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NEW FAMILIES OF WEIGHTED SUM FORMULAS
FOR MULTIPLE ZETA VALUES

HAIPING YUAN AND JIANQIANG ZHAO

ABSTRACT. In this paper we shall use the generating
functions and the double shuffle relations satisfied by the
multiple zeta values to derive some new families of identities
of these values.

1. Introduction. In recent years, there is a flux of research on
the multiple zeta functions and their special values due to their deep
connections with many branches of mathematics and physics. For any
positive integer d (called the depth) and si,...,sq with s > 1 the
multiple zeta values (MZVs) are defined by

1
C(Sl,...,Sd): Z W
ky>->kg>0 1 d
These values are easily seen to satisfy the so called stuffle relation. For

example,

(1.1) ¢(51)C(s2) = (51, 52) + (52, 51) + C(51 + 52).

Euler [2] first studied the depth two case and obtained the following
decomposition formula by using partial fraction techniques: for all
S1, 82 > 2, one has

(ERET R DI I B I SOt

t1>2,t22>1
t1+to=s1+s2
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Here, and in the rest of the paper, we will use the notation [%] for
(Zj) to save space. Although he did not consider the divergence
problem, his approach has been made rigorous using modern techniques
of regularization. Similar to formula (1.2), one can show that, for all

$1,83 > 2 and sg > 1,
(1.3)
SRS DR I [

t12>2,t22>1
t1+to=s1+s3

t ty — 1 t
+ > [ﬂ{(2_t>+[2”¢<t1,t2,t3)~
1132t ts>1 LO1 5213 52

t1+ta+t3
=s1+s2+s3

In fact, nowadays this can be derived easily by the shuffle relations
satisfied by the iterated integral expression of MZVs (see [11, page
510]). By combining the stuffle and the shuffle relations one can obtain
the so called double shuffle relations (see [7] for details).

Let d be any positive integer, and define

(1.4)  Gglz,...,xq) = > T (s, sa).

51,...,84€EN,81>1

In [3], Gangl, Kaneko and Zagier used the double shuffle relations of
(1.1) and (1.2) to derive the following equation

(1.5) Ga(z+y,z) + Go(x +y,y) — Go(2,y) — Ga(y, 7)
_ Gi(x) = Gi(y)

= pra—" ,

and proved some families of MZV identities. Machide [9] generalized
this to depth three case using the extended (also called regularized)
double shuffle relations.

It is well known that, in order to get complete linear relations
between MZVs, one should consider regularized double shuffle relations.
For example, the weighted sum formula of Ohno and Zudilin [10] states
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that

(1.6) > 2¢ k) = (n+1){(n).
j>2,k>1
j+k=n

Later, Guo and Xie [5] generalized (1.6) to arbitrary depths using
regularized double shuffle relations (they in fact also used the sum
formula which is another consequence of the regularized double shuffle
relations [7]).

In this paper, we shall use generating functions of MZVs (1.4) to
reformulate double shuffle relations and derive some new identities of
MZVs. Notice that we do not use the extended double shuffie relations,
which make the computation a little easier. All the identities obtained
in this way are therefore finite extended double shuffle relations in the
sense of [7]. For example, we get the following interesting result as a
corollary (see Corollary 3.3) in depth three:

o PTG RD+ Y 2406,k
i>2,k,1>1 j>2,k>1
Jjt+k+l=n Jtk=n—1

for every positive integer n > 2. For a new result in depth four, please
see Corollary 5.2.

2. Depth 2: Some new identities. In this section, we will derive
some new identities of double zeta values using the generating function
G>. To begin with, we recall the famous sum formula essentially known
to Euler [2]:

(2.1) > ¢ k) = ().
J>2,k>1
jt+k=n

Using generating functions, Granville [4] and Zagier proved the follow-
ing generalization to arbitrary depth first conjectured by Moen (see

[6]):
(2.2) > Gk, ka2, ... ka) = ¢(w).

k12>22ka,....ka>1,k1+-+ka=w
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Our first result provides a weighted sum formula similar to but
different from (1.6).

Theorem 2.1. Let n be a positive integer. Then, for all n > 3,
(2.3) ni kC(kyn — k) = C(2,n —2) +2¢(n) — (n — 2)¢(n — 1,1),
and all :;2 4,
(2.4) Tf k*C(k,n — k) = 3((2,n — 2) +2((3,n — 3) 4+ 6¢(n)

- — (20— 6)¢(n —2,2) — n(n —2)¢(n —1,1).

Proof. Taking the substitution z — zt and y — yt in (1.5) and
comparing the coefficients of t"~2, we get

i
L

[ y)e M o () =Ry ()

2
- xnfl _ynfl
- (e

where j = n — k. Differentiating this equation with respect to x, we
have

x>
U

n—1

(25) 3 [V +y) 2 4 (G- e+ y)* 2
k=2

(k=1 +y) 2y = (k= D2t 2y - (- 1)yk‘1xj‘2] C(k, )
((n o 1):6”72 znfl o yn1>
- - ().

r—y (x —y)?

Specializing to (z,y) = (0, 1), we find easily that

n—1

(n—2)¢(n—1,1)+ > (k= 1)¢(k,n — k) = {(2,n — 2) = ((n).

k=2

So (2.3) follows from the sum formula (2.1).
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Now multiplying (2.5) by « + y, differentiating with respect to x,
and then specializing to (z,y) = (0,1), we get

(n —2)*¢(n —1,1) + (2n — 6)¢(n — 2,2)
n—1
+) (k= 1)%¢(k,n — k)
k=2

—((2,n —2) —2¢(3,n — 3) = 3¢(n).

Hence, (2.4) quickly follows from (2.3) and the sum formula (2.1). This
completes the proof of the theorem. O

Remark 2.2. It is conceivable that, for every fixed positive integer d,
a compact formula of ZZ;ZI k?¢(k,n — k) can be obtained by differen-
tiating (2.5) repeatedly, similar to what we have done in Theorem 2.1.
However, it seems to be a difficult problem to find a general formula
for all d.

3. Depth 3: Product of three Riemann zeta values. In the
following, we use three different methods for computing the generating
function of the product of three Riemann zeta values:

> ap e e C(s1)¢(52)¢ (s3)-

51,582,832

3.1. First method. Combining (1.2) and (1.3), we have

(81  C)C)l(ss)= Y {H*H}

1122,t22>1
t1+ta=s1+32

{ x [

r1>2,r22>1
ri+re=ti+s3

1 Ty — 1 o
+T122§r32L1] {(t2 —7“3> ™ LJ }C(T17r2,7"3)}

r1+r2+73
=ti1+t2+s3

320 = % 3 [2] [Zj((rl,m,tg)

t122,t22>21  r122,1221
t1+to=s1+s2 r1+ra=ti1+s3
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(33 + > > 2 ¢, 7, t)

S9 S3
t122,t0>1 r12>2rp>1 = 75 R T
ti+ta=s1+s2 ri+ra=ti+s3

_tl_ _7“1_ T2 —1
(34) + Z Z ( >C(7'1,7"277”3)
to2des1 mz2amras1 L1 LI \l2 =73

t1+ta=s1+s2 rit+r2tr3
=t1+ta+s3

_tg_ _7“1_ T2 —1
(3.5) + Z Z ( >C(7'1,7"277”3)
bo2tes1 mz2amras1 1520 L]\l =73

t1+ta=s1+s2 ri1t+r2tr3
=ti1+t2+s3

(36)  + Y, > 2 :i [:;] C(r1,m2,73)

t122,t22>21 r122,r2,r321 ©
t1tto=s1+s2 ri+ratrs
=ti1+t2+s3

B+ Y > Z :i [:;] C(r1,72,73).

t122,t22>21 r122,r2,7321 ©
t1+ta=s1+s2 ri1t+r2tr3
=t1+ta+s3

We first treat (3.2)—(3.7) using binomial identities repeatedly to derive
formulas involving the generating functions G3. To save space, we only
compute (3.2) in details and leave the others to the interested reader.
Also we will use the shorthand z;; = x; + ; and x5, = x; + x5 + T
in what follows. Now

[t ] [
(3.2) = 3 3
S1 53
81,82,83,t1>2,t2>1 112>2;r2>1 = -
t1+to=s1+s2 ri+reo=ti+s3
s1—1,_,s2—1_s3—1
St T T (e, t2)
l:t1:| -Tl-
: S S
Ls2,83,0122,8221 1 >2,rp>1 L0413
t1+to=s1+s2 ritra=ti+ss
5171 tlfsl tz*l 8371 t
B IED) xy w5 (1, T2, t2)
tl—l tl—l 83—1 Tl
E (3312 — T T3 s
t1,83,m1>2,t2,r2>1 3

rit+re=ti1+ss

’ $§2_1C(7‘1,7"2,t2)
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- Z aft et [rl} C(r1,72,1)

53
t1,83,m712>22,m22>1
rit+re=ti+s3

_ ’l"gfl T1—S83 7"271 T1—S83
= E (9512 L2 — Tgt Ty )
t1,83,r122,t2,722>1
ri+re=ti1+s3

_ ™ _
Igs ! |:83:| xgz IC(T17T27t2)

-1 - -1|"
- m?ﬁ*@{}me
S
t1,83,712>22,m22>1 3
rit+re=ti+s3

= Y {o el —aly) —ab T (el —oh) )
r1>1,t3,m2>1

. £E§2_1C(7"1 =+ 1,7’2,t2)
- Z zqz_l(zié_l - x?—l)C(rlaT% 1)

t1,83,7r122,m22>21
ri+re=ti+s3

+ )2k, 1,1)
T122
= G3(x123, T12, T2) — G3(z12, T12, T2)
— G3(x23, T2, x2) + G3(x2, T2, 22)
- Z fﬂqz_l(m%_l *qu_l)C(rl,Tzal)

t1,83,r122,r22>1
ri+re=ti+s3

+ Z xg1_1<(rla 17 1)

T122

Similarly, we find

(3.4) = G3(x123, 23, 2) — G3(x23, T23, T2)
— G3(x12, 2, T2) + G3(x2, T2, T2)

D D € m o P (A ROSS)

r1>2,r32>1

+ Z lﬂlﬂl_lc(rlv ]-7 1)3

T1 22
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which is just (3.2) under the operation x; <+ x3. Further,

(3.6) = G3(w123, T23, ¥3) — G3(wa3, T23, ¥2) — G3(213, T3, 73)

+ Gs(x3, 23, 3) — Z (275t —ah N2l (e, 7, 1)
r122,r22>1

+ Z 1.71"1*1(;(7017 1a 1);

""122

which is (3.2) under the operation Cyc (1 — 22 — 3 — z1). By
the same argument, we easily find that (3.3), (3.5) and (3.7) can all
be obtained from (3.2) under different permutations of xy,z2 and 3.
Therefore,

ST e e e T (s1)C(52)C (53)

S1,52,53>2
= @ {G3($2,$2,$2) + G3(z123, T12, T2)
S(z1,z2,x3)
- G3(I12,I12,l’2) - G3($23,l’2,$2)

D I i e [GRPRY

t1,83,m712>22,m22>1
ri1+re=t1+ss3

+> xglflg(rl,l,l)},

r1>2
where, for a function f(x1,...,2), we define
B Sl = > f(@o), s Tai))-
S(z1,...,xx) o: permutations of 1,....k

3.2. Second method. Multiplying ((s3) on (1.2) and using stuffle
relations, we get

ST e e e (s1)C(52)C (53)

51,52,83>2

_ 8171 5271 5371
= E Ty Xyt T3

51,82,83>2
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s 2 ([

6122621 2
t1+ta=s1+s2

8171 8271 5371
+ E AR

§1,82,532>2

S (A By

t12>2,t22>1
ti+to=s1+s2

s1—1,_,s0—1_s3—1
+ E xll {,C22 .’1733
$1,82,83>2

(3.10) Y { ﬁj + [?] }<(537t17t2)

t>2,t>1 2
t1+to=s1+s2

s1—1,_,so2—1_s3—1
+ E Ty Tyt T

51,82,83>2

(3.11) Y { {zj + [2] }C(tl,tg + 53)

t12>2,t22>1
t1+ta=s1+s2

8171 8271 5371
+ E Ty Ty T3

51,582,832

(3.12) Y { {zﬂ + [2] }C(tl + 53, 12).

t12>2,t22>1
t1+to=s1+s2

Using techniques similar to the one used in the preceding subsection,
we get

(3.8) = @ G3(712, 22, 73) — G3(22, 72, 73)

S(Il,ivg)

- Z x?ilx;gilc(th:hs?))
t12>2,53>1

+ ) a1,
t1>2

- Z xiéilxgzilg(tlat%l)

t12>2,t52>1



2074 HAIPING YUAN AND JIANQIANG ZHAO

+ > ahtEr tl,t2,1)}

t12>22,t22>1

(3.9) = @ G3(712, 73, 72) — G3(v2, 73, 72)

S(z1,22)
- Z xtll_lxg3_1<-(tlvs37 1)

$1>2,55>1
+ Z.’L’tl ! tl, )

t1>2
- Z 2y e T, 1 )

t1>2,t2>1
+ Z t1+t2 2 t1717t2)}

t1>2,t2>1

(3.10) = @ G3(73, 712, 72) — G3(3, 72, 72)

S(z1,22)
- Z x? 1‘1'25’)3 1C(33’t1’ 1)

s53>2,t1>1
+ > ap! 33,1,1)}

s3>2

Ga(w12,23) — Go(12,2)  Ga(212,72)
1) = &P — . :
S(aro) 3 — T2 2
~ Ga(zi,23)  Ga(m2,73) — Ga(22,22)
z3 T3 — T2

1
> (wia — 1)¢<t1,1>

2 4>2

Go(xa,x 1 _
" % o 1<<<t1, 1)+ x3<(t172>)}

t1>1

(3.12) = @ G (3, 72) — Ga(212, 72)

Sarea) T3 — T12
n Ga(z2,22)  Ga(z,22) — Ga(22,22)

xT9 T3 — T2
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_ G2($12,332)

T12

gl gl
S

t>2

Therefore,

S ep ey e T (s1)C(s2)C(s3)

81,582,583 >2

- &b {G3($1279€2,$3) + Gs(212, 73, 22) — G3(22, 23, 2)
S(z1,22)
+ G3(x3, 212, 72) — G3(w3, 22, 22) — G3(22, T2, 73)

Ga(z12,73) — Ga(212,72)  Ga(12,72)

Jr
xr3 — T2 x2

Ga (w2, 23) — Ga(T2, 22 2 Ga(x1, 73

_ Gl ) ( ) + —Ga(zg,x2) — Gal1,73)
T3 — T2 T2 xs3
+ Gz($37$2) - G2($127$2) . G2($12,l’2)
r3 — Ty — X1 T12
t1—1_to—1 t1—1_t2—1

- Z ryy @yt te,1) — Z xg' a1, 1)

t1>2,t2>1 t1>2,t0>1
+ Z aG T2, 1, 1)

t1>2,t5>1
+ Z tl+t2 2 t1717t2)

t12>2,t2>1
- Z xil 11,152 IC(tlatQal) Z x§12 1$t22 1C(t1a17t2)

t1>2,t0>1 t1>2,t5>1
+—Zx“ Nt 1) +2) 2 T, 1,1)

24 >2 t1>2

+Z$t1 ! tlalal)_ Z mil ! t2 lc(t1717t2)

t12>22 t122,t22>1

b St (e +aacn2)

3 4>2
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_ Gg(l‘g,.’lﬁg) — G2($27x2) _ Z (M — x§2)C(t 1)

€T3 — T2 =2 r3 — I

-},

3.3. Third method. Equation (1.1) yields, with repeated use of
stuffle relations,

(3.13)  ((51)C(52)C(s3) = ((51, 82,53) + ((81,53,52) + (83,51, 52)
+ ((s1, 82 + 83) + ((s1 + 53, 82) + ((82, 51, 53)
+ ((s2,83,51) + ((s3,52,51) + ((52,51 + 53)
+ C(s2 + s3,51) + ((s1 4 52, 53) + (53,51 + 52)
+ ((s1 + 52 + 83).

On the right hand side of the above there are essentially four types of

MZVs. Similar computations as above lead to the following four expres-

. : . . . , 1 1 1
sions of their generating functions: (write x5™% = 217 232" 23 7)

Z x571((s1, 52, 53) = Ga(w1, w2, 23)

S1,52,53>2

Z:rsl Y¢(s1,1,1) — Z e e (s1, 1, 83)

512>2 51>2,53>1
— > AT (s, 82, 1), Y x50, 52 + 53)
51>2,50>1 51,582,583 >2
_ Go(z1,w3) — Ga(x1,29)  Ga(x1,22)
Tr3 — T2 X9
G
-G S g )
L3 s1>2
.’Eg .’£2 s1>2

Z x5 (59 + 83, 51)

$1,82,83>2
_ Go(zs, 1) — Ga(wg, 1) Ga(xa,21)  Ga(as,z1)

T3 — T2 T2 T3
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—I—Zm“ ! €(2,s1)

s1>1
s—1 s—1
x — T
E 3 2 s—2 s—2
- < — I3 — Ty + 55,2) C(sa 1)5
I3 — T2
s>2

Z XS_1C($1 + So +S3)

S$1,82,83>2

G1(951) 3 - ¢€2) <2
a:l x1 Zs3
1 (Gl(xg) —Gi(z1)  Gi(as)
T3 — To T3 — I T3
_ Gl(l‘g) - Gl(ﬂjl) + G1($2)>
N 1 (Gl(m3) n Gi(z1)  Gi(zs) — Gl(xl))
T3 T3 X1 €r3 — T1

Therefore, (3.13) becomes

> X (s1)¢(s2)¢(s3)

51,582,832

= & {Gg(xl,xg,xg) —

S(xy1,z2,23)

_ GQ(Z‘Q,JJl) n G2($1,$3) + GQ(JJg,Jil)

G2(£17x2)

X2

T2 I3 — T2
s1—1_so—1
- Z oy (s, 82, 1)
122,521
—1—5 53¢ 51+E 7 (s, 1,1)
5>2 5>2
s1—1_,s3—1
- g 7311 33 <(3171a33)
s1>2,83>1

+—Zx }—C(?»)

s>2

2077
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TR ){in-%(s,z)

C(z1,z2,23 s>2

s—1 xg_l _'x;_l
+ Z% €(2,s) - Z (M)C(& 1)

s>2 s>2
G 2
G _c0)
Xy I
+ @ { 1 (Gl(l'g) — Gl(xl) + Gl(xg))
xr3 — To r3 — I T2
C(.’L‘Q,:E;;)
1 (Gi(z2) = Gi(z1)  Gi(z1)
To To — T1 x1 .
Here, for a function f(z1,...,x), we define
k
B farm) =D f@imiga. . Tiee),
C(x1,y...y k) i=1

where the subscript is taken modulo k.

By comparing the first and the third methods, we get:
Theorem 3.1. We have

@ G3(x123, T12, T2) — G3(T12, 212, T2)

S(z1,z2,23)
— G3(23, 2, 22) + G3(x2, T2, x2) — G3(x1, T2, x3)
_ Galo1,73) + Ga(s,21) | Ga(on,72) | Gz(l’z,ﬂﬂl)}

T3 — To T2 Z2
_ @ { 1 (G1($3) — Gl(l‘l) + G1(x2))
Clwa.zs) T3 — X2 I3 — X1 T2
_ Gl(l'g) — Gl(xl) + Gl(l‘l)}
z2(z2 — 1) T1T2

— ro—1 ri—1 ri—1 r1—1
= @ { E Ty (3713 — I — T3 )

S(z1,x2,23) ~T12>22,722>1

SC(r1,ra, 1)+ @i (s, 1)

s>2
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s1—1_s3—1
- Z i a5 (81,1, 83)

+ ;;xi*c(s,l) > (xj?;_‘;2>g<s,1>}
s B S e
Clar,ma,ws) © 522 5>2
Proof. Clear. |

This theorem is equivalent to the following result, which can be
regarded as a parametric family of weighted sum formulas.

Theorem 3.2. Let a, b and ¢ be any real numbers, and let o = a + b.
Then for any positive integer n > 4, we have

N
)

S(a,bye) ~ §>2,k,1>1
Jj+k+l=n

—ac(a+ b)TTE=2p! — ae(b 4 ) ~1pE It

+ac 2 Ikl )¢ 1)

i>2k>1 c—b
Jjt+k=n
B @ { 1 <abc” — bea” N acb”1>
—b c—a
C(b,c)
bn—l n—1
— CLC( b_aa’ ) +Can—1}<(n)

- @D { T (dweleror

S(a,b,c) Jj>2,k>1
Jjt+k=n—1

— ™ = TGk ) — betC (1, k) )
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Proof. In Theorem 3.1, we first set 1 = at, xo = bt and x5 = ct.
Then, by comparing the coefficient of t"~3, we get Theorem 3.2. (]

The following weighted sum formula seems to be new.

Corollary 3.3. For any positive integer n > 2, we have

o2 G R+ D 243,k 1)

J22,k,1>1 j>2,k>1
Jj+k+l=n Jjt+k=n—1

=nl(n—1,1)+3¢(n —2,2) +¢(2,n — 2) + 2{(n).

Proof. Setting a
Theorem 3.2, we get

3 6(3]’*12’H —Qitk—2 _ 2j’1)<(j, k1)

J>2,k,0>1
Jj+k+l=n

1 and letting b — 1 and then ¢ — 1 in

£ 36wt R - R ()

Jj22,k>1
Jjtk=n

= > 6(@7 = 2¢Gi kD)~ G L))

Jj>2,k>1
Jjt+k=n—1

+3(6—n)((n—1,1)+3C(n—2,2) +3¢(2,n — 2).

The following two special type sum formulas are both special cases of
[6, Theorem 5.1]:

J>2,k>1
Jj+k=n—1
(3.15) > Sl k1) =¢n—1,1)+¢(n—2,2).
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Notice that (3.15) is also a special case of Eie’s generalized sum formula
in [1]. Combining with sum formula (2.1), we get

Z 6(3%12’“*1 _ 9itk=2 _ 2j71)§(]¥ k1)

§>2,k,1>1
Jtk+l=n
n?>—3n— 16 oo
e ORI D YSCASY
j>2,k>1
Jjt+k=n—1

—3nl(n—1,1) —9¢(n —2,2) — 3¢(2,n — 2).

Dividing by 3 throughout, we get

2

S (w2t - 9ok - T )

§>2,k,0>1

J+k+l=n

= Y 240, k1) —n¢(n—1,1)
j>2,k>1
j+k=n—1
—3¢(n—2,2)—¢(2,n—2).

Hence, the corollary follows from [9, Corollary 4.1]. O

By comparing the second and the third methods, we can get another
identity involving the generating function Gs. However, it is quite
long, so here we just write down the following version concerning a
parametric family of weighted sum formulas.

Theorem 3.4. Let a, b and ¢ be any real numbers, and let o = a + b.
Then, for any positive integer n > 2, we have:

Z @ <acrj1(bkcl + b'e?) + ac® 10l

j>2,k,0>1C(a,b)
Jj+k+l=n

- P (7 + ajbkcl>> ¢y k1)

C(4;k,0)

- Z @ (aajflbkcfajJrk*lbcfajbkc)C(j,k,l)

Jj=22,k>1 C(a,b)
Jjt+k=n—-1
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— Z @ (aojflbkc—ajJrk*lbc—akbcj—akcbj)g(j,l,k)

Jj22,k>1 C(a,b)

Jjt+k=n—-1
b —cb - ,
- Y (@ @ (T et
j>2,k>1 “C(a,b,c) C(j,k)
j+k=n

- EB (g] : cib_ P ek

abfel — oI Lach®

— oI e 4+ — o2k qc
c—b—a
n @ (acb]+k 2 w)))g(]‘ k)
Clik) c—b
- @ < —a" le—c"la—2ab" " 2¢
(a,b)
ach™ 1 — bea™ !
2(b—a) )C(n_lal)

b2 2 cn— 170,”6) .
+ @( e t° 1b>g(n)
+ bea™2¢(n) 4 abc™ ¢ (n — 2,2)

+ @ a™ " 2bc¢(2,n — 2) — 6n.2(ab + ac + be)((2)
C(a,b,c)

— dp3abc(C(2,1) + ¢(3)).

Proof. Similar to that of Theorem 3.2. We leave the details to the
interested reader. O

Corollary 3.5. Let n be any positive integer. Then

> (@ 250 kD)
3>2,k,1>1
Jjtk+l=n

- > YU LR HCGRED)+ D 2 k(G k)
§>2,k>1 j>2,k>1
Jtk=n—1 Jt+k=n
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_ 0 ) 3cn - 2,2

— (2" 4 n)¢(n—1,1) = 3¢(2,n — 2).

Proof. Setting a = 1 and letting b,c — 1 in Theorem 3.4, we get

Z (2741 + 28 —6)¢(4, k. 1)

J>2,k,1>1
Jtk+l=n

= Y @ =60 L) + (2 —4)¢( K, 1)

i>2,k>1

J+k¥ -1

+ > (27(k—1)—27" —5n+22)((j, k)

j>2,k>1
j+k=n
n? —9n + 32
= T ) + (- 2,9)

— (2" 4+ —10)¢(n — 1,1) + 3¢(2,n — 2).

Using the weighted sum formula (1.6), the sum formulas (2.2), (3.14)

and (3.15), we can derive our corollary quickly. a
4. Depth 3: product of zeta and double zeta. Set x5 1 =
a5 s 537! throughout this section. By (1.3) for all sy,s3 > 2

and s > 1,

> x¥¢(s1,82) C(s3)

51,832>2,52>1

@y = > xt > [Zj C(tr, t2,82)

81,832>2,50>1 t122,122>1
t1+ta=s1+s3

(4.2) + > et Y |:t1:|<t2_1)C(t1,t2,t3)

S1 S9 — t3
$1,8322,522>1 t12>2,t2,t3>1
t1+t2+13
=8s1+S2+s3
t t
E s—1 § : 1 2
(43) + X |:S s C(tl,tQ,ts).
51,832,521 t122,t2,05>1 01 L2
t1+ta+13

=s1+s2+s3
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Similar to the last section, we can get
(4.1) = Gs(x13, 71, 22) — G3(x1, 21, 22)
= > 25,1, 0),
51>2,82>1
(4.2) = G3(x13, T3, ¥2) — G3(3,T23,T2) — G3(x1, T2, T2),
(4.3) = G3(z13, 723, 73) — G3(73, 723, 73)
— Z xi171x3271§(31,52, 1).
51>2,59>1
On the other hand,
(4.4) Z x*1((s1,53,52)

812>2,52>1,832>2

=Gs(z1, 23, 2) — Z a2 (s1, 1, 2)

51>2,50>1

(4.5) Z x5 1((s3, 51, 52)

812>2,522>1,832>2

=Gy(wg, e, m0) — Y @R ((s1,1,80)

5122,52>1

(4.6) Z x571((s1, 52, 53)

5122,822>1,852>2

:Gg(l‘l,xg,xg) — Z xf171x§271C(51,52,1).

$12>2,522>1

Also,
Z x*71((s1 + 53, 52)

812>2,522>1,83>2

SDIE D I (D DIRTIR i [N

s22>1 s>2 $1>2
8322
s1+83=s
s—1 s—1
X- — X
so—1 3 1 s—2 s—2
= E 1‘22 § —x3 T —x] T+ 65,2 C(Sa 52)
I3 —T1
so>1 s>2

_ G2($3,$2) - G2(9317$2) _ G2($1,$2)

T3 — I1 x1
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wp - Gelzae) + !

s>1

where §; 0 = 1 if s =2 and J, 2 = 0 otherwise. Similarly,

Z x5 (51, 82 + 83)

$122,8522>1,832>2

— Zx§112< > arlays 1)4(51,5)

512>2 s>1 so>1
$3>2
82+Sg S
T —J?S 1
_ Y Y ( s TS +as,1x;1)<(sl,s>
I3 — 1
s1>2 s>1
_ Ga(z1,23) — Ga(x1,22)  Ga(z1,22)
T3 — T2 T2
(4.8) +— Zm
9>2

Notice we have the stuffle relation

((s1,82)C(s3) = ((s1, 82, 83) + ((s1, 53, 52)
+ ((s3,51,82) + ((s1 + s3,52) + ((s1, 52 + 53).

Hence, the sum of (4.4)—(4.8) is equal to the sum of (4.1)—(4.3), and
therefore, we obtain the following:

Theorem 4.1. We have

G3(x13, 71, 22) — G3(x1, 21, 22) + G3(213, T23, 2)
— G3(23, 723, 72) — G3(71, 72, 72)
+ G3(w13, 723, v3) — G3(23, T23, 73)
— G3(x1, w2, 23) — G3(21, 23, 2)
— Gs(z3, 21, 22)
_ Ga(x3,22) — Ga(x1, 22) 4 Ga(xy,w3) — Ga(1,22)
T3 —T1 T3 — T2
B Ga(z1,22) . Ga(z3,22) . Ga(z1,22)

1 T3 T2
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s1—1_so—1
- Z xil 152 C(Sla 17 82)

§1>2,822>1
1
s—1 - s—1
(4.9) + ZxQ €(2,8) + - le ¢(s,1).
s>1 §>2
Proof. Clear. O

Theorem 4.2. Let a,b and c be three real numbers. Then we have

Z [(a + ey tak e + ala+ )77 b+ o) (b + bdh)
§>2,k,1>1
JHk+l=n

— a1l — @IpF e

—ad (b+ )b 4+ b )

— b —al Fb - cjakbl] C(j,k,1)

ac? —ale)bF  af (bck — bFe
- ¥ [( LAt )

_ c—a c—b
Jj>2,k>1
Jjtk=n

— 7o —abF T — ajbk_lc] ¢y, k)

n—2
=) a" v ek L — 1 — k)
k=2
(4.10) +ab™%e(2,n —2) +a" teC(n — 1,1).

Proof. Multiplying xizox3 on (4.9), taking z1 = at, x2 = bt and
x3 = ct and then comparing the coefficients of ¢", we arrive at (4.10)
]

immediately.

Notice that Theorem 4.1 is very similar to [9, Theorem 1.1 (i)] but
not the same. Moreover, by comparing the two results, we immediately
obtain the following.

Theorem 4.3. We have
G2($1,$2) . G2(~T1,$2)

T T2

(4.11)  G3z(wy, @1, 22) + Ga(x1, 72, 72) —
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_ s 1 _,so— 1
= E 3t s (81,1, 82) E x5 2,5

§1>2,822>1 s>1

Proof. The terms appearing in (4.11) are exactly those that are in
Theorem 4.1 but not in [9, Theorem 1.1 (i)]. O

Theorem 4.4. Let a and b be two real numbers. Then we have

ji: {aj+k—1bl+_ajbk+l—1}c(j’k,u

§>2,k,1>1
Jj+k+l=n
D D R APA )
Jj=2,k>1
j+k=n
n—2
=3 d" T Rk 1,n — 1 — k)
k=2
(4.12) —ab"%¢(2,n —2) —a" " ¢(n —1,1).
Proof. This follows from Theorem 4.3 immediately. ]

Corollary 4.5. Let n be a positive integer such that n > 3. Then

ji>2,k,01>1 k>2,1>1
jt+k+l=n k+l=n—1

=((2,n—2)+4¢(n) — Bn—5)¢(n—1,1).

Proof. Differentiating (4.12) with respect to a and then putting
a=b=1, we get

@i+ E-DCGRD - D (25— 13k

j22,k,1>1 j>2,k>1
jH+k+i=n Jj+k=n
Z kC(ka17l)_C(Qvn_2>_(n_1)<(n_1a1)
E>2,0>1

k+l=n—1
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The corollary now follows from (2.3) and the sum formulas (2.2) for
d=2,3. 0

The following corollary provides a sum formula relating some special
type triple zeta and double zeta values. It also appeared in [9] as (5.12)
which is a special case of [6, Theorem 5.1].

Corollary 4.6. Let n be a positive integer such that n > 3. Then

n—1

(4.14) > ¢k 1,n—k) =¢(2,n— 1)+ ((n, 1).

k=2

Proof. Taking a = b =1 and letting ¢ — 1 in Theorem 4.2, we get

S @2t 2k —5)((j, K, 1)

J>2,k1>1
j+k+i=n
Jj>2,k>1
j+k=n

n—2
==Y C¢(k,Ln—1-k)
k=2
+C(27n_ 2) +C(n_ 1a1)

By sum formula (2.2), we see that

Yo LG R = > (U kD =C(n).

j>2,k>1 §>2,k,1>1
jt+k=n Jjt+k+i=n

Now (4.14) quickly follows from the weighted sum formula of Guo and
Xie [5, Theorem 1.1] (setting k = 2 there). O

5. Depth 4: Product of two double zetas. In this last section,
we turn our attention to the depth 4 case and derive some new families
of MZV identities using the idea of generating functions developed as
above. Throughout this section, we set x5~1 = 251~ 1g52 tg5s a5t

We also use the short hand t;; = t; +t;, s;; = s; + 55, and so on.



FORMULAS FOR MULTIPLE ZETA VALUES 2089

First, for the integers s1, s3 > 2 and so,s4 > 1, Guo and Xie proved
the following at the end of [5]:

¢(s1,52) ((s3,54)

B 1

S1
t1>2,t2,t3>1
t123=5123

+ Z {zj {Z] ((t1,t2,t3, 82)

t12>2,t2,132>1
t123=8134

t to — 1 tg — 1 t
2 GG+ 2]
132,80 1 ta>1 S1 12 — 513 S4 — 14 S4

t1234=51234

* {Z;] <t1t22_3113> (C,j_tl) + ﬁj ﬂ((tl,tg,tg,u).

Hence,
s—1
> x¥1((s1,52) (53, 54)
51,8322
52,5421
t t
§ : s—1 E 1 2
(51) = X |:S s C(t17t27t3784)
81,83>2 t12>2,t2,t32>1 ! 2
$2,54>1 ti123=s123
t t
§ : s—1 E 1 2
(52) + X |:S s C(t17t27t3782)
51,85>2 t1>2,t5,t5>1 L7341 L7
S$2,54>1 t123=5134
_ i
+ 2 : XS 1 §
S1
81,8322 t122,t2,t3,t42>1
82,5421 t1234=51234

ta —1 ts —1
> ' t1,ta, ts, t
( ) <t12_513) <S4_t4>C( 1,062, 03, 4)

S1
51,83>2 t122,t2,t3,t4>1

89,84 >1 t1234=S1234

(5.4) ( f2 -1 ) [t3] C(t1, b2, ts, )

t12 — s13/) |84
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xe w0

51,532 t12>2,12,t3,t42>1 iz = 513
52,541 t1234=
$1234
t3 —1
(55) . ( )C(t17t27t3?t4>
S2 — 4
t to —1
D SIS I DU I o
51,83>2 t122,t2,t3,84 21 %3 127 513
$2,54>1 t1234=51234
t
(56) . |:83:| C(t17t27t37t4)'
2

As before, we can get

(5.1) = Gu(x13, w23, 3, 4) — Gu(3, T23, T3, 24)

—1 —1 —1
= ) ey ar e T (51, 82,1, 84),

S1 22
52,5421

) = G($13,1‘237$24,$4) - G($37$23,$24,$4) - G($1,$2,$24,334),
) = G($13,$237l’24,952) - G(»’C3,I23,5€24,$2) - G($1,$2,5024,$2),
) 931,1330-:62,:64 (51)3 (55) = 0-11,130—932,934 (53)7

)

o
= 021,030,204 (5-4)-
On the other hand, by the stuffle relation

C(s1,52)C(53,84) = ((83, 54, 51,52) + ((83,51, 54, 52)
+ (51, 83, 84, S2) + (51, 83, S2, 84) + (81, S2, S3, S4)
+ C(s3, 81, 52, 54) + C(513, 52, 54)
+ ((s1, 523, 54) + ((s13, 52, 54)
+ ((s3, 514, 82) + C(51, 53, 524)

+¢(

53,51, 524) + C(513,524)-

Thus, we have

> x*1((s1,52) (53, 54)

81,83>2
52,8421



(5.10)

(5.11)

(5.12)

(5.13)

81,83>2 51,53>2
52,541 59,84>1
E E s—1
+ 817537S4a82)+ X <(817S33827S4>
51,8322 51,8322
$2,542>1 s2,5421

+
+ Z S"1((s13, 54, 52) + Z x*71((s1, 523, 54)

2 x
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Z XS_lC(s3784781782)+ Z XS_lC(83781784782)
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) x

81,8322 81,8322
52,542>1 89,84>1

51,5322 51,8322
82,8421 82,8421

51,8322 51,8322
52,542>1 82,84>1

81,8322 81,83>2
82,8421 82,842>1

+ Z ((s13, 824)-

S1, 5322
s2,542>1

One can verify the following identities as before:

(5.7)

(5.8)

(5.9)

= Gy(x3, 24,21, 22) + Ga(x3, 1, T4, T2)

1 1 1
Z 252w Tt (s, 84, 1, 82)
9322
82,5421
Z x92 ! 83 1(Ei4 14(8371784782)

53>2
82,5421

= Gu(x1, 23,24, 22) + Ga(x1, 3, T2, T4)

Z xil_lx;2_1x24_1<(817 ]-7 S4, 82)

$1>2
S2,84>1

= > e T T (s, 1, 89, 84)

s1>2
52,5421

= Gu(x1, 22,3, 24) + Gua(x3, 21, T2, T4)

C(s1,83,820) + D x7'((s3,51, 524)

YC(s1,52,83,50) + Y X553, 81,52, 54)

((s13,82,80) + Y X M((s3,84 + 51, 52)
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Z e e ey T (s, 52, 1, 54)

$1>2
S2,84>1
1, s5—1_sa—1
Z xéz 63 24 4(8371,82354)
s3>2
82,5421
(5.10)= @ {G3(5€17$4,$2) B G3($175€47$2)}
Clw1.ms) L1 — T3 L1
n Gs(x1,22,24) — Ga(w1,23,24) G331, 22, 74)
To — I3 T2
+72x51t181t szltl 2t8)
§>2 s,t>1
t>1

(5.11) = 0y 250y 24 (5:10)
612)= P { P {Gs@flw

T2 — T4
C(z2,24) ~ C(z1,73)

1

t>2
s>1

(5.13)= P { D {(xl_m‘wm}

C(zz,w4) C(z1,z3)

E o571¢(2,1) 5.
1’2—$4

t>1

Hence, the sum of (5.1)—(5.6) is equal to the sum of (5.7)—(5.13). This
equality establishes an identity involving G4 and four formal variables
r1,...,24. By taking x1 = at, o = bt, x3 = ct and x4 = dt and

comparing the coefficient of "%, we can obtain our last theorem.

Let S1 = {e,04,c0b,a}, where o, (respectively, o} 4) denotes the

transposition that switches a and ¢ (respectively, b and d) and
Sy = {67 0a,cO0b,dy Oa,cy Ob,cy Ob,d>» Jc,d,b,a}~

For any subset S of the symmetric group &4, let

D rla,b,c.d) =Y flo(a),0(b),0(c),0(d)).
S

ocesS
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Theorem 5.1. Let a,b, ¢ and d be any real numbers. Then, for any
positive integer n > 2, we have

@ { Z [abc(a 4 ¢) (b + )1 —abct (b4 )T~ — ca't’]

S1 i>2
i+j+k+l=n

(b ad)t Tt (i g, kD)
+ ) la+o) Tt = Yab(b+ ) et 5, k1)

i>2
i+j+k+l=n

+ Y (Md +db)ea’((i1,4,1)
i>2
i+i+i=n—1

+ Z [acd(a +c) " (b+c)!™t —adc'(b+ )’ ! — cda'b’ 1]
i>2
i+j+k+l=n

(b4 d) - ¢, j,k,l)}

{ a't!kd (i, 4, k, l)}
i>2
i+j+k+l=n
b — b 4 -
{ (C ¢ —cbﬂ—l)adeg(i,j,k)
i>2 b—c
’L+]+k n
Z < ca’ — ac —ca'™! aci1>bjdkC(i,j,k)
= a—c
i+ h=
db’“—bd’c o
i Gl
+ ) =g @ k)
>2
i+j+k=n
+ ) aed V2,5, k) + D ca'd®C(i, 1, k)
j+k=n—2 i>2
1+k=n—1
dbk — bd*
-y azcg@,l,k)}
i>2 b—d

i+k=n—1
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- , , — bdi
N Z (a act eai=! — g >db’ bd )

= a—-c b—d
i+j:n
ac(db" =2 — bd"~?)

4 ¢(2,n—2).

Corollary 5.2. Let n > 5 be any positive integer. Then

(5.14) 2 > CGLiD - Y @7 +29¢(, 4,k 0)

i>2 i>2
i+j+l=n—1 i+j+k+l=n
- E k¢(k, 1, 5)
k>2
k4+j=n—1

=20(2,n—2)4+ (n—3)¢(n—2,2) = (2n—5)¢(n—1,1)+ n;SC(n).

Proof. Let a=1=0>band ¢ — 1 and d — 1 in Theorem 5.1. Then
we get

2 Z (2i+j+k72 _ 2j+k71 _ Qk + 2i+j72 _ 2]71)C(Z’]’ k, l)
1>2
i+j+k+i=n

=6 Z C(i,j,k,l)—él Z C(ialaj’l)

i>2 i>2
i+j+k+l=n i+j+i=n—1

+2 Y (n—6)((i, 4, k)
i>2
i+j+k=n

i>2
i+k=n—1

> C2.4.k)

Jj+k=n—-2
+ Z i—3 ]_1<(27]>+(n_3)<(25n_2)

i>2
i+j:n

By the sum formula and the weighted sum formula of Guo and Xie [5,



FORMULAS FOR MULTIPLE ZETA VALUES 2095

Theorem 1.1] (setting k = 4 there), we get:

(5.15) 2 > <L - Y (@7 42934,k 0)

i>2 i>2
it+j+l=n—1 i+jtk+l=n
n—2
(5.16) = Y C(2.5,k) —3¢(n) =Y (n—i—3)¢(i,1,n—i—1)
j+k=n—2 1=2
1 n—1
(517) 45> (i =3)(n—i—1)¢3n i)
=2
n—3

(5.18)  + %C(Q,n —2).
Taking [ =2, 41 = 2 and i3 = n — 3 in [6, Theorem 5.1], we get

Z C(Q,j,k)ZC(S,’R—?))-FC(Q,TL—Q).

Jjt+k=n—2

Combining this with (2.3), (2.4), (3.14) and the sum formula (2.1), we
see easily that (5.15) can be simplified to (5.14). This finishes the proof
of the corollary. O
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