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GROBNER-SHIRSHOV BASES
OF SOME WEYL GROUPS

EYLEM GUZEL KARPUZ, FIRAT ATES AND A. SINAN CEVIK

ABSTRACT. In this paper, we obtain Grobner-Shirshov
(non-commutative) bases for the n-extended affine Weyl

group W of type Aj, elliptic Weyl groups of types A(ll’l),
Agl’l) and the 2-extended affine Weyl group of type A<21’1)
with a generator system of a 2-toroidal sense. It gives a
new algorithm for getting normal forms of elements of these

groups and hence a new algorithm for solving the word
problem in these groups.

1. Introduction. The Grobner basis theory for commutative alge-
bras was introduced by Buchberger [8] and provides a solution to the
reduction problem for commutative algebras. In [3], Bergman gener-
alized the Grobner basis theory to associative algebras by proving the
“Diamond lemma.” On the other hand, the parallel theory of Grobner
bases was developed for Lie algebras by Shirshov [14]. In [4], Bokut no-
ticed that Shirshov’s method also works for associative algebras. Hence,
for this reason, Shirshov’s theory for Lie algebras and their universal
enveloping algebras is called the Grébner-Shirshov basis theory. There
are some important studies on this subject related to the groups (see,
for instance, [7, 9]). We may finally refer to the papers [2, 5, 6, 10, 11]
for some other recent studies on Grébner-Shirshov bases.

Algorithmic problems such as the word, conjugacy and isomorphism
problems have played an important role in group theory since the
work of Dehn in the early 1900’s. These problems are called decision
problems which ask for a yes or no answer to a specific question. Among
these decision problems, the word problem especially has been studied
widely in groups (see [1]). It is well known that the word problem
for finitely presented groups is not solvable in general; that is, given
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any two words obtained by generators of the group, there may be no
algorithm to decide whether these words represent the same element in
this group.

The method of Grobner-Shirshov bases which is the main theme of
this paper gives a new algorithm for getting normal forms of elements
of groups, and hence a new algorithm for solving the word problem in
these groups. By considering this fact, our aim in this paper is to find
Grobner-Shirshov bases of the n-extended affine Weyl group of type A1,
elliptic Weyl groups of types Agl’l), A(ll’l)* and the 2-extended affine
Weyl group of type Aél’l).

Extended affine root systems and the associated Weyl groups were
introduced and studied by Saito [12]. In particular, 2-extended affine
root systems are also called elliptic root systems from the point of
view of the elliptic singularities. The defining relations of generators
of the elliptic Weyl groups associated to the elliptic root systems were
obtained by Saito and Takebayashi [13].

Throughout this paper, we order words in given alphabet in the
deg-lex way comparing two words first by their lengths and then
lexicographically when the lengths are equal. Additionally, (¢)N(j) and
(1) U () denote the intersection and inclusion compositions of relations

(i), (j), respectively.

2. Grobner-Shirshov bases and composition-diamond lem-
ma. Let K be a field and K(X) the free associative algebra over K
generated by X. Denote X~ as the free monoid generated by X, where
the empty word is the identity denoted by 1. For a word w € X™, we
denote the length of w by |w|. Suppose that X™ is a well-ordered set.
Then every nonzero polynomial f € K(X) has the leading word f. If
the coefficient of f in f is equal to 1, then f is called monic.

Let f and g be two monic polynomials in K (X). We then have two
compositions as follows:

e If w is a word such that w = fb = ag for some a,b € X" with
|f| + |g| > |wl|, then the polynomial (f,g)., = fb— ag is called
the intersection composition of f and g with respect to w. The
word w is called an ambiguity of intersection.

o If w = f = agb for some a,b € X, then the polynomial
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(f,9)w = f — agb is called the inclusion composition of f and
g with respect to w. The word w is called an ambiguity of
inclusion.

If g is monic, f = agb and « is the coefficient of the leading term f,
then the transformation f — f — cagb is called elimination (ELW) of
the leading word of g in f.

Let S C K(X) with each s € S monic. Then the composition
(f,9)w is called trivial modulo (S,w) if (f,g)w = D a;a;s;b;, where
each o; € K, a;,b; € X*,s; € S and a;5;b; < w. If this is the case, then
we write (f,¢)w = 0 mod (S, w).

We call the set S endowed with the well ordering < a Grébner-
Shirshov basis for K(X | S) if any composition (f,g), of polynomials
in S is trivial modulo S and corresponding w.

The following lemma was proved by Shirshov [14] for free Lie
algebras with deg-lex ordering.

Lemma 2.1. (Composition-Diamond lemma). Let K be a field, let
A=K(X | S = K(X)/Id(S), and let < be a monomial ordering
on X*, where 1d (S) is the ideal of K(X) generated by S. Then the
following statements are equivalent:

(i) S is a Grobner-Shirshov basis.
(ii) f €1d(S) = f = asb for some s € S and a,b € X .
(iil) Trr (S) = {u € X" | u # asb,s € S,a,b € X"} is a basis for the
algebra A = K(X | S).

If a subset S of K(X) is not a Grobner-Shirshov basis, then we
can add to S all nontrivial compositions of polynomials of S, and by
continuing this process (maybe infinitely) many times, we eventually
obtain a Groébner-Shirshov basis S°°™P. Such a process is called the
Shirshov algorithm.

2.1. Grobner-Shirshov basis for the n-extended affine Weyl
group W of type A;. In [17], the author calculated the growth series
of the n-extended affine Weyl group W of type A; with a generator
system of an n-toroidal sense. To do that the author had the following
result.



1168 E.G. KARPUZ, F. ATES AND A.S. CEVIK

Proposition 2.2. [17]. The n-extended affine Weyl group W of type

Ay is presented as follows:

Generators: w; (0 <i<mn),

Relations: w? =1 (0 <i <n), (wwiw;)> =1 (i,j #1,0<i#j<
Let us order the generators as in the following:

o for i < j, we have w; > wyj, i.e., wg > wy > wy > -+ > wy.

Now we give the first main result of this section.
Theorem 2.3. A Grébner-Shirshov basis of the n-extended affine Weyl
group W of type Ay consists of the following polynomials:

() w?—-1 (0<i<n),

(2) wiwiw; —wjwiw; (4,5 #1,0<i#j<mn),
relative to the deg-lex order of words in the generators.

Proof. We need to prove that all compositions of polynomials (1)—(2)

are trivial. To do that, firstly, we consider the intersection compositions
of these polynomials. Hence, we have the following ambiguities w:

(N :w=w} (0<i<n),
fwle (Z,]#l,OSZ#]SH),

HN(?2):w=uw;
2)N (1) :w=wmwiw] (i,5#1,0<i%#j<n),
(2)N(2):w=wwwjww, (4,5,k #1,0<i<j<k<n).

All these ambiguities are trivial. Let us show one of them.

(2)N(2) : w = wwiwjurwg  (4,75,k#1,0<i<j<k<n),
(fs 9w = (Wjwrw; — wjwrw; ) wiwg — w;wr (Wjw Wy, — WewiW;)
= WWWjW1Wg — WjW1W; W1 WE — W W1 W; W1 Wk
+ wiwwrwiwj
= W W WEpW1W; — W; W W; W1 Wk
(for ¢ < k we have w;wiwg — wrwiw;)
= WpW1W;wi1w; — W; W WEwW1wW;

(for j < k we have wjwwy — wrwiw;)
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= wpwiw;wiw; — wpwiw;wiw; = 0.

It is seen that there are no inclusion compositions of polynomials
(1)—(2). Hence, the proof. O

By considering Lemma 2.1 and Theorem 2.3, we have the following
result.

Corollary 2.4. Let C(u) be a normal form of a word u € A;. Then
C(u) has a form

€iy  Cig . Cig €1, ,Ci2 .. ,,50t €sy, C€so Esp
i Wi, w; Fwiw; M w,; w; Wi Ws, We,y Wei" W1
€my  €mg Emyp €nq  €Eng €n,
e wlwml wmz .. .wmp wlwnl wn2 .. .wnl y
where i <ji, jr <s1, mp<ni and e,=0,1 for ge{ir,... ix, j1,.- ., jt,
S1yevsSpyMay e, Mp, N1, ... Ny}

2.2. Grobner-Shirshov basis for the elliptic Weyl groups of
types Agl"l) and Agl’l)*. The generators and relations of the elliptic
Weyl group W of type Ang) are given as follows ([13], [16]):

Generators: w;, w} (i =0,1),
Relations: w? = w}? =1 (i = 0, 1), wowjw,w} = 1.
The relation wowgwiwi = 1 is also written as wjw; = wowi (&

wiwy = wiwg).
Now we order the generators as w§ > wo > w] > w;. Therefore, we
have the following result.

Theorem 2.5. A Grébner-Shirshov basis of the elliptic Weyl group W
of type Agl’l) consists of the following polynomials:

(1) wg — 1, (2) wi -1, (3) wi® -1,

(4) wi* -1, (5) wiwy — wow?, (6) wiwy — wyw?,
relative to deg-lex order of words in the generators.

Proof. We need to prove that all compositions of polynomials (1)—(6)
are trivial. To do that, firstly, we consider the intersection compositions
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of these polynomials. Thus we have the following ambiguities:
W@ :w=w),  @N@:w=ul,  B)NE):w=u,
(4)N4):w= wT3, 3)NG):w=ww, (5)N(2):w=uwiw?,
(3)N(6) : w=wi we, (6)N(1):w=wiws.

All of these ambiguities are trivial. Let us show some of them.
(N (1) :w=w},
()0 = (k= Dy = wo(uf — 1)
:wg—wo—wg’—kwozo.
(3)N(5):w = wi w,
() = (w” = wr — w(wiwy — wow})
= wiwy — wy — witwy + wiwew?
= wiwow] —wy = wle2 —w; =0.

It is seen that there are no inclusion compositions of polynomials
(1)—(6). Hence, the proof. O

By Lemma 2.1 and Theorem 2.5, we have the following result.

Corollary 2.6. Let C(u) be a normal form of a word u € A(1 2 Then

C(u) has aform Ul(wo)"l(wl)"l U (wg)" (wi)™ - - U (wg)"™ (wl)nk ;
where ni,n; = 0,1 and U; = wg w)™ wé”w1 wg“wf , where

€;,0i;, =0,1 for1<i<kand1<j<s.

Another elliptic Weyl group Agl’l)* has the following generators and
relations:
Generators: wyp, wy wy,
Relations: wg =w? = wf2 (wowywi)? = 1.

This Weyl group is obtained from the Weyl group of type A&Ll) by
removing one generator w.

Now we order the generators as wg > wi > wj. According to this
order, we have the following result, the proof of which can be done
easily and similarly to the proof of Theorem 2.5.



SOME WEYL GROUPS 1171

Theorem 2.7. A Grébner-Shirshov basis of the elliptic Weyl group W
of type Agl’l)* consists of the following polynomials:

(1) wi —1, (2) wi—1, (3) w1, (4) wowiwi —wiwiwo,

relative to deg-lex order of words in the generators.

By Lemma 2.1 and Theorem 2.7, we have the following result.

Corollary 2.8. Let C(u) be a normal form of a word u € A§1’1)*. Then
C(u) has a form Uy(w)™ Uz(wi)™ - - - Up(wi)™, where n; = 0,1 and

€; i €; 5 €; 8; .
Ui = wy wy wyw,? - - wy"wy ", where €;;,0;, = 0,1, for 1 <i <t

and 1 < j <p.

2.3. Grobner-Shirshov basis for the 2-extended affine Weyl

group W of type Aél’l). The Weyl groups, the elliptic Weyl group of
type Agl’l) in [18] and the 2-extended affine Weyl group of type Aél’l)
in this paper are isomorphic, but their generator systems are different,

and the latter is obtained by removing two generators from the former.

Proposition 2.9. [15]. The 2-extended affine Weyl group W of type
Agl’l) is presented as follows:

Generators: w; (0 <1i<3),

Relations: w? =1 (0 <i < 3),

D=

WoW1Wo = W1WoW1, WoW2Wo = W2WoW2,
W1Wa2W1 = W2W1 W2, W1wW3wy = W3wWi1ws,
WaW3W2 = W3WaWs, WoW1WoW2W3 = W3W1WoW2Wq.

Let us order the generators as wg > wy > wg > ws. Now we have
the following result.
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Theorem 2.10. A Grébner-Shirshov basis of the 2-extended affine
Weyl group W of type Agl’l) consists of the following polynomials:

) 1 (2) ’LU% - ]'7 ( 7 (4) w?% - 11

) w
) Wowiwo — wiwows, (6) wowawy — wawows,
7) W1WaW1 — WaW1wWa, (8) W1W3sw; — w3swiws,
9) wawzwa — W3waws3, (10) wowiwowaws — wzwiwowawo,
11) WoW3W1W3W2 — W1 W3wWa2w3wWo,

(1
(5
(
(
(
(1

2) WwiWew1 W3We — W3W1WeWoW3,
relative to deg-lex order of words in the generators.
Proof. We need to prove that all compositions of polynomials (1)

(12) are trivial. To do that, firstly, we consider the intersection compo-
sitions of these polynomials. Thus we have the following ambiguities:

()N (1) :w=w, (1) N (5) : w = wiwywo,

(1) N (6) : w = wawawo,
(1) N (10) : w = wiwiwowaws, (1) N (11) : w = Wawzw W3ws,
(2)N(2) : w = w?, (2) N (7) : w = wiwgws,
(2) N (8) : w = wiwsw, (2) N (12) : w = Wiwowiwawa,
(3)N(3) : w = w3, (3)N(9) : w = wiwzws,
(4)N4):w=ws, (5)N (1) : w = wow wd,
(5) N (5) : w = wowrwWewiwo, (5) N (6) : w = wowiwowawy,
(5) N (10) : w = wowrwWowr WowaWs,
(5) N (11) : w = wow Wow3wW3Wa,
(6) N (1) : w = wowaw?, (6) N (5) : w = wowawow; Wy,
(6) N (6) : w = wowawowawo, (6) N (10) : w = wowewowi WowaWs,
(6) N (11) : w = wowswowswiwzws, (7) N (2) : w = wywaw?,
()N (7) : w = wywawwowy, (7)N (8) : w = wywawwaws,
(7) N (12) : w = wywowiwow wsws, (8) N (2) : w = wywsw?,
(8) N (7) : w = wywzwwowy, (8) N (8) : w = wywzwywawy,
(8) N (12) : w = wywzwywowiwzwa, (9) N (3) : w = wowzw3,



SOME WEYL GROUPS 1173

(9) N (9) : w = wowswowzwa,  (10) N (4) : w = wow Woww3,
(11) N (3) : w = wowswiwsw3, (11) N (9) : w = wowsw wWawWrwWsws,
(12) N (3) : w = wywowiwswi, (12) N (9) : w = WwiwWew W3WaW3wWs.

(2) N (7) : w = wiwow,
(f,9)w = (0] — Dwaw; — wy (wywew; — wawyws)
= wfwguq — W1 — wfwgwl + Wi wawiwo
= W WaW Wy — Wl = wzwlwg —wowq = 0.
(12) N (9) : w = wywewy W3WawW3Ws,
(f, 9w = (W1wowiwzws — WawWaWeW3 ) W3Ws

- wlwowlwg(wgwgwg - w3w2w3)

W1 WoW1W3WaW3Wo — w3w1w2w0w§w2
2
— W1 WoW1W3Wa2wsa W2 + W1 WoWw1W3zwWawWs3
= W1WoW1W2W3 — W3W1W2WoW2 = W3W1W2WoW2
— wzwiwewows = 0.
Now we consider the ambiguity (5) N (6) : w = wow wowswy. Then we
get
(fs 9)w = (Wowrwo — wiwew1 )wawy — Wow1 (WowawWo — WrweW2)

= WoW1 WoW2W — W1 WoW1 W2Wo — WoW1WoW2Wo +WoW1 W2WoW2

= WoW1W2WoW2 — W1WoW1W2Wq.

The polynomial wywjwswows — wywowiwawy is written as the relator
WoW1 WaWoWe = WiWowiwewy. Since we have studied group structure
and we have the relator w = 1, we can multiply both sides of this
relation by wg. Hence, we obtain the relation wow;wowowawy =
wiwowiws, and thus the polynomial wow;wowowowy — wywowws.
Then we get

WoW1W2WoW2Wo — W1 WoW1W2 = wowlwgwowg — W1Wow1w2

WoW1WoW2 — W1WoW1wW2

= W1WowW1W2 — W1WoW1We = 0.
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The ambiguities (5) N (11), (6) N (5), (6)N (10)7 (6)N(11), (7)N(8),(7)N
(12), (8) N (7),(8) N (12),(11) N (3),(11) N (9), (12) N (3) are also trivial
by the same process.

Now we check inclusion compositions of polynomials (1)—(12)
this case, we have one inclusion composition (5) U (10) : w =
wowywowows which is trivial. Let us show it.

(5) U (10) : w = wowiwowaws,

(f, 9w = (wowrwy — wiwowy Jwaws
- 1(11)07«011001112103 - w3w1w0w2w0)
= WoW1WoW2W3 — W1 WoWWawWs3
— WoW1Wowa2wWs + W3W1WoWw2won
= W3W1WowW2wWo — W1WowWi1wWa2ws3s

= W3WWoWaWy — W3wiwowowg = 0.

Hence, the proof. O

By considering Theorems 2.3, 2.5, 2.7 and 2.10, we have the following
result.

Corollary 2.11. The word problem for the n-extended affine Weyl
group of type A1, elliptic Weyl groups of types Agl’l), Agl’l) and the
2-extended affine Weyl group of type Agl’l) is solvable.

Acknowledgments. The authors would like to thank the referee
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