4.3. The proofs follow those of
[9, Corollaries 3.3, 3.4], which are Theorems 4.2 and 4.3 in the case
where the extension E/k(T ) is k-regular and Galois. We explain below
how the larger generality is handled.

4.3.1. A central lemma. Lemma 4.5 below, proved in [9, subsec-
tion 3.4], will be used throughout the rest of this paper.

Denote the set of all indices j ∈ {1, . . . , s} such that tij ̸= ∞ by S
and, for each j ∈ {1, . . . , s}, let xPj ∈ A be a generator of the maximal
ideal PjAPj of APj .

Lemma 4.5. There exists an element θ ∈ k that satisfies the following
property. For each element u of k lying in

s∩
l=1

APl

and with
t0,u = θ + u ·

∏
l∈S

xal+1
Pl

,

we have IPj (t0,u, tij ) = aj for each j ∈ {1, . . . , s}. Moreover, such an
element θ may be required to lie in A if S = {1, . . . , s}, in particular,
if ∞ is not a branch point.

The next conclusion will be used throughout the rest of this paper.
Fix a point t0,u as above, and assume that it is not a branch point.
From Lemma 3.3, t0,u meets the branch point tij modulo Pj for each j ∈
{1, . . . , s}. Hence, under the condition Gal(Êt0,u/kÊ) = G, we apply
the specialization inertia theorem (2) to obtain that the specialization
algebra of E/k(T ) at t0,u satisfies condition (Ram/Pj/S(ij , aj)) for
each j ∈ {1, . . . , s}.
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4.3.2. Proof of Theorem 4.2. Assume that k is Hilbertian, and fix
an element θ as in Lemma 4.5. From [6, Lemma 3.4], there exist
infinitely many

u ∈
s∩

l=1

APl

such that the specializations Êt0,u/k of Ê/k(T ) at

t0,u = θ + u ·
∏
l∈S

xal+1
Pl

all have Galois group G. Hence, the corresponding specialization
algebras of E/k(T ) all consist of a single degree n extension of k, i.e.,
part (1) of the conclusion holds with t0 = t0,u. Moreover, for such

a t0,u, necessarily we have Gal(Êt0,u/kÊ) = G. As explained in sub-
section 4.3.1, this yields part (2) of the conclusion with t0 = t0,u, thus
concluding the proof of Theorem 4.2. �

4.3.3. Proof of Theorem 4.3. Given i ∈ I, choose a prime divisor
P ′
i of mti(T ) ·m1/ti(T ) which is a good prime for E/k(T ) unitizing ti

(assumption (b)). We can and will require the prime ideals P ′
i, i ∈ I,

and P1, . . . ,Ps to be distinct.

Apply Lemma 4.5 to the larger set

{Pj : j ∈ {1, . . . , s}} ∪ {P ′
i : i ∈ I}

of prime ideals, each Pj given with the couple (ij , aj) from subsec-
tion 4.1 and each P ′

i given with the couple (i, 1). Let S′ be the set of
all indices i ∈ I such that ti ̸= ∞. Then, there is an element θ ∈ k that
satisfies the following property. For each u ∈ k satisfying vPj (u) ≥ 0
for each j ∈ {1, . . . , s} and vP′

i
(u) ≥ 0 for each i ∈ I and with

t0,u = θ + u ·
∏
l∈S

xal+1
Pl

·
∏
l∈S′

x2
P′

l
,

we have IPj (t0,u, tij ) = aj for each j ∈ {1, . . . , s} and IP′
i
(t0,u, ti) = 1

for each i ∈ I.

Fix such a point t0,u, and assume that it is not a branch point. By
Lemma 3.3, t0,u meets tij modulo Pj for each j ∈ {1, . . . , s} and t0
meets ti modulo P ′

i for each i ∈ I. From Remark 3.8, the next two
conditions then hold:
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(1) for each j ∈ {1, . . . , s}, there exists a prime Qj of kÊ lying
over Pj such that t0,u and tij meet modulo Qj and IQj

(t0,u, tij ) =
IPj (t0,u, tij ) = aj ;

(2) for each i ∈ I, there exists a prime Q′
i of kÊ lying over P ′

i such
that t0,u and ti meet modulo Q′

i and IQ′
i
(t0,u, ti) = IP′

i
(t0,u, ti) = 1.

Next, apply the specialization inertia theorem (2) (a) to the extension

Ê/kÊ(T ) and the set

{Qj : j ∈ {1, . . . , s}} ∪ {Q′
i : i ∈ I}

of primes to obtain that Gal(Êt0,u/kÊ) intersects each Ci (i ∈ I)

and each C
aj

ij
(j ∈ {1, . . . , s}). Then, we obtain Gal(Êt0,u/kÊ) = G

(assumption (a)). Hence, condition (2) from the conclusion holds with

t0 = t0,u (as explained in subsection 4.3.1). Since Gal(Êt0,u/kÊ) = G

and E/k(T ) is k-regular (and, thus, the image ν(G) ofG via ν : G → Sn

is a transitive subgroup of Sn), condition (1) from the conclusion holds
with t0 = t0,u, as needed. �

5. Specializations with specific local behavior. The aim of this
section is Theorem 5.1 below which combines Theorem 4.3 and previous
work in the number field case.

5.1. Notation. First, we state some notation for this section. Assume
that k is a number field and A is the integral closure of Z in k.

5.1.1. Data for the global part. Denote the number of non-trivial
conjugacy classes of G by cc(G). Choose cc(G) distinct prime numbers
p1, . . . , pcc(G) ≥ r2|G|2, each of which is totally split in kÊ/Q and such

that every prime ideal of A lying over of one these prime numbers is
a good9 prime for E/k(T ).10 These prime numbers p1, . . . , pcc(G) can

and will be assumed to depend only upon the extension E/k(T ).

5.1.2. Data for the unramified part. Recall that the type of an
element σ ∈ Sd is the (multiplicative) divisor of all lengths of disjoint
cycles involved in the cycle decomposition of σ (e.g., d-cycles have
type d1).
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Let Sur be a finite set of good primes for E/k(T ). For each P ∈ Sur,

(a) assume that the residue characteristic p satisfies p ≥ r2|G|2 and
is totally split in the extension kÊ/Q;

(b) fix positive integers dP,1, . . . , dP,sP (possibly repeated) such that

d1P,1 · · · d1P,sP
is the type of an element ν(gP) of ν(G) ⊆ Sd; and denote

the conjugacy class of gP in G by CP .

5.1.3. Data for the ramified part. Let Sra be a finite set of good
primes P for E/k(T ) such that, for each P ∈ Sra, there exists some
index iP ∈ {1, . . . , r} such that tiP ̸= ∞, P unitizes tiP and P is a
prime divisor of mtiP

(T ) ·m1/tiP
(T ). For each prime ideal P ∈ Sra,

(a) assume that the ramification index and the residue degree of P
in the extension k/Q both are equal to 1;

(b) fix an integer aP ≥ 1 and an index iP ∈ {1, . . . , r} such that
tiP ̸= ∞, P unitizes tiP and P is a prime divisor ofmtiP

(T )·m1/tiP
(T ).

5.1.4. Remaining notation. Denote the residue characteristic of a
prime ideal P ∈ Sur ∪ Sra by pP , and assume that the prime numbers
pP (P ∈ Sur ∪ Sra) and pl (l = 1, . . . , cc(G)) are distinct. Finally, set

β =

cc(G)∏
l=1

pl.

5.2. Statement of Theorem 5.1.

Theorem 5.1. Assume that E/k(T ) is k-regular. Then, for an inte-
ger θ, the following holds. For every integer t0 such that

t0 ≡ θ mod β ·
∏

P∈Sur

pP ·
∏

P∈Sra

paP+1
P ,

t0 is not a branch point, and the following conditions hold.

(1) The specialization algebra of E/k(T ) at t0 consists of a single

degree n extension Et0/k, and the Galois group Gal(Êt0/k) of the

Galois closure Êt0/k satisfies G ⊆ Gal(Êt0/k) ⊆ G.

(2) For each prime ideal P ∈ Sur, P does not ramify in Êt0/k,
the associated Frobenius is in the conjugacy class CP , and the integers
dP,1, . . . , dP,sP are the residue degrees at P of Et0/k.
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(3) For each prime ideal P ∈ Sra, the extension Et0/k satisfies
condition (Ram/P/S(iP , aP)) from subsection 4.1.

Theorem 5.1 is proved in subsection 5.4.

5.3. On the special case k = Q. Below, we assume that k = Q and
denote the discriminant of a given finite extension F/Q by dF .

5.3.1. Bounds on discriminants.

Proposition 5.2. Let P (T, Y ) ∈ Z[T ][Y ] be the minimal polynomial
of a primitive element of E/Q(T ), assumed to be integral over Z[T ].
Denote the discriminant of the polynomial P (T, Y ) by ∆P (T ) ∈ Z[T ],
the degree of ∆P (T ) by δP and its height11 by H(∆P ). Then, for at
least one integer t0 from the conclusion of Theorem 5.1, we have

(5.1) |dEt0
| ≤ (1 + δP )

1+δP ·H(∆P ) · βδP ·
( ∏

p∈Sur

p ·
∏

p∈Sra

pap+1
)δP

.

Proposition 5.2 is proven in subsection 5.3.3.

Remark 5.3.

(1) Some lower bounds may also be given. Indeed, assume for
example that, for each prime number p ∈ Sra, the integer ap is
not a multiple of the order of the elements of Cip . Then, for every
specialization point t0 from the conclusion of Theorem 5.1, each prime
number p ∈ Sra ramifies in the specialization Et0/Q. This yields∏

p∈Sra

p ≤ |dEt0
|.

In particular, we obtain some extra limitations on the ramification
in our specializations, namely, consider a specialization Et0/Q as in
Proposition 5.2 and denote the set of all prime numbers p ̸∈ Sra that
ramify in Et0/Q by S ′

ra. Then, we have

(5.2)
∏

p∈Sra∪S′
ra

p ≤ |dEt0
|.
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Combining (5.1) and (5.2) then provides∏
p∈S′

ra

p ≤ (1 + δP )
1+δP ·H(∆P ) · βδP

·
( ∏

p∈Sur

pδP
)
·
( ∏

p∈Sra

papδP+δP−1
)
.

Moreover, if the extension Et0/Q is Galois, in particular, if E/Q(T ) is
itself Galois, then [11, subsection 1.4, Proposition 6] may be used to
replace (5.2) by the better inequality∏

p∈Sra∪S′
ra

pn/2 ≤ |dEt0
|.

(2) Similar bounds on the discriminant of the Galois closure Êt0/Q
can also be given as [11, Section 1] yields

|dEt0
| ≤ |d

Êt0
| ≤ |G||G| · |dEt0

||G|+|G|2/2.

(3) The above bounds are, in a sense, the best possible as the
following evidence suggests.

Assume that some branch point ti of the extension E/Q(T ) is in Q.
Let m0 be a real number satisfying m0 > pl for each l ∈ {1, . . . , cc(G)}
and such that each prime number p ≥ m0 is a good prime for E/Q(T )
unitizing ti. Since the prime numbers p1, . . . , pcc(G) depend only upon

the extension E/Q(T ), we can and will assume that the same holds for
m0. Given a real number x ≥ m0, apply Theorem 5.1 with Sur = ∅, Sra

taken to be the set of all prime numbers p ∈ [m0, x] (this may be done
as every prime number p ≥ m0 is a prime divisor of mti(T ) ·m1/ti(T ))
and ap = 1 for each p ∈ Sra. We then obtain an extension Et0,x/Q
ramifying at each prime number p ∈ [m0, x] (and which also satisfies
the remaining properties from the conclusion) and which, by the above,
may be assumed to satisfy∏

p∈[m0,x]

p ≤ |dEt0,x
| ≤ γ ·

∏
p∈[m0,x]

p2δ



1940 FRANÇOIS LEGRAND

with γ = (1 + δP )
1+δP ·H(∆P ) · βδP and δ = δP . Hence, we have

α ·
∏
p≤x

p ≤ |dEt0,x
| ≤ γ ·

∏
p≤x

p2δ

for some positive constants α, γ and δ depending only upon E/Q(T ).
As

log
( ∏

p≤x

p
)
∼ x, x → ∞,

we obtain
c1 x ≤ log |dEt0,x

| ≤ c2 x

for some positive constants c1 and c2 depending only upon E/Q(T )
(and a sufficiently large x).

5.3.2. Proof of Theorem 1.2. Now, we explain how to obtain
Theorem 1.2 from the introduction. Assume that the extension E/Q(T )
has at least one Q-rational branch point ti and the Galois closure

Ê/Q(T ) is Q-regular. Up to applying a suitable change of variable,
we may assume that ti ̸= ∞. Then, all but finitely many prime
numbers are prime divisors of mti(T ) · m1/ti(T ), since ti ∈ Q, and
condition (a) from subsection 5.1.2 only requires p to be sufficiently
large, since QÊ = Q. Then, conditions (1), (2) and (3) in the conclusion

of Theorem 1.2 follow from Theorem 5.1 (applied with d1p,1 · · · d1p,sp = 1d

for each prime number p ∈ Sur and (ap, ip) = (1, i) for each prime

number p ∈ Sra) and the fact that G = G. As for condition (4), it is a
consequence of the bounds given in Proposition 5.2 and in part (1) of
Remark 5.3. �

5.3.3. Proof of Proposition 5.2. Choose an integer u ∈ [0, δP ] such
that

t0 = θ + u · β ·
∏

p∈Sur

p ·
∏

p∈Sra

pap+1

is not a root of ∆P (T ), with θ as in Theorem 5.1. Since we may assume

1 ≤ θ ≤ β ·
∏

p∈Sur

p ·
∏

p∈Sra

pap+1,
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we have

(5.3) 1 ≤ |t0| ≤ (1 + δP ) · β ·
∏

p∈Sur

p ·
∏

p∈Sra

pap+1.

From condition (1) in the conclusion of Theorem 5.1 and since
∆P (t0) ̸= 0, the polynomial P (t0, Y ) is irreducible overQ (Lemma 2.1).
Due to the fact that it is monic and has coefficients in Z, its discrimi-
nant ∆P (t0) is a multiple of dEt0

. Hence, we have

(5.4) |dEt0
| ≤ |∆P (t0)| ≤ (1 + δP ) ·H(∆P ) · |t0|δP ,

as |t0| ≥ 1. It then remains to combine (5.3) and (5.4) to obtain (5.1),
thus concluding the proof. �

5.4. Proof of Theorem 5.1. First, we recall how [3] handles condi-
tion (2) from the conclusion. Given a prime ideal P ∈ Sur, denote the
order of gP by eP and, for simplicity, denote the residue characteristic
of P by p. Let F p,eP/Qp be the unique unramified Galois extension
of Qp of degree eP , given with an isomorphism

Gal (F p,eP/Qp) −→ ⟨gP⟩

mapping the Frobenius of the extension F p,eP/Qp to gP . Let

φ : GQp −→ ⟨gP⟩

be the corresponding epimorphism, with GQp the absolute Galois group

of Qp. Since p ≥ r2|G|2 and P is a good prime for E/k(T ), we may
use [3] to obtain that there exists an integer θP that satisfies the
following property. For every integer t satisfying t ≡ θP mod p, t is
not a branch point, and

(1) the specialization of ÊQp/Qp(T ) at t corresponds to the epimor-
phism φ (note that kÊQp = Qp since p has been assumed to be totally
split in the extension kÊ/Q);

(2) the specialization algebra of EQp/Qp(T ) at t is equal to

sP∏
l=1

(F p,dP,l/Qp),

where F p,dP,l/Qp denotes the unique unramified extension of Qp of
degree dP,l.
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Given l ∈ {1, . . . , cc(G)}, choose a prime ideal Pl of A lying over
pl in the extension k/Q and associate a non-trivial conjugacy class Cl

of G. We can and will assume that the map l 7→ Cl is a bijection
between the set {1, . . . , cc(G)} and the set of all non-trivial conjugacy
classes of G. For each l, [3] provides, as above, an integer θl which
satisfies the following. For each integer t satisfying t ≡ θl mod pl, t
is not a branch point, and the Galois group of the specialization of

ÊQpl
/Qpl

(T ) at t is conjugate in G to an element of Cl.

Given a prime ideal P ∈ Sra, denote the residue characteristic by p.
From Lemma 4.5, the fact that tiP ̸= ∞ and since P is unramified in
the extension k/Q (condition (a) from subsection 5.1.3), there exists
an element θ′P ∈ A such that

(5.5) IP(θ
′
P + u · paP+1, tiP ) = aP

for every u ∈ AP . We claim that θ′P may be chosen in Z. Indeed, by
the full condition (a) from subsection 5.1.3, the completion of k with
respect to P is equal to Qp. Viewing θ′P as an element of Zp, choose
an integer θ′′P such that

(5.6) vP(θ
′
P − θ′′P) ≥ aP + 1.

Let u ∈ AP . Since vP(θ
′
P + u · paP+1) ≥ 0, we have

(5.7) IP(θ
′
P + u · paP+1, tiP ) = vP(mtiP

(θ′P + u · paP+1)).

By (5.5) and (5.7), we obtain

(5.8) vP(mtiP
(θ′P + u · paP+1)) = aP .

Then, combining (5.6) and (5.8) yields

vP(mtiP
(θ′′P + u · paP+1)) = aP ,

i.e.,

IP(θ
′′
P + u · paP+1, tiP ) = aP ,

(since vP(θ
′′
P + u · paP+1) ≥ 0), thus proving our claim. From now on,

we assume that θ′P lies in Z. In particular, we have IP(t, tiP ) = aP for
every integer t satisfying t ≡ θ′P mod paP+1.

Next, we use the Chinese remainder theorem to find an integer θ
that satisfies the following three conditions:
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(i) θ ≡ θP mod pP for each prime ideal P ∈ Sur;
(ii) θ ≡ θl mod pl for each l ∈ {1, . . . , cc(G)};
(iii) θ ≡ θ′P mod paP+1

P for each prime ideal P ∈ Sra.

Let t0 be an integer which satisfies

t0 ≡ θ mod β ·
∏

P∈Sur

pP ·
∏

P∈Sra

paP+1
P .

In particular, t0 is not a branch point of the extension E/k(T ) (since
cc(G) ≥ 1). By the conclusion on the prime ideals P1, . . . ,Pcc(G)

and [7], we have that Gal(Êt0/kÊ) = G. As the extension E/k(T )
has been assumed to be k-regular, its specialization algebra at t0 then
consists of a single degree n extension Et0/k. Hence, condition (1) in
the conclusion holds. Condition (2) follows from the above conclusion of
the primes in Sur. Finally, we have IP(t0, tiP ) = aP for each prime ideal

P ∈ Sra. Combining this and the condition Gal(Êt0/kÊ) = G provides
condition (3) (as explained in subsection 4.3.1), thus concluding the
proof. �
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ENDNOTES

1. Recall that this extension is not k-regular in general, even if
E/k(T ) is k-regular.

2. For example, k is a number field or a finite extension of a rational
function field κ(X) with κ an arbitrary field and X an indeterminate.
See, for example, [5] for more on Hilbertian fields.

3. The situation of a base field which is a rational function field κ(X)
with coefficients in a field κ with suitable arithmetic properties (and X
an indeterminate) may also be considered. We refer to [2, Section 4]
for more on this case.

4. Replace T − t0 by 1/T if t0 = ∞.

5. Identify P1(k) with k ∪ {∞}.
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6. Set vP(∞) = −∞ and vP(0) = ∞.

7. If P does not satisfy condition (2) of Definition 3.4, then there
is at most one index j ∈ {1, . . . , r} (up to k-conjugation) such that t0
and tj meet modulo P.

8. This set does not depend on the choice of the element gj ∈ Cj .

9. Here, and in subsection 5.1.2, Definition 3.4 (4) may be removed.

10. Infinitely many such primes can be found by the Tchebotarev
density theorem.

11. That is to say, the maximum of the absolute values of the
coefficients of ∆P (T ).
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