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PERIODS OF CONTINUOUS MAPS
ON CLOSED SURFACES

JUAN LUIS GARCÍA GUIRAO AND JAUME LLIBRE

ABSTRACT. The objective of the present work is to
present information on the set of periodic points of a
continuous self-map on a closed surface which can be
obtained using the action of this map on homological groups
of the closed surface.

1. Introduction. Periodic orbits play an important role in the
description of the dynamics of a map; through their study, we can
use topological information. Perhaps the best known result in this
direction is that contained in the seminal paper entitled, “Period three
implies chaos,” for continuous self-maps on the interval, see [8], and
of course, Sharkovskĭı’s famous theorem [10] describing the full set of
periods of continuous self-maps on the interval. In addition, the set of
periods of continuous self-maps on the circle has been characterized,
see for instance, [1].

The interval and the circle are unique compact manifolds of dimen-
sion one. After studying the set of periods of self-continuous maps on
these manifolds, the next natural step is to begin study of continu-
ous self-maps on compact manifolds of dimension two, i.e., on closed
surfaces. This is the main goal of this paper, and we shall use the ho-
mological information of these maps to provide information regarding
the periods of their periodic orbits.

2010 AMS Mathematics subject classification. Primary 37C05, 37C25, 37C30,
58F20.

Keywords and phrases. Closed surface, continuous self-map, Lefschetz fixed
point theory, periodic point, set of periods.

The first author was partially supported by MICINN/FEDER, grant No.
MTM2011-22587. The second author was partially supported by MINECO, grant
No. MTM2013-40998-P, AGAUR, grant No. 2014SGR568, and grant Nos. FP7-
PEOPLE-2012-IRSES 316338 and 318999.

Received by the editors on October 24, 2014, and in revised form on November 9,
2015.
DOI:10.1216/RMJ-2017-47-4-1089 Copyright c⃝2017 Rocky Mountain Mathematics Consortium

1089
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Throughout, by a closed surface, we denote a connected compact
surface, with or without boundary, orientable or not. More precisely,
an orientable, connected, compact surface without boundary of genus
g ≥ 0, Mg, is homeomorphic to the sphere if g = 0, to the torus if
g = 1, or to the connected sum of g copies of the torus if g ≥ 2. An
orientable, connected, compact surface with boundary of genus g ≥ 0,
Mg,b, is homeomorphic to Mg, minus a finite number b > 0 of open
discs with pairwise disjoint closure. In what follows, Mg,0 = Mg.

A non-orientable, connected, compact surface without boundary of
genus g ≥ 1, Ng, is homeomorphic to the real projective plane if g = 1,
or to the connected sum of g copies of the real projective plane if g > 1.
A non-orientable, connected, compact surface with boundary of genus
g ≥ 1, Ng,b, is homeomorphic to Ng, minus a finite number b > 0 of
open discs having pairwise disjoint closure. In what follows, Ng,0 = Ng.

Let f : X → X be a continuous map on a closed surface X. A
point x ∈ X is periodic of period n if fn(x) = x and fk(x) ̸= x for
k = 1, . . . , n − 1. We denote the set of periods of all periodic points
of f by Per(f). The aim of the present paper is to provide information
on Per(f).

Let A be an n × n complex matrix. A k × k principal submatrix of
A is a submatrix lying in the same set of k rows and columns, and a
k×k principal minor is the determinant of such a principal submatrix.
There are

(
n
k

)
different k × k principal minors of A, and the sum of

these is denoted by Ek(A). In particular, E1(A) is the trace of A, and
En(A) is the determinant of A, denoted by det(A).

It is well known that the characteristic polynomial of A is given by

det(tI −A) = tn − E1(A)t
n−1 + E2(A)t

n−2 − · · ·+ (−1)nEn(A).

Our main result is stated in the next theorem.

Theorem 1.1. Let X be a closed surface, let f : X → X be a continuous
map, and let A and (d) be the integral matrices of the endomorphisms
f∗i : Hi(X,Q) → Hi(X,Q) induced by f on the ith homology group
of X, i = 1, 2.

If X is either Mg,b with b > 0, or Ng,b with b ≥ 0, then the following
statements hold :
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(a) If E1(A) ̸= 1, then 1 ∈ Per(f).
(b) If E1(A) = 1 and E2(A) ̸= 0, then Per(f) ∩ {1, 2} ̸= ∅.

If X = Mg,b with b = 0, then the following statements hold :

(c) If E1(A) ̸= 1 + d, then 1 ∈ Per(f).
(d) If E1(A) = 1+d and E2(A) ̸= d2+d+1, then Per(f)(f)∩{1, 2} ̸= ∅.

If X = Mg,b with b > 0, then the following statement holds:

(e) If 2g + b − 1 ≥ 3, E1(A) = 1, E2(A) = 0 and k is the smallest
integer of the set {3, 4, . . . , 2g + b − 1} such that Ek(A) ̸= 0, then
Per(f) has a periodic point of period a divisor of k.

If X = Ng,b with b ≥ 0, then the following statement holds:

(f) If g + b − 1 ≥ 3, E1(A) = 1, E2(A) = 0 and k is the smallest
integer of the set {3, 4, . . . , g + b − 1} such that Ek(A) ̸= 0, then
Per(f) has a periodic point of period a divisor of k.

Theorem 1.1 is proven in Section 2.

Similar results to those obtained in Theorem 1.1 but for homeomor-
phisms on closed surfaces were obtained by Franks and Llibre [5], as
well as the authors in [6]. Other related results may be found in [5];
also see the references there.

2. Proof of Theorem 1.1. Let f : X → X be a continuous map,
and let X either be Mg,b or Ng,b. Then the Lefschetz number of f is
defined by

L(f) = trace(f∗0)− trace(f∗1) + trace(f∗2).

For continuous self-maps f defined on X the Lefschetz fixed point
theorem states, see for instance, [2].

Theorem 2.1. If L(f) ̸= 0, then f has a fixed point.

With the objective of studying the periodic points of f , we shall use
the Lefschetz numbers of the iterates of f , i.e., L(fn). Note that, if
L(fn) ̸= 0, then fn has a fixed point, and consequently, f has a periodic
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point of period a divisor of n. In order to study the whole sequence
{L(fn)}n≥1, the formal Lefschetz zeta function of f is defined as

(2.1) Zf (t) = exp

( ∞∑
n=1

L(fn)

n
tn
)
.

The Lefschetz zeta function is in fact a generating function for the
sequence of Lefschetz numbers L(fn).

Let f be a continuous self-map defined on Mg,b or Ng,b, respectively.
For a closed surface, the homological groups with coefficients in Q are
linear vector spaces over Q. We recall the homological spaces of Mg,b

with coefficients in Q, i.e.,

Hk(Mg,b,Q) = Q⊕ nk· · · ⊕Q,

where n0 = 1, n1 = 2g if b = 0, n1 = 2g + b − 1 if b > 0 and
n2 = 1 if b = 0 and n2 = 0 if b > 0; and the induced linear maps
f∗k : Hk(Mg,b,Q) → Hk(Mg,b,Q) by f on the homological group
Hk(Mg,b,Q) are f∗0 = (1) and f∗2 = (d), where d is the degree of
map f if b = 0, f∗2 = (0) if b > 0 and f∗1 = A, where A is an n1 × n1

integral matrix, for additional details, see [9, 11].

Recall that the homological groups of Ng,b with coefficients in Q,
i.e.,

Hk(Ng,b,Q) = Q⊕ nk· · · ⊕Q,

where n0 = 1, n1 = g + b− 1 and n2 = 0; and the induced linear maps
are f∗0 = (1) and f∗1 = A where A is an n1×n1 integral matrix, again,
for additional details, see [9, 11].

From the work of Franks [3] we have, for a continuous self-map of a
closed surface, that its Lefschetz zeta function is the rational function:

Zf (t) =
det(I − tf∗1)

det(I − tf∗0) det(I − tf∗2)
,

where, in I − tf∗k, I denotes the nk × nk identity matrix and det(I −
tf∗2) = 1 if f∗2 = (0). Then, for a continuous map f : Mg,b → Mg,b,
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we have

(2.2) Zf (t) =


det(I − tA)

(1− t)(1− dt)
if b = 0,

det(I − tA)

1− t
if b > 0,

and, for a continuous map f : Ng,b → Ng,b, we have

(2.3) Zf (t) =
det(I − tA)

1− t
.

Proof of Theorem 1.1. Combining expressions (2.1) and (2.2), if X =
Mg,b, b > 0, and expressions (2.1) and (2.3), if X = Ng,b, with b ≥ 0,
we obtain the following equalities:

∞∑
n=1

L(fn)

n
tn = log(Zf (t))

= log

(
det(I − tA)

1− t

)
= log

(
1− E1(A)t+ E2(A)t2 − · · ·+ (−1)mEm(A)tm

1− t

)
= log(1− E1(A)t+ E2(A)t

2 − · · · )− log(1− t)

=

(
− E1(A)t+

(
E2(A)−

E1(A)
2

2

)
t2 − · · ·

)
−

(
− t− t2

2
− · · ·

)
= (1− E1(A))t+

(
1

2
− E1(A)2

2
+ E2(A)

)
t2 +O(t3).

Here, n1 = 2g + b − 1, if X = Mg,b, with b > 0 or n1 = g + b − 1, if
X = Ng,b, with b ≥ 0. Therefore, we have

L(f) = 1− E1(A) and L(f2) = 1− E1(A)
2 + 2E2(A).

Hence, if E1(A) ̸= 1, then L(f) ̸= 0, and by Theorem 2.1, statement (a)
follows.

If E1(A) = 1 and E2(A) ̸= 0, then L(f2) = 2E2(A) ̸= 0, and again
by Theorem 2.1, we obtain that Per(f)∩{1, 2} ̸= ∅. Thus, statement (b)
has been proved.
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Let X = Mg,b with b = 0. By (2.1) and (2.2) with b = 0, we obtain
the following equalities:

∞∑
n=1

L(fn)

n
tn = log(Zf (t))

= log

(
det(I − tA)

(1− t)(1− dt)

)
= log

(
1− E1(A)t+ E2(A)t

2 − · · ·+ (−1)mEm(A)tm

(1− t)(1− dt)

)
= log(1− E1(A)t+ E2(A)t

2 − · · · )− log((1− t)(1− dt))

=

(
− E1(A)t+

(
E2(A)−

E1(A)
2

2

)
t2 − · · ·

)
−
(
− (1 + d)t−

(
d2 + 1

2

)
t2 − · · ·

)
= (1 + d− E1(A))t

+

(
E2(A)−

E1(A)
2

2
− d2 + 1

2

)
t2 +O(t3).

Here, n1 = 2g; therefore, we have

L(f) = 1 + d− E1(A),

and

L(f2) = 2E2(A)− E1(A)
2 − (d2 + 1).

Hence, if E1(A) ̸= 1 + d, then L(f) ̸= 0, and, by Theorem 2.1, state-
ment (c) follows.

If E1(A) = 1 + d and E2(A) ̸= d2 + d + 1, then L(f2) = 2E2(A) −
2(d2 + d + 1) ̸= 0, and again, by Theorem 2.1, we obtain that
Per(f) ∩ {1, 2} ≠ ∅. Thus, statement (d) has been proved.

Now, assume, that X = Mg,b with b > 0, 2g + b− 1 ≥ 3, E1(A) = 1,
E2(A) = 0, and k is the smallest integer of the set {3, 4, . . . , 2g+ b− 1}
such that Ek(A) ̸= 0. Therefore,

∞∑
n=1

L(fn)

n
tn = log

(
1−t+(−1)kEk(A)tk

1−t + · · ·+ (−1)b−1E2g+b−1(A)t2g+b−1

1−t

)
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= log
(
1 + (−1)kEk(A)tk

1−t + · · ·+ (−1)b−1E2g+b−1(A)t2g+b−1

1−t

)
= (−1)kEk(A)t

k +O(tk+1).

Hence, L(f) = · · · = L(fk−1) = 0 and L(fk) = (−1)kkEk(A) ̸= 0.
Thus, statement (e) follows from Theorem 2.1.

Suppose that X = Ng,b, with b ≥ 0, g + b − 1 ≥ 3, E1(A) = 1,
E2(A) = 0, and k is the smallest integer of the set {3, 4, . . . , g + b− 1}
such that Ek(A) ̸= 0. Therefore,

∞∑
n=1

L(fn)

n
tn = log

(
1−t+(−1)kEk(A)tk

1−t + · · ·+ (−1)g+b−1Eg+b−1(A)tg+b−1

1−t

)
= log

(
1 + (−1)kEk(A)tk

1−t + · · ·+ (−1)g+b−1Eg+b−1(A)tg+b−1

1−t

)
= (−1)kEk(A)tk +O(tk+1).

Again, L(f) = · · · = L(fk−1) = 0 and L(fk) = (−1)kkEk(A) ̸= 0.
Therefore, statement (f) follows from Theorem 2.1. �
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