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AN APPLICATION OF COHN’S RULE TO
CONVOLUTIONS OF

UNIVALENT HARMONIC MAPPINGS

RAJ KUMAR, SUSHMA GUPTA, SUKHJIT SINGH AND MICHAEL DORFF

ABSTRACT. Dorff et al. [4] proved that the harmonic
convolutions of the standard right half-plane mapping F0 =
H0 + G0 (where H0 + G0 = z/(1 − z) and G′

0 = −zH′
0)

and mappings fβ = hβ + gβ (where fβ are obtained by
shearing of analytic vertical strip mappings with dilatation
eiθzn, n = 1, 2, θ ∈ R) are in S0

H and are convex in the
direction of the real axis. In this paper, by using Cohn’s
rule, we generalize this result by replacing the standard
right half-plane mapping F0 with a family of right half-plane
mappings Fa = Ha + Ga (with Ha + Ga = z/(1 − z) and
G′

a/H
′
a = (a− z)/(1− az), a ∈ (−1, 1)) and including the

cases n = 3 and n = 4 (in addition to n = 1 and n = 2) for
dilatations of fβ .

1. Introduction. Let SH denote the class of all harmonic, sense-
preserving and univalent mappings f = h + g in the unit disk E =
{z : |z| < 1} which are normalized by the conditions f(0) = 0 and
fz(0) = 1. Therefore, a function f = h + g in the class SH has the
representation,

(1.1) f(z) = z +

∞∑
n=2

anz
n +

∞∑
n=1

bnz
n,

for all z in E. We denote by S0
H the subclass of SH whose functions

satisfy an additional condition of normalization fz̄(0) = 0. Lewy [8]
proved that a harmonic mapping f = h+ g defined in E, is locally uni-
valent and sense-preserving if and only if the Jacobian of the mapping,
defined by Jf = |h′|2 − |g′|2, is positive or, equivalently, if and only if
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h′ ̸= 0 in E and the dilatation function ω of f , defined by ω = g′/h′,
satisfies |ω(z)| < 1, for all z ∈ E. Further, let KH(K0

H) be the subclass
of SH(S0

H) consisting of mappings which map E onto convex domains.
A domain Ω is said to be convex in the direction ϕ, 0 ≤ ϕ < π, if every
line parallel to the line joining 0 and eiϕ has a connected intersection
with Ω. For detailed and basic information about planar harmonic
mappings one can refer to the monograph by Duren [5]. There are
infinitely many harmonic mappings F = H + G ∈ SH that map E
onto the right half-plane Ψ = {w : ℜ(w) > −1/2} and have the form
H+G = z/(1−z) with |G′(z)| < |H ′(z)| for all z ∈ E. Kumar et al. [7]
defined a family of right half-plane harmonic mappings, Fa = Ha+Ga,
given by

(1.2)


Ha(z) +Ga(z) =

z

1− z
, a ∈ (−1, 1),

G′
a(z)

H ′
a(z)

=
(a− z)

1− az
, z ∈ E.

By using the shear technique due to Clunie and Sheil-Small [1], we get

Ha(z) =
z/(1 + a)− z2/2

(1− z)2
and Ga(z) =

(a/(1 + a)z)− z2/2

(1− z)2
.

Setting a = 0 in (1.2) above, we get the mapping F0 = H0 + G0 with
F0+G0 = z/(1−z) and G′

0 = −zH ′
0, which is called the standard right

half-plane mapping.

Let {fβ}, where fβ = hβ + gβ , be the collection of harmonic
mappings obtained by the shearing of analytic vertical strip mappings

(1.3) hβ(z) + gβ(z) =
1

2i sinβ
log

(
1 + zeiβ

1 + ze−iβ

)
, 0 < β < π,

with suitable dilatations. For more details about these mappings we
refer the reader to Dorff [3].

The convolution, or Hadamard product, of two analytic functions

h(z) =
∞∑

n=1

anz
n and g(z) =

∞∑
n=1

bnz
n,
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defined in E, is the function h ∗ g and is given by

(h ∗ g)(z) =
∞∑

n=1

anbnz
n.

The function h ∗ g is also analytic in E. One can refer to Ruscheweyh
and Sheil-Small [12] for more details. The harmonic convolution (or
Hadamard product) of two harmonic mappings

F (z) = H(z) +G(z) = z +

∞∑
n=2

Anz
n +

∞∑
n=1

Bnz
n

and

f(z) = h(z) + g(z) = z +

∞∑
n=2

anz
n +

∞∑
n=1

bnz
n

in SH is defined as

(F ∗̃ f)(z) = (H∗h)(z) + (G∗g)(z) = z +
∞∑

n=2

anAnz
n +

∞∑
n=1

bnBnz
n.

It is well known (for example, see [2]) that, unlike the case of
conformal mappings, harmonic convolution of two mappings from the
class K0

H may not be in K0
H and may not even be in S0

H . Also, if
f1 ∈ K0

H and f2 ∈ S0
H , then f1 ∗̃ f2 is not necessarily in S0

H . These
facts generated a lot of interest in the study of harmonic convolutions
of univalent harmonic mappings, and a good number of papers recently
appeared in the literature on this topic (for example, see [2, 4, 6, 7,
9, 10]). In particular, Dorff [2] proved the following result:

Theorem A. Let F = H+G with H+G = z/(1− z) be any right half-
plane mapping, and let fβ = hβ + gβ ∈ K0

H be given by equation (1.3)
with π/2 ≤ β < π. Then F ∗̃ fβ ∈ S0

H and is convex in the direction of
the real axis, provided F ∗̃ fβ is locally univalent and sense-preserving.

Recently, Dorff et al. [4] obtained the following result which shows
that the condition of harmonic convolution being locally univalent and
sense-preserving, as required in Theorem A, can be dropped in some
special cases but not in general.
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Theorem B. If F0 = H0+G0 is the standard right half-plane mapping
and fβ = hβ + gβ is the harmonic mapping as defined in Theorem A

above, with dilatation ωn(z) = g′β/h
′
β = eiθzn, then, for n = 1, 2,

F0 ∗̃ fβ ∈ S0
H and is convex in the direction of the real axis.

Proceeding as in [4, Remark 1], one can verify that Theorem B
does not hold true for n ≥ 3. The aim of the present paper is
to study harmonic convolutions of more general harmonic mappings
Fa = Ha+Ga, where Ha and Ga are defined by (1.2) and the mappings
fβ = hβ+gβ , where hβ and gβ are the solutions of (1.3), with dilatation

ωn(z) = g′β/h
′
β = eiθzn, n ∈ N. We shall find the range of the real

constant a such that Fa ∗̃ fβ ∈ S0
H and convex in the direction of the

real axis, even if n ≥ 3. Cohn’s rule, stated below, shall play a central
role in the proofs of our results in this paper.

Lemma A. (Cohn’s rule [11, page 375]). Given a polynomial

t(z) = a0 + a1z + a2z
2 + · · ·+ anz

n

of degree n, let

t∗(z) = znt

(
1

z

)
= an + an−1z + an−2z

2 + · · ·+ a0z
n.

Denote by r and s the number of zeros of t inside and on the unit circle
|z| = 1, respectively. If |a0| < |an|, then

t1(z) =
ant(z)− a0t

∗(z)

z

is of degree n− 1 and has r1 = r− 1 and s1 = s number of zeros inside
and on the unit circle |z| = 1, respectively.

2. Main results. In addition to Cohn’s rule stated above, we begin
by proving the following two results which are also essential for the
proofs of our main results.

Lemma 2.1. Let fβ = hβ + gβ ∈ K0
H be given by equation (1.3) with

dilatation ω = g′β/h
′
β, and let Fa = Ha + Ga be the right half-plane
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mapping defined by (1.2). Then ω̃, the dilatation of Fa ∗̃ fβ, is given by
(2.1)

ω̃(z)=

[
2ω(1+ω)(a+az cosβ+z cosβ+z2)−zω′(1−a)(1+2z cosβ+z2)

2(1+z cosβ+az cosβ+az2)(1+ω)−zω′(1−a)(1+2z cosβ+z2)

]
.

Proof. Since

Fa ∗̃ fβ = Ha ∗ hβ +Ga ∗ gβ = H +G

(say), so

H(z) =
1

2

[
hβ +

(1− a)

(1 + a)
zh′

β

]
and

G(z) =
1

2

[
gβ − (1− a)

(1 + a)
zg′β

]
.

If ω̃ is the dilatation of Fa ∗̃ fβ , then

(2.2) ω̃(z) =
G′(z)

H ′(z)
=

[
2ag′β − (1− a)zg′′β
2h′

β + (1− a)zh′′
β

]
.

Since g′β = ωh′
β ,

h′
β(z) =

1

(1 + ω)(1 + zeiβ)(1 + ze−iβ)

and

h′′
β(z) = −2(cosβ + z)(1 + ω) + ω′(1 + 2z cosβ + z2)

(1 + ω)2(1 + zeiβ)2(1 + ze−iβ)2
;

therefore, from (2.2), we get

ω̃(z) =

[
2aωh′

β − (1− a)z(ωh′′
β + ω′h′

β)

2h′
β + (1− a)zh′′

β

]
.

Substituting the values of h′
β and h′′

β and simplifying, we get (2.1). �

Lemma 2.2. The following inequalities hold true:

(a) |−2 cosβ+4e−iθ cos2 β−3e−iθ + eiθ| ≤ |4−2 cos2 β−2 cosβ cos θ|
for β ∈ (0, π) and θ ∈ R.

(b) | cosβ(e−iθ − 5)| < |6− cos2 β +2e−iθ − 3e−iθ cos2 β| for β ∈ (0, π)
and θ ∈ R.
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(c) |2(1+ e−iθ)− 3e−iθ cos2 β| < |4− cos2 β| for β ∈ (0, π/2)∪ (π/2, π)
and θ ̸= 2mπ, m ∈ Z.

Proof. Let x = cosβ and y = cos θ. Then

(a)∣∣−2 cosβ + 4e−iθ cos2 β − 3e−iθ + eiθ
∣∣2 − ∣∣4− 2 cos2 β − 2 cosβ cos θ

∣∣2
= 12x4 − 12x2 − 24x3y + 24xy + 12x2y2 − 12y2

= −12(1− x2)(x− y)2 ≤ 0,

as x ∈ (−1, 1) and y ∈ [−1, 1].

(b)

| cosβ(e−iθ − 5)|2 − |6− cos2 β + 2e−iθ − 3e−iθ cos2 β|2

= −2(5x4 + 3x4y − 15x2y − 25x2 + 12y + 20)

= −2(x2 − 4)(x2 − 1)(5 + 3y) < 0,

for x ∈ (−1, 1) and y ∈ [−1, 1].

(c)

|2(1 + e−iθ)− 3e−iθ cos2 β|2 − |4− cos2 β|2

= 4(2x4 − x2 − 3yx2 + 2y − 2)

= 4[2(x2 − 1)(x2 + 1− y)− x2(y + 1)] < 0,

for x ∈ (−1, 0) ∪ (0, 1) and y ∈ [−1, 1). �

We are now in a position to prove our main results.

Theorem 2.3. Let fβ = hβ+gβ ∈ K0
H be given by (1.3) with dilatation

ω1(z) = eiθz. If Fa is the right half-plane mapping defined by (1.2),
then Fa ∗̃ fβ ∈ S0

H and is convex in the direction of the real axis for
a ∈ [−1/3, 1).

Proof. Let ω̃ be the dilatation of Fa ∗̃ fβ . We claim that |ω̃(z)| < 1
for all z ∈ E, i.e., Fa ∗̃ fβ is locally univalent and sense-preserving
in E. Our result shall then follow from Theorem A. By setting
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ω(z) = ω1(z) = eiθz in (2.1), we get

ω̃(z)

=z

[
eiθz3+( 12+aeiθcosβ+eiθ cosβ+a/2)z2+a(2 cosβ+eiθ)z+ 3a−1

2

e−iθ+(e−iθcosβ+ae−iθcosβ+ 1
2+

a
2 )z+a(e−iθ+2 cosβ)z2+3a−1

2 z3

]
= z

p(z)

p∗(z)
,

where

p(z) = eiθz3 +

(
1

2
+ aeiθ cosβ + eiθ cosβ +

a

2

)
z2

+ a(2 cosβ + eiθ)z +
3a− 1

2

= a3z
3 + a2z

2 + a1z + a0

and

p∗(z) = e−iθ+

(
e−iθ cosβ+ae−iθ cosβ+

1

2
+
a

2

)
z

+ a(e−iθ + 2 cosβ)z2+
3a− 1

2
z3 = z3p

(
1

z

)
.

Thus, if z0, z0 ̸= 0, is a zero of p, then 1/z0 is a zero of p∗. Therefore,
we can write

ω̃(z) = z
(z +A)(z +B)(z + C)

(1 +Az)(1 +Bz)(1 + Cz)
.

In order to prove that |ω̃(z)| < 1 in E, it suffices to show that |A| ≤ 1,
|B| ≤ 1 and |C| ≤ 1, or equivalently, all the zeros, −A, −B and −C,
of the polynomial p lie in or on the unit circle |z| = 1 for a ∈ [−1/3, 1).
When a = −1/3, then |ω̃(z)| = | − zeiθ| < 1 for all z ∈ E, and we
take a ∈ (−1/3, 1/3) ∪ (1/3, 1), so the case for a = 1/3 will be settled
separately.

Let
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p1(z) =
a3p(z)− a0p

∗(z)

z

=
1

4
(1 + 2a− 3a2)[3z2 + 2(2 cosβ + e−iθ)z + (2 cosβe−iθ + 1)](2.3)

= b2z
2 + b1z + b0.

As |a0| < |a3| and 1 + 2a − 3a2 ̸= 0 for a ∈ (−1/3, 1/3) ∪ (1/3, 1);
therefore, by Cohn’s rule, the polynomial p1 has one less number of
zeros inside |z| = 1 than p and the same number of zeros on |z| = 1 as
p. Again, let

p2(z) =
b2p1(z)− b0p

∗
1(z)

z

=
1

16
(1 + 2a− 3a2)2[(9− |2 cosβ + eiθ|2)z

+ 6(2 cosβ + e−iθ)− 2e−iθ(2 cosβ + eiθ)2],

where p∗1(z) = z2p1(1/z). We can again apply Cohn’s rule on p1 because

|b0| =
∣∣∣∣(1 + 2a− 3a2)

1

4
(2 cosβe−iθ + 1)

∣∣∣∣ < ∣∣∣∣(1 + 2a− 3a2)
3

4

∣∣∣∣ = |b2|.

If the zero of p2 is denoted by z0, then

z0 =
−2 cosβ + 4e−iθ cos2 β − 3e−iθ + eiθ

4− 2 cos2 β − 2 cosβ cos θ

and in view of Lemma 2.2 (a), |z0| ≤ 1. Thus, by Cohn’s rule, all the
zeros of p1 and therefore of p lie inside or on the unit circle |z| = 1 for
a ∈ (−1/3, 1/3) ∪ (1/3, 1). In the case when a = 1/3, then

p(z) =
1

3
eiθz

[
3z2 + 2(2 cosβ + e−iθ)z + (2 cosβe−iθ + 1)

]
.

In view of (2.3), it is easy to verify that all the zeros of p lie inside or
on the circle |z| = 1 for a = 1/3. This completes the proof. �

Remark 2.4. By setting a = 0 in Theorem 2.3, we get Theorem B
(for n = 1), stated in Section 1.
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Theorem 2.5. If fβ is given by equation (1.3) with dilatation ω2(z) =
eiθz2, then Fa ∗̃ fβ ∈ S0

H and is convex in the direction of the real axis
for a ∈ [0, 1), where Fa is defined by equation (1.2).

Proof. The case when a = 0 has already been proved by Dorff et
al. [4], so we take a ∈ (0, 1). Now, if ω̃ is the dilatation of Fa ∗̃ fβ , then
letting ω(z) = ω2(z) = eiθz2 in equation (2.1), we get

ω̃(z) = z2e2iθ

·
[
z4+cosβ(a+1)z3+a(1+e−iθ)z2+e−iθ cosβ(3a−1)z+e−iθ(2a−1)

1+cosβ(a+1)z+a(1+eiθ)z2+eiθ cosβ(3a−1)z3+eiθ(2a−1)z4

]
.

In view of Theorem A, we need only show that Fa ∗̃ fβ is locally
univalent and sense-preserving in E, i.e., |ω̃| < 1 in E. Consider

q(z) = z4 + cosβ(a+ 1)z3 + a(1 + e−iθ)z2

+ e−iθ cosβ(3a− 1)z + e−iθ(2a− 1)

= a4z
4 + a3z

3 + a2z
2 + a1z + a0,

and

q∗(z) = z4q (1/z)

= 1 + cosβ(a+ 1)z + a(1 + eiθ)z2

+ eiθ cosβ(3a− 1)z3 + eiθ(2a− 1)z4.

Then

ω̃(z) = z2e2iθ
q(z)

q∗(z)
= z2e2iθ

(z +A)(z +B)(z + C)(z +D)

(1 +Az)(1 +Bz)(1 + Cz)(1 +Dz)
,

where −A, −B, −C and −D are the zeros of q. We shall show that
these zeros lie inside or on the unit circle |z| = 1 for a ∈ (0, 1). First, we
take a ∈ (0, 1/2)∪(1/2, 1), and the case when a = 1/2 will be dealt with
separately. For a ∈ (0, 1/2)∪(1/2, 1), we have |a0| = |2a−1| < 1 = |a4|,
so we can apply Cohn’s rule on q. Let

q1(z) =
a4q(z)− a0q

∗(z)

z

= 2a(1− a)
(
2z3 + 3 cosβz2 + (1 + e−iθ)z + e−iθ cosβ

)
(2.4)

= b3z
3 + b2z

2 + b1z + b0.
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It is easy to verify that Cohn’s rule is applicable to q1 also. So, let

q2(z) =
b3q1(z)− b0q

∗
1(z)

z

= 4(a(1− a))2
[
(4− cos2 β)z2 + cosβ(5− e−iθ)z

+2(1 + e−iθ)− 3e−iθ cos2 β
]

= c2z
2 + c1z + c0.

To apply Cohn’s rule again on q2 we need

|2(1 + e−iθ)− 3e−iθ cos2 β| < |4− cos2 β|,

which is true in view of Lemma 2.2 (c), provided β ̸= π/2 and θ ̸= 2mπ,
m ∈ Z. Therefore, by applying Cohn’s rule again on q2, we have

q3(z) =
c2q2(z)− c0q

∗
2(z)

z

= 16(a(1− a))4{[(4− cos2 β)2 −
(
2(1 + e−iθ)− 3e−iθ cos2 β

)2
]z

+ cosβ(5− e−iθ)
[
(4− cos2 β)− 2(1 + e−iθ) + 3e−iθ cos2 β

]
}.

The only zero of q3 shall lie inside or on the circle |z| = 1, provided

| cosβ(e−iθ − 5)| < |6− cos2 β + 2e−iθ − 3e−iθ cos2 β|,

which is true in view of Lemma 2.2 (b). Thus, by Cohn’s rule, all zeros
of q2 and q1, and therefore of q, lie in or on the unit circle |z| = 1 for
β ̸= π/2 and θ ̸= 2mπ, m ∈ Z.

In the cases where β = π/2 and θ = 2mπ, m ∈ Z, we have

q2(z) = 16(a(1− a))2(z2 + 1),

and, obviously, zeros of q2 lie on |z| = 1 because a ∈ (0, 1/2)∪ (1/2, 1).
Therefore, by Cohn’s rule, all zeros of q1 and of q lie in or on the unit
circle |z| = 1 in this case also.

Now when a = 1/2, then we have

q(z) =
z

2

(
2z3 + 3 cosβz2 + (1 + e−iθ)z + e−iθ cosβ

)
.

Keeping (7) in mind, we can easily verify that, in this case, all zeros of
q lie in or on the unit circle |z| = 1. Hence, |ω̃| < 1 for a ∈ [0, 1). �
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As pointed out in Section 1, Theorem B is not true for n ≥ 3;
however, the following theorem, which we state without proof (as the
proof runs on the same lines as of Theorem 2.5), asserts that the
conclusion of Theorem 2.5 remains valid when dilatation of fβ is taken
as eiθzn, n = 3, 4, provided the value of the real constant a is suitably
restricted.

Theorem 2.6. Let Fa be given by (1.2). Then we have the following :

(a) if fβ is given by (1.3) with dilatation ω3(z) = eiθz3, then Fa ∗̃ fβ ∈
S0
H and is convex in the direction of the real axis for a ∈ [1/5, 1);

(b) if fβ is given by (1.3) with dilatation ω4(z) = eiθz4, then Fa ∗̃ fβ ∈
S0
H and is convex in the direction of the real axis for a ∈ [1/3, 1).

Remark 2.7. It is expected that, keeping ωn(z) = eiθzn (θ ∈ R, n ∈ N)
as the dilatation of fβ , the convolution Fa ∗̃ fβ ∈ S0

H and is convex
in the direction of the real axis for a ∈ [(n− 2)/(n+ 2), 1). We
observe that, in the cases when n ≥ 5, calculations become extremely
cumbersome when we follow the above method of proof.
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