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ASYMPTOTIC BEHAVIOR OF STRONGLY DAMPED
NONLINEAR BEAM EQUATIONS

AHMED Y. ABDALLAH

ABSTRACT. For ¢ € [1/2,3/4], the existence of the
global attractor for the evolutionary equation corresponding
to the following strongly damped nonlinear beam equation
(1 + BAY2)ues + 64 2up + adu + g([lul_, ) A ?u = f,
t > 0, has been studied in Dy (A¢) x Dy (A§~1/4). Such an
equation is related to a nonlinear beam equation as well as
Timoshenko’s equation.

The main difficulty of our work comes from the terms
BAY 24, and g(\\u\\g_l/4)A1/2u, representing the rotational
inertia of the beam and the tension within the beam due
to its extensibility, respectively. We overcome the difficulty
of introducing the solution, bounded absorbing set, and k-
contracting property by carefully using the fractional power
theory and suitable time-uniform a priori estimates.

1. Introduction. The asymptotic behavior and global dynamics for
nonlinear beam equations of the following form

1
(L.1)  wg + 0up + QUggas + (ao + al/ |uI|2d$)um =f, t>0,
0

where ag € R and §,a,a; > 0, have been carefully studied by many
researchers, cf., [4, 8, 13, 14]. The asymptotic behavior for different
types of nonlinear beam equations has been extensively studied in the
literature [2, 3, 5, 6, 7, 9, 12].

In [1, 11, 15] and the references therein, Timoshenko’s equation

1
(12) gt + Bzt + QUgzer + </ |Ux|2d93) Uy = f, t>0,
0

has been studied, where «, 8 > 0.
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Here, we introduce a nonlinear equation related to equations (1.1)
and (1.2). Indeed, consider the Hilbert space H = L?(0, 1) whose inner
product and norm are denoted by (-,-)o and || - ||o, respectively. For a
given £ € [1/2,3/4], we shall study the existence of the global attractor
for an abstract evolutionary equation corresponding to the following
nonlinear strongly damped beam equation:

(1.3) (14+BAY*)up+6A 2 up+aAutg(|ullf_y ) A Pu=f, t>0,
with initial conditions
(1.4) u(0) =up and u(0) = uq,

where the closed linear operator A, the functions f and g, and the
parameters «, 8, and 4, are given by assumptions (A1)—(A44) below.

Taking into account assumption (A4) and the theory of fractional
powers discussed below, it is clear that, for § = 0, £ = 1/2, damping
Suy and g(u) = ag + a1 ||AY*u||3, equation (1.3) becomes identical to
equation (1.1), and for &€ = 1/2, § =0 and g(u) = ||AY/*u||2, equation
(1.3) becomes identical to equation (1.2). From the definition of the
closed linear operator A given by assumption (A4) below, it is clear
that the hinged boundary conditions are considered in this work.

The nonlinear beam equation (1.3) can be considered as a mathe-
matical model for small transversal vibrations of an extensible beam,
where u(z,t) is the transverse deflection of the beam, ¢ and 8 are the
parameters related to the structural strong damping and the rotational
inertia of the beam, respectively. The nonlinear term in the equation is
the tension within the beam due to its extensibility, and the function f
stands for an external input.

Within this work, we assume the following:
(Al) o, 6,8 >0 and & € [1/2,3/4].

(A2) f € H = L*(0,1), where the inner product and norm in H are
denoted by (-,-)¢ and || - ||o, respectively.

(A3) g : [0,00) — R is locally Lipschitz continuous and there exist
r, Ko, K1 >0, with K; < 72a, such that

(L5) / o) dy > (Ko + Kus), g(s1) > gls2),

foralls>r, s >s3>7.
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Choosing

3
Ky = Ky(r) = = 7
2 2(r) o7 max lg(y)]

it is clear that, for 0 < s < r,
/ 9(y)dy = —/ l9(y)| dy = 7 max, l9(y)| > — K,
0

1 /¢ 3
5/ g(y) dy—sg(s /Ig ) dy + slg(s )|<5r max l9(y)| = Ka,
0 y€[0

7]

and, for s > r,

[ sty = [ st [ owydn = v max lots)
+ [ ow)dy = ~(Ka+ Ko + Kus),

;/OS (y) dy — sg(s)= %/09( )dy+;/ng(y)dy—(S—r)g(s)_rg(S)

3 [ awars [ (Ga)-a9) dy - rato

1 1 /3
57“;3[0 g l9(y) —§/T g(y) dy —rg(r)

IA

< §(K0 + K15) + Ko.
Hence, for s > 0, we have

10 [ oy —se(s) < 5K+ Kis) + Ko

L\DM—*

/ o(y) dy > —(Ka + Ko + K1),
0

(A4) A : Dy(A) C H — H is the closed linear operator defined as
follows
Ap = Yuzaz, forall p e DH(A),

where the domain of A in H is given by

Dy (4) = {p € H'(0,1) : 9(0) = ¢22(0) = (1) = puu(1) = 0}
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Following [13], it can be shown that A is a densely defined, self-
adjoint, positive definite operator with compact resolvent A~'. The
spectrum of A consists of the eigenvalues \, = (n7)%, n € N, with
eigenvectors e,, = 2'/2sin(nmz), n € N.

Along the lines of the fractional power theory [10, 13], for £ > 0,
V& = Dy (Af) is a Hilbert space where V9 = H, whose inner product
and norm are given by

(0, Ve = (ASp, ASpYo,  |lplle = (ASp, AS0)y/* = || 48]0,

for all p, 1 € V& If € > 5 > 0, then V¢ is compactly embedded in V7
and

(1.7) lelly <7 Dolle < llelle, for all p € VE.

For £, > 0, we have

(1.8) ASAT = ATAS = ASHN on VEHT,
(A%, )0 = (p, A%)o, for all p, 9 € VE.

Considering the linear operator A : Dy¢(A) C V& — V& € > 0, where
the domain of A in V¢ is given by Dy¢(A) = VE+L, one can show that
A is a sectorial operator and —A generates an analytic semigroup on
V&, Moreover, we have

AV2p = —pn, forall p e VI/2,
04

87492’  forall pe V&, 46=0,1,2,....
xXr

0

lelle = \

For &, > 0, we shall consider the Hilbert space E¢, = VEx VN,
whose inner product and norm are given by:
(Vo, V1) B, = (Po, P1)e + (Yo, ¥1)n,
1/2
1%l ., = (o, Wo)3”,

for all W; = (p;, ;)T € Ee¢p,i=0,1.

The objective of this research is to prove the existence of the
global attractor for an abstract dynamical system corresponding to the
initial value problem (1.3)~(1.4) in E¢¢_1,4. The existence of a global
attractor for the solution semiflow of a given dynamical system is very
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important because it is the depository of all the longtime dynamics of
such a system. The background material in regard to the theory of
global attractors can be found in [8, 13].

Fixing £ € [1/2,3/4], this work is organized as follows. In Section 2,
the initial value problem (1.3)—(1.4) will be represented as an abstract
evolutionary equation in E¢ ¢ 1,4 and the standard semigroup theory
will be used to prove the existence of a local solution for this abstract
equation. In Section 3, we shall prove that the solution exists globally
and the semiflow generated by these solutions is bounded dissipative.
In Section 4, we shall show that the solution semiflow is k-contracting.
Using these results, along the lines of the classical theory of global
attractors, it follows that the solution semiflow possesses a global
attractor.

The difficulty of studying the existence of the global attractor for the
evolutionary equation related to the initial value problem (1.3)—(1.4)
comes from the terms:

BAY?uy  and 9(”“”271/4)141/2%
representing the rotational inertia of the beam and the tension within
the beam due to its extensibility, respectively. Carefully using the
fractional power theory and suitable time-uniform a priori estimates,

we overcome the difficulty of presenting the solution semiflow, bounded
absorbing set, and k-contracting property for the solution semiflow.

2. Formulation and well posedness. Letting v = u;, we can
reformulate (1.3)—(1.4) as the following first-order evolution equation

B®, = CP + Fe(®), t>0
®(0) = g = (ug,u1)”,

where ® = (u,v)7,

I 0 0o 1
B_(o I+5A1/2>’ C_<—aA —5A1/2>’

Fe(®) = (0, Je(w)” and  Je(w) = f — g([[ull_1/4) A .
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Using (1.7) and the assumption that g is locally Lipschitz continuous,
it follows that, for K > 0, ¢, € V¢ with &€ > 1/4,

lolle—1/a < K, |[lle—1/a < K,
there exist constants k; = k;(K) > 0, ¢ =0, 1, such that

(2.1) lg(lollz_1/a) — 9 IZ 1 )] < Kolllol_1 s = l1NE 1 ul
< kallp — e

Lemma 2.1. Given £ € [1/2,3/4], the nonlinear operator
BT E(®) = (0, (I + BAY®) " T (u)T,  for all ® = (u,v)T
is locally Lipschitz continuous in B¢ ¢ 1,4 and E3;41/2-
Proof. Given £ € [1/2,3/4], let ky > 0 and ®; = (ui, v;)" € E¢¢_1)a

be such that
H(pi”Eg,E,l/z; S kQa 1= O, 1.

Then, from equation (1.7) and the fact that (I+3A'/2?)~! is a bounded
operator from H into V!/2, we find that there exist a constant ks > 0
such that

|B~'Fe(®o) — B~ Fe(®1)[| B ey ja
= [I(Z + BAY2) Mg (lluollz_ 1) A *uo — g(lluallz_ 1 /) A *ur]lle-1/4
<|(I+ ﬁA1/2)71[9(||U0||§—1/4)A1/2U0 - g(||u1H§_1/4)A1/2u1]||1/2
< ksllg(luollf_1 ) A" w0 — g(llur|[F_1 /) A 2uslo
< ks(lg(lluollz_1/a)llluo — uallijz + lg(lluollé_y /)
= g(lulle—yja)llluall1/2)-

From equations (1.7) and (2.1), along with the fact that g is locally
Lipschitz continuous, it follows that there exists a constant ky =
k4(k2) > 0 such that

IB'Fe(®0) = BT Fe(®1) e e

< k4H’U,0 — U1||§ < k4||®0 - (I)1||E§,§71/4'

Thus, B! Fy is locally Lipschitz continuous in FE¢ ¢_1/4. Similarly, one
can see that B~ Fy is locally Lipschitz continuous in E3/4,1/2- |
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For £ € [1/2,3/4], consider the linear operator
B7'C:Dg,, ,,(B7'C) C Eee1ys = Ee ey,
given by
B0 — ( 0 I )
—a(I + BAYVE)TIA —6(1 + BAYZ)TLAYZ )

whose domain in Eg¢_ 1) is given by Dg, ., ,(B7'C) = Eie. Tt
can be shown that —B~'C is a sectorial operator and B~'C is the
infinitesimal generator of an analytic contraction semigroup in E¢ ¢_1 /4.
In this case, using Lemma 2.1, and the standard semigroup theory [13],
we get the following result.

Lemma 2.2. For & € [1/2,3/4], consider the initial value problem
(2.2) &, =B 'CO+ B 'F(®), t>0
®(0) = &g = (ug,u1)T.

(a) Given ®¢ = (ug,u1)T € E¢ ¢_1/4, equation (2.2) has a unique
maximal solution

q)(t;qu)O) = (u(t)vut(t»T’
tel0,7) and T=71(Pg) >0,

in Ee ¢ 14 satisfying (2.2) fort € [0,7), such that
(23)  (u(),u ()" = C([0,7), Bee174)
n Cl((07 T), E§7§_1/4) N C((O, 7'), El)g),

where Ey ¢ is DEEY&IM(B*C), Moreover, if T < 0o, then

(24) tliril* ”(u(t)?ut(t))T”Eg,gflm = 00.

(b) Given &g = (ug,u1)? € E3/41/2, equation (2.2) has a unique
mazimal solution

O(t;:€,D9) = (ult), us(t)",
te0,7) and T=71(Pg) >0,
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in Eg/q1 /2 satisfying (2.2) for t € [0,7) such that

(2.5) (u(-),ue(-))" = C([0,7), Es/4,1/2)
NCY((0,7), Esja,1/2) N C((0,7), By 3/4),

where 1 374 15 D,y (B~1C). Moreover, if T < 0o, then

(26) i (| (u(t), (1) 400 = o0

3. Global solutions and dissipativity. Before introducing Lem-
mas 3.2 and 4.1, we need the following remark to explain the reason
for choosing the initial data ®¢ in F3/4 /o while studying in E¢ ¢ /4
the global existence of solutions bounded dissipativity, and uniform
k-contracting property for the solution semiflow associated with the
initial value problem (2.2).

Remark 3.1. In both lemmas, we need (1.3) to be satisfied as a first
step to complete the proof. Reading (2.3) and (2.5) carefully, one can
see that, for @y € E¢ ¢4, the solution given by (2.3) satisfies (2.2),
but it does not satisfy (1.3). For ®g € E3/4,1/2, the solution given by
(2.5) satisfies (2.2), and it consequently satisfies (1.3).

The key idea for proving the following lemma is applying suitable
time-uniform a priori estimates.

Lemma 3.2. In E¢¢_y/4,& € [1/2,3/4], for each &g € E¢¢_1/4, the
unique solution of the initial value problem (2.2) given by equation (2.3),
exists globally and the associated semiflow Se(t) generated by these
solutions is bounded dissipative.

Proof. Let
£e1/2,3/4], Qo € E3/4,1/2

and
Se(t)®o = B(t) = (u(t), ui(t))”

be the solution of equation (2.2) in Ej3,4 /2, given by equation (2.5).
Recalling Remark 3.1, it is clear that equation (1.3) is satisfied for
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t € (0,7). For € > 0, if we consider the inner product of equation (1.3)
with A2~ (u;+eu) in H, taking into account equation (1.8), we obtain

(3.1) %Gg(t) +1Ie(t) =0, forallte(0,7),

where
1 16} «@ )
(3.2)  ©¢(t) = §||ut||§—1/2 + §||Ut||§—1/4 + 5”“”? + ?||u||§_1/4
_ 1 H"H§71/4
A g+ g [ gy
0

+e{ug, u)e—1/2 + B (ut, u)e—1/4
and
(3.3) e (t) = (0 — eB)lluellf_1/a — elluell_y )2 +earllull?
+ 59(||UH271/4)HU||§71/4 —&(f, A% ).
From Young’s inequality and (1.7), we find
(3.4)
e 1ol < llwalEosya + Slholos o < glhuelyy+ 5l

1 1
(e whe—1/al < Slluellg—1ya + 5llulle,

/113
2¢e

_ €
|(f, A% ol < [l fllollullzg—1 < + 5 llullé.
Using (3.2) and (3.4), we get

1 I6] «@
Oe(0) < ol O) 215 + 5 e O) 10 + 5 ()]

< 2 Ifll5 | € , 1 [l
+§5Hu(0)||5_1/4+ 9% 4-§||u(0)||€+5 0

g(y) dy + 51+ B) ([ (0) 2 14 + lu(O)]I2).
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From (1.7), it follows that

1 f 2
35)  0c(0) < 3(1+ 5 +(1+ (O + 121
1
+-(a+e(24+6+8 max  |g(y)|)||u(0)]2.
platel )F ey IO (Ol
Again, recalling (3.2) and (3.4), we have
1 B o’ el
§||ut(t)||g—1/2 + *lIUt(t)||§_1/4 + 5\\U(t)||§ + §IIU(t)H§_1/4
f L2
_1 H u(t )||§ + 2 ), g(y) dy

- %a(l + m(nut(t)né,m +u(t)2) < Oc(t),

Nu(Z_1/a
3= Ot gla—c@)u®izeg [ oy
<o+ UIB
=% 2’

From (1.6) and (1.7) we obtain
(3.6)

(8 —e(1+5)llu(t )”5 /4t 1(@ — 2Ky —e(2+ B))u(t) |

1113 Ky
2e + 2 -+ 2

Taking into account (3.2) and (3.3), we find

3e 3ep 3"
Oclt) ~ Te(t) = 5l + (5 =0 )l Sl

2 llull?_
) 9 € £-1/4
"‘7”““54/4"‘5/0 9(y) dy

—eg(lullz_s/Dllull?_1 4
+ &% (ug, uhe—1/2 + 2B (s, )¢ 14,

1
2
< O¢(t) +
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using (3.4) it follows that

3e 3ep Yo"
O = Te(t) = 5 ol 1o+ (25 =6 ) bl = -l

) € I\u||§71/4
g [ g dy
0

—eg(llullz_y/a)lull_/a
1
+ 52+ B)(lluellg-r/a + llullg).

From (1.6) and (1.7), we get
0clt) ~ Te(t) < 51+ 8)e +3) = 8) w1
(3.7) + 3[5(5 14 8) + 72Ky — of|[u(t)]?
+ s(fgo + K2>.

In (A3), we assumed that K; < 72a. For sufficiently small e > 0,
inequality (3.7) becomes

K
£0¢(t) — Me(t) < e(z,o + KQ).
Using (3.1), we get
d Ky

that is,

d K
2 (€70e(1) < 6(20 + Kz)ed.

Integrating the above inequality from 0 into ¢, where ¢ € (0, 7), we find

K
(3.8) Oc(t) < O (0)e™! + 70 + Ky, foralltel0,7).
Again, since K; < m2a, we can choose € > 0 sufficiently small such
that
min{f —e(1 4 B),a — 72K, —¢(2+ B)} > 0.
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Choosing
kr = tmin{8 — e(1+ B), o — 7 2K; —e(2+ B)},

P 1+ B8+e(1+5),
8= 3 a+e(2+ 0+ B) +max,eo juo)z l9W)| [

and using (3.5) and (3.6), it follows that

I1£113

O¢(0) < ks(|[ue(0)Z_1/4 + [lu(0)[Z) + 2€0
If113
= ks||PollE, , . + 250

and

kr||Se(O) ol . = Fr(lue(O)llE 1 4 + Ilu(®)]1?)

IfI5 Ko , K
< )+ =22 = 2
< O¢(t) + 7 + 5 + 5

In such a case, recalling (3.8) and the previous two inequalities, it
follows that for ¢ € [0,7),

1 TR
B9 186080l < o | (a0l 10 )b .

where

3K
U7l g, 952

kg = >

Using (2.6) and (3.9) it is clear that for g € Fs3/4 1 /2, the solution exists
globally in Fs3/41/2, and since F3/41/0 C FE¢¢_1/4, such a solution
exists globally in E¢¢_1/,4. Using the fact that FE3/ /o is dense in
E¢ ¢_1/4, we find that for § € [1/2,3/4] and ®q € E¢ ¢_1/4, the unique
solution (2.3) of (2.2) exists globally in E¢ ¢ _1/4.

For R > 0 and ®¢ € F¢¢_1/4 such that ||<I>0H2E£,571/4 < R, using
(3.9), it follows that

(3.10) 1Se(t)®ol%, . ,,, < 2ko/kr, forallt>t,

where 1
t1=t1(R) = —In[(ksR + 1£115/2¢)/ ko).
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Thus, the solution semiflow S(t) generated by the solutions of (2.2) is
bounded dissipative in E¢¢_1 /4. O

4. Global attractor. Here we present the main result of this work,
where we prove the existence of a global attractor for the solution
semiflow generated by the solutions of (2.2) in E¢¢ /4, for § €
[1/2,3/4]. Indeed, we show that the solution semiflow is k-contracting,
then Lemma 3.2 and the classical theory of global attractors provide
the result.

Lemma 4.1. In E¢¢_1/4, § € [1/2,3/4], the semiflow S¢(t) generated
by the solutions of (2.2) is uniformly k-contracting.
Proof. For £ € [1/2,3/4], let D be a bounded set in
E¢¢ 14, ®o; € E3/412N D, i=1,2,

and let
Sg(t)q)ol = (I)Z(t) = (ui(t),uit(t))T, Z = ]., 2

be the solutions of (2.2) given by (2.5). Let
Y(t) = @1(t) - 22(t) = (y(t), ue(t),

where y(t) = u1(t) — ua(t). Recalling Remark 3.1 and equation (1.3),
we obtain

(4.1)  (1+ BAY?)yy + 6A %y, + aAy
= g(lluall?_1 ) Az = (|4 A us.

For t > 0, let us consider the inner product of the last equation with
A* Ny 4 ey)in H, e > 0, we get

d_
(42) SZe(t) + Telt) = Ge(tiu, ),

where

- 1 B a ed
Ee(t) = §||Z/t||§—1/2 + §||Z/t||§—1/4 + 5”3/”2 + 5”3/”2_1/4

+ Wt Y)e—172 Bt Y)e—1/a

Le(t) = (6 — eB)llyelle_rya — ellyellE_y 2 + eallyllz,
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and

Ge(t;ur,u) = (9(|luzl|z_ /) A Pus
- 9(”“1”?71/4)141/2“17 A%_l(i‘/t +€y))o-

Recalling (1.7) and (3.4) it follows that, for sufficiently small e,
1 1

(4.3) Z¢(0) < 5(1+B)(A+)9:(0)[¢-1/a+ 5 (a+e(1+B+) [y O)IIE,
1 1

(4.4) Ze(t) 2 5(B =L+ B)lye(lz-1 /0 + 5 =1+ A)y@IE,

(4.5) eZe(t) — Te(t) < 0.

In such a case, using (4.2) and (4.5), we obtain

d
aEg(t) +eB¢(t) < Ge(tyur,ug), forallt>0.
That is,
d et et
. N — = y W1, U2), .
(4.6) dt(e =e(t)) < e Ge(t;ur,uz), forallt>0

From (3.9), it follows that there exists k19 = k19(D) such that
A7) 19 Poillpeeyu = (i@ + Juie(®)E- 10" < ko,

for all t > 0, ¢ = 1,2. Taking into account (1.7), (2.1) and (4.7), there
exists k11 = k11 (D) such that for ¢ > 0,
Geltsur,uz) = ((g(luzl2y0) — g2y 0 A 20
- 9(”“2”?1/4)141/22% A%_l(yt +£y))o-
= (9(luzlle—1/a) = g(lunllz1/a) (ur, ge + eyde—1/a
- 9(||U2||§71/4)<ya Yt +€Y)e1/a
< lglluzlle—y/a) = glunlle—y a)lllurlle—1/allye + eylle—1/4
+1g(luzllE)llylle—ryallye + eylle-1/a < kullylle—1/a-
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Substituting the previous inequality into (4.6) and integrating the result
from 0 into ¢t > 0, we get

(4.8) Ee(t) < e Ee(0) + ek o [ly(D)lle-1/4-

We can choose € > 0 sufficiently small such that
min{f —e(1+ B)a—e(1+6)} > 0.
Let 1
k1o = 3 max{(1+8)(1+¢e), a+e(l+8+9)},

iy = min{(8 — <(1+ 8)), (@ = <(1+ §))} > 0.

In such a case, recalling (4.3) and (4.4), we find
(4.9) Z¢(0) < kaa([lye(O)1Z_1 /0 + [Y(O)IF) = Fr2l|®or — Po2l, , , .,

(4.10)
k13| Se (£)®o1—Se () @oa|%, ., ,,=k1s([lye(B)[Z_1 at Iy (D12 <Ze (1)

Using (4.8)—(4.10), it follows that
k

12 —et 2
1Se(t)@o1 — Se(H)PozllE,  ,,, < 7 s [ Por — Po2llm, s,
k11
+ . lgl{(&)ua lui(l) = uz(l)||le=1/4, for all £ >0,
that is,
(4.11)

k2 )'? _
||S§(t)¢01 - Sf(t)¢)02||E5,571/4 < <k13> e Et/2||¢’01 — ¢02||E5,§71/4

ki \ Y7 ”
+ (51{;13) llél[%)a [ua (1) — UQ(Z)H§_1/4, for all ¢ > 0.

Since E3/4,1/2 is dense in E3 /4 1/2, one can see that the above inequality
is satisfied for ®g; € D, i =1, 2.
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Now we shall apply the Ascoli-Arzela theorem in order to prove that
for all £ > 0,

kll /2 1/2
D1, D) = | — 1) —us(l
pu@or, o) = () o () = w0

is a precompact pseudometric in E¢ ¢_1,4. Indeed, given a bounded se-
quence {®F 122, in B ¢4, let Se(£)Bf = @y (t) = (un(t), une(t))",n =
1,2, ..., be the solutions of (2.2). From (3.9), it is clear that there exists
a constant k14 = k14({®§}) > 0 such that

(412)  [Se®OTE%e o0 = lun (2 + lune (D120 < K,

for all t > 0, n = 1,2,.... Using (4.12) and the fact that V¢ is
compactly embedded in V$~1/4, we find that {u, (t)}5%, is precompact
in VE=1/4 forall t > 0. From the Sobolev embedding theorem, we know
that V¢~1/4 is compactly embedded in

Cgp(0,1) ={f: f is a continuous and bounded function on (0, 1)},
that is, there exists a constant k15 such that
sup |0(p)| < kusllollg_y /s, forall p € VETUL,
p€(0,1)
From (4.12) and the last inequality, it follows that
sup |unt(p,t)| < kig, forallt >0, n=1,2,...,
p€(0,1)

where k16 = k14k15. In such a case, using the mean value theorem, we
find

lwn (t1) — un(t2)lle—1/a < Kr6lts —t2|,
forall t1, t >0, n=1,2,...,

that is, the sequence {u, (t)}5%,, as V¢~1/%-valued functions, is equicon-
tinuous in ¢, for all ¢ > 0. In such a case, using the Ascoli-Arzela
theorem, there is a subsequence of {u,(¢)}>2;which is convergent in
the Frechet space L% [0, 00; Vet 4) and this is a Cauchy sequence
with respect to pt(Po1, Po2). Thus p; is a precompact pseudometric on
Egg-1/a-

Taking into account (4.11), since W(t) = (kio/k13)"/%e /2 is a
nonincreasing function such that ¥(¢) — 0 as ¢ — oo and we proved
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that p; is a precompact pseudometric on E¢ ¢ /4. From [13, Lemma
22.5] we find that the semigroup S¢(t) on E¢¢_1/4 is uniformly s-
contracting. 0

Now we are ready to introduce the main result of this work.

Theorem 4.2. Given & € [1/2,3/4], there exists a global attractor
A¢e—1/a for the solution semiflow Se(t) generated by the solutions of
(2.2) in E¢ ¢_1/4 which attracts every bounded set in E¢¢_1/4.

Proof. From Lemmas 3.2 and 4.1, we know that for & € [1/2,3/4],
the semiflow S¢(t) is bounded dissipative and s-contracting in E¢ ¢_1 /4.
In such a case, following the classical theory of global attractors we get
the result. |
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