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ASYMPTOTIC BEHAVIOR OF SOLUTIONS
FOR A DOUBLY DEGENERATE PARABOLIC

NON-DIVERGENCE FORM EQUATION

CHUNHUA JIN AND JINGXUE YIN

ABSTRACT. This paper is concerned with the asymp-
totic behavior of a doubly degenerate parabolic equation in
non-divergence form. The proofs are divided into three cases
according to exponent values of the source, and, by using
different methods, we prove the stability of the steady states.
We also expand the discussion of asymptotic stability for
equations with the periodic source.

1. Introduction. In this paper, we consider the asymptotic be-
havior of solutions for a non-divergence form equation with Dirichlet
boundary condition:

∂u

∂t
= umdiv(|∇u|p−2∇u) + λuq (x, t) ∈ Q,(1.1)

u(x, t)|∂Ω = 0 t ∈ R+,(1.2)

u(x, 0) = u0(x) > 0 x ∈ Ω,(1.3)

where Q = Ω × R+, Ω is a bounded connected domain in RN , and
∂Ω ∈ C2+α with 0 < α < 1, m ≥ 1, p > 1, q, λ > 0 are constants,
u0(x) ∈ C1(Ω) with

∂u0
∂n

∣∣∣∣
∂Ω

> 0
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satisfying some compatibility conditions, where n is the unit outward
normal to ∂ Ω.

Non-divergence form equations are often used to describe various
physical phenomena, such as the diffusive process for biological species,
the resistive diffusion phenomena in force-free magnetic fields, curve
shortening flow, the spread of infectious disease, and so on, see [3,
4, 6, 12]. Compared to classical divergence form equations, this
type of equation is, in some instances, a better descriptor of actual
cases. For example, for a biological species, diffusion of the divergence
form implies that the species is able to move to all locations within
its environment with equal probability; however, if we consider this
problem with objective conditions, the population density will affect
the rate of diffusion, so a ‘biased’ diffusion equation is more realistic.
For the non-divergence form diffusion, the diffusion rate is regulated
by population density, that is, it increases for large populations and it
decreases for small populations. Some properties of solutions for non-
divergence form equations, such as existence, non-uniqueness, blow-
up properties, etc., have been discussed by many authors. See, for
example, [6, 18, 20] for equation (1.1) with p = 2, m ≥ 1, and
see [23, 24] for the case m = 1, p > 1. There have been numerous
studies on asymptotic stability for the semilinear heat equation with
nonlinear source, as shown in equation (1.1); see [1, 2, 11, 13, 19]
for the corresponding problem with Dirichlet or Neumann boundary
conditions. There are also papers regarding asymptotic stability for
degenerate parabolic equations, see, for example [16]. As far as non-
divergence form equations are concerned, only a few papers address
such problems. Here, we refer to the work of Wiegner [21], who studied
a typical case of equation (1.1), that is, the case p = 2, and obtained
asymptotic stability for q ≤ m+ 1.

In the present paper, we focus on asymptotic stability of problem
(1.1)–(1.3). Note that equation (1.1) is very different from some
classical divergence form equations, such as the polytropic filtration
equation

∂u

∂t
= div(|∇uγ |p−2∇uγ).

In fact, the polytropic filtration equation can be transformed into
an equation similar to equation (1.1) but with exponent m = 1 −
1/γ < 1. If m ≥ 1, equation (1.1) is a strictly non-divergence form
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equation. This type of equation may have some very different, even
incredible, features. For example, an important characteristic of non-
divergence form equations is the resistive diffusion property. It is well
known that, for divergence form equations such as the porous medium
or the p-Laplace equations, fast diffusions (including classical heat
transformations) result in infinite propagation speeds of disturbances
for which the solutions become everywhere positive for any nontrivial,
nonnegative initial datum whenever t > 0. To the contrary, slow
diffusive equations admit perturbation propagations with finite speeds;
however, the support of solutions will continue to grow, and goes to
infinity. In addition, the supports of solutions of nondivergence form
equations will never expand, and even shrink. Such a property is
an important factor for non-uniqueness of solutions. In fact, non-
uniqueness has been discovered by Dal Passo and Luckhaus [6] for
the special case m = 1, p = 2. Indeed, for any T > 0, they have
constructed a weak solution with extinction time T .

In the present paper, we assume that the initial datum satisfies

u0(x) > 0,
∂u0
∂n

∣∣∣∣
∂Ω

> 0, u0(x)|∂Ω = 0,

which seems very restrictive. However, it is necessary, to some extent
because, if

suppu0(x) = Ω′ ⊂ Ω,

then one may consider the same problem in Ω′ since the supports of
solutions of nondivergence form equations never expand. However, a so-
called maximal solution with constant support is uniquely determined
by the initial datum. So, in some cases, especially for the asymptotic
stability of positive steady states, we may restrict the discussion to
maximal solutions.

The study begins with the existence of an elliptic problem. We show
that, for the sub-critical case, the steady states in our situation are
solutions of singular elliptic problems in most cases, which add to the
difficulties. In addition, we will show that, for the sup-critical case, the
solution may blow up, so we restrict our study to those initial values for
which the solution of problem (1.1)–(1.3) remains uniformly bounded.
Finally, by virtue of the results, we also expand upon the discussion of
asymptotic stability for the equation with a periodic source.
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Due to degeneracy and singularity, equation (1.1) may not have
classical solutions in general, and hence, we consider nonnegative
solutions of equation (1.1) in the weak sense. For different exponents
m, p, q, regularity of the solutions may be different, for q > m − 1,
u−m/2ut ∈ L2, see the proof in [8]. Here, E is merely the weakest
space of these solutions.

Definition 1.1. A function u ∈ E is said to be a weak super-solution
of problem (1.1)–(1.3), provided that, for any T > 0, 0 ≤ φ ∈ C1

0 (QT ),
∫∫

QT

∂u
∂t φdx dt+

∫∫
QT

|∇u|p−2∇u∇(umφ) dx dt ≥ λ
∫∫

QT
uqφdx dt,

u(x, t) ≥ 0 (x, t) ∈ ∂Ω×(0,+∞),

u(x, 0) ≥ u0(x) x ∈ Ω,

where

E = {u ∈ L∞(QT );ut ∈ L1(QT ),∇u, |u|(m−1)/p · ∇u ∈ Lp(QT )}.

Replacing ≥ with ≤ in the above inequalities, a weak sub-solution
follows. Furthermore, if u is a weak super-solution as well as a weak
sub-solution, then we call it a weak solution of problem (1.1)–(1.3).

2. Preliminaries. To study the asymptotic behavior of solutions
we first consider the elliptic equation with Dirichlet boundary value
condition: 

−wγdiv(|∇w|p−2∇w) = λ x ∈ Ω,

w(x)|∂Ω = 0,

w(x) > 0 x ∈ Ω,

(2.1)

where γ ≥ 0. In order to obtain the existence of positive solutions for
the above problem, next we consider the regularized problem:

−wγdiv(|∇w|p−2∇w) = λ x ∈ Ω,

w(x)|∂Ω = ε,

w(x) > 0 x ∈ Ω.

(2.2)

First, a well-known comparison lemma is given which has been proved
by many authors, see, for example [15].
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Lemma 2.1. Assume that ε ≤ wi ∈ L∞(Ω) ∩ W 1,p(Ω), i = 1, 2.
If w1 and w2 are the weak super- and sub-solutions of problem (2.2),
respectively, then w1 ≥ w2.

Using Lemma 2.1, we obtain the next existence result.

Proposition 2.2. If γ < N + 1, then problem (2.1) admits a unique
solution w ∈ L∞(Ω) ∩ W 1,p(Ω). If γ ≥ N + 1, then there exists a

solution w ∈ L∞(Ω) ∩ W 1,p
loc (Ω), which is obtained as a limit of an

approximate process (called the maximum solution).

Remark 2.3. From Proposition 2.2, we see that problem (2.1) admits
a unique solution if γ < N + 1. If γ > N + 1, it is difficult to obtain
uniqueness of solutions due to the lack of W 1,p estimates for this case;
thus, we define a maximum limit solution, which is the limit solution
of regularized problem (2.2). In fact, we see that, for any ε > 0
corresponding to the solution wε, v a solution of condition (2.1), we
have v ≤ wε. From the proof, we see that wε ↘ w; thus, we confirm
v ≤ w.

Proof. Similar to the proof of Lemma 2.1, it is easy to see that
the solution wε of problem (2.2) is increasing on ε. Furthermore, let
ϕ, ∥ϕ∥∞ = 1, be the first eigenfunction of the p-Laplacian equation
corresponding to the homogeneous Dirichlet boundary value condition
on Ω, and let λ1 be the corresponding first eigenvalue. Moreover, take

Ω̃ ⊃ Ω, ψ with ∥ψ∥∞ = 1 the first eigenfunction of the p-Laplacian
corresponding to the homogeneous Dirichlet boundary value condition

on Ω̃, λ̃1 the corresponding first eigenvalue. Then,

−(kϕ)γdiv(|∇(kϕ)|p−2∇(kϕ)) = λ1(kϕ)
γ+p−1 ≤ λ

is ensured by kγ+p−1 ≤ λ/λ1 means that kϕ is a sub-solution of
problem (2.2) for appropriately small k. In addition, letting σ =
infx∈Ω ψ(x), we see that

−(Kψ)γdiv(|∇(Kψ)|p−2∇(Kψ)) = λ̃1K
γ+p−1ψγ+p−1 ≥ λ

is ensured by

(Kσ)γ+p−1 ≥ λ

λ̃1
,
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meaning that Kψ is a super-solution of problem (2.2) if K is large
enough. By Lemma 2.1, we see that kϕ ≤ wε ≤ Kψ. Furthermore, we
see that, if γ ≤ 1, multiplying by w1−γ

ε on both sides and integrating
over Ω yields ∫

Ω

|∇wε|p dx ≤ λ

∫
Ω

w1−γ
ε ≤ λK1−γ |Ω|,

if 1 < γ < N + 1. Then,∫
Ω

|∇wε|p dx ≤ λ

∫
Ω

(kϕ)1−γ .

By [7, 17], we see that there exists d > 0 such that ϕ(x) ≥ d dist(x, ∂Ω),
which implies that

∫
Ω
|∇wε|p dx is uniformly bounded. If γ ≥ N + 1,

then, for any Ω′ ⊂⊂ Ω with η = minx∈Ω′ kϕ > 0, ε ≤ η, we have∫
Ω

|∇wε|p−2∇wε∇(wε − η)+ dx = λ

∫
Ω

w−γ
ε (wε − η)+ ≤ λkη−γ |Ω|,

where u+ = u if u > 0; otherwise, it is 0, which implies that∫
Ω′

|∇wε|p dx ≤ λkη−γ |Ω|.

In addition, integrating the first equation of (2.2) over Ω, we also have∫
Ω

|∇w(p+γ−1)/p
ε |pdx ≤ Cλ|Ω|.

Thus, there exists a function w > 0 in Ω since wε ≥ kϕ and w ∈
L∞(Ω) ∩W 1,p

0 (Ω) if γ ≤ 1, w ∈ L∞(Ω) ∩W 1,p
loc (Ω) and w(p+γ−1)/p ∈

W 1,p
0 (Ω) if γ > 1, such that wε ↘ w, ∇wε ⇀ ∇w in the sense Lp(Ω)

or Lp
loc(Ω) by the weak lower semi-continuity of the norm; namely, w

is a weak solution of problem (2.1).

It remains to show uniqueness for γ < N +1. Assume that w and v
are two solutions of problem (2.1). Then we have∫

Ω

(
|∇w|p−2∇w − |∇v|p−2∇v

)
∇(w − v)+ dx

= λ

∫
Ω

(w−γ − v−γ)(w − v)+ dx ≤ 0,

which means that w ≡ v. The proof is complete. �
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Remark 2.4. From the above proof, we see that wε ↘ w and
w(p+γ−1)/p ∈ W 1,p

0 (Ω), so that the trace of the solution is obtained
as γw(x) | ∂Ω = 0.

Consider the elliptic problem:
−div(|∇w|p−2∇w) = λwγ x ∈ Ω,

w(x) |∂Ω= 0,

w(x) > 0 x ∈ Ω.

(2.3)

For 0 < γ < p− 1, we have the following result.

Proposition 2.5. Assume that 0 < γ < p − 1. Then, problem (2.3)
admits a unique positive solution w ∈ C1,β(Ω) for some β ∈ (0, 1).

Proof. We shall use the super- and sub-solutions method to prove
existence, so we only need to construct a pair of super- and sub-
solutions. Let ψ, ϕ be defined as in Proposition 2.2. We see that

−div(|∇(kϕ)|p−2∇(kϕ)) = λ1(kϕ)
p−1 ≤ λ(kϕ)γ

is ensured by kp−1−γ ≤ λ/λ1, which means that kϕ is a sub-solution
of problem (2.3) for appropriately small k. In addition, let σ =
infx∈Ω ψ(x). We see that

−div(|∇Kψ|p−2∇Kψ) = λ̃1K
p−1ψp−1 ≥ λ(Kψ)γ

is ensured by (Kσ)p−1−γ ≥ λ/λ̃1. Therefore, Kψ is a super-solution
of problem (2.3) if K is chosen large enough. By the super- and sub-
solution iteration method, we see that problem (2.3) admits at least
one positive solution w with kϕ ≤ w ≤ Kψ. By [7, 17], we see that
there exists d > 0 such that ϕ(x) ≥ ddist(x, ∂Ω), which implies that
w(x) ≥ d dist(x, ∂Ω). Moreover, by [10], we also conclude that there
exists β(N, p∥w∥∞) with 0 < β < 1 such that w ∈ C1,β(Ω). Therefore,
we also have w(x) ≤ D dist(x, ∂Ω).

Next, we show uniqueness. Suppose, to the contrary, that there
exists another positive solution v ∈ C1,β(Ω). By the strong maxi-
mum principle [7, 17], there exists a d1(v) > 0 such that v(x) ≥
d1dist(x, ∂Ω). On the other hand, we also have v(x) ≤ D1dist(x, ∂Ω)
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since v ∈ C1,β(Ω). Thus, there exists a constant µ with 0 < µ < 1 such
that µv ≤ w. Let

(2.4) µ∗ = sup{0 < µ ≤ 1;µv ≤ w on Ω}.

We have µ∗ = 1. Otherwise, from equation (2.4), we see that µ∗v ≤ w
on Ω. Direct calculation yields

−div(|∇(µ∗v)|p−2∇(µ∗v)) = λ(µ∗)p−1−q(µ∗v)q

≤ λ(µ∗)p−1−qwq

= −(µ∗)p−1−qdiv(|∇w|p−2∇w).

Then, for 0 ≤ φ ∈ C1
0 (Ω), we have∫

Ω

(|∇(µ∗v)|p−2∇(µ∗v)− (µ∗)p−1−q|∇w|p−2∇w)∇φdx ≤ 0.

Taking
φ = (µ∗v − µ∗(p−1−q)/(p−1)w)+,

we conclude that

µ∗v ≤ µ∗(p−1−q)/(p−1)w < w.

Clearly, this contradicts the definition of µ∗. Hence, µ∗ = 1; namely,
w ≤ v. Interchanging the roles of w and v, we also have v ≤ w.
Uniqueness follows. �

Remark 2.6. Similar to the above proof, one can also infer the same
conclusions of Proposition 2.5 hold for the problem:

−div(|∇w|p−2∇w) = λwγ x ∈ Ω,

w(x) |∂Ω= ε,

w(x) > 0 x ∈ Ω,

(2.5)

where 0 < γ < p− 1.

3. The asymptotic behavior of solutions. In this section, we
consider the asymptotic behavior of solutions. Due to the special type
of this equation, weak solutions of problem (1.1)–(1.3) may not be
uniquely determined by the initial data. From [6], we see that there
exists a group of solutions which go to 0 in some finite time with the
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diffusion term replaced by u∆u. In fact, the family of solutions is
primarily constructed by the non-expanding property of support sets
of the solutions, while in [9, Lemma 2.3], we show this property for
equation (1.1) for any m, p > 1. Thus, by using the same method, we
can also construct a group of solutions which become extinct in finite
times. Therefore, in this paper, we consider the asymptotic behavior
of the maximal solution for problem (1.1)–(1.3), that is, the maximal
of all of these solutions, which is obtained as a limited solution of a
regularized problem.

Consider the following regularized problem:

∂u

∂t
= umdiv(|∇u|2 + η)(p−2)/2∇u) + λuq (x, t) ∈ QT ,

u(x, t) = ε x ∈ ∂Ω,(3.1)

u(x, 0) = u0(x) + ε = u0ε(x) x ∈ Ω.

From [8], we see that, for any fixed ε > 0, by approximation, prob-
lem (3.1) always admits a solution:

ε ≤ uε ∈W 1,0
p (QT ) ∩W 0,1

2 (QT ) ∩ L∞(QT ) for η = 0.

Here,

W 1,0
p (QT ) = {u ∈ Lp(QT );∇u ∈ Lp(QT )},

W 0,1
2 (QT ) = {u ∈ L2(QT );ut ∈ L2(QT )}.

Before proceeding, we verify the next comparison principle.

Lemma 3.1. Let ω be a super-solution such that ω ≥ ε in QT , and let
v ≥ 0 be a sub-solution of problem (1.1)–(1.3). If ω, v ∈ W 1,0

p (QT ) ∩
W 0,1

2 (QT ) and ω(x, 0) ≥ v(x, 0), then we have ω(x, t) ≥ v(x, t).

Proof. Since ω and v are the super- and sub-solutions of equa-
tion (1.1), respectively, then we have∫ t

0

∫
Ω

(ωtφω + |∇ω|p−2∇ω∇(ωmφω)) dx ds ≥ λ

∫ t

0

∫
Ω

ωqφω dx ds,∫ t

0

∫
Ω

(vtφv + |∇v|p−2∇v∇(vmφv)) dx ds ≤ λ

∫ t

0

∫
Ω

vqφv dx ds.
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Take

φω =
sgnδ((v − ω)+)

ωm
and φv =

sgnδ((v − ω)+)

vm
.

Then, we have∫ t

0

∫
Ω

(v−mvt − ω−mωt) sgnδ((v − ω)+) dx ds

+

∫ t

0

∫
Ω

(|∇v|p−2∇v − |∇ω|p−2∇ω)∇(sgnδ((v − ω)+)) dx ds

≤ λ

∫ t

0

∫
Ω

(vq−m − ωq−m) sgnδ((v − ω)+)) dx ds,

where sgnδu = sgn(u) inf{|u|/δ, 1}. Note that the second term of the
left side is equivalent to∫ t

0

∫
Ω

(|∇v|p−2∇v − |∇ω|p−2∇ω)∇(v − ω)+ sgn′δ((v − ω)+) dx ds ≥ 0.

Then, we have

(3.2)

∫ t

0

∫
Ω

(v−mvt − ω−mωt) sgnδ((v − ω)+) dx ds

≤ λ

∫ t

0

∫
Ω

(vq−m − ωq−m) sgnδ((v − ω)+)) dx ds.

Recalling the equality from [6, Lemma 2], we obtain

∫ t

0

∫
Ω

(u− v)t sgnδ(Φ(u)− Φ(v))+ dx ds

(3.3)

=

∫
Ω

(∫ u

0

sgnδ(Φ(z)− Φ(v))+ dz −
∫ v

0

sgnδ(Φ(0)− Φ(z))+ dz

)∣∣∣∣t
0

dx

−
∫ t

0

∫
Ω

vt

(∫ u

0

sgn′δ(Φ(z)− Φ(v))(Φ′(z)− Φ′(v))+ dz

)
dx ds,

where Φ is a monotone smooth, convex scalar-valued function. We
first consider the case m = 1. Recall equation (3.2), and let ω̂ = lnω,
v̂ = ln v. Note that the effective integral domain is, in fact, Ω{v>ω≥ε}.
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Thus, we have∫ t

0

∫
Ω

(v̂t − ω̂t) sgnδ((e
v̂ − eω̂)+) dx ds

≥
∫
Ω

(∫ v̂(x,t)

0

sgnδ(e
z − eω̂(x,t))+dz−

∫ ω̂(x,t)

0

sgn δ(1−ez)+dz
)
dx

−
∫ t

0

∫
Ω

ω̂t

(∫ v̂

0

sgn ′
δ(e

z − eω̂)(ez − eω̂)+ dz

)
dx ds.

Substituting into equation (3.2) yields∫
Ω

(∫ v̂(x,t)

0

sgnδ(e
z − eω̂(x,t))+ dz −

∫ ω̂(x,t)

0

sgnδ(1− ez)+ dz

)
dx

≤
∫ t

0

∫
Ω

ω̂t

(∫ v̂

0

sgn′δ(e
z − eω̂)(ez − eω̂)+ dz

)
dx ds

+ λ

∫ t

0

∫
Ω

(e(q−1)v̂ − e(q−1)ω̂) sgnδ((e
v̂ − eω̂)+) dx ds

≤
∫ t

0

∫
Ω

ω̂t

(∫ v̂

0

sgn′δ(e
z − eω̂)(ez − eω̂)+ dz

)
dx ds

+ λ(q − 1)|v|q−1
∞

∫ t

0

∫
Ω

(v̂ − ω̂) sgnδ((e
v̂ − eω̂)+) dx ds.

The term on the left converges to∫
Ω

(v̂(x, t)− ω̂(x, t))+ dx,

and the first term on the right converges to 0 as δ → 0. Letting δ → 0,
we see that, if q ≤ 1,∫

Ω

(v̂(x, t)− ω̂(x, t))+ dx ≤ 0,

while, if q > 1,∫
Ω

(v̂(x, t)− ω̂(x, t))+ dx ≤ λ(q − 1)|v|q−1
∞

∫ t

0

∫
Ω

(v̂ − ω̂)+ dx ds.
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Gronwall’s inequality gives∫
Ω

(v̂(x, t)− ω̂(x, t))+ dx ≤ 0,

which implies that v̂(x, t) ≤ ω̂(x, t), that is, v(x, t) ≤ ω(x, t).

Next, we consider the case m > 1. Similar to equation (3.3), for any
0 < a < max{∥u∥∞, ∥v∥∞}, we obtain

∫ t

0

∫
Ω

(u− v)t sgnδ(Φ(u)− Φ(v))+ dx ds

(3.4)

=

∫
Ω

dx

(∫ u

−a

sgnδ(Φ(z)

− Φ(v))+ dz −
∫ v

−a

sgnδ(Φ(−a)− Φ(z))+ dz

)∣∣∣∣t
0

−
∫ t

0

∫
Ω

vt

(∫ u

−a

sgn′δ(Φ(z)− Φ(v))(Φ′(z)− Φ′(v))+ dz

)
dx ds.

Let

ω̂ = − 1

m− 1
ω1−m, v̂ = − 1

m− 1
v1−m.

Then, we have∫ t

0

∫
Ω

(v̂t − ω̂t) sgnδ(((1−m)v̂)1/(1−m) − ((1−m)ω̂)1/(1−m))+ dx ds

=

∫
Ω

(∫ v̂(x,t)

−a

sgnδ(((1−m)z)1/(1−m) − ((1−m)ω̂)1/(1−m))+ dz

−
∫ ω̂(x,t)

−a

sgnδ(((m−1)a)1/(1−m)−((1−m)z)1/(1−m))+dz

)
dx

−
∫ t

0

∫
Ω

ω̂t

(∫ v̂

−a

sgn′δ((1−m)z)1/(1−m)−((1−m)ω̂)1/(1−m)

)
· (((1−m)z)m/(1−m) − ((1−m)ω̂)m/(1−m))+ dz

)
dx ds.

Substituting into equation (3.2) yields∫
Ω

(∫ v̂(x,t)

−a

sgnδ

(
((1−m)z)1/(1−m) − ((1−m)ω̂)1/(1−m)

)
+
dz
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−
∫ ω̂(x,t)

−a

sgnδ(((m− 1)a)1/(1−m) − ((1−m)z)1/(1−m))+ dz

)
dx

≤
∫ t

0

∫
Ω

ω̂t

(∫ v̂

−a

sgn′δ(((1−m)z)1/(1−m) − ((1−m)ω̂)1/(1−m))

·
(
((1−m)z)m/(1−m) − ((1−m)ω̂)m/(1−m)

)
+
dz

)
dx ds

+ λ

∫ t

0

∫
Ω

(
((1−m)v̂)(q−m)/(1−m) − ((1−m)ω̂)(q−m)/(1−m)

)
· sgnδ

(
((1−m)v̂)(q−m)/(1−m) − ((1−m)ω̂)(q−m)/(1−m)

)
+
dx ds.

The term on the left converges to∫
Ω

(v̂(x, t)− ω̂(x, t))+ dx,

and the first term on the right converges to 0 as δ → 0. Letting δ → 0,
we see that, if q ≤ m, then∫

Ω

(v̂(x, t)− ω̂(x, t))+ dx ≤ 0,

while, if q > m,∫
Ω

(v̂(x, t)− ω̂(x, t))+ dx ≤ λ(q −m) | v
∣∣∣q−1

∞

∫ t

0

∫
Ω

(v̂ − ω̂)+ dx ds.

Recalling Gronwall’s inequality gives∫
Ω

(v̂(x, t)− ω̂(x, t))+ dx ≤ 0.

Summing up, we conclude that v ≤ ω. The proof is complete. �

Using the comparison principle, we see that the solution of prob-
lem (3.1) is unique, and, for any one solution v of problem (1.1)–(1.3),
v ≤ uε. Letting ε go to 0, the limit solution u also satisfies u ≥ v.

From this analysis, we see that solution u, obtained by an approxi-
mation process of the regularized problem, is the maximal solution of
problem (1.1)–(1.3). In what follows, we may assume that the maxi-
mal solution is smooth enough since it is obtained by an approximation
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process of the regularized problem, and the solutions of the regularized
problem are also smooth enough.

For simplicity, we define

J [u] = ut − umdiv(|∇u|p−2∇u)− λuq.

Clearly, we have J(kϕ + ε) ≤ 0, kϕ ≤ u0ε(x) and J(Kψ) ≥ 0,
Kψ ≥ u0ε(x) for appropriately small k > 0 and appropriately large
K > 0, ε > 0, where ϕ and ψ are defined as in the proof of
Proposition 2.2. Consider the problems:

J(u) = 0 (x, t) ∈ Q,

u(x, t) = (Kψ − ε)e−t + ε x ∈ ∂Ω,

u(x, 0) = Kψ(x) x ∈ Ω.

(3.5)


J(u) = 0 (x, t) ∈ Q,

u(x, t) = ε x ∈ ∂Ω,

u(x, 0) = kϕ+ ε x ∈ Ω.

(3.6)

Similar to [8], it is easy to conclude that the above problems admit
unique solutions, respectively. Let ωε and vε be the solutions of
problems (3.5) and (3.6), respectively. By comparison, we obtain

vε ≤ uε ≤ ωε.

Furthermore, by equations (3.5) and (3.6), we see that

∂ωε

∂t

∣∣∣∣
∂Ω

< 0,
∂ωε

∂t
(x, 0) ≤ 0,

∂vε
∂t

∣∣∣∣
∂Ω

= 0,
∂vε
∂t

(x, 0) ≥ 0.

Consider the equation satisfied by vεt, ωεt, that is,

ht − (p− 1)umdiv(|∇u|p−2∇h)− (mum−1∆pu+ λquq−1)h = 0.

Using the maximum principle, we obtain that vεt ≥ 0 and ωεt ≤ 0,
which implies that vε is monotone non-decreasing and ωε is monotone
non-increasing. In addition, by comparison, we also see that

kϕ+ ε ≤ vε(x, t) ≤ ωε(x, t) ≤ Kψ.
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Thus, by Dini’s theorem, there exist vε(x) and ωε(x) with

(3.7) kϕ+ ε ≤ vε(x) ≤ ωε(x) ≤ Kψ,

such that

(3.8) vε(x, t) ↗ vε(x), ωε(x, t) ↘ ωε(x),

uniformly. Furthermore, for any Ω′ ⊂⊂ Ω, let r = minx∈Ω′ kϕ(x).
Thus, there exists a T0 > 0 such that, when 2ε < r, (Kψ−ε)e−T0 < r/2.
Multiplying the first equation of (3.5) by (ωε−r)+, and integrating over
(n, n+ 1)× Ω for any n > T0, we obtain∫ n+1

n

∫
x∈Ω
ωε≥r

(ωεt(ωε − r) + ωm
ε |∇ωε|p) dx dt ≤ λ

∫ n+1

n

∫
Ω

ωq+1
ε dx dt.

In addition, we have

1

2

∫
Ω

(
ωε(x, n+ 1)− r

)
+
dx+

∫ n+1

n

∫
x∈Ω
ωε≥r

ωm
ε |∇ωε|pdx dt

≤ λ

∫ n+1

n

∫
Ω

ωq+1
ε dx dt+

1

2

∫
Ω

(ωε(x, n)− r)+ dx

≤M1

and ∫ n+1

n

∫
x∈Ω
ωε≥r

|∇ωε|pdx dt ≤M2.

By use of the integral mean value theorem, there exists a tn ∈ [n, n+1]
such that ∫

x∈Ω
ωε≥r

|∇ωε(x, tn)|pdx dt ≤M2,

where M2 depends on r and is independent of ε. In addition, multi-
plying the first equation of (3.5) by ω−m

ε (ωε − r)+t, integrating over
(tn, t)× Ω for any t > tn, and noting that ωεt ≤ 0, we obtain∫ t

tn

∫
Ω

ω−m
ε |(ωε − r)+t|2dx dt+

1

p

∫
Ω

∣∣∣∇(
ωε(x, t)− r

)
+

∣∣∣pdx
≤ 1

p

∫
x∈Ω
ωε≥r

|∇ωε(x, tn)|pdx,
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which implies that there exists a constant M3 independent of ε such
that

(3.9)

∫ ∞

tn

∫
Ω′
ω−m
ε |ωεt|2dx dt+ sup

t≥T0+1

∫
Ω′

|∇ωε(x, t)|pdx

≤
∫ ∞

tn

∫
x∈Ω
ωε≥r

ω−m
ε |ωεt|2dx dt+

∫
x∈Ω
ωε≥r

|∇ωε(x, t)|pdx

≤M3.

For equation (3.6), we note that ∂vε/∂n ≤ 0. Then, when q ≥ m− 1,
multiplying the equation by v1−m

ε and integrating over Ω yields∫
Ω

v1−m
ε vεt dx+

∫
Ω

|∇vε|p dx ≤ λ

∫
Ω

vq+1−m
ε dx.

Noting that vεt ≥ 0, we have

(3.10) sup
t≥0

∫
Ω

|∇vε|p dx ≤ M̂1,

where M̂1 is independent of ε. If q < m− 1, we obtain

(3.11) sup
t≥0

∫
Ω

vm−1−q
ε |∇vε|p dx ≤ M̂2,

where M̂2 is independent of ε. Similar to equation (3.9), we also obtain,
for any Ω′ ⊂⊂ Ω,

(3.12) sup
t≥0

∫
Ω′

|∇vε(x, t)|pdx dt ≤ M̂3,

where M̂3 is independent of ε. Furthermore, we also have∫ t

0

∫
Ω

v−m
ε |vεt|2dx dt ≤ M̂4, if q > m− 1,(3.13) ∫ t

0

∫
Ω′
v−m
ε |vεt|2dx dt ≤ M̂4, if q ≤ m− 1,(3.14)

where M̂4 is independent of ε.

By these a priori estimates and combining with equation (3.8), we
conclude (taking a subsequence if necessary) that

∇vε(x, t)⇀ ∇ṽε(x), ∇ωε(x, t)⇀ ∇ω̃ε(x),
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in Lp
loc(Ω) as t → ∞, which means that ṽε(x) and ω̃ε(x) are the

solutions of problem
−div(|∇w|p−2 ∇w) = λwq−m x ∈ Ω,

w|∂Ω = ε,

w > 0 x ∈ Ω.

(3.15)

According to Propositions 2.2, 2.5 and Remark 2.6, we see that, when
q < m + p − 1, equation (3.15) admits a unique solution, namely,
ṽε(x) = ω̃ε(x), denoted w̃ε(x). Then, uε(x, t) → w̃ε(x) uniformly.
Furthermore, we see that

kϕ(x) ≤ vε(x, t) ≤ uε(x, t) ≤ ωε(x, t) ≤ Kψ(x).

By the above arguments, we see that, when t → ∞, uε(x, t) goes to a
steady solution, that is, the solution of equation (3.15). Similar to [8],
it is not difficult to show that, when ε→ 0,

vε(x, t) −→ v, uε(x, t) −→ u, ωε −→ ω,

in the weak sense, and v, u and ω are solutions of problems (1.1)–(1.3),
(3.5) and (3.6) with ε = 0, respectively. Repeating the above process
with ε = 0, we see that all the estimates obtained above hold for ε = 0.
We finally conclude that u(x, t) goes to the solution of equation (3.15)
with ε = 0, uniformly. Thus, we obtain the next result.

Theorem 3.2. Assume that 0 < q < m + p − 1. Then, the solution
u(x, t) of problem (1.1)–(1.3) obtained by an approximating process
of the regularized problem (3.1) goes to the positive maximum steady
solution w(x) of problem (2.3) with γ = q −m uniformly.

In what follows, we consider the case q = m+ p− 1. We obtain the
next result.

Theorem 3.3. Assume that q = m+p−1. Let λ1 be the first eigenvalue
of the p-laplacian with homogeneous boundary condition, and let φ be
the corresponding eigenfunction with ∥φ∥∞ = 1. Then,

(i) when λ < λ1, all of these solutions of problem (1.1)–(1.3) go to 0;
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(ii) when λ = λ1, if there exist ε > 0 such that u0(x) > εφ(x), then
the maximal solution of problem (1.1)–(1.3) goes to a steady state
Kφ(x) for some K > 0;

(iii) when λ > λ1, all positive solutions blow up in some finite time.

Proof.

(i) Firstly, we consider the case λ < λ1. We see that there exist

λ̃ with λ < λ̃ < λ1 and a domain Ω ⊂⊂ Ω̃ such that λ̃ is the first
eigenvalue of the p-laplacian with homogeneous boundary condition,

and, correspondingly, ψ̃ is the first eigenfunction with ∥ψ̃∥∞ = 1. A

simple calculation yields that Kψ̃ is a super-solution of the regularized
problem (3.1) for appropriately large K > 0. Then, we have ε ≤ uε ≤
Kψ̃. Similar to the case q < m+p−1, we define ωε as in equation (3.5),
and we conclude that uε(x, t) ≤ ωε(x, t). Furthermore, we also have
ωε(x, t) is decreasing on t, denoted

ωε(x) = lim
t→∞

ωε(x, t).

Then,
lim
t→∞

uε(x, t) ≤ ωε(x).

Similarly, we obtain that ωε(x) is a solution of the steady prob-
lem (3.15). Letting ε→ 0, we conclude that

ω(x) = lim
ε→0

ωε(x)

is a solution of problem (3.15) with ε = 0. Clearly problem (3.15) has
no nontrivial solution since λ < λ1, that is, ω(x) = 0. Thus, we have
uε(x, t) → 0 as t → ∞, ε → 0. By comparison, we see that, for any
solution u of problem (1.1)–(1.3), u(x, t) ≤ uε(x, t), which means that
u(x, t) goes to 0 uniformly as t→ ∞.

(ii) Now, we turn our attention to the case λ = λ1. Let

F (ω) =
1

p

∫
Ω

|∇ω(x)|p dx− λ

p

∫
Ω

ωp(x) dx,

H(ω) =

{
1/(2−m)

∫
Ω
ω2−m(x) dx if m ̸= 2,∫

Ω
lnω(x) dx if m = 2.
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Since u0 > εφ(x), by comparison, u ≥ εφ(x). Therefore, F (u) and
H(u) are well defined. We see that

F (u) =
1

p

∫
Ω

|∇u|p dx− λ

p

∫
Ω

up dx ≥ λ1 − λ

p

∫
Ω

up dx = 0.

In addition, we also note that

dF (u)

dt
= −

∫
Ω

u−m u2t dx ≤ 0,

which implies that F (u)(t) is decreasing. Let

lim
t→∞

F (u)(t) = a.

Then, we have ut → 0 as t→ ∞, which implies that u goes to 0 or the
first eigenfunction kφ(x). Hence, we have that u(x) goes to the first
eigenfunction kφ(x) since u ≥ εφ(x).

(iii) Finally, we give attention to the case λ > λ1. A direct
calculation yields that

dH

dt
= −pF.

If F (u0) < 0, from the decreasing property of F on t, we have
F (u(t)) ≤ F (u0) = −δ; then

H(u(t)) ≥ H(u0) + p δ t.

If m > 2, ∫
Ω

u2−mdx ≤
∫
Ω

u2−m
0 dx− (m− 2) δ t.

Thus, there exists a 0 < T ∗ < +∞ such that
∫
Ω
u2−mdx = 0, which

implies that u blows up in finite time. If m < 2, then

d 2H(u)

dt2
= −pdF (u)

dt
= p

∫
Ω

u−mu2t dx.

Then, we have(
dH

dt

)2

=

(∫
Ω

u1−mut dx

)2

≤
∫
Ω

u2−m dx

∫
Ω

u−mu2t dx

=
2−m

p

d 2H

dt2
H,
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which implies that
d 2

dt2
H1−p/(2−m)(u) ≤ 0.

Noting that dH(u(0))/dt > 0, d2H/dt2 > 0, we have

dH

dt
≥ dH(u(0))

dt
> 0.

Direct calculation gives

H(2−m−p)/(2−m)(u)(t) ≤ H(2−m−p)/(2−m)(u)(0)

+ p
m+ p− 2

2−m
H−p/(2−m)(u0)F (u0)t.

Thus, there exists a T ∗ < +∞ such that

H(u)(t) −→ ∞, as t→ T ∗,

while, if m = 2, we have

dH

dt
=

∫
Ω

u−1ut dx.

d 2H(u)

dt2
= −p dF (u)

dt
= p

∫
Ω

u−2u2t dx ≥ p

(
dH

dt

)2

.

Then, we have (
1

H ′

)′

≤ −p.

Integrating from 0 to t yields

H ′(u(t)) ≥
(
− 1

pF (u0)
− pt

)−1

,

which means that

H(u(t)) ≥ H(u0) +
1

p
ln

c0
c0 − pt

,

where c0 = −1/(pF (u0)). Thus, there exists a T ∗ < +∞ such that
H → ∞ as t→ T ∗, that is, u blows up.

In what follows, we consider the general case u0(x) > 0. It is known
that there exists a Ω′ ⊂⊂ Ω such that the first eigenvalue λ1 < λ′ < λ
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on Ω′ and some function ψ(x) with ψ(x) < u0(x) on Ω′ such that

F̂ (ψ) =
1

p

∫
Ω′

|∇ψ|p dx− λ

p

∫
Ω′
ψp dx < 0.

Denote the solution on Ω′ by ũ with initial value ψ(x). Similar to the
above, we obtain the same results on Ω′, while we clearly have u ≥ ũ.
Thus, we conclude that there exists a T ∗ < ∞ such that u(t) → ∞ as
t→ T ∗, that is, u blows up in finite time. �

Lastly, we turn to the case q > m + p − 1. From [8], we see that,
when F (u0) < 0, the solution will blow up in finite time. Thus, in what
follows, we may assume that F (u0) ≥ 0.

From Sacks [16], we define

A = {0 ≤ φ ∈ C1
0 (Ω);−div(|∇φ|p−2∇φ) = λφq−m}, A ∗ = A \{0},

and let
ρ = ρ(Ω) = inf

v∈A ∗
F (v),

with ρ = +∞ if A ∗ = ∅, and

L(v0) = {u(x) ∈ C(Ω); there exists tn → ∞
such that u(·, tn, u0) =⇒ u(x) as n→ ∞},

and
Bτ (u0) = {u(·, t, u0); t ≥ τ}.

For any v ∈ A ∗, let

q∗ =
q − (m+ p− 1)

p(q + 1−m)
.

Then,

F (v) =
1

p

∫
Ω

|∇v|p dx− λ

q + 1−m

∫
Ω

vq+1−mdx = q∗
∫
Ω

|∇v|p dx.

We also note that ∫
Ω

|∇v|p dx = λ

∫
Ω

vq+1−mdx.
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By the isotropic embedding theorem, we see that, for q < Np/(N − p)+
m− 1 if p < N , or q < +∞ if p ≥ N . We have∫

Ω

|∇v|p dx = λ

∫
Ω

vq+1−mdx ≤ λC

(∫
Ω

|∇v|p dx
)(q+1−m)/p

,

where C is a constant dependent only on m, p, q and Ω. Therefore, we
further have ∫

Ω

|∇v|p dx ≥ (Cλ)−p/(q−m−p+1).

Hence, we have

ρ ≥ q − (m+ p− 1)

p(q + 1−m)
(Cλ)−p/(q−m−p+1),

while, if q ≥ Np/(N − p) + m − 1 for p < N , by [14], we see that
A ∗ = ∅ if Ω is star-shaped. This means that ρ (Ω) = +∞. Summing
up, we finally obtain ρ > 0.

Multiplying equation (1.1) by utu
−m on both sides and integrating

over (0, t)× Ω yields∫ t

0

∫
Ω

u−mu2t dx dτ + F (u)(t) = F (u0),(3.16)

which implies that F (u)(t) ≤ F (u0) and is nonincreasing on t. Now,
we have the next lemmas.

Lemma 3.4. Assume that F (u0) ≥ 0 and Bτ (u0) ≤ C. Then,
A ∩ L(u0) ̸= ∅.

Proof. We first show that L(u0) ̸= ∅. Since Bτ (u0) ≤ C, the
collection of functions {u(·, t;u0)}t>τ is uniformly bounded, and hence,
equicontinuous by [16, Theorem 2.2]. Therefore, by the Arzela-Ascoli
theorem, there exists a {tn} with tn → ∞ and v ∈ C(Ω) such that
u(·, tn;u0) → v(x) uniformly, which means that v ∈ L(u0).

Let F (v∗) = minv∈L(u0) F (v). Clearly, F (v∗) is well defined and
v∗ ∈ L(u0) since F (v) is lower semi-continuous and bounded from
below on L(u0). However, v(·, t; v∗) ∈ L(u0) for t since F (u(t)) is
decreasing on t, which means that

F (u(·, t, v∗)) = F (v∗)
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for any t > 0. From equation (3.16),

∥u−m/2ut∥L2(Ω) −→ 0, as t→ ∞;

thus, we necessarily have v∗ ∈ A . �

Lemma 3.5. If 0 ∈ L(u0), then L(u0) = {0}.

Proof. Suppose to the contrary; namely, there is a v ∈ L(u0) with

v ̸≡ 0. Take a domain Ω̃ such that Ω ⊂⊂ Ω̃. Let ψ̃ with ∥ψ̃∥∞ = 1
be the first eigenfunction of the p-Laplacian corresponding to the

Dirichlet boundary value condition on Ω̃, let λ̃ be the corresponding

first eigenvalue, and let σ = infx∈Ω ψ̃. Let Ψ = kψ̃. After simple
calculation, we conclude that Ψ is a super-solution of equation (1.1) on
Ω if

k ≤
(
λ̃

λ

)1/(q−(m+p−1))

.

Since 0 ∈ L(u0), there exists {tn} with tn → ∞ such that u(·, tn, u0) →
0 uniformly in Ω. Let

δ = min

{
∥v∥∞
2

,

(
λ̃

λ

)1/(q−(m+p−1))}
.

Take k < δ. It is easy to see that there exists an n0 > 0 such that, for
any n ≥ n0,

∥u(·, tn, u0)∥L∞(Ω) ≤ kσ ≤ Ψ.

By comparison, we conclude that

u(·, t, u0) ≤ Ψ ≤ ∥v∥∞
2

, for any t > tn0 ,

which contradicts v ∈ L(u0). �

Theorem 3.6. Assume that q > m + p − 1, 0 ≤ u0 ∈ L∞(Ω). Then,
L(u0) = {0} if one of the following conditions is satisfied :

(i) Bτ (u0) ≤ C and F (u0) < ρ(Ω);
(ii) there exists µ < 1, ω ∈ A ∗, such that u0 ≤ µω;
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(iii)

u0 ≤
(
2λ

λ̃

)−1/(q−(m+p−1))

σ,

for some domain Ω̃ with λ̃, σ defined as in Lemma 3.5.

Proof. From Lemma 3.4, we see that it suffices to show that
Bτ (u0) ≤ C. Then, A ∗ ∩ L(u0) = ∅.

(i) From the definition of ρ and the monotonicity of F (u)(t) on t,
the conclusion is clear.

(ii) We note that

−div(|∇(µω)|p−2∇(µω)) = µm+p−1−qλ(µω)q−m ≥ λ(µω)q−m,

which means that µω is a super-solution. By comparison, we arrive at
u(·, t, u0) ≤ µω. If A ∗ ∩L(u0) ̸= ∅, then there exists a v ∈ A ∗ ∩L(u0)
with v ≤ µω. Let

µ∗ = inf{µ < 1; v ≤ µω}.

Then, µ∗ < 1, v ≤ µ∗ω. In addition, we note that

−div(|∇(µ∗ω)|p−2∇(µ∗ω)) = µ∗m+p−1−qλ(µ∗ω)q−m

≥ λµ∗m+p−1−qvq−m

= −µ∗m+p−1−qdiv(|∇v|p−2∇v),

which implies that

µ∗ω ≥ µ∗(m+p−1−q)/(p−1)v,

which contradicts the definition of µ∗.

(iii) Take Ω̃, ψ̃, λ̃, and σ as in Lemma 3.5, and let

u(x, t) = f(t)ψ̃(x),

where

f(t) =

(
a0 +

m+ p− 2

2
λ̃σm+p−2t

)−1/(m+p−2)

.

Then,

(3.17)
∂u

∂t
≥ umdiv(|∇u|p−2∇u) + λuq



NON-DIVERGENCE FORM EQUATION 503

is equivalent to

f ′(t) ≥ fm+p−1ψ̃m+p−2(λ(fψ̃)q−(m+p−1) − λ̃).

Let

a0 =

(
2λ

λ̃

)m+p−2/(q−(m+p−1))

.

A simple calculation yields that u satisfies equation (3.17). Then, for
any u0(x) < u(x, 0), we have u ≤ u. Hence, u(·, t, u0) → 0 as t → ∞
since u(x, t) → 0 as t → ∞ means that L(u0) = 0. The proof is
complete. �

Remark 3.7. From Theorem 3.6 (ii), we see that any nonnegative and
nontrivial steady solutions are unstable, while, from Theorem 3.6 (iii),
we see that 0 is an asymptotically stable steady solution.

4. Extension to the periodic source case. In previous work [9],
we have proved the existence of time periodic solutions for the periodic
source case. In this section, as an extension to the results obtained
above, we consider asymptotic stability for the periodic source case.

Consider the equation:

(4.1)
∂u

∂t
= umdiv(|∇u|p−2∇u) + α(x, t)uq, (x, t) ∈ Q,

with boundary and initial value conditions (1.2) and (1.3), where α(x, t)
is smooth, strictly positive and periodic in time with periodic ω > 0,
and all other conditions are the same as equations (1.1)–(1.3).

First, consider the sub-critical case, that is, q < m+ p− 1. We have
the following results.

Theorem 4.1. Assume that q < m + p − 1. Then, problem (1.2),
(4.1) has minimal and maximal positive periodic solutions u∗(x, t) and
u∗(x, t). Moreover, if u(x, t) is the maximal solution of the initial
boundary value problem (1.2), (1.3), (4.1), then, for any δ > 0,

u∗(x, t)− δ ≤ u(x, t) ≤ u∗(x, t) + δ

holds for x ∈ Ω and sufficiently large t.
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Proof of Theorem 4.1. Consider the regularized problem

∂u

∂t
= umdiv(|∇u|p−2∇u) + α(x, t)uq (x, t) ∈ QT ,(4.2)

u(x, t) = ε x ∈ ∂Ω,(4.3)

u(x, 0) = u0(x) + ε = u0ε(x) x ∈ Ω.(4.4)

From [8], we see that, for any fixed small ε > 0, problem (4.2)–(4.4)

always admits a solution ε ≤ uε ∈W 1,0
p (QT )∩W 0,1

2 (QT )∩L∞(QT ). In
order to obtain the minimal and maximal periodic solutions of problem
(4.2)–(4.4), we consider the problem:

∂u/∂t = umdiv(|∇u|p−2∇u) + Luq (x, t) ∈ QT ,

u(x, t) = ε x ∈ ∂Ω,

u(x, 0) = u0(x) + ε = u0ε(x) x ∈ Ω.

(4.5)


∂u/∂t = umdiv(|∇u|p−2∇u) + Suq (x, t) ∈ QT ,

u(x, t) = ε x ∈ ∂Ω,

u(x, 0) = u0(x) + ε = u0ε(x) x ∈ Ω.

(4.6)

From Section 3, we see that solutions uε and uε of problems (4.5) and
(4.6), respectively, go to the unique positive steady state Ψε(x), ϕε(x)
with Ψε(x) ≥ ϕε(x). Let ψ with ∥ψ∥∞ = 1 be the first eigenfunction
of the p-Laplacian equation corresponding to the Dirichlet boundary
value condition on Ω, and let λ1 be the corresponding first eigenvalue.

Moreover, take Ω̃ ⊃ Ω and ψ̃ with ∥ψ̃∥∞ = 1, σ = infx∈Ω ψ̃ > ε, to be
the first eigenfunction of the p-Laplacian equation corresponding to the

Dirichlet boundary value condition on Ω̃. Let λ̃1 be the corresponding
first eigenvalue. Then,

−div(|∇(ρψ)|p−2∇(ρψ)) = λ1(ρψ)
p−1 ≤ S(ρψ)q−m

is ensured by

ρm+p−1−q ≤ S

λ1
,

while

−div(|∇(ρ̃ψ̃)|p−2∇(ρ̃ψ̃)) = λ̃1(ρ̃ψ̃)
p−1 ≥ L(ρ̃ψ̃)q−m



NON-DIVERGENCE FORM EQUATION 505

is ensured by

(ρ̃σ)m+p−1−q ≥ L

λ̃1
.

Take ρ sufficiently small and ρ̃ sufficiently large; then, we have that ρ̃ψ̃
and ρψ are both the super- and sub-solutions of the problems{

−div(|∇φ|p−2∇φ) = Lφq−m x ∈ Ω,

φ(x) = ε x ∈ ∂Ω,
(4.7)

and {
−div(|∇φ|p−2∇φ) = Sφq−m x ∈ Ω,

φ(x) = ε x ∈ ∂Ω.
(4.8)

By Remark 2.6, problem (4.7), (4.8) admits a positive solution ϕε,

ϕ
ε
with ρψ ≤ ϕ

ε
≤ ϕε ≤ ρ̃ψ̃. For the uniqueness of solutions, see

Remark 2.6. We further have

ϕ
ε
= ϕε, ϕε = Φε.

By comparison, we see that the solution uε of problem (4.2)–(4.4)
satisfies uε ≤ uε ≤ uε. Then, we have

(4.9) ρψ ≤ ϕ
ε
≤ lim

t→∞
uε(x, t) ≤ lim

t→∞
uε(x, t) ≤ ϕε ≤ ρ̃ψ̃,

for any positive initial value u0(x) satisfying the corresponding com-
patibility conditions. Thus, for any positive periodic solution ûε of
problem (4.2)–(4.3), we have that

ρψ ≤ ûε(x, t) ≤ ρ̃ψ̃.

Define the sequences {un}n, {un}n by
unt − umn div(|∇un|p−2∇un) = α(x, t)uqn−1,

un(x, t)|Ω = ε,

un(x, 0) = (un−1(x, ω)− ε)+ + ε,

(4.10)


unt − umn div(|∇un|p−2∇un) = α(x, t)uqn−1,

un(x, t)|Ω = (ρ̃ψ̃ − ε)e−(n−1)ω−t + ε,

un(x, 0) = un−1(x, ω),

(4.11)
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with u0 = ρψ, u0 = ρ̃ψ̃. Similar to Section 2, by recursivity, and
combining with the above analysis, for any positive periodic solution
ûε of problem (4.2)–(4.3), it is easy to obtain the solutions of problem
(4.10), (4.11), satisfying that

ρψ ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ ûε ≤ un ≤ · · · ≤ u1 ≤ ρ̃ψ̃.(4.12)

Let
uε∗ = lim

n→∞
un(x, t), u∗ε = lim

n→∞
un(x, t).

Similar to [22], we obtain that uε∗ and u∗ε are the periodic solutions of
problem (4.2)–(4.3). Then, we have

uε∗ ≤ ûε ≤ u∗ε.

Letting ε go to 0, similar to [22], we obtain that the limit functions

u∗ = lim
ε→0

uε∗, u∗ = lim
ε→0

u∗ε,

are the minimal and maximal positive periodic solutions.

On the other hand, by ∂u0/∂n > 0 on ∂Ω, we see that there
must exist appropriately small ρ > 0 and large ρ̃ > 0 such that

ρψ ≤ uε(x, 0) ≤ ρ̃ψ̃ for sufficiently small ε > 0. Then, for the solution
uε(x, t) of problem (4.2)–(4.4), we also have

uk+1(x, t) ≤ uε(x, kω + t) ≤ uk+1(x, t).(4.13)

Recalling equation (4.13), and letting k → ∞, we obtain that

uε∗(x, t) ≤ lim
k→∞

uε(x, kω + t) ≤ lim
k→∞

uε(x, kω + t) ≤ u∗ε(x, t).

Furthermore, noting the monotonicity of uε∗, u
∗
ε and uε on ε, and

letting ε→ 0, yields

u∗ ≤ lim
ε→0

lim
k→∞

uε(x, kω + t) ≤ lim
ε→0

lim
k→∞

uε(x, kω + t) ≤ u∗.

Denote u∗ = limε→0 uε(x, t). We see that u∗ is a solution of problem
(1.2), (1.3), (4.1), see [8]. Then, we have

u∗(x, t) ≤ lim
k→∞

u∗(x, kω + t) ≤ lim
k→∞

u∗(x, kω + t) ≤ u∗(x, t).

Thus, for any δ > 0, there exists a Tδ > 0, such that, for any t > Tδ,
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u∗(x, t)− δ ≤ u∗(x, t) ≤ u∗(x, t) + δ.

The proof is complete. �

In what follows, we consider the case of q = m+ p− 1. We have the
next result.

Theorem 4.2. Assume that q = m+p−1. Let λ1 be the first eigenvalue
of the p-Laplace equation with homogeneous Dirichlet boundary value
condition. Then,

(i) when α(x, t) < λ1, all solutions of problem (1.2), (1.3), (4.1) go
to 0;

(ii) when α(x, t) ≡ λ1, if there exist ε > 0 such that u0(x) > εφ(x),
then the maximal solution of problem (1.2), (1.3), (4.1) goes to a
steady state Kφ(x) for some K > 0;

(iii) when α(x, t) > λ1, all positive solutions blow up.

We show that Theorem 4.2 is a direct result of Theorem 3.3. In
fact, consider problem (1.1)–(1.3). If α(x, t) < λ1, we choose λ with
α(x, t) < λ < λ1. Denote the solution of problem (1.1)–(1.3) by
uλ. Clearly, uλ is a super-solution of problem (1.2), (1.3), (4.1). By
comparison, we see that u ≤ uλ. Thus, u→ 0 since uλ → 0. Similarly,
if α(x, t) > λ1, we choose λ such that α(x, t) > λ > λ1. It follows that
u ≥ uλ. Therefore, u blows up.

We study the asymptotic stability of the zero solution for the sup-
critical case. Consider the equation

∂u

∂t
= umdiv(|∇u|p−2∇u) + ∥α∥∞uq, (x, t) ∈ Q,(4.14)

with initial and boundary value conditions (1.2), (1.3). Denote the
maximal solution of the above problem by u∗, and the solution of
problem (1.2), (1.3), (4.1) by u. Clearly, u∗ is a super-solution of
problem (1.2), (1.3), (4.1). By comparison, u∗ > u. Denote

F̂ (v) =
1

p

∫
Ω

|∇v|p dx− ∥α∥∞
q + 1−m

∫
Ω

vq+1−mdx.
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Similarly to Section 3, we define Â , Â ∗, ρ̂, L̂(u0) and B̂τ (u0) as:

Â={φ; 0≤φ∈W 1,p
0 (Ω)∩Lq−m+1(Ω),−div(|∇φ|p−2∇φ)=∥α∥∞φq−m},

Â ∗= Â \{0}, ρ̂ = ρ̂(Ω) = inf
v∈Â ∗

F̂ (v), ρ̂ = +∞ if Â ∗ = ∅,

L̂(u0) = {u(x); there exists tn → ∞ such that, for some r > 0,

in Lr(Ω),when n→ ∞, u∗(·, tn, u0) → u(x)},

B̂τ (u0) = {u∗(·, t, u0); t ≥ τ}.

By comparison, we have the next result.

Theorem 4.3. Assume that q > m+ p− 1, u0 ∈ L∞(Ω). Then, when
t→ ∞, the solution u(·, t, u0) of problem (1.2), (1.3), (4.1) goes to 0 if
one of the following conditions hold :

(i) u∗ is bounded uniformly, and F̂ (u0) < ρ̂(Ω);

(ii) there exists µ < 1, ω ∈ Â ∗, such that u0 ≤ µω;
(iii)

u0 ≤
(
2∥α∥∞
λ̃

)−1/(q−(m+p−1))

σ,

for some domain Ω̃ ⊃⊃ Ω, where λ̃, σ defined as in Section 3,
Lemma 3.5.
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