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QUADRATIC HYPERBOLICITY PRESERVERS
AND MULTIPLIER SEQUENCES

R. BATES AND R. YOSHIDA

ABSTRACT. It is known (see [4, Brandén, Lemma
2.7]) that a necessary condition for T := 3 Q(z)DF to
be hyperbolicity preserving is that Qp(xz) and Qr_i(x)
have interlacing zeros. We characterize all quadratic linear
operators; as a consequence, we find several classes of the
P,-multiplier sequence.

1. Introduction. It is well known (see [8], [9, page 32]) that, if T
is any linear operator defined on the space of real polynomials, R[x],
then there is a sequence of real of polynomials, {Q(z)}, such that

(1.1) T= E:Qk(ac)Dk7 where D = %

Our investigation involves such operators that act on polynomials, in
particular, we are interested in polynomials with the following property.

Definition 1.1. A polynomial f(z) € Rlz] whose zeros are all real is
said to be hyperbolic. Following the convention of Pélya and Schur [10,
page 89], the constant 0 is also deemed to be hyperbolic.

Definition 1.2. A linear operator T : R[z] — Rlz] is said to be
preserve hyperbolicity (or T is a hyperbolicity preserver) if T[f(z)] is a
hyperbolic polynomial, whenever f(z) is a hyperbolic polynomial.

Hyperbolicity preserving operators have been studied by virtually
every author who has studied hyperbolic polynomials (see [5] and
the references contained therein). The focus of our investigation
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involves the relationship between hyperbolicity preserving operators
and hyperbolic polynomials with interlacing zeros.

Definition 1.3. Let f,g € R[z] with deg(f) = n and deg(g) = m. We
say that f and g have interlacing zeros, if f is hyperbolic with zeros
aq,...,ap and g is hyperbolic with zeros B, . .., Bm, where [n—m/| < 1,
with one of the following forms holding:

(i) a1 <Br < < B <. < ap < B,
(11) 51§a1§52§a2§~~§ﬂm§an7
(iil) a1 <Br<as < Pr <. < B < ap, or
(iv) Bi<ar <fa<an <. <y < S

We will also say that the zeros of any two hyperbolic polynomials of
degree 0 or 1 interlace. By convention, the zero polynomial interlaces
with any hyperbolic polynomial.

Definition 1.4. Given two non-zero polynomials f,g € R[z], we say
f and g are in proper position and write f < g if one of the following
conditions holds:

(i) f and g have interlacing zeros with form (i) or (iv) in Definition
1.3, and the leading coefficients of f and g are of the same sign,
or

(ii) f and g have interlacing zeros with form (ii) or (iii) in Defini-
tion 1.3, and the leading coefficients of f and g are of opposite
sign.

We will say that the zero polynomial is in proper position with any
other hyperbolic polynomial f and write 0 < f or f < 0.

Notice that, by Definition 1.4, if f and g are in proper position, then
f and g are hyperbolic. Also, to be clear, a non-zero constant can only
be in proper position with another constant or a linear polynomial.
However, the zero polynomial is in proper position with any hyperbolic
polynomial.

Definition 1.5. For any two real polynomials f and g, the Wronskian
of f and g is defined, on R, by

WLf,g] = f(2)g'(x) — f'()g(x).
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It is a common exercise to show that, for f and g with interlacing
zeros, if W{g, f] < 0 on the whole real line, then f < g.

The following lemma demonstrates that proper position plays an
important role in understanding hyperbolicity preservers.

Lemma 1.6. [4, Lemma 2.7]. Suppose the linear operator

N
(1.2) T=> Qilx)DF,
k=M

where Q(z) € Rlz] for M <k < N, and Qpn(z)Qn(z) #Z 0, preserves
hyperbolicity. Then Q;(z) <€ Qjt1(x) for M < j < N —1. In
particular, Q;(x) ts hyperbolic or identically zero for all M < j < N.

In the special case for M =0 and N = 2 in (1.2), we find sufficient
conditions that guarantee when 7' preserves hyperbolicity. Our main
result is the following:

Theorem 1.7. Suppose Q2,Q1,Qq are real polynomials such that
deg(Q2) =2, deg(Q1) < 1, deg(Qo) =0. Then
T = QD>+ Q1D+ Qo
preserves hyperbolicity if and only if
W[Qo, Q2] — W[Qo, Q1]W[Q1,Q2] <0, Qo < Q1 and Q1 < Q.

2. Quadratic hyperbolicity preservers. We concern ourselves
with operators of the following form.

Definition 2.1. We will call the second order differential operators of
the form

(2.1) T = Q(z)D? + P(z)D + R(xz)

a quadratic operator, where the polynomials: Q(x) is quadratic, P(x)
is linear and R(x) is constant. If (2.1) is also hyperbolicity preserving,
then we will refer to it as a quadratic hyperbolicity preserver.
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The following proposition presents an operator that has been quite
influential to our exposition.

Proposition 2.2 (Forgics et al. [1, Proposition 5]). If 0 < d < 1,
then the operator
T=(2*>~1)D+2zD+d

preserves hyperbolicity.

For motivation, we present several other similar examples of qua-
dratic operators.

Example 2.3.

(2.2) T, = (2> —1)D* + 22D — 1
(2.3) Ty = (2> - 1)D* + 22D +0
(2.4) T3 = (#* = 1)D* 422D + 1
(2.5) Ty = (2 = 1)D* + 22D + 2
(2.6) Ts = (2> —1)D* — 22D — 1
(2.7) To = (2> —1)D* = 22D + 0
(2.8) T; = (x> = 1)D? — 22D + 1
(2.9) Ty = (2 = 1)D* — 22D + 2

It was shown in [1, Lemma 5] that (2.4) is hyperbolicity preserving.
Notice that Ty = D(22—1)D, and thus (2.3), is hyperbolicity preserving
as well. The other six examples can easily be shown not to preserve
hyperbolicity.

(2.10) Ti[2* — 1] = 52% + 2.

(2.11) Ty[(z — 10)*] = 2(x — 10)(7x* — 502 + 97).
(2.12) Ts[z?] = =322 — 2

(2.13) Ts[z?] = —222 — 2

(2.14) Ty[2%] = —2* — 2.

(2.15) Ts[(x — 10)3] = 2(z — 10)(2? + 10z + 97).
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These examples show that the property of interlacing coefficients is
not sufficient to establish hyperbolicity preserving. Furthermore, (2.5)
demonstrates that the condition of proper position in Lemma 1.6 is
also not sufficient to establish hyperbolicity preserving. The examples
motivate us to find the necessary and sufficient conditions on the
polynomial coefficients in the quadratic operator (2.1).

We will completely characterize all quadratic hyperbolicity pre-
servers. For our characterization, we will need a result due to Borcea
and Brandén.

Theorem 2.4 (Borcea and Brandén [3, Theorem 1.3]). Let T : R[x] —
R[x] be a finite-differential linear operator such that, for some real
polynomials {Qr(x)}7_,,

T =Y Qi)D"
k=0
Then T is hyperbolicity preserving if and only if
n
> Qule)(~w)" £0
k=0
for every x,w € HT, where H" is the upper half plane.

In general, Theorem 2.4 can be difficult to apply since very little is
known about two variable stable polynomials (see [3]). The next few
lemmas establish a small class of two variable stable polynomials.

Lemma 2.5. Let A, B € C—R be two non-real complex numbers such
that

(i) 0 < Arg(B) < Arg(A) < 2m,
(ii) Arg(A) — Arg(B) <=, and
(iii) S(A) < I(B).

Then, for any r1, 7o € R, r1 < rq, there exist x,w € H' such that
(z+m)w=A and (x +r2)w = B.

Proof. Consider the following cases.
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Case 1. B € HT. The point B may be located in either quadrant I,
on the positive imaginary axis, or in quadrant II, as described in
Figure 1. The hypotheses (i), (ii) and (iii) imply that point A is located
somewhere in the shaded region of the corresponding point B.

...................... o = oy

FIGURE 1

Define the function f : [0, Arg(B)] — R by
(2.16) f(0):=S3(e™A) - S(e7B).

Then f(0) < 0 by (iii), and f(Arg(B)) > 0 by (ii). Thus, by continuity,
there exist 6y € (0, Arg(B)) such that f(6y) = 0, which implies that
(e=®0 B — e~ A) > 0 by (i). Define the function g : [0,00) — R by
(2.17) g(k) := k(e B — ¢~ A).

Notice g > 0, g(0) = 0, and limy_, o g(k) = +00. Thus, there exists
ko > 0 such that g(kg) = ro — r1. Let

1 ; . 1 .

(2.18) = i(kge_leoB +koe A~ —7y) and w = k—e“go.
0
It follows that z,w € HT, (z +r1)w = A, and (z + ro)w = B.

Case 2. B € H~. Similar to Case 1, point B may be located in
either quadrant III, on the negative imaginary axis, or in quadrant IV,
as described in Figure 2. Point A is located somewhere in the shaded
region of the corresponding point B by hypotheses (i), (ii) and (iii).

Define the function f : [0,27 — Arg(B)] — R by
(2.19) f(6) := (e A) — (e B).

Then f(0) < 0 by (iii), and f(2r — Arg(B)) > 0 by (ii). Thus, by
continuity, there exist 6y € (0,2m — Arg(B)) such that f(6) = 0,
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FIGURE 2

which implies that (e B — e A) < 0 by (i). Define the function
g:(—00,0] = R by

(2.20) g(k) := k(B — ¢ A).
Then g > 0, g(0) = 0, and limy_,_ g(k) = 4+o00. Thus, there exist
ko < 0 such that g(kg) = ro —r1. Let

1 . - 1 .
(2.21) =z= i(koewOB + koe™ A —r) —ry), and w= k—e_wo.
0

It follows that z,w € HT, (x +r)w = A and (x + ro)w = B. O

Lemma 2.6. Let a,b,r1,72,7 € R, a,b >0, and r1 # 2. Set
(2.22) flz,w) = ((x +r)w—a)((x +re)w—10), z,weC.
Then
fle,w)#r forallz,we HT
if and only if r € [0, ab].
Proof. Since the factors of f(z,w) in (2.22) are symmetric, we let

r1 < 9. There are three cases to prove necessity. The following is the
outline.

Case 1. 7 € (—00,0) and a < b+ 2./[r].
Case 2. 7 € (—00,0) and a > b+ 2,/[r|.
Case 3. 1 € (ab,0).

We show in each case that there exist z,w € HT such that f(z,w) =r.
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Case 1. Consider r € (—00,0) and a < b+ 24/|r|. Define
g:[0,7/2] = R by

g(0) == (\/mem + b) — ( |rlei(m=9 4 a)

=+/|r|(2cos(8)) —a + b.

(2.23)

The function ¢ is real valued and ¢(0) = b+ 2¢/|r| —a > 0 by
assumption. Thus, by continuity, there exists 8y € (0,7/2) such that
9(0p) > 0, which implies the following.

(a) S(y/|rle? +b) — S(y/|r]e’™%) +a) =0,
(b) R(\/Irle? +b) — R(/[r]e’("=%) + a) > 0, and
(c) (VIrle’® +b), (/Ir]e!™=%) +a) e HT.

By (a), (b) and (c),

(2.24) Arg ( |r|ei(m=00) 1 a) — Arg (\/mewo + b) > 0.

Define the function h : (0,1] — R by
2.25 h(k) :== Arg ( k+/|r em=%) 4 q) — Arg | — Mew" +b).
k

The function h is real valued, and h(1) > 0. Thus by continuity, there
exists kg € (0,1) such that h(kg) remains positive,

(2.26) Arg (ko |r|et(m=0) 4 a) — Arg <k|orei9° + b) >0,

but the imaginary parts differ,

(2.27) & (ko |T|ei(7r760) + a) < g( \/k|7‘|ei90 4 b).

0
Let
(2.28) A=ko\/Ir[e’™ %) +a, and B= 7Vk|7a|eiao +0.
0

Then (2.26) and (2.27) satisfy items (i), (ii) and (iii) of Lemma 2.5;
hence, there exist z,w € HT such that (z +r)w = A and (z+r2)w =
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B. Thus,
flz,w) = ((z +r)w —a)((z + r2)w —b)

2.29 . \/ .
( ) = (k;o |T|e’(”*90)) (kLreWO) =—|rl=r.

Case 2. We consider r € (—00,0) and b + 2\/m < a. We will only
need b < a + 2\/m . This is easily seen to be true by adding 2\/\7| to
both sides of b + 2\/@ < a and observing b < b + 4\/m. Define the
function ¢ : [0,7/2] — R by

9(8) == ( [rleim=0) 4 a) - (\/me“”") + b)

=/|r|(2cos(0)) + a — b.

(2.30)

Again, g is real valued, and ¢(0) = a + 24/|r| — b > 0. Thus, by
continuity, there exists 6y € (0,7/2) such that g(6p) > 0, which implies
the following:

(a) S(\/Jr]e’@m=0%) 4 a) — S(y/|r|e’"H0) 4 b) = 0,
(b) R(\/[r|e’?m=0%) 4+ a) — R(\/|r]e’("+0) 4 b) > 0,
(c) ( |¢|ei(2w—00) +a), ( |7~|ei(7r+90) +b)e H .

By (a), (b) and (c),
(2.31) Arg ( [rlet(m=b0) 4 a) — Arg ( [r]ei(m+bo) 4 b) > 0.

Define the function A : [1,00) — R by
(2.32) h(k) = Arg (ky/[r]e’ @) +a) — Arg (vk|7“| pilm+00) b)'

The function h is real valued, and h(1) > 0. Thus, by continuity, there
exists ko > 1 such that h(ko) remains positive,

(2.33) Arg (ko |r|ei(2”79°) + a) — Arg <kr|ei(”+90) + b> > 0,
0

but the imaginary parts differ,

(2.34) S (ko |r|efm =) 4 a) < %(\@ei(”%) + b).
0
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Let
(2.35) A=k |T|€i(277,90) +a,

and

B = VI o) g,
ko

Then (2.33) and (2.34) satisfies items (i), (ii) and (iii) of Lemma 2.5;

hence, there exist z,w € H™ such that (z+r)w = A and (z+r2)w =

B. Thus,

f(x,w) = ((z + r)w - a)((z +r2)w = b)

2.36 . \/ .
( ) o (kO |r|6z(27r790)) < k|0’f’|ez(7r+90)) — 7‘7,| = r

Case 3. We consider r € (ab,00). Since r > ab, r = a'b’, for some
a’ > aand b’ > b. Define the function g : [1/2, 7] = [a—d’,a] x[b—0', b]
by

(2.37) g(0) = (R(d'e™ ) +a, R(V'e”) +1).

Since a —a’,b—V < 0, g(7) = (a —a’,b— V') has negative coordinates.
By continuity, there exists 6y € (7/2,7) such that g(6p) has negative
coordinates, which implies that a’e™*% + a is in quadrant three, and
b'ef +bis in quadrant two. Let

(2.38) A=de ™ +a and B="be +0.

Again, by Lemma 2.5, there exist z,w € HT such that (z +rj)w = A,
and (x + ro)w = B. Thus,

fla,w) = ((z +r)w—a)((z +rz)w —b)
(2.39)
= (a'e” %) (Ve”') = 't/ =1

To prove sufficiency, first consider r € (0,ab]. By way of contra-
diction, assume there exist z,w € HT such that ((z + r1)w —a)((z +
ro)w—>b)=r. Let A= ((x+r)w—a) and B = ((x+r2)w —b). Since
x + 1, + 1y € HT, the rotation by Arg(w) € (0,7) and the shifts
to the left by a,b > 0 restrict the location of A and B considerably.
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Indeed, since AB is a positive real number, Arg(A) + Arg(B) = 27. In
particular, since 7, < ro, B must be in Ht, which implies

(2.40) 0 < Arg(w) < Arg((z + m2)w) < Arg((z + ro)w — b) < ,
and A must be in H ™, which implies

(241) © < Arg((z +7m)w —a) < Arg((z +m)w) < 7 — Arg(w) < 2.

The following figure illustrates inequalities (2.40) and (2.41).

B=(z+rw—> (x4 ro)w

Arg(w)
Real Line

We let € and 0 be the horizontal distance from (z + r1)w and (z + r9)w
to the line formed by Arg(w). In fact, 6 = S(x + r1)/sin(Arg(w)), and
€ = S(x + ro)/sin(Arg(w)), so that 6 = € > 0. We redraw the picture
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with different labels and examine the points geometrically.

b+e /

Real Line

The inequalities &« — 6 > 0 and 7 — (¢ +60) > 0 imply 0 < 0 < a <
m— 60 < 7, so that
sin(f) < sin(«),

since sin(f) = sin(m — ). Thus,

(2.42) 0< (sm(e) )2 <1,

sin(«)

and the law of sines yields that

(a+0)(b+e) = |A[sin(a — 0) |B|sin(m — (o +6))

sin(m — «) sin(a)

_ (1 - <SS;2((Z)))2>|AB < |AB|.

Hence, we have the contradiction that

(2.43)

(2.44) ab< (a+0)(b+e€) <|AB|=r.

To finish the proof, consider r = 0. By way of contradiction, suppose
there are x,w € H™' such that

((x +r)w —a)((x 4+ re)w —b) = 0.
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Thus, (x +r1)w = a or (z + r9)w = b. However, neither of these can
hold, since the product of any two complex numbers in HT cannot be
a non-negative real number. O
Theorem 2.7. Let a,b> 0, ri,r9,7 € R and r1 # ro. Then,
r € [0, ab]
if and only if
T :=(z+7)(x+r)D*+ (b(x +71) +alzx +ry))D+r

(where D := d/dzx), is hyperbolicity preserving.

Proof. To prove necessity, assume r € [0,ab]. By Theorem 2.4, it
suffices to show, for every z,w € H™,
(2.45) (x +71)(x +ro)w? — (b(x +71) +alx +re))w+r #0.
By Lemma 2.6, since ab — r € [0, ab], then for every z,w € HT,
(2.46) ((x +r)w—a)((x 4+ ro)w —b) # ab —r.
We rewrite equation (2.46) and attain (2.45).

To prove sufficiency, suppose T is hyperbolicity preserving. By
Theorem 2.4, for every z,w € HT,

(2.47) (x +71) (2 + ro)w? — (b(x +71) +alx +ro))w+r #0.

We factor (2.47) to obtain

(248) ((z+r)w—a)((x +ry)w—0b)#ab—r, forallz,we HT,
which implies that r € [0, ab] by Lemma 2.6. O

Theorem 2.8. Forc;,r; €R,1=0,1,2, j =1,2,3, co # 0, 71 # 72,
let Qo(x) = co, Q1(z) = c1(x — r3) and Qa(x) = ca(x — r1)(z — r2).

Then ( Y )
o2 ri=ra)(rs —ra)\ _
0< cl( (s —11)? coCa,

and cg, c1,co are of the same sign if and only if
T .= QQ(%)DZ + Ql(x)D + Qo(l‘)
(where D := d/dx), preserves hyperbolicity.
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Proof. To prove sufficiency, if T preserves hyperbolicity, then by
Lemma 1.6, ¢;, : = 0,1, 2 are of the same sign and the zeros of ()2 and
@1 interlace. Since

T = ((x — )@ —12)D* + 2z —r5)D + ZO>

(2.49) = ¢ ((x —r1)(x —ry)D? 2 2
+2[H(¢‘¢2)+H(az—rl)}D+ZZ)7

then, by Theorem 2.7,
2
(2.50) @ ¢ [0, (?) (r —rs)rs TQ)}
2

2 (r1 —rg)?

and so

(2.51) 0< c%((” ITZ?’)(:T); T2)> — coca.

To prove necessity, suppose ¢;, ¢ = 0, 1,2, are of the same sign, and

(2.52) 0< c?((r1 ?7‘232(:;‘); r2)) — coca.

Let
a:= 6—17(7‘1 ) and b:= 0717(7“3 —r2)

C2 (7"1—7”2)’ C2 (7"1—7‘2)'

By Theorem 2.7, we want to conclude that a,b > 0. To this end,
if ¢ = 0, then a,b > 0. Suppose ¢; # 0, and that r; < ro. Then
(2.52) implies 0 < (r; —r3)(r3 —r2), and we conclude that 1 < r3 <y
(i.e., r3 < r; < rg cannot hold, since it implies (r1 — r3)(r3 — 1r2) < 0,
and also if r; < ro < 73, then (r; — r3)(rs — r2) < 0), and hence,
a,b > 0. By symmetry, the same conclusion is true if ro < 1. Thus,
by Theorem 2.7, T preserves hyperbolicity. ([l

The equality of (2.49) uses a fact established in [6, page 13, Lemma
1.20]. For the sake of completeness, we state the result.

Lemma 2.9 ([6, page 13, Lemma 1.20]). Assume that f is a poly-
nomial of degree m, with positive leading coefficient, and with zeros
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{a1,...,a,}. Suppose that g is a polynomial with positive leading coef-
ficient. If g has degree n — 1, and we write
x x
g(m):clﬁ+...+cn f()’
T —ap T —

then f and g have interlacing zeros if and only if all ¢; > 0 for
i=1,2,...,n.

We now remove the condition of @5 having distinct zeros. We begin
with a lemma that is analogous to Lemma 2.6.
Lemma 2.10. Let a,r € R, a > 0. Set
f(z):=22—az+r, z€C.
Then
f(z) #0  for all z € C—0,00)

a2
if and only if r € [O, 4}.

Proof. The zeros of f are (a = v/a? — 4r)/2. There are two cases to
prove necessity.

Case 1. If r < 0, then one of the zeros of f is a negative real number;
thus, there exist zp € C — [0, 00) such that f(z9) = 0.

Case 2. If r > a?/4, then f has two imaginary zeros; thus, the zeros
of f are in C — [0, 00).

To prove sufficiency, suppose 0 < r < a?/4. Then f has two non-
negative real zeros so that f never vanishes in C — [0, 00). ]

Theorem 2.11. Leta >0, r, R € R. Then,
a2
Re |0,—
o]

T:=(x+7)’D*+a(x+r)D+R

if and only if

is hyperbolicity preserving.
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Proof. To prove necessity, assume R € [0,a?/4]. By Theorem 2.4, it
suffices to show, for every z,w € HT,

(2.53) (z +7)?w? —a(x +r)w+ R # 0.

We assume, on the contrary, that (2.53) is false for some z,w € H™.
Let z = (z + r)w in (2.53), so that z € C — [0, 00), and

(2.54) 22 —az+ R=0.
This is impossible by Lemma 2.10, a contradiction.

To prove sufficiency, suppose T is hyperbolicity preserving. By
Theorem 2.4, for every z,w € HT,

(2.55) (z +7)*w? —a(z +r)w+ R #0.

Let z = (x + r)w in (2.55), so that z € C — [0, 00), and

(2.56) 22 —az+R#0, forall zeC—[0,00),

which, by Lemma 2.10, implies that R € [0, a?/4]. O

The analogous statement of Theorem 2.8 is the following, and its
proof follows, mutatis mutandis, from the proof of Theorem 2.8.

Theorem 2.12. For r,¢; € R, i = 0,1,2, ¢ # 0, let Qo(x) = co,
Q1(x) = ci(z — 1) and Qo(x) = ca(x —7)2. Then

1
0< C% (4> — CpCo

and cqg,c1,co are of the same sign, if and only if
T = Q2(2)D* + Q1(z)D + Qo(x)

preserves hyperbolicity.

We now wish to find a condition that combines the statements of
Theorem 2.12 and Theorem 2.8. To this end, we prove the following
lemma.

Lemma 2.13. For ¢;,r; € R, i = 0,1,2, j = 1,2,3, cg # 0, let
Qo(r) = co, Qi(z) = c1(z —13) and Q2(x) = ca(x — 11)(x —12). If
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T = Q2(x)D? + Q1(x)D + Qo(x) is hyperbolicity preserving, then

Ogcf 1 — cpCa.
4

Furthermore, if r1 # ro, then

(T’l — 7"3)(7‘3 — TQ) ].
0< c% (ra —11)? —coca < cf 1) CpCa.

Thus, if 3 — 4cocg = 0, then 2r3 = 11 + 9.

Proof. Theorem 2.12 deals with the case of when r; = ry, thus it
suffices to show
r1—1r3)(rs —72)
(7“2 - 7"1)2

(2.57) o< !

1
< -,
— 4

The left inequality holds because QX2 and )1 have interlacing zeros by
Lemma 1.6. To show the right inequality, we proceed as follows,

(2.58) 0< (2r3 — (r1 +72))%,

(2.59) A(rirs +rors) < (rg 4+ 11)? + 472,

(2.60) 4(rirs — rirg — 13 + rors) <5 — 2ryry + 17,

(2.61) A(ry — r3)(rg — ro) < (rg — 1) O

Theorem 2.14. For ¢;,r; € R, i =0,1,2, j = 1,2,3, co # 0, let
Qo(7) = co, Q1(z) = c1(z —13) and Qa2(x) = ca(w — r1)(x — r2) with
Qo(z) < Q1(z) and Q1(z) < Q2(z). Then

T = Q2(2)D? + Q1(x)D + Qo(x)
preserves hyperbolicity if and only if

W[Qo, Q2]> — W[Qo, Q1]W[Q1, Q2] < 0.
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Proof. Since Qg < Q1 and Q1 < @2, the signs of ¢g, ¢1, co are same,
and r; < r3 <ry. Define

w(x) = W[QOa QZ}Q - W[QO? Ql]W[Qla QQ]
= coca(depea — c%)x2 + 2coca(—2coca(r1 +12) + c?r;;)x

+ coca(coea(ry + 7“2)2 + c?(rlrg —rr3 —rar3)).

Suppose r; = ro. Then w(z) = —coca(c? — 4epez)(z — 71)2. Tt is
clear that w(z) < 0 if and only if 0 < ¢ — 4cpcp; thus, we apply
Theorem 2.12.

Suppose 0 = ¢? — 4cgcy and ry # r9. By Lemma 2.13, Theorem 2.8
can restated as, “T is hyperbolicity preserving if and only if 2r; =
r1 4+ 72.” We recalculate w, under the assumption that ¢? — 4cocg = 0,

w(x) = 4cics(2rs — 11 —12)T
+caca(2(ry 4 1ro)(ry 4+ 1o — 2r3) — (r1 — 1r9)?).
We now see that w(z) <0, if and only if 2rg = r1 + ro.
Thus, we may assume 0 # ¢? — 4dcgco and 71 # 72, in which case the
graph of w(x) is a parabola with vertex

co c% Co

(2.62) <r3,

7 deoes (coca(ry —r2)* + ci(r1 — r3)(ra T‘g))).

Since w is a quadratic, w(x) < 0 if and only if the leading coefficient

(2.63) coca(4coer — 1) <0,

and y-coordinate of the vertex
cocie

(2.64) % (coca(r1 —r2)* + 5 (r1 —r3)(r2a — 1r3)) < 0.
1

Thus, we can say that w(z) < 0 if and only if 0 < ¢ — 4cge; and 0 <
c(ry —r3)(rs —r2) — coca(r1 —r2)?. By Lemma 2.13 and Theorem 2.8,

those conditions are equivalent to 1" preserving hyperbolicity. ]

It is unnecessary to assume that the polynomial coefficients of T
have real zeros as this will follow from Lemma 1.6. Furthermore, if Q5
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is a quadratic, then Lemma 1.6 states that (1 cannot be a non-zero
constant, if T' is to preserve hyperbolicity. To summarize, we restate
Theorem 2.14 with a little more generality.

Theorem 1.7. Suppose @2, Q1,Qo are real polynomials such that
deg(Q2) =2, deg(Q1) <1 and deg(Qop) = 0. Then
T =Q2D* + Q1D + Qo
preserves hyperbolicity if and only if
W[Qo, Q2> = W[Qo, Q1]W[Q1,Q2] <0, and Qp < Q1 < Q2.

3. Multiplier sequences. We now wish to establish several conse-
quences of the above quadratic operators.

Definition 3.1. Let {P,} be a basis for R[z]. We call a set of
polynomials simple if each polynomial P, has degree n. Let {A,} be
a sequence of real numbers. If there is a linear operator, T', such that
T[P,] = A, P, for every n € N, then we call T a P, -multiplier operator.
If there is a hyperbolicity preserver, T, such that T[P,] = A, P, for
every n € N, then we call T' a P,,-multiplier sequence.

The following theorem summarizes the natural relationship be-
tween differential equations, differential operators and P,-multiplier
sequences.

Theorem 3.2. Let P, be a simple basis for R[x]. Suppose, for each
n € N, P, satisfies the differential equation

Z Qk(x)y(k) = Ay,
k=0

where {Qr} is a sequence of real polynomials and {A,} is a sequence
of real numbers. Then A, is a P,-multiplier sequence if and only if

> QD"
k=0

is a hyperbolicity preserver.
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Using Theorem 2.8, we can restate Theorem 3.2.

Theorem 3.3. Let P, be a simple set for Rlz], and let {A,} be a
sequence of real numbers. Let c;,r; € R, ¢ = 0,1,2, j = 1,2,3 and
co # 0. Suppose, for each n € N, that P, satisfies the differential
equation

ca(z —r)(x — )y’ +ci(z —r3)y + coy = Any.

Then {A,} is a P,-multiplier sequence if, and only if, co,c1,co are of
the same sign and

o< (el o,

(7"2—7"1)2

In light of Theorem 2.12, we take [(r1 —r3)(rs —ra)]/(ra —r1)? = 1/4
in the case that r1 = ro =r3. Also, if r1 =ro and r1 # 13, then {A,}
is not a P,-multiplier sequence.

A large number of very well-known bases for R[x] satisfy differential
equations of the above form ([12, pages 173, 188, 204, 258]). We exhibit
classes of multiplier sequences for Legendre, Jacobi and the standard
basis. We state the corresponding differential equations:

Standard basis:
(3.1)  A2*(@™)” + Bx(2") + C(z") = (An(n — 1) + Bn + C)z".

Lengendre polynomials:
(3.2) A(x* —1)P! +2AxP, + BP, = (An(n+ 1) + B)P,.
Jacobi polynomials:
(3.3) Az —1)(P>Py”
+ A0+ B+2)a — (6 - a)(PD) + BPS)
= (An(n+a+ B +1)+ B)P{*P.
We now establish several classes of multiplier sequences. Note that

multiplier sequences that arise from the standard basis are commonly
referred to as classic multiplier sequences.



QUADRATIC HYPERBOLICITY PRESERVERS 71

Theorem 3.4. Let A,B,C € R. Then {An(n — 1)+ Bn+ C} is a
classic multiplier sequence if and only if A, B,C are of the same sign
and

0 < B* —4AC.

Theorem 3.5 ([1, Theorem 11]). Let A,B € R, A # 0. Then
{An(n 4+ 1) + B} is a P,-multiplier sequence (Lengendre multiplier

sequence) if and only if

O<B<1
_A_'

Theorem 3.6. Let A,B € R, A#0. Then {An(n+a+pB+1)+B} isa

Prga’ﬁ)—multz‘plier sequence (Jacobi multiplier sequence, i.e., —1 < «, )
if and only if

0§§§(a+1)(5+1).

Proof. We note that

(3.4) A A(a+5+2) and B have the same sign
and
i) ()

3.5) (Ala+B8+2)°(1—-——= |1+ ——-—=) —4AB>0
(3:5) (Ala+5 ))< atp+2 atp+2 =
is equivalent to

B
(3.6) 0< = <(a+1)(B+1). O
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