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ON THE MEAN OF THE SHIFTED
ERROR TERM IN THE THEORY
OF THE DIRICHLET DIVISOR PROBLEM

XIAODONG CAO, JUN FURUYA, YOSHIO TANIGAWA
AND WENGUANG ZHAI

ABSTRACT. Let 0 < a < 1. We show that Bernoulli
polynomials appear in the difference 3", . AJ(n + a) —
I AJ(t)dt for j = 1,...,4. As a corollary of this fact,
we get better approximations of [ AJ(t)dt by using zeros
of Bernoulli polynomials. For j = 1,2, we give some
interpretation of this fact by means of Dirichlet series with
the coefficients A7 (n + a).

1. Introduction. Let d(n) be the number of positive divisors of n,
and let A(n) be the error term defined by

A(z) = Z d(n) —xz(logx + 2y — 1),
n<x
where v is the Euler constant. Many researchers are interested in the
behavior of A(z), especially the upper bound and the mean value of
powers of A(x). We shall concern with the mean values of A(x) in the
discrete and continuous sense.

The first deep result was obtained by Voronoi [16, 17]. He derived
the series representation of A(z) called the Voronoi formula and proved
that

(1.1) A(z) < 2'/3Fe,

where ¢ is an arbitrarily small positive constant which need not
be the same at each occurrence. The latest result is A(zx) <
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x131/416( 26947/8320

log x) , which can be found in Huxley [5]. It is con-
jectured that A(z) < z!'/4+e,

As for the mean estimate of A(x), Voronoi showed that

. d(n) . T
3/4 T 1/4
/ A(t)dt = 2\fﬁ2x ,;:1 574 Sin (477\/71 4) + Oz /%)
and

(1.3) ZA(n) = %xlogw—l— (’y— i)x—i—O(m?’/‘l).

The mean square estimate of A(z) has a long history ([6, 13]).
Tong [14] proved that

(1.4) /j A%(t) dt = Coa®? + Fy(x),

with Fy(z) = O(xlog®z), where Cy is the constant given by Cy =
1/6723°°°  d*(n)/n®/2. Tong’s estimate was improved to Fy(z) =
O(xlog* x) by Preissmann [11] and to Fy(z) = O(z log® zloglog z) by
Lau and Tsang [10] recently.

In [9], Lau and Tsang studied the function Fi(z) closely and proved
that )
Fy(t)dt = —8—2x2 log” z + c12% log x + O(x?),
2 Y8

with a certain constant c¢;. Furthermore, they conjectured that

1
—xlog”x + Ayzlogz + O(x),

(1.5) Bye) = -1

where A; is a certain constant.

For higher power moments of A(z), it is known that ;" Ad(t)dt
(3 < j < 9) has an asymptotic representation ([15, 18, 19]). In
particular, in the third power case, the best result to date is due to Ivié
and Sargos [8], who proved that

(1.6) /lw A3(t)dt = Caax™/* + Fy(x),
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with
(1.7) Fy(x) = O(z7/°*9),

where C5 is a certain positive constant.

Recently, Furuya [3] studied the difference between the discrete
mean Y, AJ(n) and the continuous mean [,” A7(t)dt for j > 2 in
detail. For instance, he showed that

18) Y Am) = /1 A(t)dt + %xlog:ﬂ + (v - ;)x

n<x

N (; - ¢(m)>A($) +O(log ),

v 1 8y —1
(1.9) Z A?(n) = / A2(t) dt + Eab“log2 x+ 712 zlogx
1

n<zx
892 —2y+1

3/4
13 + O(z* " logx)

and

(1.10) Z A3(n) = / A3(t) dt + gC’gxg/Z logz + (37 — 1)Coz®/?
1

n<zx

+ O(zlog® z),
where C is the constant defined by (1.4), and ¢(x) = x — [z] — 1/2.

The error term in (1.9) was studied by Cao and Zhai [2]. They
showed that

(1.11)
¥ 1
ZA2(n) :/ A2 (t) dt + gxlogQJC
n<x 1
8y —1 8v2 —2y+1
+ i xlogm—l—wx

12 12
+(log+29)6(0) + 5~ 9(2) | A%(0) + O 2 log)
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with

(1.12) G(z) = 2\[7r2 23/ Z 5/4 sin (47r\/7ﬁ - )

In [1], with a different method from [3], the authors of the present
paper showed

(1.13)
Z A(n) = / A*(t) dt + 2C52™ 4 log
n<zx 1
4(7y — 2
+ #C’gzﬂ/‘l + Cya®/? log? x
4(3y -1 4(9v?% — 2
+ (373 )CQ.’ES/Q 10g$+ (97 967—’— )sz3/2

+07),

where C is the same as above and Cj is the constant defined by (1.6).

We can observe that the difference between the discrete mean of
AJ(n) and the continuous mean of AJ(x) is rather large. The reason
may be that A(x) has a jump at each integer n. This remark suggests
that we take a sum at non-integer points. In this paper, we shall
consider the sum of the form > __ AJ(n + «), where « is a constant
such that 0 < o < 1. As there is a lack of precise form of the discrete
and continuous mean of higher powers of A(z) at present, we restrict
ourselves to consideration of up to the fourth power moments.

Theorem 1.1. Let «« be a constant such that 0 < o < 1. Let
Bi(z) = 2—1/2 and Ba(x) = 2°> —x+1/6 be the Bernoulli polynomials
of degree 1 and 2, respectively. Then, under the above notation, we
have

(1.14)
ZAn—i—a / A(t)dt — By(a)z(logz + 2y — 1)

n<z

+ (; - w(x))A(x) + O(log z).
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(1.15)

ZA2(n+a) =

n<zx

(1.16)

ZAB(n—i—a) =

n<zx

and

(1.17)

Y A'n+a)=

n<x

/ A2(8)dt + Bs(a)z log®
1

+ ((47 —2)Bsy(a) — ;Bl(a))xlogm
+ ((472 — 4y +2) By(a) — (7 - ;)Bl(o‘))x

2B, (a)(log x + 27)C () + (; - w<x>)A2<x>

+ O(z?log z).

/ A3 (t)dt — 3B (a)Cha® ? log
1

— (6 — 2) By (a)Caoz®/? + O(z10g” ).

/ A*(t)dt — 403 B, (a)z™* log
1

8
- ?(77 —2)C3By(a)z™*
+ 60y By () 2%/ log?® & + 8(3y — 1)CaBy(a)z*/? log x

2
+ 8(372 — 2y + 3) CyBy(a)z®/? + O(£7/5+2).

The more precise form of (1.16) is derived under the conjecture of
Lau and Tsang (1.5). In fact, we can prove that

Theorem 1.2. Suppose that the conjecture of Lau and Tsang (1.5) is
true. Let Bz(z) = x3 — 3/22% + 1/2z be the Bernoulli polynomial of
degree 3. Then we have

n<x

Z A3(n+a) = / A3(t)dt — 3C, B (a)z* % log
1
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—205(3y — 1) By (o) z%/?
3 3
— {Bg(a) — 47TQBl(a)}ﬂclog x

+3{( -2 + {Balo)

- (“_27) + Al) Bl(a)}xlog2 z+ O(zlog ).

472

It is interesting to note that the Bernoulli polynomials appear in the
coefficients on the right-hand sides of Theorems 1.1 and 1.2. Hence, if
we take « as a root of By (x) or Ba(z), we can get better approximations
of [f AJ(t)dt. In fact, in Section 5, we shall consider the sum of the

forms 3°, ., AJ(n+1/2) or 32, (A (n+ B) + A (n + §))/2 to get
such approximations, where 8 and 8’ are zeros of Bs(x).

It is well known that the behavior of the sum of an arithmetical func-
tion is controlled by the singularities of the Dirichlet series generated by
that arithmetical function. Hence, the assertions of Theorem 1.1 could
be interpreted by means of the Dirichlet series Y- | A/(n + a)/n®. In
the last section, we shall discuss Theorem 1.1 from this viewpoint.

2. Preliminaries. First we shall give an expression of A(n+ a) by
means of A(n).

Lemma 2.1. Let « be a real number such that 0 < o < 1 and n a
positive integer. Then we have

a? 1
(2.1) A(n+a):A(n)—alogn—2a’y—2n+0(n2).
Proof. From the definition of A(n), we have
A(n)+n(logn+2y—1)=AMn+ o)+ (n+ a)(log(n + a) + 2y — 1).
Hence,

(2.2)

Aln+a) = Aln) — ((n+a)log (1 + Z) +alogn> a2y —1)
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where N is any positive integer. Taking N = 1in (2.2), we get (2.1). O

In this place, we shall collect the formulas for the sum of powers of
log n for later use. The proofs will be omitted since they are elementary
and well known.

Lemma 2.2. We have, for x > 2,

Zlogn =zlogz — x + O(log x),

n<lz

Z log?n = zlog? z — 2(xlogz — ) + O(log® ),
n<x

Z log® n = xlog® x — 3xlog® z + 6z logz — 62 + O(log® z),
n<lz
1
Z osn < log? x.
n<x n

3. Proof of Theorem 1.1.
Proof of (1.14). From Lemma 2.1, we have
(3.1) Z Aln+a) = Z A(n) — « Z log n — 2ay[z] + O(log z).
n<x n<x n<x

Substituting (1.8) in (3.1) and using Lemma 2.2, we get (1.14) imme-
diately.
Proof of (1.15). Squaring both sides of (2.1) and noting (1.1), we get
a?A(n)

n
a’logn

(3.2)  A%(n+a)= A?%(n) — 2aA(n)logn — dayA(n) —
+ a?log® n + 4o~ logn + 4a2~% +

3
+ 207y +0 (n_5/3> .

n
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It is easily seen that

(3.3) Z # < log’z

n<x

by partial summation and (1.3), and

(3.4) Z A(n) = %xlogw + <’y - i)x + G(x)

N - (; - w(x)) A(z) + O(z'/*)

by (1.2) and (1.8).

Next, we show that

1 3
(3.5) Z A(n)logn = §x10g2 x+ (7 - 4)xloga:

n<x

_ (7 - i)x +G()loga
n (; - ¢(x)> A(z)loga + O(z'/* log z).

In fact, by partial summation and (1.8), we have

(36) Y A(n)logn = logm(Z A(n)) - /1 1(2&@) dt

n<lz n<z n<t
1
= §zlog2;r + (fy — i)xlogm
3
L x4+ G(z)logx
1 x
+ (2 - ’(/J(JJ))A(J)) logz — / trG(t) dt
1
* 71 A(t
— / ( — W)) A0 44 O(zY*log z).
As for the sixth term on the right-hand side of (3.6), one may integrate
term by term, since the series of G(x) is absolutely convergent. Hence,
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we get

r 1 dn) [ . T
1 _ 1/4 _
/1 tTG(t)dt = NG E 574 /1 t sin <47r\/n > dt

n=1

Here we used the first derivative test for the integral on the right-hand
side.

For the seventh term in the right-hand side of (3.6), we apply
Cauchy’s inequality and (1.4) to get

/sz (; w(t))Ait)dt < ( XQX A%(1) dt>1/2(/X2X tzdt>1/2

< X4,

Hence, by the splitting argument
Y71 At
(3.7) / < - zb(t)) A0 4 <zl
The sixth and seventh terms are absorbed into the error term, and this
completes the proof of (3.5).

Now take the sum over n on both sides of (3.2). Using Lemma 2.2,
(3.3), (3.4) and (3.5), we find that

(3.8)
Z A?(n + a)

n<z

- Z A%(n) + (o — a)zlog® x + <(4’y —2)a? — <4’y - 2>a>xlogfﬂ

126(472 —dy+2)a® + < —4y? + 3y — z)a>x
—2a(log x + 27) (G(z) + (; - 1/)(1:)) A(x)) + O(z*log z).

Substituting (1.11) in the right hand side of (3.8) and using (1.1), we
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find that
(3.9)

r 1
ZAQ(n—I—a) :/ A?(t)dt + (a2 —a+ 6>x10g2x
1

n<x
1 3 1
+ <4v<a2 —a+ 6) —2<a2 — Za—i— 24))wlogﬂc

+ (472<a2 —a+ é) — (4y — 2)<a2 - Za—k 214>>:r
+ (1 = 2a)(log & + 27)G(x)

+ (; — LD(:E)) A?(z) + O(:vl/2 log z),

which proves (1.15).

Remark. The inequality (3.7) can be improved to < log z with the
help of (1.2) and the similar discussion given in [3, pages 16-18], but
the above estimate is enough for our purposes.

Proof of (1.16). Taking the third power of both sides of (2.1), we
have
(3.10) A3(n+ a) = A3(n) — 3aA?(n)logn — 6ayA%(n)
+ 302 A(n) log® n + 12a%yA(n) log n
A%(n)

3
12 2 QA 2 2= \""
+ 12a*v“A(n) 2a -

A(n)l A .
+ 303 7(71)71 ogn + 6043777(1”) —a? log3 n

— 6aylog® n + O(logn).

Similarly to (3.5), we find that

1
(3.11) ZA(n) log?n = §x10g3:z:+ ('y i)xlog2x

n<z

S T

+ G(x)log® x + (; - w(x)) A(z)log?
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+ O(z*log® )
1 5
= §xlog3x + (7 — 4)m10g2x
)
- (27 - 2>xlogx + O(x).

Furthermore, it is easy to see that

Az(n) 1
12 /2
(3 ) ,;c o <Lz
and
A(n)logn 3
1 — 7 ° «1 .
(3.13) néz - < log”z

By making use of (1.3), (3.3), (3.6), (3.11)—(3.13) and Lemma 2.2,
we take the sum over n on both sides of (3.10) and get

(3.14) Z A3(n+a) = Z A3(n) — 3a Z A?(n)logn

3
—_6 A2 202 — od zlog®
oz'yT§c (n)+(2a a’ |zlog® x
2 5 3 2
+ | 3« 37—1 +3a’(1 —2v) |zlog” x
+ O(zlogx).

As for the second and the third sums on the right hand side of (3.14),
from (1.4) and (1.9), we have

(3.15) Z A%(n) = Cox®/? 4+ O(zlog* ),

n<lzx

(here we have used Preissmann’s estimate of F'(z) for simplicity), and
hence by partial summation,

(3.16) Z A%*(n)logn = logz (C’gx3/2 + O(z log* a:))

n<x
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1
—/ - <C2t3/2 + O(tlog* t)) dt
1t
2
= Cy®?logx — 502933/2 + O(zlog® z).

Therefore, the left hand side of (3.14) (by the error estimate O(z log® z))
is expressed as

Z Ad(n+a) = Z A3(n) — 3aCyz® ? log x

n<x n<z

+2a(1 — 37)Coz®? + O(xlog® z).
Now, combining (1.10) and the above equation, we get

(3.17) Z Ad(n+a) = / A3(t)dt+3 G - a> Coa®? log x
n<zx 1

+ (37 — 1)(1 — 2a)Ca2®? 4+ O(x1og® z).

This completes the proof of (1.16). O

Proof of (1.17). Taking the fourth power of (2.1), we have
(3.18) A*(n + a) = A*(n) — 4aA3(n)logn — 8ayA3(n)
+ 6a2A%(n) log® n + 24ayA?(n) logn
+ 240°~4%A%(n) — 40> A(n)log® n
— 240yA(n) log® n — 480342 A(n) log n
— 32273 A(n) 4+ O(log* n).

From (1.6), (1.7) and (1.10), we see that

3
(3.19) Z A3(n) = Csz™/* + 5021‘3/2 logz + (3y — 1)Caaz®/?

n<z

+ O($7/5+€),

hence by partial summation, we get

4
(3.20) Z A%(n)logn = C3x™/*logx — ?03.’1,‘7/4

n<x
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+ gngS/z log? z + (37 — 2)Coz®/? log
2
- 367 - 2)Cox3/? 4 O(27/5+%).

We also need the following estimate:

(3.21) Z A%(n)log*n = Coz/?log? x — 7021:3/2 log z

n<z
8
+ §ng3/2 + O(zlog® z).
The sums arising from the terms after the seventh one in the right hand

side of (3.18) are estimated as O(x log* x).

By using (3.15), (3.16) and (3.19)—(3.21), we make the sum over n
on both sides of (3.18). This time, we have

ZA4(n+a)= ZA4( 4aZA3 10gn—8o¢*yZA3

n<z n<x n<zx n<z
+ 602 Z A%(n log n+ 240’y Z A?(n)logn
n<x n<x
+ 24a 'yQZAz )+ O(zlog* z)
n<z
4 7/4 16 7/4
= Z A%(n) — 4aCsz''*logx + - 8y |aCsz
n<z

+6(a? — a)Cyz/? log® &
+8(3y — 1)(a? — a)Cya® ?log

+8 (372 — 2y 4+ ?),) (a? — a)Coz®/? + O(£7/5+%).

Therefore, by (1.13), we deduce that
(3.22)
ZA4n—|—a / A*(t) dt +2C5(1 — 2a)z™/* log =

n<x
4
+ (77 =2)(1 - 20))Cax/4
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—|—6(a —a+ )C’ga:3/210g T
+8(37—1)<a —a+ )ng3/210gx

+8(372—27+§) (a —a+— >C 2?24 0(27/5).

This proves (1.17). O

4. Proof of Theorem 1.2. We assume that the conjecture (1.5) of
Lau and Tsang is true. Under this assumption, Furuya [3, Theorem 2]
proved that

(4.1) Z A3(n / 3(t)dt + gczx?’/Q log z + (37 — 1)Cyz®/?

n<lz

~ % 2aclog x

3 3 1
+ (8772 o 2fy+8+ Al)xlog x + O(zlogz),

where A is the constant which appears in Lau and Tsang’s conjecture
(1.5).

Furthermore, their conjecture (1.5) with (1.9) and (1.4) gives

(4.2) > A%(n) = Coa®? + <é 412)xlog T

n<lz

-1
+ <A1 + 8712 >xlogx—|—0(1:),

and
(4.3)

2 .
Z A?(n)logn = Cyaz®/? log x — gng‘s/Q

n<x
11 s

8y -1 1 1 9
—|—<A1—|— B —(6—4W2)>xlog x4+ O(zlogx).
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by partial summation. Therefore, from (3.14) and (4.1)—(4.3), we
obtain

ZAS(R+Q) :/ A3(t)dt+302(; a>x3/210gx
1

n<zx

+ Co(3y — 1)(1 — 2a)z3/?

1 1 1 1 3, 3 3
+{3<2—a>(6—47r2)—4+2a —o }Jclog x

31-2y) 3 1 3
+{<87T2+2A1>(1 2a)+§+1a 3&’}/

+ 3a? <3’y - Z) +3a3(1 - 27)}:L'log2 x + O(zlogz).

Noting that Bs(z) = x3 — 3/2z% + 1/2, we get the assertion of
Theorem 1.2.

5. Better approximation for the integral of A’(z). As we

remarked in Section 1, Y . A7(n) does not give a good approximation

for fom AJ(t)dt. But, by specifying a in Theorems 1.1 and 1.2, we can
get better approximations. Namely, we have

Corollary 5.1. We have

(5.1) ;A<n + ;) = /j A(t) dt + (; - Mx))A(x) + O(log )
and

> A3 <n + ;) = /lx A3(t)dt + O(xlog’ z).

n<x

Corollary 5.2. Let 8 and ' be zeros of the Bernoulli polynomial Bs(x)
of degree 2. Then we have

n<zx

= /1 A%(t) dt + (; — w(a:)>A2(x) +0(z'?log z),
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Z A3(n+B) +A3(n+ B

5 ) = /11C A3(t) dt + O(xlog’ z),

n<lz

Z A*(n + B) ;A4(n+5/) _ /JC AY(t) dt+0(x7/5+5)~

n<lz

Since Bs(z) = By(z)(Bs(z) — 1/6), we get from Theorem 1.2 that

Corollary 5.3. Let 8 and B’ be zeros of Ba(x). Assume that the Lau
and Tsang conjecture (1.5) is true. Then, we have

Z A3(n+ B) +A3(n+ p

(5.4) 5

) :/IA?’(t) dt + O(xlog ).

n<z

It is interesting to note that, under the conjecture of Lau and Tsang,
the error term in (5.3) is improved to O(xlogx) in (5.4). There seems
to be no conjecture on the behavior for Fs(x) in (1.6) similar to (1.5).

6. Dirichlet series of A’(n + a). In this section, we give some
interpretation of Corollaries 5.1 and 5.2 from the viewpoint of the
Dirichlet series. Let D(s) be a Dirichlet series, which is first defined
by the absolutely convergent series 23:;1 apn~® and continued as
a meromorphic function to some right-half plane. Let ) _ a, =
g(x) + E(z), where g(z) is the main term and E(z) is the error term.
It is expected that g(z) is obtained from the residues of the poles of
D(s)x®/s. For a rigorous proof, we need more precise information on
the order of gratitude of D(s) as |Ss| — oco. Here, we shall see that
the assertions in Corollaries 5.1 and 5.2 are compatible with the above
heuristic argument. See also the last section of [4].

Let D;(s, ) and I;(s) be functions defined by
Al (n+ a)
ns

(6.1) Dj(s,a) =

n=1
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and
(6.2) I;(s) = /OO tSAI(t) dt,
1

respectively. We simply write D;(s) = D;(s,0). The analytic proper-
ties of Dj(s) and I;(s) are known in the cases j = 1,2 [4], but unfortu-
nately we know little about them in the case j > 3. So we shall restrict
ourselves to the cases j = 1,2. Equations (5.1) and (5.2) suggest that
Dy (s,1/2)—L1(s) and [Da(s, B) + Da(s, 8')]/2 — I2(s) are holomorphic
for $&s > 1 — ¢ with some constant ¢ > 0, which we will show now.

We recall some facts from [4]. For j = 1,2, D;(s,a) and I;(s)
converges absolutely in the range s > 14 j/4. It is shown that D;(s)
can be continued analytically to the whole plane C as a meromorphic
function. It has a double pole at s = 1 and simple poles at s = —2n
(n=0,1,2,...). In particular, the Laurent expansion of D;(s) at s =1
is given by

1 vy+1/4
2(s —1)2 s—1

(6.3) Dy(s) = +0(1)

(see [4, Theorem 1]). The function I;(s) can be expressed as

242(3—1)_27—1_ 1

(64) Li(s) s—1 s—2 (s—2)%

(see Sitaramachandrarao [12]). Note that s = 2 is not a pole of I1(s).

On the other hand, it is shown in [4] that Ds(s) and I(s) can be
analytically continued to the region s > 2/3 as meromorphic functions
[4, Theorem 2]. They have a simple pole at s = 3/2 with the same
residue and a triple pole at s = 1. The results for I5(s) are essentially
due to Ivié¢ [7]. (See also [4, Lemmas 3 and 4].) Furthermore, we
showed that Ds(s) — I2(s) has an analytic continuation to the region
Rs > 1/2 with the triple pole at s = 1, whose Laurent expansion at
s =1 is given by

1 2/3y+1/4
3(s—1)3 ' (s—1)2

CTLE2TE

(6.5) Dy(s) — Iz(s) =
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We return to the Dirichlet series D;(s, ). From (2.2), we have

N (_1)k—1ak+l

Dy (s,a) = Dy(s) — W

(s + k) + ac’(s) — 207¢(s)

k=1
(0] 3 1
+0( 2 s )
n=1

for any N. The last sum converges for Rs > —N. Since N can be taken
arbitrarily large, D1 (s, &) can be continued to the whole complex plane
C. In particular, we have

Di(s,0) = Dy(s) +ad'(s) = 207¢(s) = %C(s +1) + O(1)

for s > —1, whose Laurent expansion of D;(s,«) at s =1 is given by

1/2 — 1-2 1/4
_2-a q(-20)+1/1

(6.6) D (s, ) 5 1)2 ] O(1).
Comparing (6.6) with (6.4), we have
67)  Dis.a)—I(s) = 24 _2Bile) 5

(s—1)2 s—1
at s = 1; in particular, we can see that D1 (s, 1/2)—L1(s) is holomorphic
at s = 1.

Similarly we can see that Da(s, o) — Da(s) can be continued analyt-
ically to the half plane Rs > —2/3 as a meromorphic function. More
precisely, by using (3.2), we have
(6.8)  Dsy(s,a) = Dy(s) + 2aD’(s) — 4ayD1(s) — a*Dy(s + 1)

+0a2("(s) — 4y (s) + day*((s) — a’C(s + 1)
+20%y¢(s + 1) + K(s),
where K (s) is holomorphic in ®s > —2/3, from which we have
202 — 2a n (4a? — 4a)y — /2
(1) -1

N (4a? — 4a)y? — ay
s—1

(6.9) Da(s,a) = Do(s) +

+0(1).
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at s = 1. Combining (6.5) and (6.9), we find that

2By () n 4Bs(a)y — 1/2B; (@)
(s—1)* (s—1)2

(e = D)y | g

Dy (s, ) = Iz(s) +

+

Let § and 3’ be zeros of By(x). Then, from the above formula, we can
see that [Dy(s, 8) + Da(s, 5)]/2 — I2(s) is holomorphic at s = 1. Tt is
also clear from (6.8) that this difference is holomorphic at s = 3/2.
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