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POSITIVE SOLUTIONS FOR THE
NONHOMOGENEOUS p-LAPLACIAN
EQUATION IN RY

CAISHENG CHEN AND JING LI

ABSTRACT. In this paper, we study a class of nonhomo-
geneous sublinear-superlinear p-Laplacian equations in R™V.
By applying a minimization method on the Nehari manifold
N©, the existence of positive solutions and the continuity in
the perturbation term are obtained.

1. Introduction and main results. In this paper, we are inter-
ested in the existence of positive solutions for the following nonhomo-
geneous sublinear-superlinear p-Laplacian problem:

—div(|VuP=2Vu) + [u|"2u = |u|9"2u + f(z) z€RY,

(L.1) u(z) € DVP(RN) N LI(RY),

where l <p < N,1<g<p<m<p*“=pN/(N —p). Problem (1.1)
may be considered as a perturbation of the homogeneous problem

—div(|VuP=2Vu) + [u|"2u = |u|t7%2u = € RV,

(1.2) u(z) € DVP(RN) N LI(RN).

Recently, Lyberopoulos [13] studied the existence of the ground
state solution for the p-Laplacian equation

(1.3)
—div(|VuP72Vu) + V() |ulP~?u + H(x)|u|*%u = h(z)|u|!?u,
r e RY,
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where the parameters p, ¢, s satisfy one of the following assumptions:

(A1) 1 < g < min{p, s} or ¢ > max{p, s};
(A2) s <q<p;
(A3) p<q<s<p,

and the nonnegative functions V(z), h(x) and H(x) verify

(A4) there exists a 6 € (0,p) such that |2/°V(z) = a > 0 as |z| —
Q3

(A5) (h(2))P ~P(V(2))TP = 0, (H(z))P P(V(z))? = = 0 as |z|
— 00.

Similarly, Su and Wang [17] investigated the existence of entire
solutions of nonlinear elliptic equations of the form

(1.4)
{—div(A(|x|)|Vu|P2Vu) +V(jzD[ulP~?u = Q(lz[) f(u) = €RY,
u(z) -0 as|z] = oo,

where f(u) = o(|ul*), u > p, as u — 0.

It is worth noting that, as |x| — oo, the functions satisfy V(x), h(z),
H(z) — 01in (1.3) and Q(Jz|) — 0 in (1.4). Similar studies may be
found in [3, 9, 12, 18, 20, 21] and the references therein.

In striking contrast to the rich variety of the aforementioned studies,
however, very little seems to be known for problem (1.1). A general
method exists for solving the analogue of problem (1.1) in a bounded
domain, see [1, 4, 8]. While in RY, problem (1.1) is not compact, that
is, the minimizing sequence may be bounded, but not pre-compact,
in the Sobolev space W1P(RY). In order to overcome this difficulty,
the authors in [13] used assumptions (A4)—(As) to obtain the compact
embedding E,(RY,V) < LY(RY h) (L*(RN, H)) and then proved the
existence of solutions for (1.4), where the weighted Sobolev space
E = E,(RN,V) is defined as the completion of C§°(RY) under the

norm
1/p
||u||E( / <|Vu|p+Vu|p>d:c) .
]RN

The other method for dealing with this problem is to work in
weighted Sobolev spaces of radial functions and then establish a com-
pact embedding theorem, see [17, 18]. In this paper, we are moti-
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vated by [3, 13, 17, 18] and study the existence of positive solutions
for (1.1). We shall use the Nehari manifold and the fibering map meth-
ods proposed by Drabek and Pohozaev [6, 14] (also see [2]) to study
problem (1.1).

In order to state our main results, we introduce some Lebesgue
spaces and norms. Let L*(RY), s > 1, be the usual Lebesgue spaces

with the norm Y
full. = [ uvas)
RN

X =D'"[RN) = {u e LP (RY) | g—” € LP(RY), i=1,2 N}
T

and

) )

endowed with the norm |Ju|x = ||[Vu/l,.

The following Gagliardo-Nirenberg-Sobolev inequality is well known.
There is a constant S > 0, dependent only upon p and N, such that

p/p"
(1.5) S(/ |u|P” dx) < / |VulPdz  for all u € C§°(RY).
RN RN

Since C§°(RY) is a dense subset of X, the embedding inequality (1.5)
holds on X.

For problem (1.1), we introduce the Banach space E = DP(RY) N
L4(RYN) with the norm
(1.6) [ulle = [IVully + [lull-

By (1.5) and the interpolation inequality, there exists an S, > 0 such
that, for r € [¢,p*],

(1.7) llu)lr < Spllul|g  for all u € E.

Definition 1.1. A function u € E is said to be a weak solution of (1.1)
if, for any ¢ € C§°(RY), the following holds:
(1.8)

/ (|Vu|p_2VuV<p+\u|m_2u<p)dx:/ |u|q_2u<pdx+/ f(z)pd.
RN RN RN
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Let J(u) : E — R be the energy functional associated with prob-
lem (1.1) defined by

1 1 1
—— P _ m_ q _
(19 I = IVul+ ol = Sl = [ feude

It is easy to see that, for all ¢ € E, the functional J € C'(E,R) and
its Gateaux derivative are given by

(1.10) J’(u)go:/ (IVulP2VuVe + [u|™ 2up) dx
RN

—/ |u\q_2u<pdac—/ f@)pde.
RN RN

Clearly, the solutions of (1.1) correspond to critical points of J in E.

Our main result in this paper is as follows.

Theorem 1.2. Letl1 <p< N andl <qg<p<m<p*=pN/(N-p).
In addition, suppose that the function f is nontrivial and nonnegative,
and f € LY (RN) N LY(RY), where

*

f_ 4 _
g—1’ K pr—1

q

Then, problem (1.1) admits a least positive positive solution u € E
which converges to 0 in E as || f|l¢ — 0.

This paper is organized as follows. In Section 2, we set up the
variational framework and derive some lemmas. We give the proof of
Theorem 1.1 in Section 3.

2. Preliminaries. In this section, we make some assumptions re-
garding Theorem 1.1 and establish some lemmas. In order to obtain
solutions of problem (1.1), we look for critical points of the functional J.
Since J is not bounded on E, we introduce the following open subset
of E. Let a > p — 1. Denote

(% m «
en et ={ucBIVulg+ > 2l
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and the Nehari manifold as
(2.2)

N“:{ueEameu:HVM@+WM$—HwZ—ANﬂMx:O}

For u € E \ {0}, we consider the fibering maps ¢, (t) : [0,00) = R,
defined by

(2.3)
ult) = J(tw) = S|Vl + ol Sl -t [ fude,
P m q BN
0u(t) = 0 IVl + 7l = el = [ puda,
81(t) = (p — D2 Vull2 + (m — D™ 2{Jul2 — (g — )72 Jul2.

In order to proceed, we first establish the following result.

Lemma 2.1. The Nehari manifold N defined by (2.2) is not an empty
set.

Proof. We first prove E* # (. Since f(z) > 0 and f(z) # 0
in RY, there exist zo € RY and r > 0 such that f(z) > 0 for
z € By(z0) = {z € R¥|z — x| < r}. Then, we take v(z) € CZ(R")
with supp v(z) C B,(zo) such that

/ f(z)v(o(z —xp))dx >0 for any o > 1.
RN

Set u(z) = v(o(x — xg)). Then, we claim that v € E® if o is large
enough. In fact, the inequality

/|wmwm+/|mmmm>ii ()| ?der
RN RN p_]. RN

is equivalent to

«
0”/ IVV(y)\pder/ lv(y)|"dy > —— lv(y)|?dy.
RN RN p—1 Jg~

Clearly, it is true if o is large enough. Therefore, E* # (.
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In the following, we prove N # (). Denote ¢,(t) = J(tu). Let
to > 0 be the unique root of the equation

(2.4) (p = DGV ullp 4+t lull) = allul.
Then,

(2.5)  @(to) = o IVullp + tg" Hllulli — t§ Hlullg — /RN fudz

— 1 _
Sl Y 1||u\|g_/ fudz.
p—1 RN

Note that

o) [ IVu@rae=or [ 9oy,

/ (@) de = o~V / V)lPdy, s =m.q.
RN RN

We have from (2.4) and (2.6) that to € (0,1] for large o, and so

olul|g 1/(m—q)
(2.7) to < ( g )
=\ - D(Vul} +ulm)

_ ( oIl )W”—q)
(=D VoI5 + Ivl)

< CyoP/(m=a)

where C is independent of o. On the other hand, there exists a 5y > 0
independent of ¢ such that
(2.8)

/ f(x)u(z)de =0~ f(zo+y/o)v(y)dy > Boo™ N  for o large.
RN RN

Then, it follows from (2.5), (2.7) and (2.8) that

(2.9)

— 1
by, (to) SUN<apf)~f cl Lg=lpla=1)1/(m—q) ,Bo> <0 for o large.

In addition, we note that ¢! (t9) < 0 and lim;_, ¢),(t) = co. Thus,
there exists a minimum ¢; > tg of ¢, (¢) such that

(2.10) 0= ¢, (t1) =& Vally + ¢ lullyy — ¢§ ™ lulld — /RN fudz.
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Since
(2.11) t1 > to = (p— D YIVullh + 7 lulln) > allullZ,
we obtain v = t;u € N'®. This completes the proof. O

Lemma 2.2. Problem (1.2) admits only the trivial solution in E.

Proof. Let u be a solution of problem (1.2). By the Pohozaev
identity for the p-Laplacian equation [7, 10, 15], we have, for any
B eR,

N — N N
(2.12) (pp - )nwng n (m - 5) Jullz + (ﬁ - q) lullg = 0.

In particular, letting 8 = N/q gives u = 0, and thus, the conclusion
holds. O

Lemma 2.3. The functional J is bounded below on N'®, where

(2.13) N@ = {u € B|J(wu=0, |Vulf + [[u]T > pf 1||u|g}.

Proof. Suppose that there exists a sequence {u,} C N such that
J(u,) = —o0. Since

Q1) T ) = [Funlly+ ol = el = [ fuado =0

and o
T, = Hvuan + lunll7m > p_1 ||un||3,

we have

1—-p 1-m q—1
2.15 J(un) = —||Vun|b + ——Ilunl;; + ——|unl?
(2.15) (un) ’ IVunllp + ——=lunllm + . llunllg

1-p 1-m m

> THVunIIZJr [[tnl7-

This shows that 7, — oo as n — oco. Furthermore, from (2.14), we
obtain

lunlly o Sunde _p 1 fon Sunds

2.1 1
(2.16) T, T, T T,
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If || Vuy ||, — oo as n — oo, we have
T /RN |funl de < T, unllpe [ f 1l < S7VPIVunlly Iy — 0,

where S is given in (1.6) and v = p*/(p* —1). If ||up|lm — oo as
n — 0o, we have

Tn_l /N |fun| dx < Tn_1||un||m‘|f||m’ < ||Un||71n_m||f”m/ — 0,
R

with m’ = m/(m —1). Here, we use the fact that f e L7 (RN) N
LY(RY) implies f € L™ (RN).

Letting n — oo in (2.16), we obtain &« < p — 1. This is a
contradiction. Thus, .J is bounded below on N, This concludes the
proof. O

Lemma 2.4. Assume {u,} C E satisfies J'(un)u, =0 for any n € N
and {J(uy)} is bounded. Then {uy} is bounded in E.

Proof. Since J'(uy,)u, = 0, we see that

11 11 og-1
~atun) = (5 = 10wl (G = o i+ 22 [ fund,

By Holder’s and Young’s inequalities with small € > 0, we have

[ el de < el + CoA T

and then,
1 1 1 1 /
—J . > - - " p - _ n m o C m/.

The fact that J(u,) is bounded gives that the sequences {||Vu,||,}
and {||un||m} are bounded. Furthermore, it follows from (2.14) that
{llunllq} is also bounded. Thus, {u,} is in E. Hence, the proof is
finished. O

Lemma 2.5. Let o = p — 1+ ¢ with small ¢ > 0. Then
d:%J(u) :}\I/%‘J(u)
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Proof. Assume that there exists a minimizing sequence {u,} C N
with J(u,) = d, J'(un)u, = 0, and
«a
(2.17) [V} + [Junllm = Ellunllg-

Clearly, from Lemma 2.4, there is a b > 0 such that [lu,[§ < b for
all n € N. Then, we obtain from (2.14) and (2.17) that

1-p 1—m qg—1
T”Vunﬂg + TH“nH% + TH“nHZ

1 « 11 "
(1 -- - ) [[nl|g + ( - ) [[n [
q p m.p

1 « 1 1 «
(1= 2= 2 hunlly + (5 - 5) 25 ol
q p m p)p—1

= —mlunllg = =bm.

(2.18) J(uy)

v

Here, and in the sequel,

m
o = —,
12
1 a(m-1)
I )
T )
1 —1
nz:(p—1)<—q)>0-
p q&

We now take ug € E such that
(2.19) o < |[Vuo|lh + [luoll;m < lluoll and / fuodz > 0.
RN
This is possible if we choose ug(z) = k|z|~7 for |z| > 1 and ug(z) = k
for |z| < 1, where k is large and 7 = p + N/q with small p > 0.
Furthermore, we let y(t) = J(tug),t > 0. Then,

Y (0)=— [ fuodz <O,
RN

V(U = [Vuolg + ol ~ fuolly = [ fuode
R

<—/ fupdr <0,
RN
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and 7/(t) — oo as t — oo. Therefore, there exists a tg > 1 such that
v'(to) = 0. This implies that

(2.20)

Q
[toVuollh + [[touo|lm = Iltouolld + to/ fuodr > ——[touol|?,
RN p—1

where o« = p — 1 + ¢ with small € > 0. Also, (2.20) shows that the
function v = toug € E*. Then, it follows from (2.18) and (2.20) that

1 1 1
J(v) = =|ltoVuo || + —|[touollm — =lltouol|L — t uo dx
(0) = Sl Tuolly + ool = <ol —to [ fuo

1—p 1-m
= —HtOVuollﬁ—l-
p

qg—1
[ltowollm + THtouoHZ

1—p 1—-m
< toVuollp, + Iitouoll
(p—1)(¢—1)
+ T ag (lltoVuollh + [ltouoll)

< —n2((lto Vol + [[touollm)
< =n2([[Vuollh + [[uollim) < —n2mob
=—bm < J(u,) — d.

Therefore, we have

(2.21) d= inf J(u)<J(w)<-bm <d.

ueN™
This is a contradiction. Thus, u, € N'* for all n € N. Now the proof
is complete. O

Lemma 2.6. Under the assumptions of Theorem 1.1, problem (1.1)
admits a solution u € N with J(u) = d and

«@
p—1

(2.22) IVullf + [lullm = [[llg-

Proof. By analogy with the proof of Wu [19], we can show that a
minimizing sequence {u,} C N exists such that

(2.23) J(up) =d+o(1) and J'(u,)=o(1)in E*.

By Lemma 2.5, we assume u,, € N, and thus, J(u,) — d and J'(up, )ty
= 0. Furthermore, it follows from Lemma 2.4 that {u,} is bounded
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in E. Therefore, there exists a v € F such that u, — v in E, u,, = u
in LI (RY), 1 <7 < p* and u,, — u almost everywhere in RY, up to

a subsequence.
Since u,, € N, then J'(u,)u, = 0, and

a—p+1

2 funllg,

(2.24) / fundz = |[Vun|[§ + llun 7 — llunll§ >
RN
By the weak lower semi-continuity of the norm, we obtain

— 1 — 1
(2.25) fudz > a-p+l lim u,]|2 > az-ptl
RN p— 1 = p— 1

Thus, it follows from (2.24) that

[[ullg-

a—p+1
[Vullp + llullm — [lull§ = / fudr > ————|lulld.
RN p—1

This is (2.22).

Next, we prove J(u) = d. Obviously, it is sufficient to show that
u, — uin E. We note that |lul|p < lim |lun|lE, and the following
claims become evident.

n—r 00

Claim 1. Under the assumptions of Theorem 1.1, the case ||ul|g <
lim, . ||un|| g is impossible.

First, we prove that an unbounded sequence {y,} C R exists such
that

V(2 + Yn) = un(z +yn) —ul@+yn) = Ux) #0
in F as n — oco. Suppose that, for any {y,} C RV, v,(z + y,) — 0 in
E. Then, for any r > 0,

(2.26) sup / |vp(2)|9dz — 0 as n — oo,
yERY J B, (y)

where B,.(y) = {z € RV||z — y| < r}. By [11, Lemma 1.1], it is seen
that v, — 0 in L*(RY) for all s € [g,p*).

On the other hand, assumptions J'(u,) — 0 in E* and v,(z) =
Up(x) —u(r) = 0in E yield

(2.27) J (up)v, = / [(|Vtn|P 2V, Vo, + [t ™ 2unvy) de
RN

- (|un|qizun + f(z))vn] dr — 0,
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and
A, = / (IVulP~2VuVu, + |u|™ *uv,) de — 0.
RN
Since

/]RN |un|q71\vn|d:€ < Huanil”vn”q < C”Un”q — 0,

/ Fonldz < [[flly [onlls — O,
RN
we have from (2.27) that

B, = / (‘Vun|p72Vuann + |un|m72unvn) dx — 0.
RN

Note that

(2.28) B, — A, = / (|Vun|P~2Vu, — |[VulP~2Vu) Vo, dr
RN

+/ (|un|m72un - |u|m72u)vn dzx
RN
> co([IV(un — W[ + llun — ull7;)

with some constant ¢g > 0. Then B, — A, — 0 implies that
IV (un — )|, = 0 and ||u,||g — ||u||z. This is a contradiction. Hence,
there exists a {y,, } C R such that v, (z +y,) — U(z) # 0 in E.

In the following, we show that the sequence {y,} is unbounded.
Suppose that {y,} is bounded. Without loss of generality, we assume
that y, — y in RY. Let ¢ € CP(RY). By y, — y and v,(z) — 0
in E, it follows that

/ oz — yn)vp(x) de — 0.
RN

Since v, (x + yn) — U(x) in E, we obtain

RN

/ o(x — yn)vp(z) do = / o(Y)vn(y +yn) dy
RN

— /., o(y)U(y)dy =0

for all p € C5°(RY). Hence, U(z) = 0 almost everywhere in RY. This
is a contradiction. Thus, {y,} is unbounded in R¥.
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In the following, we show that U(x) is a solution of (1.2). For this,
we prove un(z + y,) — U(z) in E. Since u(z + y,) is bounded in E,
there exists a w € E such that u(x + y,) — w(x) in E and

/ w(z 4+ yn)p(x) de — w(z)p(z)dz  for all p € CF°(RY).
RN RN

However, it follows from [3, Lemma 3.5] that

/ u(z + yn)p(r) de = / u(y)e(y —yn)dy — 0
RN

RN

for all ¢ € C5°(RY). Hence, we obtain
/ w(z)p(x)dr =0 for all ¢ € C°(RY)
RN

and w(z) = 0 almost everywhere in RY. We have reached the conclu-
sion that vy (x 4+ yn) = un(z +yn) —u(z +yn) = U(z) in E.

On the other hand, the fact that J'(u,) — 0 in E* by (2.23) ensures
that J'(un)e(z — yn) — 0, where

(2.29)
T uneta =) = [ | [Vun(@) V(@) Vil = g, da

+ [ @ P @)ete = o) do

= [ @) et~ ) da
RN

= | f@elr —yn)de
RN

= /RN [V tn (Y + yn) [P~ *Vun (y + yn) Vo (y) dy
[ T )P+ )l d

= [ o )"+ )t d

— [ f@)e(@ = yn) da.
RN
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Similarly, we have from [3, Lemma 3.5] that

(2.30) F@)ole — ) dz — 0.
RN

and the limit u,(z + y,,) = U(z) in E yields

(2.31) lim . (|Vtn (3 + yn) P2 Vun (y + yn) Veo(y)

n—oo

+ un(y + yn)|m_2un(y +yn)p(y)) dy
= /RN(WU(?/)V’*?VU(Z/)VSD(ZJ) + U™ 2U(y)e(y)) dy.

Moreover, we have
(2.32)

i [ (4 90)| 2 (y + yn)o(y)dy = / U ()7 20 (4)(y)dy.
RN RN

n—oo

In fact, since u,(z + y,) — U(x) in Li(supp @), there exists a subse-
quence, still denoted by u,, h € LI(R"), such that

almost everywhere in RV, and
(2.33) lun (2 + ya) | Hp(2)| < [h(2)|7 p(2)| € LH(RY).

By the Lebesgue dominated convergence theorem and (2.29)—(2.33), it
follows that

(2.34) AN(IVU(y)Ip_ZVU(y)Vw(y) +HUIM U (W)e(y)) dy

- [ U6

This shows that U(x) is a weak solution of (1.2) in E. By Lemma 2.2,
U(z) = 0 almost everywhere in RY. This is a contradiction. Thus, the
first case ||u|lp < lim,,_, . ||un| g does not hold, and the only possible
case is [ullz = lim,,_, - [on]|2-

Claim 2. If ||lul|g = lim, . |lus|lg, then we have w, — w in
E and J(u,) — J(u) = d. Up to a subsequence, we let ||ul|lp =
limy, s 00 ||tn || Since

(2.35) hm unllqy = hm (Hvun”p + Hun”q ||Vuan)
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< lim lunlle — Hm ||V,
n—oo n—oo

ltn|z — lim HVUan

lim
n—00 n—00

IVull, = Tim [[Vunl, + fJully < lullg,

n—oo
we have
(2.36) Hqu < lim ||un||q < n@(} Huan < ”qu-
n— o0

This shows ||unllq — |ullg- By the Brezis-Lieb lemma [5], u, —
w in LY(RY). On the other hand, since ||u,|g — ||ul|z, we obtain
IVun|l, = [|[Vull,. Again, by the Brezis-Lieb lemma, ||V (u,, —u)|, —
0. By the Sobolev inequality, this implies ||u, — ul, < C||V(up
—u)lly 0.

Since 1 < ¢ < p < m < p*, there exists a t € (0,1) such that
m=tq+ (1 —t)p* and

(2.37) = ull < [ — ul| ][, — ul|7 — 0.
Similarly, we derive that
(2.38) lim fupdx = fudz.

n—oo RN RN
Hence, u, — u in E and J(u,) — J(u) = d as n — oo.

We now prove that u is a critical point for J in F, that is, J'(u)v =0
for all v € E, and thus, J'(u) =0 in E*.

For every v € E, we choose ¢ > 0 such that u + sv # 0 for all
s € (—¢,¢€). Define a function ¢ : (—&,¢€) x (0,00) = R by

(2.39) o(s,t) = J'(t(u + sv))t(u + sv)
= tP[IV(u+ sv)|[f + " [lu+ svll7

— tJu + svl|g — t/ f(u+ sv)dx.
RN
Then,

(2.40)  ¢(0,1) = J'(w)v = [[Vullp + Jullz — [lull§ - /RN fudz =0,
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and

3 m
241)  Z20.0) = ol Vulf +mlalt alul = [ fuda

ot
= (p = DIIVully + (m = Dfull + (1 = g)|ulg
> (p = DIIVully + (m = Dl

_ W (Va2 + [fuuf)
_ (p— 1)(0;_ q+1) Hqug
n am—-1)—-(p—-1)(¢g—1) [ u| > 0.

«

Thus, by the implicit function theorem, there exists a C' function
t: (—eo,€0) (C (—&,e)) = R such that ¢(0) = 1 and ¢(s,(s)) = 0 for
all s € (—eg,e0). This also shows that t(s) # 0, at least for ¢ very
small. Therefore, t(s)(u + sv) € N. Denote ¢t = ¢(s) and

o(s) = J(t(u + sv)) = %I\Vt(u +so)
1 1
ol + sl = e+ sl
—t | f(u+ sv)dax.
RN

We see that the function ¢(s) is differentiable and has a minimum point
at s = 0. Thus,

(2:42) 0= 6(0) = (O (Va4 fuliz -l [ uds ) +7 @

It follows from (2.40) that J'(u)v = 0 for every v € E, and thus,
J'(u) = 0 in E*, that is, u is a critical point of J and u is a weak
solution of (1.1) in E. This completes the proof. O

3. Proof of Theorem 1.1. The existence of solution u of prob-
lem (1.1) follows from Lemma 2.6. We now prove that this solution is
positive. Consider the function

1 1, o1
B0 () = JWevelly + lituln = L lteld = t/RN fluldz, t>0.
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Then,
P'(0) = —/ fluldz <0 and  lim ¢'(t) — +oo.
RN t——+oo

Thus, there exists a to > 0 such that ¢’ (o) = 0 and ¥ (t9) = inf;> ¥ (1).

Since 9’(0) < 0, there exists a ¢t; > 0 such that ¢'(¢t) < 0 in
(0,%1), that is, ¥(¢) is non-increasing in (0,¢;). Similarly, the fact that
Y'(t) = 400 as t = +oo implies that there exists a T > ¢; such that
¥'(t) > 0, that is, 1(t) is increasing in (7}, 00). Therefore, to € (t1,T1).
Moreover, the fact that « is a solution of (1.1) gives that

(3.2) ¥'(1) = [[Vulll + llulli = llulld — /RNf(HU)lul dx
= f(:r:)uda:—/ f(@)|u]dx < 0.
RN RN
We claim that ¢'(1) = 0. Otherwise, if ¢'(1) < 0, we have t; > 1. Tt
follows from (2.22) that
m «
[toVullp + [[touly > EHtOUHZ,

that is, v = to|u| € N*. Note that

d<J(v) =9(to) <P(1) = J(u) < J(Ju]) < J(u) = d.

This is a contradiction. Thus, ¢'(1) = 0 and [~ f()(u — |u|) dz = 0.
Furthermore, the assumption f > 0 implies that u = |u| almost
everywhere in R™. Therefore, u is a nonnegative weak solution of
(1.1). By the maximum principle [16], u is a positive solution of (1.1).

Finally, we prove continuity of the solutions. Let f = f, — 0 €
LT (RYN) in (1.1) as n — oo, and let u,, be the solution of (1.1) given
by Lemma 2.6. Since u, satisfies (1.1) and u,, € N, we see that

(0%

(3.3) ||Un||Z + /RN Jntn dz = HVunllZ + [lunllm >

funll

a— p—i—l

(3-4) — g < / foun dz < | fallg[lullq-
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Therefore,

1/(q—1)
p—1 1/(g—1
(35) fole < (F2557) I,

This shows that ||u,|, — 0 as f, — 0 in L (RY). Furthermore, it
follows from (3.3) that ||Vuy,[|5 — 0 and u,, — 0 in E. This completes
the proof. O
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