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SEQUENTIALLY COHEN-MACAULAYNESS
OF BIGRADED MODULES

AHAD RAHIMI

ABSTRACT. Let K be a field, S = K[z1,...,Zm,Y1,---,
yn] a standard bigraded polynomial ring, and M a finitely
generated bigraded S-module. In this paper, we study
the sequentially Cohen-Macaulayness of M with respect to
Q = (y1,--.,yn). We characterize the sequentially Cohen-
Macaulayness of L ®x N with respect to @ as an S-
module when L and N are non-zero finitely generated graded
modules over Klz1,...,2m] and Klyi,...,yn], respectively.
All hypersurface rings that are sequentially Cohen-Macaulay
with respect to Q are classified.

1. Introduction. In [13], Stanley introduced the notion of sequen-
tially Cohen-Macaulayness for graded modules. This concept has since
been studied by several authors; we refer the reader to [3, 4, 6, 9, 8,
12, 14]. In this paper, we define sequentially Cohen-Macaulayness for
bigraded modules and introduce some new algebraic invariants which
are relevant to this case. We let S = Klx1,...,Zm,¥1,...,Yn] be a
standard bigraded polynomial ring over a field K, M a finitely gener-
ated bigraded S-module. We set Q = (y1,...,yn). In [10], M is said
to be Cohen-Macaulay with respect to @ if grade(Q, M) = cd(Q, M),
where cd(Q, M) denotes the cohomological dimension of M with re-
spect to Q.

We call a finite filtration F: 0 = My & M; & -+ &G M, = M of M
by bigraded submodules M a Cohen-Macaulay filtration with respect
to Q if:

(a) each quotient M;/M;_, is Cohen-Macaulay with respect to @;
(b) 0 <cd(Q, M/ M) < cd(Q, Ma/M7) < -+ < cd(Q, M, /M, _1).
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If M admits a Cohen-Macaulay filtration with respect to @), then we say
that M is sequentially Cohen-Macaulay with respect to Q. The usual
notion of sequentially Cohen-Macaulayness results from our definition
if we assume that P = 0.

A finite filtration D : 0 = Dy & D1 & -+ & D, = M of M
by bigraded submodules is called the dimension filtration of M with
respect to @ if D;_1 is the largest bigraded submodule of D; for which
cd(Q, D;—1) < cd(Q, D;), for all ¢ = 1,...,7. In Section 2, we show
that if M is sequentially Cohen-Macaulay with respect to @, then
the filtration F is uniquely determined and it is merely the dimension
filtration of M with respect to @, that is, F = D. We explicitly describe
the structure of the submodules D; in [8]. We also show that, if M is
sequentially Cohen-Macaulay with respect to @ with grade(Q, M) > 0
and |K| = oo, then there exists a bihomogeneous M-regular element
y € Q of degree (0, 1) such that M/yM is sequentially Cohen-Macaulay
with respect to ), too. An example is given to show that the converse
does not hold in general.

Let K[z] = K[z1,...,2m] and K[y] = K[y1,...,yn]. In Section 3,
we consider L ® g N as an S-module where L and N are two non-zero
finitely generated graded modules over K[x| and K][y], respectively.
We characterize the sequentially Cohen-Macaulayness of L ® x N with
respect to @ as follows: L ®k N is a sequentially Cohen-Macaulay
with respect to @ if and only if N is a sequentially Cohen-Macaulay
K[y]-module.

In Section 4, we let f € S be a bihomogeneous element of degree
(a,b) and consider the hypersurface ring R = S/fS. Note that, if
a,b > 0, we have grade(Q,R) = n — 1 and ¢d(Q, R) = n; hence, R
is not Cohen-Macaulay with respect to (). Thus, it is natural to ask
whether R is sequentially Cohen-Macaulay with respect to Q. We
classify all hypersurface rings that are sequentially Cohen-Macaulay
with respect to Q. In fact, we show that R is sequentially Cohen-
Macaulay with respect to @ if and only if f = hjhy where deg(hy) =
(a,0) with @ > 0 and deg(hz) = (0,b) with b > 0.

2. Preliminaries. Let K be a field, and let

S:K[xlw'wzmaylw"ayn]
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be a standard bigraded polynomial ring over K, in other words,
degz; = (1,0) and degy; = (0,1) for all 7 and j. We set P =
(1,...,2m) and Q = (y1,-..,Yn). Let M be a finitely generated bi-
graded S-module. We denote by c¢d(Q, M) the cohomological dimen-
sion of M with respect to (Q which is the largest integer ¢ for which
Héz(M) # 0. Note that 0 < c¢d(Q, M) < n.

Definition 2.1. We say M is Cohen-Macaulay with respect to @ if
we have only one non vanishing local cohomology module with respect
to Q. In [10], this was referred to as relative Cohen-Macaulay with
respect to Q; here, we omit the word “relative” for simplicity.

We recall the following facts which will be used in the sequel.

Fact 2.2. Let M be a finitely generated bigraded S-module. Then

(a) cd(P,M) = dim M/QM and cd(Q,M) = dim M/PM, see [10,
formula 3].

(b) grade(Q, M) < dim M — cd(P, M), and the equality holds if M is
Cohen-Macaulay, see [10, formula 5];

(c) the exact sequence 0 — M’ — M — M" — 0 of finitely generated
bigraded S-modules yields cd(Q, M) = max{cd(Q, M"),cd(Q, M")},
see the general version of [2, Proposition 4.4];

(d) cd(Q, M) = max{cd(Q,S/p) : p € Ass(M)}, see the general version
of [2, Corollary 4.6].

Definition 2.3. We call a finite filtration
J_'.O:M()QMlgng:M

of M by bigraded submodules a Cohen-Macaulay filtration with respect
to Q if

(a) each quotient M;/M;_, is Cohen-Macaulay with respect to @;
(b) 0 < Cd(Qv Ml/MO) < Cd(Qa MQ/Ml) << Cd(Qv MT/MT71)~

If M admits a Cohen-Macaulay filtration with respect to @, then we
say M is sequentially Cohen-Macaulay with respect to Q.
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Observe that the ordinary definition of sequentially Cohen-Macaulay
modules results from our definition if we assume that P = 0.

Remark 2.4. By applying Fact 2.2 (a) to the exact sequences
0— Mi—l — Mz — Mi/Mi—l — 07
one immediately has c¢d(Q, M;) = cd(Q, M; /M;_1) for i =1,...,r.

Example 2.5. Cohen-Macaulay modules with respect to @) are obvious
examples of sequentially Cohen-Macaulay modules with respect to Q.
Any module M such that cd(Q, M) < 1 is sequentially Cohen-Macaulay
with respect to ). To show this, we may assume that M is not
Cohen-Macaulay with respect to . Thus, grade(Q,M) = 0 and
cd(Q,M) = 1. The filtration 0 = My & My & My = M, where
M, = H, 82 (M) is a Cohen-Macaulay filtration with respect to Q.

Next, we show that the filtration F given in Definition 2.3 is unique.
To do so, we need some preparation.

Lemma 2.6. There is a unique largest bigraded submodule N of M for
which cd(Q, N) < cd(Q, M).

Proof. Let > be the set of all bigraded submodules L of M such
that ¢cd(Q,L) < c¢d(Q,M). As M is a Noetherian S-module, > has
a maximal element with respect to inclusion, say N. Let T be an
arbitrary element in > . Fact 2.2 (c¢) implies that ¢d(Q,T + N) <
c¢d(@, M); hence, the maximality of N yields T'C N. O

Definition 2.7. A filtration D: 0 =Dy & D1 & --- & D, = M of M
by bigraded submodules is called the dimension filtration of M with

respect to @ if D;_; is the largest bigraded submodule of D; for which
cd(Q,D;—1) <cd(Q,D;) foralli =1,...,r.

The dimension filtration introduced by Schenzel [12] is thus a
dimension filtration with respect to the maximal ideal m = P + Q.
A filtration D as in Definition 2.7 is unique by Lemma 2.6. In order
to prove the uniqueness of an F as in Definition 2.3, we will show that
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F =D. In [7], M is said to be relatively unmized with respect to Q if
cd(Q, M) = cd(Q, S/p) for all p € Ass(M).

Lemma 2.8. Let N be a non-zero bigraded submodule of M. If M is
Cohen-Macaulay with respect to Q, then cd(Q, N) = c¢d(Q, M).

Proof. Since M is Cohen-Macaulay with respect to @, it follows from
[7, Corollary 1.11] that M is relatively unmixed with respect to @,
ie, cd(Q,M) = cd(Q,S/p) for all p € Ass(M). As N is a non-zero
submodule of M, we have Ass(N) # () and Ass(N) C Ass(M). Thus,
Fact 2.2 (d) implies that

cd(@, N) = max{cd(Q, S/p) : p € Ass(N)} = cd(Q, M),
as desired. 0O

Proposition 2.9. Let F be a Cohen-Macaulay filtration of M with
respect to Q and D be the dimension filtration of M with respect to Q.
Then, F =D.

Proof. Let
./T"O:MongggMTZM
and

DOZDongggDSZM

We will show that » = s and M; = D; for all i. By Remark 2.4, we have
cd(Q, M;—1) < cd(Q, M;) for alli = 1,...,r. Hence, Definition 2.7 says
that Mry'_l - Ds—1~ Assume that M?"—l g Ds—l- Thus, Ds—l/Mr—l is
a non-zero submodule of M /M, _;. Since M /M, _; is Cohen-Macaulay
with respect to @, it follows from Lemma 2.8 that cd(Q, Ds—1/M,_1) =
cd(Q, M/M,_1) = c¢d(Q, M), where the second equality is yielded by
Remark 2.4. Now, applying Fact 2.2 (¢) to the exact sequence

00— M, 1 — D1 — Ds—l/Mr—l — 0,

yields ¢d(Q, Ds—1) = ¢d(Q, M), a contradiction. Thus, M,_; = Ds_;.
Continuing in this way, we get r = s and M; = D; for all i. Therefore,
F =D. O
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We conclude this section with Proposition 2.11, which gives us a
class of sequentially Cohen-Macaulay with respect to Q. First, we have
Lemma 2.10.

Lemma 2.10. Let M be sequentially Cohen-Macaulay with respect
to Q. If M is relatively unmized with respect to Q, then M is Cohen-
Macaulay with respect to Q.

Proof. Let 0 =My & My & --- & M, = M be the Cohen-Macaulay
filtration with respect to . By Fact 3.3, we have grade(Q, M) =
grade(@, M7). Since M; is Cohen-Macaulay with respect to @, it
follows from [7, Corollary 1.11] that M; is relatively unmixed with
respect to ). Thus,

grade(Q, M) = grade(Q, Ml) = Cd(Qa Ml) = Cd(Qa S/p)a

for all p € Ass(M7). As M is relatively unmixed with respect to @ and
Ass(M;) C Ass(M), we have grade(Q, M) = c¢d(Q, M), as desired. O

Proposition 2.11. Suppose that grade(Q, M) > 0 and |K| = oc0. If M
is sequentially Cohen-Macaulay with respect to @), then there exists
a bihomogeneous M -reqular element y € Q of degree (0,1) such that
M/yM is sequentially Cohen-Macaulay with respect to Q.

Proof. We assume that M is sequentially Cohen-Macaulay and let F:
0=My & M & --- & M, =M be the Cohen-Macaulay filtration, with
respect to (). Since grade(Q, M) = grade(Q, M) = cd(Q, M) > 0,
it follows that grade(Q,M;/M;_1) = cd(Q, M;/M;_1) > 0 for all i.
We set N; = M;/M;_y. Thus, by [10, Corollary, 3.5], which is also
valid for finitely many modules that are Cohen-Macaulay and have
positive cohomological dimension with respect to ). There exists a
bihomogeneous element y € @ of degree (0,1) such that y is N;-
regular for all i and N; is Cohen-Macaulay with respect to @ with
ed(Q, N;) = ¢d(Q, N;) — 1. Here, L = L/yL for any S-module L.

Consider the exact sequence:

00— M;_ 1 — M; — N; — 0 for all i.



SEQUENTIALLY COHEN-MACAULAYNESS 627

Since y is regular on N; for all 4, it follows that Tor{ (S/yS, N;) = 0 for
all 7. Hence, we obtain the exact sequence:

0— M, — M; — N, — 0 for all i.
Now, the filtration
G:0=MyGM G- -G M. =M/yM

is the Cohen-Macaulay filtration for M /yM with respect to Q. In fact,
M;/M;—; = N; and

gra’de(Qvﬁi) = gra‘de(Qv Nl) -1= Cd(Qa Nl) —-1= Cd(Qaﬁl)
Hence, grade(Q, M;/M;_1) = cd(Q, M;/M;_1). As cd(Q, M;/M;_) <

cd(Q, M1 /M;) for all i, we have cd(Q, M;/M;_1) < cd(Q, M;11/M;)
for all 3. 0

The next example shows that the converse of Proposition 2.11 does
not hold in general.

Example 2.12. Consider the hypersurface ring

R = Klx1,22,y1,92]/(f)

where f = x1y; + 22y2. One has grade(Q, R) = 1 and ¢d(Q, R) = 2.
By [10, Lemma 3.4], there exists a bihomogeneous R-regular element
y € @ of degree (0,1) such that cd(Q,R/yR) = ¢d(Q,R) — 1 =1
and, of course, grade(Q,R/yR) = grade(Q,R) — 1 = 0. Hence,
R/yR is sequentially Cohen-Macaulay with respect to ). On the other
hand, R is not sequentially Cohen-Macaulay with respect to Q. Indeed,
Ass(R) = {(f)} and c¢d(Q, R) = c¢d(Q, S/(f)) show that R is relatively
unmixed with respect to Q. If R is sequentially Cohen-Macaulay with
respect to @, then by Lemma 2.10, R is Cohen-Macaulay with respect
to @, a contradiction.

3. Sequentially Cohen-Macaulayness of L Qx N with re-
spect to . In this section, we characterize the sequentially Cohen-
Macaulayness of L ® g N with respect to @ as an S-module where L
and N are two non-zero finitely generated graded modules over K|[z]
and Kly|, respectively. For the bigraded S-module M we define the
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bigraded Matlis-dual of M to be MY, where the (—i, —j)th bigraded
components of MY are given by Homg (M j), K). We set

Mi = M) = &M, j)
and consider it to be a finitely generated graded K [y]-module.

Lemma 3.1. Let M be a finitely generated bigraded S-module. If M is
Cohen-Macaulay with respect to Q, ¢cd(Q, M) = q, then (H% (M)Y) (re,5)
is a finitely generated Cohen-Macaulay K [y]-module of dimension q for
all k.

Proof. Note that
(HH(M)Y) 1y = (HG (M) (—po1)) "
= (H(Zylw--ayn)(M(*k)*)))v
o Ext’}(_’](M(_k’*), K[y](—n)).

lv

Since M is Cohen-Macaulay with respect to @ with c¢d(Q, M) = q,
it follows from [10, Proposition 1.2] that M_y ) is a Cohen-Macaulay
K[y]-module of dimension ¢, and the conclusion follows immediately.

O

Lemma 3.2. Let M be sequentially Cohen-Macaulay with respect to Q
with Cohen-Macaulay filtration F: 0 = My ¢ My & -+ G M, = M
with respect to Q). Then, we have

ng(M) o~ ng(Mz) o~ Hgéi(Mi/Mi—l)a
where

g =cd(Q,M;) fori=1,...,r
and
Hg(M) =0 forké¢{q,...,q}
Proof. We proceed by induction on the length r of F. The case
r =1 is obvious.

Now, suppose that r > 2 and that the statement holds for sequen-
tially Cohen-Macaulay modules with respect to @ with filtrations of



SEQUENTIALLY COHEN-MACAULAYNESS 629

length < r. We want to prove it for M which is sequentially Cohen-
Macaulay with respect to @ and has the Cohen-Macaulay filtration F
of length r. Note that M,._;, which appears in the filtration F of M,
is also sequentially Cohen-Macaulay with respect to Q. Thus, by the
induction hypothesis, we have

HE (My_q) = HE (M;) = HE (M; /M;_y) fori=1,...,r—1

and
Hg(Mr,l) =0 forké¢{q,...,q-1}

Now, the exact sequence

0— M,y —M— M/M,_1 —0
yields HE (M) = HE (M, /M, 1) and H{(M) = H{(M, 1) for 0 <
t < q,. Therefore, the desired result follows. O
Fact 3.3. In the proof of Lemma 3.2, one observes that

r.

grade(Q,M;) =¢; for i=1

ey

Theorem 3.4. Let L and N be two non-zero finitely generated graded
modules over K[x] and Kly], respectively. We set M = L&y N. Then,
the following statements are equivalent:

(a) M is a sequentially Cohen-Macaulay S-module with respect to Q;
(b) N is a sequentially Cohen-Macaulay K [y]-module.

Proof.

(a) = (b). Let : 0= My & M; & --- & M, = M be the Cohen-
Macaulay filtration with respect to Q. By Lemma 3.2, we have

where ¢; = d(Q,M;) = d(Q,M;/M;—1) for i = 1,...,r and
Hg(M) =0for k ¢ {q,...,q}. Note that

HE(M)= Lok Hy(N) fori=1,...,r,
see also the proof of [10, Proposition 1.5]. Hence,

HE(M)Y = LY @k HE(N),
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where (—)Y is the Matlis-dual, see [5, Lemma 1.1]. We conclude that

(HE (M /Mi1)") (k) = (HE (M)Y) (1,0
= (LY), @k HE (N)Y
= Ext) (N, KJy))',
where ¢ = dimg (L")y. Since each M;/M;_; is Cohen-Macaulay with
respect to @ with cd(Q, M;/M;_1) = g;, it follows from the above iso-

morphisms and Lemma 3.1 that Ext?;[;f (N, K[y]) is Cohen-Macaulay

of dimension ¢; fori =1,...,r. fk ¢ {q1,...,q}, then L®KHC’3(N) =

Hg(M) = 0, and hence, Hé(N) = 0. Thus, Ext?(_[yk](N,K[y]) = 0 for

k¢ {q,...,q }. Therefore, the result follows from [6, Theorem 1.4].

(b) = (a). Let N be a sequentially Cohen-Macaulay K[y]-module
with the Cohen-Macaulay filtration 0 = No ¢ Ny & -+ & N, = N.
Consider the filtration

0=L®rx NoCL®x N1 C---CL®k N, =L®k N.

We claim this filtration is the Cohen-Macaulay filtration with respect
to Q. First, we note that L& g N; & L&k N4 for all i. Otherwise, we
have dim N; = dim N, by [11, Corollary 2.3], a contradiction. For
all k£ and 7 we have the next isomorphisms

HE((L @k Ni)/(L @k Ni—1)) = HS(L @k (Ni/Ni-1))
=~ L ®k HE(N;/Ni—1).

The first isomorphism is standard, and for the second, see the proof of
[10, Proposition 1.5]. We set D; = (L ®x N;)/(L ®x N;—1) for all 1.
Thus, we have ¢d(Q, D;) = dim N;/N;_ for all . This implies that
cd(@Q,D;—1) < c¢d(@Q, D;) for all i. Also, each D; is Cohen-Macaulay
with respect to @ because N;/N;_; is Cohen-Macaulay for all i. ]

4. Hypersurface rings that are sequentially Cohen-Macaulay
with respect to Q. Let f € S be a bihomogeneous element of degree
(a,b), and consider the hypersurface ring R = S/fS. We may write

f= Z Capr®y”®  where cop € K.
|a]=a

|B|=b
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Note that R is a Cohen-Macaulay module of dimension m+n—1. Next,
we summarize some observations.

Lemma 4.1. Consider the hypersurface ring R defined above. Then,
the statements hold:

(a) if a = 0 and b > 0, then R is Cohen-Macaulay with respect to
P of cd(P,R) = m and Cohen-Macaulay with respect to Q of
cd(@Q,R)=n—1;

(b) if a > 0 and b = 0, then R is Cohen-Macaulay with respect to P
of cd(P,R) = m — 1 and Cohen-Macaulay with respect to Q of
cd(Q, R) = n;

(¢) ifa>0 and b > 0, then grade(P,R) = m — 1 and cd(P,R) = m,
and grade(@, R) =n — 1 and ¢d(Q, R) = n.

Proof. In order to prove (a), if @ = 0, then we may write
f=> ey’
|B|=b
Fact 2.2 (a) implies that

cd(P,R) = dim S/(Q + (f))

m
and
cd(@, R) =dimS/(P+ (f)) =n—1.
On the other hand, by Fact 2.2 (b), we have
grade(P,R) =dimR —cd(@Q,R) =m+n—-1—(n—1)=m
and
grade(Q,R) =dim R —cd(P,R) =m+n—1—m=n— 1.

Thus, the conclusions follow. Parts (b) and (c) are proved in the same
way. (Il

Note that, if a,b > 0, then R is not Cohen-Macaulay with respect
to . Thus, it is natural to ask whether R is sequentially Cohen-
Macaulay with respect to (). In the following, we classify all hyper-
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surface rings that are sequentially Cohen-Macaulay with respect to Q.
First, we have the next proposition.

Proposition 4.2. Let f € S be a bihomogeneous element of degree
(a,b) such that f = hiha, where

hi = Z Cax® with cq € K
lal=a
and
ho = Z cpy?  with cg € K,
1B8l=b

i.e., deghy = (a,0) and deg hy = (0,b). Consider the hypersurface ring
R=S5/fS. Then, R is sequentially Cohen-Macaulay with respect to P
and Q.

Proof. We show that R is sequentially Cohen-Macaulay with respect
to P. The argument for @ is similar. Consider the filtration F:
0=Ry & Ry & Ry = R where Ry = hoS/fS. We claim that this
filtration is the Cohen-Macaulay filtration with respect to P. Observe
that Ro/R; = S/heS is Cohen-Macaulay with respect to P with
cd(P, Ra/R1) = m, by Lemma 4.1 (a). Now, consider the map

©: S — haS/fS
given by
g+—> gha + 5.
We obtain the isomorphism
S/h1S = haS/fS = Ry /Ry.

Thus, Ry /Ry is Cohen-Macaulay with respect to P with ¢d(P, R1/Ry) =
m—1, by Lemma 4.1 (b). Therefore, F is the Cohen-Macaulay filtration
of R with respect to P. O

For the proof of the main theorem, we recall the next results from [8].

Fact 4.3. Let D:0=Dy & D1 & --- & D, = M be the dimension
filtration of M with respect to ). Then
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(a) Dy = Ny, ¢p, o Nj for i =1,...,r — 1, where 0 = (];_; N; is a
reduced primary decomposition of 0 in M with N; p;-primary for
j=1,...,s, and

Big={p € Ass(M) : cd(Q, 5/p) < cd(Q, Di) };

(b) Ass(M/D;) = Ass(M)\ Ass(D;) fori=1,...,r;
(c) grade(Q,M/D;—1) = cd(Q,D;) for i = 1,...,r if and only if M is
sequentially Cohen-Macaulay with respect to Q.

Theorem 4.4. Let f € S be a bihomogeneous element of degree (a,b),
and let R = S/fS be the hypersurface ring. Then, the next statements
are equivalent:

(a) R is sequentially Cohen-Macaulay with respect to Q;
(b) f = hihz, where deg hy = (a,0) with a > 0 and deg he = (0,b) with
b>0.

Proof.

(a) = (b). Assume that R is not Cohen-Macaulay with respect to
Q, see Lemma 4.1. Let
f=11+
i=1

be the unique factorization of f into bihomogeneous irreducible factors
fi with deg f; = (a;,b;) for i = 1,...,r. Note that

T

iai =a and Zbi =b.
i=1

i=1

Our aim is to show that, for each f;, we have deg f; = (a;,0) with
a; > 0 or deg f; = (0,b;) with b; > 0. Assume that this is not the
case, and so there exists 1 < s < r such that deg fs = (as,bs) with
as,bs > 0. Thus, we may write that deg f; = (a;,0) with a; > 0 for
1=1,...,s—1, deg f; = (a;,b;) with a;,b; > 0 for i = s,s+1,...,¢
and deg f; = (0,b;) with b; >0 fori=1t¢+1,...,r, and ¢t < r. By Fact
4.3 (a), R has the dimension filtration

F:0=(N/f) & I1/(f) & R=5/(f)
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with respect to @, where

t
I'= m(fz)
i=1
Note that c¢d(@,I/(f)) = n — 1 by Fact 4.3 (b), Fact 2.2 (d) and
cd(@Q,R) = n. As R is sequentially Cohen-Macaulay with respect to
@, we must have grade(Q, S/I) = c¢d(Q, R) by Fact 4.3 (c). Since S/I
is Cohen-Macaulay, it follows from Fact 2.2 (b) that

grade(Q, S/I) = dim S/I — cd(P,S/I) = (m+n—-1)—m=n—1,
a contradiction.

(b) = (a). Follows from Proposition 4.2. O
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