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CENTERS FOR GENERALIZED QUINTIC
POLYNOMIAL DIFFERENTIAL SYSTEMS

JAUME GINE, JAUME LLIBRE AND CLAUDIA VALLS

ABSTRACT. We classify the centers of polynomial dif-
ferential systems in R? of odd degree d > 5, in complex
notation, as -z = iz + (22)(¢79)/2(Az5 4+ B2z + Cz3%z2 +
D2%z% + Ezz* 4+ Fz°), where A,B,C,D,E,F € C and ei-
ther A = Re(D) =0, A =Im(D) =0, Re(A) = D =0 or
Im(A) =D =0.

1. Introduction and statement of the main results. In the
qualitative theory of real planar polynomial differential systems one
of the main problems is the center-focus problem, i.e., the problem of
distinguishing between a center and a focus. For singular points whose
linear part has a pair of pure imaginary eigenvalues, this problem is
equivalent to the existence of an analytic first integral defined in a
neighborhood of the singular point, see, for more details, [2, 12, 13,
24, 25].

A singular point is a center if there exists a neighborhood of it
such that all of the orbits in this neighborhood are periodic except the
singular point, and a singular point is a focus if there is a neighborhood
of it such that all of the orbits in this neighborhood spiral either in
forward or in backward time to the singular point.

We study the center-focus problem for a class of polynomial differen-
tial systems which generalize the class of linear polynomial differential
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systems with homogeneous polynomial nonlinearities of degree 5. The
characterization of the centers of polynomial differential systems began
with the classes of all quadratic polynomial differential systems and
linear polynomial systems with homogeneous polynomial nonlineari-
ties of degree 3, see for instance, [1, 28, 29, 30, 31]. Unfortunately,
at present, we are very far from obtaining the classification of all of
the centers of cubic polynomial differential systems. However, some
subclasses of cubic polynomial differential systems with centers have
been studied, see for instance, the papers [32, 33] and the references
cited therein. The centers of linear polynomial differential systems
with homogeneous polynomial nonlinearities of degree k > 3 are not
classified, but there are many partial results for k = 4,5,6,7,9, see
[3, 4, 11, 20, 21, 22, 23]. In general, the huge number of com-
putations necessary for obtaining complete classification becomes the
center problem which is computationally intractable, see for instance,
[16] and the references cited therein.

In this paper, we work with the real planar polynomial differential
systems which have a singular point at the origin with eigenvalues +i
and which may be written in complex form as

(1.1) 2 =iz+(22)9/2(A25 + B2*24 C2322 + D2*7° + B2z  + F7°),

where z = x+1iy, d > 5 is an arbitrary odd integer and A, B,C, D, E, F
€ C satisfy one of the four conditions:

These systems contain as a particular case the results of paper [21],
where the authors characterize the centers of system (1.1) with A =
D =0.

The polynomial differential systems (1.1) when d = 5 coincide with
the class of quintic polynomial differential systems of the form of a
linear center plus homogeneous polynomial nonlinearities of degree 5.
Therefore, the polynomial differential systems (1.1) of odd degree
d > 5 generalize the class of linear polynomial differential systems with
quintic homogeneous polynomial nonlinearities.
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The main result of this paper is the characterization of centers for the
polynomial differential systems (1.1) under the assumptions (c.1)—(c.4).
We present the classification of these centers in a different theorem for
each of the four classes.

Theorem 1.1. The polynomial differential systems (1.1) satisfying
condition (c.1) have a center at the origin if one of the following
conditions hold.

(a) Re(C’) = Im(D) = Re(BEF) = Re(B%E) = Im(BE?F) =

(B2EF) Im(B3F) = Re(E3F) =0,
(b) Re(B) =Re(C) = F =3B+ D =0,
(c) Re(B) = Re(C) = Re(E) = Re(F) =0,
(d) Re(C)=E=2B+D = 0.

The proof of Theorem 1.1 is given in Section 3.

Theorem 1.2. The polynomial differential systems (1.1) satisfying
condition (c.2) have a center at the origin if one of the following
conditions hold.

(a) Re(C’) = Im(D) = Re(BEF) = Re(B%E) = Im(BE?*F) =
(B2EF) = Im(B3F) = Re(E°F") =

(b) Re(B) = Re(C) = F =3B+ D =0,
(B) = ( ) = Re(E) = Im(F) =0,
(C)=E=2B+D=0.

We note that the change of variables (2.7) with &€ = ((ag/az7)e"™/*)1/4
transforms condition (c.2) into condition (c.1). Therefore, Theorem 1.2
will not be proved.

Theorem 1.3. The polynomial differential systems (1.1) satisfying
condition (c.3) have a center at the origin if one of the following
conditions hold.

(a) Re(C’) = Im(D) = Re(BEF) = Re(B%E) = Im(BE?F) =
Im(B2EF) = Im(B*F) = Re(E3F") = 0,

(b) Re(C) = B =54+ E =0,

(c) Re(C)=A—-3E=F =0,
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(d) C = F = Re(E) = Re(B) — Im(B) = TA + E = 49Im(B)? —
8Im(E)?> =0 and d =5,

(e) C = F = Re(E) = Re(B) + Im(B) = 7TA+ E = 491m(B)? —
8Im(E)?2 =0 and d =5,

(f) C=F =Re(E)=3A+E=9|B|?—16|E|>?=0 and d =5,

() B=C=3A-5E=16|E|> -~ 9|F]2 = 0, F = |Fle" with

1/1:7r/4+1m keZ andd=>5,

R

(h) Re(B) = Re(C) = Re(E) = Re(F) =0,

(i) Re(C)=A—-C=E=B+F=|C?-|F?=0andd=5,

() Re(O):A+O E=B-F=|C]?—|F|?=0 and d =5,

(k) Re(C) = Re(E), conditions (4.20) and d =5,

() C=B+F=Re(E)=A+E=4E?—|F|?=0 and d =5,

(m) C=B—-F=Re(E)=A+E=4|E]?—|F|?=0 and d =5,
)

Im(B) = Re(C) = Im(F) = Im(F) = 0.

The proof of Theorem 1.3 is given in Section 4. Note that Theorem
1.3 (a) coincides with Theorem 1.1 (a), and consequently, it will not be
proved.

Theorem 1.4. Polynomial differential systems (1.1) satisfying condi-
tion (c.4) have a center at the origin if one of the following conditions
hold.

(a) Re(C) = Im(D) = Re(BEF) = Re(B?E) = Im(BE?*F) =
Im(B2EF) = Im(B3F) = Re(E*F") =0,
(b) Re(C)=B=54A+FE=0,
(c) Re(C)=A—-3E=F =0,
(d) C = F = Im(B) = Im(E) = TB+4E =TA—E =0 and d = 5,
(¢) C=F=Im(B)=Im(E)=TB-4E=TA—E =0 and d = 5,
(f) C=F=Im(E) =34+ E =9|B]>~16Re(E)*> =0 and d = 5,
(2) C = 3A—5E = 16|E? — 9|F|> = 0 F = |Fle® with

kr/2, k€ Z and d =5,

Re(C) = Re(A) —Im(C) = B+iF =|C]? — |F|*> =0 and
)
Re(C) = Re(A) + Im(C) = |C]? — |F|? = B—iF =0 and

=
TEmEDEIQQQI T
I

—~
—e
~—

Qo

— Im(E) = Tm(C)2— |F|? = | B2 —4Re(E)? = a, +a —
azai; — 4012 = 20609 — 44011 — A3A12 = Q406 — 2a9G1] =

—
()
~
)
—~
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asaeg — 2a9a12 = aiau — 4a3a11 4+ azaqa1s =0 and d = 5,

(k) C=Im(E)=B+iF=A—E=AE?—|F|>=0 and d = 5,
) C=Im(E)=B—iF=A—E=4|E?>—|F|?=0 and d = 5,

(m) Re(C) =Im(F) = Re(F) — Im(F) = Re(B) —Im(B) =0,

(n) Re(C) =Im(E) = Re(F) + Im(F) = Re(B) + Im(B) = 0.

We note that the change of variables (2.7) with € = ((ag/a;)e’™/?)1/4
transforms condition (c.4) into condition (c.3). Hence, Theorem 1.4 will
not be proved.

2. Preliminary definitions and results. There are very few re-
sults about centers for classes of polynomial differential systems of ar-
bitrary degree. The resolution of this problem implies effective compu-
tation of the Poincaré-Liapunov constants. Indeed, setting

A= ay +iao, B = a3 + iay, C = as + iag,
D = a7 +iag, E = ag + iayo, F = a1 + a9,

and writing (1.1) in polar coordinates, i.e., performing a change of
variables 72 = 27 and 6 = arctan(Im 2/ Re z), system (1.1) becomes

(2.1) F=F@)rd,  0=1+G(H)r 1,
where F'(f) and G(6) are the homogeneous trigonometric polynomials

F(0) = a5 + (a3 + a7) cos(20) + (ag — aq) sin(20) + (a1 + ag) cos(40)
+ (a10 — az2) sin(46) + a11 cos(66) + a2 sin(66),

G(0) = ag + (aqg + ag) cos(20) + (a3 — a7) sin(26) + (a1 + a2) cos(40)
+ (a1 — ag) sin(40) + a1z cos(60) — ay1 sin(66).

In order to determine the necessary conditions for a center, we propose
the Poincaré series

(2.2) H(r,0) = Hy(0)r",
n=2

where Hy(0) = 1/2 and H,,(0) are homogeneous trigonometric polyno-
mials with respect to 6 of degree n. Imposing this power series as a
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formal first integral of system (2.1), we obtain

H(r,0) = Z Varr?k,
k=2

where Vo are the Poincaré-Lyapunov constants that depend upon the
parameters of system (1.1). Indeed, it is easy to see by the recursive
equations that generate the Vo that these Vai are polynomials in the
parameters of system (1.1), see [8]. As system (1.1) is polynomial, due
to the Hilbert basis theorem, the ideal J = (V5,Vy,...) generated by
the Poincaré-Liapunov constants is finitely generated, i.e., there exist
Wi, Wa,...,Wy in J such that J = (Wy,Wa,...,W;). Such a set
of generators is called a basis of J, and the conditions W; = 0 for
7 =1,...,k provide a finite set of necessary conditions for a center.
The set of coefficients for which all the Poincaré-Liapunov constants
Vi vanish is called the center variety of the family of polynomial
differential systems, and it is also an algebraic set.

In practice, we determine a number of Poincaré-Liapunov constants
which we believe contains the set of generators of all of the Poincaré-
Liapunov constants. From this set, the much more difficult problem
is to decompose this algebraic set into its irreducible components. For
simple cases, this can be done by hand, see [3, 4, 15, 18, 19, 21].
However, for more difficult systems, the use of a computer algebra
system is essential. The computational tool which we use is the
routine minAssGTZ [9] of the computer algebra system Singular [17],
which is based on the Gianni-Trager-Zacharias algorithm [10]. Since
computations are very laborious, they cannot be completed in the field
of rational numbers. Therefore, we choose an approach based on the use
of modular computations [27]. We have chosen the prime p = 32003.
In order to perform the rational reconstruction, we use Mathematica
and the algorithm presented in [27]. The last step of this algorithm
has not been verified because computations cannot be overcome. This
step ensures that all of the points of the center variety have been
found, that is, we know that all of the encountered points belong to
the decomposition of the center variety, but we do not know whether
the given decomposition is complete. Nevertheless, it is believed that
the given list is complete, see also [27]. Therefore, in the following, we
provide sufficient conditions for a center, which are necessary from a
practical standpoint.
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From system (2.1), we obtain the associated equation

dr F(9)rd

(23) 011G T

It is clear that equation (2.3) is well defined in a sufficiently small
neighborhood of the origin. Hence, if system (2.1) has a center at the
origin, then equation (2.3), when 6 > 0, also has a center at the origin.
The transformation (r,6) — (p,6) introduced by Cherkas [5], defined
by

pd—1
2.4 =
(24) PTG
whose inverse is

pl/(d=1)

(1= pG(O) /1

is a diffecomorphism from the region § > 0 into its image. If we
transform equation (2.3) using transformation (2.4), we obtain the
following Abel equation:

dp /
25 a4 DEOF (©)p* + [(d— 1)(F(0) — G/ (6)]p?

= A(0)p* + B(0)p?* + Cp.

The solution p(6,po) of (2.5) satisfies that p(0,p9) = po can be
expanded in a convergent series of py > 0 sufficiently small of the
form

(2.6) p(0, po) = p1(0)po + p2(0)p5 + pa(O)pf + -+,

with p1(0) = 1 and p(0) = 0 for k > 2. Let P : [0,p9] — R be the
Poincaré return map defined by P(pg) = p(27, pg) for a convenient py.
System (1.1) has a center at the origin if and only if px(27) = 0 for
every k > 0. If we assume that pa(27) = -+ = pp—1(27) = 0, we
say that v, = pn(27) is the mth Poincaré-Liapunov-Abel constant
of system (1.1). Of course, the set of coefficients for which all the
Poincaré-Liapunov-Abel constants v, vanish is the same as that set
for which all the Poincaré-Liapunov constants Vs, vanish. This set, as
previously mentioned, is the center variety of system (1.1).
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We note that the space of systems (1.1) with a center at the origin is
invariant with respect to the action group C* of the change of variables
z— &z

2.7)
_ —(d—5)/2 _ —(d—5)/2 4=
Al 7)/25( )/ €A, B¢ 7)/25( )/ ¢'EB.
_ (d—5)/2 _ —(d—5)/2 .o=3
C — g(d 7)/2&- 535 C D — g(d 7)/25 525 D.
_ (d—5)/2 _ (d—5)/2=5
E ¢ 7)/25 ) &R, F gl 7)/25 ) &

for a proof, see [18].

The next result will be used to check when system (1.1) is reversible
with respect to a straight line through the origin; it is proven in [8].
Indeed, system (1.1) is invariant with respect to a straight line through
the origin if it is invariant under the change of variables w = ez,
T = —t, for some real v

Lemma 2.1. System (1.1) is reversible with respect to a straight line
if and only if

(2.8) A= —Ae 4, B = —Be ", C=-C,
. D = —De*", E = —FEe', F = —Fe®,

for some v € R. Furthermore, in this situation, the origin of sys-
tem (1.1) has a center at the origin.

Throughout the proof of Theorem 1.3 we will also consider equa-

tion (1.1) and its complex conjugated equation, given by
29) z = —iz + (27)%/2
’ - (Az° + Bz'2 + 0722 + D7%2° + Ez* + F2°).

In addition, we will also consider the complex system defined by both
equations that, after the complex change of time ¢ — —it, is given by

(2.10) 2 =2+ Py(z,3%), Z=—-2Z+Qu4(z72),

where Py and ()4 are homogeneous polynomials of degree d. Since there
is no confusion, we will also write it as

(2.11) &=z~ Py(x,y), ¥ =—y+ Quz,y).



CENTERS FOR GENERALIZED QUINTIC SYSTEMS 1105

The next lemma, given in [14], will be needed later.

Lemma 2.2. If system (2.11) has a local inverse integrating factor
m
V= () [[F
i=1

with F; analytic in © and y, F;(0,0) #£0 fori=1,...,m, a # 0 and «
not an integer greater than 1, then it has an analytic first integral of
the form ¥ =xy +--- .

In fact, this lemma is a specific case of [6, Theorem 4.13 (iii)].

3. Proof of Theorem 1.1.

Proof of (a). The conditions of this case expressed in real parame-
ters are a; = ag = 0, i.e., A =Re(C) =D =0, and
P1 = a3G9a11 + a4a10011 — G4a09a12 + azaipaiz = 0,
p2 = ajag — ajay — 2azasar = 0,
p3 = asajay — 3asaiyar; — azajars + dasagaigars — azaipars = 0,
pa = ajagaiy + 3azasaipar; — azasagaz + ajajpars = 0,
ps = 3a§a4a11 - aian + agam - 3a3a421a12 =0,
Pe = agafl — 30/904%0@%1 + 6&3@10@11&12
—2a3ya11a12 — ajaly + 3agaiyai, = 0.

Each of the conditions p;, for j =1,...,6, is now rewritten in terms of
the complex parameters of system (1.1). We obtain that

p1 =Re(BEF) =0 and p, = Re(B%*E) = 0.

Using p1 = 0, we get p3 = Im(BE?*F) = 0, and using p; = ps = 0,
we get py = Im(B?EF) = 0. Finally, we note that ps = Im(B*F) = 0
and pg = Re(E?’FQ) = 0. In summary, we have the conditions of
statement (1).
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From these conditions of (1) we have A = D = 0, Re(C) = 0, that
is, C = —C, and
B EF (B)2

5~ r \B

SIS NG

Now, let 61,605,035 be such that

(3.1)

, B , , F
e T A ol
From conditions (3.1), we have that
(3.2) 0y = —26;(mod (27)), 63 = —361(mod (27)).
Now, taking v = 61/2 and using (3.2), we have
- - B
2iy _ 101 _ _=
e e B
—diy _ ,—2i01 _ jif> _
e e e 5
—6iy _ ,—3i01 _ jif3 _ _ )
e e e 2

Hence, by Lemma 2.1, and under the conditions of statement (1),
system (1) is reversible and consequently has a center at the origin. [

Proof of (b). The conditions in the real parameters are a5 = a1 =
a12 = 3aq — ag = az = 0. System (1.1) may be written as:
i =iz 4 (22)975/2(B2*z — 3B2%2% 4+ Ez2z%)
(33) =iz + (22)479/2(B2® — 3B2% + EZ%).
If we rescale system (3.3) by |2|9~3, we obtain
3=iz|z|>4 4+ B2 — 3B + Ez® =i %—g,

where, for d = 5,

H =log|2|? — i(Bz*% — B27%) — i(EE“ _E,
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and, for d > 7 odd, we have
2

5—d

Note that the first integrals exp(H) for d = 5 and H for d > 7 odd

are real functions well defined at the origin. Therefore, the origin is a
center. 0

H= 12|71 — i(B2%% — B27%) — %(EE“ ~ B,

Proof of (c). The conditions in the real parameters are az = a5 =
ag = a1 = 0. Note that, in this case, we are under the assumptions
of Lemma 2.1 with v+ = 0. Hence, by Lemma 2.1, and under the
conditions of statement (3), system (1.1) is reversible and consequently
has a center at the origin. |

Proof of (d). The conditions in the real parameters are a5 = ag =
a1p = 2a4 — ag = az = 0. In this case, system (1.1) takes the form:

(3.4) 3 =iz + (22)979/2(Bz'z — 2B2%7° + Fz°).

d=5)/2 — |2]9=5, system (3.4) becomes

_ OH
(3.5) 3 =iz|2|°"¢ 4 Bz'z — 2B2%z3 + F7° = o=t
z

Rescaling by (2%)

where, for d > 5 odd with d # 7, we have
9 . - . .
H = m‘z|77d — %.32422 -+ %BZQEAL — %F§6 -+ %FZG,

and, for d = 7, we have
H =log|z|* — 3.Bz4§2 + £§z224 - 3.FZG + EFZG
2 2 6 6" "

Note that the first integrals exp(H) for d = 7 and H for d > 5 odd
with d # 7 are real functions, well defined at the origin. Therefore, in
this case, the origin is a Hamiltonian center. O

4. Proof of Theorem 1.3.

Proof of (b). The conditions in the real parameters are as = a4 =
as = ag = bag — ajp = 0. System (1.1) can be written as:

(4.1) 2=tz + (22)7/2(A2° +iIm(C)2%7% — 5A2z* 4+ F2°).
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If we rescale system (4.1) by |z|?~°, we obtain

— oOH
5 =1iz]z[P7% + A2® +iIm(C)237% — 5Az 4+ F7° = iF,
Z
where, for d > 5 odd with d # 7, we have
2 — Im(C i _
H= 77d|z\7_d —i(A2°Z — A7) + mé )2323 - %(FEG — F2%),

and, for d = 7, we have
_ Im(C i _
H =log|z|* —i(A2°Z — A27°) + %zgig - %(FE6 — F2%).

Note that the first integrals exp(H) for d = 7 and H for d > 5 odd,
d # 7, are real functions, well defined at the origin. Therefore, the

origin is a center. O
Proof of (c). The conditions in real parameters are a1; = aj2 =
ag = a5 = as + 3ayg = 0. In this case, the associated complex

differential system (2.11) is also the Lotka-Volterra case studied in [14].
In the real coordinates system (1.1), under the conditions of this case,
we have

(4.2) & = —y + (2% 4 ¢?)d79)/2 (azz® + 18aioz’y — 3asz’y — agz'y
— 2a3x3y2 — 28a10x2y3 — 2a4x2y3 — 2a6x2y3
— 3azzy® + 2a10y” + asy® — asy®),
y=x— (> + y2)(d_5)/2 (2a10x5 — ayx® — agx® — 3azzty
— 28ay023y? + 2a423y* — 2a623y? — 2a32%y>

+ 18a10xy4 + 3a4:1:y4 — agxy4 + a3y5).

System (4.2) has the invariant curve f = z? + y? and the inverse
integrating factor V = (22 + 32)(4+3)/2 which, by integration, gives
an analytic first integral at the origin. O

Proof of (d). The conditions in real parameters are a;; = a2 =
ag = a5 = ag = az — a4 = Tas + ajg = 49a?1 —8a%0 = 0. In this
case, the associated complex differential system (2.11) is also the Lotka-
Volterra case studied in [14]. We take a3 = a4 and a;g = —7ag and
ay = £2v/2ay. In this case, the complex differential system (2.11) is
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given by
(43) F=x+ayx® +(2— 2i)\/§a2x4y — Tagzy®,
' § = —y + Tasxy T (2 + 20)V2a02y* — azy®.

System (4.4) has the invariant curve of degree 8 given by
f(z,y) =1+ 2a02* + a22® T (2 — 2i)V2a92%y

10 102
¥ (3 — ;) V2a22Ty — 20ia2x5y? T (2 + 20)V2a011°

130
+ (18 4 180)V2a22%y> + 2a0y* — ?a§x4y4
+ (18 — 180)V2a2z3y® + 20ia2a?y"

10 10¢
+ (3 + 3> \/5031'2/7 + agys.

Moreover, system (4.4) has the first integral H(z,y) = %" f(z,)¢,
where

a=(—1)YE(=D" - (2 -2i)v2)/3,
b=1i(3i+ (2 + 2i)(—1)"/*V2)/3,
¢ = —i(=3i+ (4 + 4i)(-1)*V/2) /6. 0

Proof of (e). The conditions in real parameters are a1; = ajz =
a9 = as = ag = az + ag = Tas + ajp = 49a3 — Sa%O = 0. In this
case, the associated complex differential system (2.11) is also the Lotka-
Volterra case studied in [14]. We take a3 = a4 and a;9 = —7a2 and
ay = +2v/2ay. In this case, the complex differential system (2.11) is
given by

(4.4) F=x+ax®+(2+ 2i)\@a2x4y — Tasxy?,
. § = —y + Tasxty T (2 — 20)V2a02y* — agy®.
System (4.4) has the invariant curve of degree 8 given by

f(z,y) =1+ 2a02* + a22® T (2 + 2i)V2a02%y

10 10¢ . .
F <3 + ;) V2a32Ty — 20ia32%y? F (2 — 2i)V2aqxy?
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5 130
+ (18 — 180)V2a2z°y® + 2a0y* — Tagx‘*y‘*
+ (18 4 18i)v2a22%y° + 20ia3x%y"

10 107
+ (3 - 3> V2a3ay” + a3y’

Moreover, system (4.4) has the first integral H(z,y) = x%°f(x,y)¢,
where

(DB + (24 20)v2) /3,

a =

b= (=3+(2+2i)(-1)**"V2)/3,

c= (=3 — (4+4i)(-1)*/*V/2) /6. 0
Proof of (f). The conditions in real parameters are a;; = a12 =

ag = a5 = ag = aig + 3az = 0 and 16a§ — a% — a?l = 0. In this case,
the associated complex differential system (2.10) is the Lotka-Volterra
case studied in [14]. Performing the change ¢ = (1/a3)'/4, we can
take ay = 1. Now, taking a3 = £4cos¢ and ay = +4sin® in real
coordinates the system takes the form
(4.5) &= —y + daty + 162%y> — 45 + 4a® cosp F 823y cos 1)

T 12zy* cos ¥ F 1224y sin o F 822y sin ¢ + 4y° sin v,

§ = x4 4a® — 1623y* — day* + 1221y cos ¥ £ 8xy> cos ¥
T 4y° cos1p & 42° sin ) F 82392 sin ) T 12xy* sin ).

In this case, the complex differential system (2.11) is given by

(4.6) i =z + 2 4 3zy* F dizty cosp + 4atysinp,
. g = —y — 3aty — y° F dizy® cosyp £ day? sin .

System (4.6) is Lotka-Volterra; consequently, it has invariant curves
x = 0 and y = 0. Moreover, it has the invariant curve of degree 12
given by f = 0, where f is

[ =14 24z (1 + 42* + 49)
+day| +i(x — y)(z + y)(=3 + 42%9y* (3 + 2(z% — y*)?)) cosyp
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— 2y (9y* + 2*(9 4 16y)) cos 2¢) — Yizy(z* — y*) sin 2¢
+ (2% 4+ y?) (3 + 422y* (3 + 2(z* + y*)?)) sin e |.

Moreover, an inverse integrating factor of system (4.6) is given by
V =z~ 'y~ 1f5/6, This inverse integrating factor is not well defined at
the origin. However, applying Lemma 2.2, system (4.6) has an analytic
first integral at the origin, and consequently, so does system (4.5). O

Proof of (g). The four conditions of statement (g) in real parame-
ters are ag = as = ag = a3 = a4 = 3az+5a1g = 16a3,—9(a3;+a3y) = 0.
Performing the change of variables ¢ = (1/a19)*/* where the last con-
dition is |F| = 4|aip|/3, we obtain F' = 4/3|ajole’¥ with ¢ € (0,27].
Then, we get

5 4,
(4.7) Z=1iz— 2525 +izz & ge“ﬁ?.

In real coordinates, system (4.7) becomes

(48) ¢=—-y+ %x‘ly — %m2y3 + §y5 + §£C5 cos) F 4—309031/2 cos 1
+ ?ch‘1 cos ) + 2—301‘4y siny F Z%0952313 siny + §y5 sin,
Yy=x— §x5 + %xgyz — %49@4 F ?w‘ly cos 4§0x2y3 cos
F §y5 cosy * gxs siny F 4—30333y2 siny + ?m‘y4 sin .

In this case, the complex differential system (2.11) is given by

5 4 4
b= — §x5 + oyt F giy5 cos v & §y5 sin 1,
(4.9)

. 4 55 4. 5 4 5.

y=—y—xy+ -y’ F -itx’cosy F -x’siny.

3 3 3

In fact, if we compute Poincaré-Liapunov constants for system (4.9), we
obtain that the first 12 are zero, but the next is nonzero, and its value is
Vi3 = wsin 4. Therefore, we have that this constant vanishes only for
Y = kn/4 with k € Z. Hence, ) =0+ km, ¢y =7/24+km, o =n/4+kr
and ¢ = 37/4 + kr with k € Z \ {0}. The first two cases give time-
reversible systems. For the third and fourth cases, system (4.9) takes
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the form
5 2v/2
izm—fx5+xy4i—\[(1—i)y5,
(4.10) 3 3
. 4 55 _2V2 N
y=—-y—xy+ 5y F —(1+1i)z°.

3 3

System (4.10) has no invariant algebraic curves of degree < 16 except
the curve of fourth degree f; = 1—z*4(1—i)v2 23y+(14i)vV2 zy® —y*.
From now on, we work only with system (4.10) with upper signs to
simplify the computations. For the other determination, we can obtain
similar results. We write f as

fi=1—((-1=dz+vV2y)>((1 + i)z + V2y) /4.
This factorization suggests the following change of coordinates:
X=>04dz+v2y and Y =(-1-1d)z+ 2y,

whose inverse change is

1 ) 1
x:Z(lfz)(XfY), Y:ﬁ(XnLY).

With these new coordinates, system (4.10) with the upper signs be-
comes

. X%  X3y?2 L 3Xy+
(4.11) N 16 2 16’
Xy n X2y3 n Y?
48 12 48’
and the invariant curve has the form fl =1—-XY3 /4. Now, we have
the transformation
1-G/12 3G2+Y8

T e 1 e S——
v (1-G/a/3 7 v 144(1 — G/4)?/3°

where G = XY? and system (4.11) takes the form

(4.12) U=V, V=-17U+1)V —43U +3U%+U?).
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Finally, we have the rotation U = u + v, V = —4u — 3v, obtaining the
system

U= —4u — 16u? + 4u® — 25uv + 12u?v — 9% + 12uv? + 403,

4.13 )
(4.13) 0 = —3v + 16u® — 4u® + 25uv — 12u%v + 902 — 12uv? — 403,

System (4.13) has a node at the origin whose eigenvalues are 3 and 4
and, consequently, is a linearizable node, see [7]. Moreover, it is
easy to check that, going back through all the changes of coordinates,
pulls the first meromorphic integral back (or the linearizing change of
coordinates) to a first integral of the original system (4.10). Thus, for
this case, we have a center. O

Proof of (h). The conditions in real parameters are ag = a5 = ag =
a11 = 0. Note that, in this case, we are under the assumptions of
Lemma 2.1 with v = 0. Hence, by Lemma 2.1, under the conditions of
statement (8), system (1) is reversible and consequently has a center
at the origin. |

Proof of (i). The conditions in real parameters are a5 = ag = a1g =
ag —aig = as+aj = az —ag = af — (a?, +a},). Making the change of

variables & = (1/ag)'/* and since the last condition is |F| = O], we get
that F' = |ag|e’™ with ¢ € (0,27]. Moreover, we have B = —F, that
is, B = —|ag|le”™. Then, we obtain

(4.14) t=iz4i25 Fe Wiz 402372 £ W35,

In real coordinates, system (4.14) becomes
(4.15) i = —y — 62ty + 8%y — 2¢° 7 823y? cos Y + 8xy? cos
+ 22y sinep F 1222y3 siny + 2y° sin ),
y = x4 22° — 823y% + 6ay* T 2ty cosp £ 82%y> cos1p
+ 22° sin ¢ T 1223y% sin ) & 2xy* sin ).
In this case, the complex differential system (2.11) is given by
i=x42° + 23 £i(zy* —y°) cosyp £ (xty + ¢°) sinep,

4.16
10 oy — 22— P ile® — oy cos F (47 + 2y sin
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System (4.16) has the invariant curve f; = 1 + (22 + y?)? and the
invariant curve of degree 8

fo = i (4 +2(22 + 12)2(2 + 322%7)
+ diz(x — y)y(z +y)(2 + (22 + y?)?) cos 1)
— (2% + )% (2" + y") cos 2¢
+ day(z? + ¢y (2 + (22 + y?)?) sinp
iz = y)(@ + ) + ) sin(20)).

Moreover, system (4.16) has an inverse integrating factor of the form
V= f11/4f2, well defined at the origin. O

Proof of (j). The conditions in real parameters are as = ag = a9 =
ag + a1 =as —ay1 = as + ag = a% — (a%1 + a%Q). Making the change
of variables ¢ = (1/ag)'/* and, since the last condition is | F| = |C|, we
get that F' = |ag|e’™ with ¢ € (0,27]. Moreover, we have B = F, that
is, B = |ag|le”™. Then, we obtain
(4.17) s =iz —i2° £e W2tz 402322 £ V7O,

In real coordinates, system (4.17) becomes
(4.18) & = —y + 4dzty — 1222y> + 22 cos ¢ F 122%y% cos v
+ 22y cos p + 8xty sin1p F 822y sin1p,
y =z + 1223y — dzy? F 22"y cos ¥ + 122°y> cos
T 25 cos ¥ T 823y sinvp & Sxy sin ).
In this case, the complex differential system (2.11) is given by
(419) i=x—2"+ 2% Fi(zy' +y°)cosy F (z'y —y°) sin,
T =y =2 F i + oy cos ¥ (2 — my?) sin.

System (4.19) has the invariant curve f = 1 — (22 + y?)? and the
invariant curve of degree 8

fo=1 (4= 267 - P22+ 32%7)

+ diz(z — y)y(z + y) (=2 + (2% — y*)?) cos v
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+ (2% — %) (z* + y*) cos 20 — i(x? — y?) sin 24
+ (@2 4y (day(—2 + (0 — y?)2) sin ).
Moreover, system (4.19) has an inverse integrating factor of the form
V = f1/*f,, well defined at the origin. 0
Proof of (k). The conditions in real parameters are as = ag = 0 and

pr=az—ap=0

P2 = asai1 + agaiz =0,

p3 = 2agaio + azain — asgaiz = 0,
(4.20) pa = ag — aj; —aiy =0,

Ps = asag — 2aipa12 =0,

Pe = azag + 2ajpar; =0,

pr = a3 + aj — 4a3, = 0.

We can take ag =1 by making the change £ =(1/ag)'/*. From p; =0,
we get as =ayp. Furthermore, condition ps =0 implies |F| = |ag|, and
thus, F =|agle’¥ =+e', i.e., a;; =+ sine, ajo == cos?p. From ps =0,
we get a4 = 2a1pa12, and, from pg =0, we get ag = —2ajpai;. With
these parameters, we obtain that p; =0 for j=1,...,7.

In real coordinates, we get
i = —y —aty — 2a100ty — 222y3 + 12a102%y° — v° — 2a109°
+ 5aty cos b F 6aipzty cos ¥ F 1022y cos ¥ F dayoz’y® cos v
+ 95 cos1p % 2a10y° cos ) £ 2° siny) F 2a,02” sin
T 1023y? sin ¢ + 4ajgz?y® sin ¢ + 5zy? sin + 6a10zy® sin 1y,
§=x~+2° + 2a102° + 223y? — 12a102%y% + zy* + 2a102y?
+ 2% cos 1) + 2a10x° cos ¢ F 1023y? cos b F 4aiozy? cos1p
+ 5:vy4 cosy F 6a10xy4 cos ) F 5:1:4y sinYy F 6a10x4y sin v
+ 10223 sin ¢ F 4a1022y> siny F y° siny £ 2a10y° sin .
We integrate this system into the complex saddle form (2.11) as
(4.21) &=z + ajx® + 23y + ajory’
Fiy® (i cos ) + sin ) F iaory(2i cosp — 2sin ),
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iy =—y —aox’y — 2%y° — aroy’®
+ 2°(— cos ) — isiny) & 2a10xy* (— cos Y + isin ).
System (4.21) is Darboux integrable because it has three invariant
algebraic curves of degree 4 of the form f;(0,0) # 0 and, with these
three curves, it is possible to construct an integrating factor of system

(4.21) of the form V = f; fo f3. Consequently, it has a complex center
at the origin. |

Proof of (1). The conditions in real parameters are a5 = ag = ag =
_ _ 4.2 2 2\ _
a4 — Q12 = ag + a1 =ag + aipg = 4&10 - (all + &12) =0.

Making the change of variables ¢ = (1/a10)/%, and, since the last
condition is |F| = 2|E|, we get that F' = 2|ajple’ with ¢ € (0,27].
Moreover, we have B = —F, that is, B = —2|ajo|e”*. Then, we get
(4.22) 5=iz—i2° £2e W4T 4027t £ 2VF0.

In real coordinates, system (4.22) becomes

(4.23) i = —y+ 8ty — 82?3
T 1623y? cos ¥ + 162y cos
+ 4xty sin ) F 2422y sin v £ 4y° sin ¢,
v =z + 8z3y? — 8xy?
T 162y cos ¥ £ 16z%y3 cos 1)
+ 425 sin ¢ F 2423y? sin v + 4ay* sin .

We integrate this system into the complex saddle form (2.11) as

(4.24) i =x—2® + zyt £ 2i(zty — y°) cos + 2(zy + y°) sinep,
. §=—y— 'y +9° F 2i(z° — xy*) cos F 2(x° + xy?) sin .

System (4.24) is Darboux integrable because it has three invariant
algebraic curves of degree 4 given by f; = 1 — (22 + y?)? and two
other curves that we do not write here due to their extension. In order
to prove their existence, we take polar coordinates x = rcosf and
y = rsinf in the real system (4.23) and, following [11], we impose
the existence of an invariant algebraic curve of degree a that, in polar
coordinates, takes the form f = 1+ Uy()r?*, i.e., f must satisfy the
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equation

of . of
4.25 4+ ——p — (U'(P)r*)f =0,
(425) S+ G = U WS
Now, substituting U;(f) by an arbitrary homogeneous polynomial of
degree 4, i.e., taking U;(8) = Bjcosdf + Bssindf + Bscos260 +
Bysin26 + Bs, it is easy to prove that equation (4.25) has three
solutions f1, fo and f3, where f; has been previously given. Moreover,

V= fl_l/2f2f3 is an inverse integrating factor of system (4.24). O

Proof of (m). The conditions in real parameters are a5 = ag = ag =
a4 + a2 = a3 —ay1 = ag + a9 = 4&%0 — (Cl,%l + a%2) = 0. Making
the change of variables ¢ = (1/ag)'/* and, since the last condition is
|F| = 2|E|, we get that F' = 2|ajo|e’¥ with ¢ € (0,27]. Moreover, we
have B = F, that is, B = 2|ajole~*. Then, we obtain

(4.26) 5 =iz —i2° F 27247 4 27t £ 2V 7.
In real coordinates, system (4.26) becomes
(4.27) i = —y + 8zty — 822y + 425 cos 1 F 2423y? cos v
+ 4zy® cosp + 16zty siny T 1622y3 sin),
y =z + 8x3y? — 8xy F 4zy cos v + 242%y3 cos v
T 49 cosp T 16x3y? sinyp £ 162y sin 1.
We can integrate this system into the complex saddle form (2.11) as

(4.28) i=x— 2%+ zyt F 2i(zty + y°) cos F 2(zy — y°) sinep,
. §=—y — 2y +9° F 2i(z° + zy*) cos F 2(x° — 2y?) sin .

System (4.28) is Darboux integrable because it has three invariant
algebraic curves of degree 4 given by f; = 1 — (22 —%?)? and two other
curves that we do not write here due to their extension. However, as
in the previous case, we can prove their existence. Moreover, this case
also has an inverse integrating factor of the form V = f; 1/2 fafs. O

Proof of (n). The conditions in real parameters are ay = a5 = ag =
a1z = 0. Note that, in this case, we are under the assumptions of
Lemma 2.1 with v = w/2. Hence, by Lemma 2.1, under the conditions
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of statement (14), system (1.1) is reversible and, consequently, has a
center at the origin. O
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