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UPPER BOUNDS FOR SOLUTIONS OF AN
EXPONENTIAL DIOPHANTINE EQUATION

TAKAFUMI MIYAZAKI

ABSTRACT. We consider the exponential Diophantine
equation a® 4+ bY = ¢* in positive integers z, y and =z,
where a, b and c are fixed pair-wise relatively prime positive
integers greater than one. In this paper, we obtain several
upper bounds for solutions x, y and z for which two of x, y
and z are even. As their applications, we solve exponential
Diophantine equations in which a, b and c are expressed as
terms of linearly recurrence sequences.

1. Introduction. We consider the exponential Diophantine equa-
tion

(1.1) a® +b¥ =c*

in positive integers x, y and z, where a, b and ¢ are fixed pair-wise
relatively prime positive integers greater than one. It is not easy to solve
(1.1), even if very particular values of a, b and ¢ are given, or under the
abc conjecture. In the study of equation (1.1), the method of coming to
rational points of algebraic curves as used in the studies of the Fermat
equation are not very effective because the exponents of (1.1) vary. By
the theory of Diophantine approximation, we can obtain some general
information on the solutions. Equation (1.1) can be regarded as a kind
of unit equation. Schmidt’s subspace theorem gives upper bounds for
the number of general unit equations. In particular, equation (1.1)
has only finitely many solutions. Also, by means of Baker’s theory for
linear forms in logarithms, we can obtain effectively computable upper
bounds for the size of solutions of (1.1). We remark that these bounds
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are not very useful to determine the solutions of (1.1). Assuming the
Tijdeman-Zagier conjecture on the generalized Fermat equation (cf.,
[7, Chapter 14], [10, Section B19]), we may conclude that equation
(1.1) has no solutions with min{z,y, 2} > 3. The conjecture is also
known as Beal’s conjecture, and Beal has offered a prize of $100,000
dollars (the money is held by the AMS and funds the Erdés lecture)
for the solution (cf., [13]).

On the other hand, the study of determining solutions of (1.1)
is more active than that of only estimating them. Originally this
problem was considered for fixed values of a, b and c¢. Using various
elementary methods in number theory (congruence, factorization in
number fields, etc.), several authors determined complete solutions of
(1.1) for small values of a, b and c¢. Almost all of the recent work
concerns cases where a, b and c¢ are expressed as terms of various
recurrence sequences. The case of aP? +b? = ¢" for some positive integers
p, ¢ and r has much interest. One of the famous unsolved problems is
due to JeSmanowicz ([11]). It states that equation (1.1) has the unique
solution t =y=2=2ifp=qgq=r=2.

In this paper, we first obtain several upper bounds for solutions z, y
and z of (1.1) for which two of x, y and z are even. For this, we use the
theory of the ring of Gaussian integers and several p-adic calculations.
One of our results (see (III-1) and (ITI-2) in Theorem 3.2 below) tells
us that the estimate

max{z,y, z} <

< g2 log max{a, b, c}

holds for all solutions (z,y, z) of (1.1) for which x, y and z are all even,
except for specific values of a, b, ¢, x, y, z. The above estimate is much
smaller than any other known results. As applications of our results,
we solve equations (1.1) in the case where a, b and ¢ are Fibonacci
numbers. Let {F,},>0 be Fibonacci numbers, defined by Fy = 0,
=1, Fop0 = F41 + F,. Fibonacci numbers have the following
elegant formulas:

F? +Fn2+l =Fy, 41, F? +Eypio = Fn2+2

for n > 0 (cf., [12, page 79, Corollary 5.4]). It is worth stating that the
formulas of these types seem not to be seen in other linearly recurrence
sequences (see Remarks 5.4 and 5.10 below). In 2002, at a satellite
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meeting of the International Congress of Mathematics, Terai ([17])
proposed studying (1.1) in the case of (a,b,¢) = (Fn, Fni1, Font1)
with fixed n > 3, and he asked whether (1.1) has the unique solution
(z,9,2) = (2,2,1) or not. We solve his problem as follows.

Theorem F1. For each n > 3, the exponential Diophantine equation
Fr+Fly =F

has the unique solution (z,y,z) = (2,2,1) in positive integers z, y
and z.

Also, we prove

Theorem F2. For each n > 3, the exponential Diophantine equation
an+F2?:1+2 :F75+2

has the unique solution (x,y,z) = (2,1,2) in positive integers z, y
and z.

We can extend these results to more general linearly recurrence
sequences (see Theorems P1 and P2 below).

In the next section, we quote preliminary results on Diophantine
equations, the generalized Fermat equation and Catalan equation. In
Section 3, we obtain several upper bounds for solutions z, y and z of
(1.1) for which two of z, y and z are even. In Section 4, using the
results proved in Section 3, we obtain several results related to the case
of a2 +b% = cor a® + b = ¢%. In the final section, we prove Theorems
F1 and F2.

2. Lemmas. In this section, we quote several results on the gener-
alized Fermat equation

(%) SP 4T =U"

in non-zero relatively prime integers S, T and U, where p, ¢ and r are
fixed positive integers greater than one. They are useful for reducing
the divisibility properties of the solutions of (1.1).



306 TAKAFUMI MIYAZAKI

Lemma 2.1. Let r > 2 be a positive integer. If (p,q,r) = (2,2,71),
then all of the solutions of (x) in relatively prime positive integers are
given by

S+TV-1=(k+1vV-1), U=k +1%

where k and [ are relatively prime positive integers of different parities
with k > 1.

Lemma 2.2. If (p,q,r) = (4,2,4), then (x) has no solutions.

Lemma 2.3 ([5] Theorem 3). Let N > 2 be a positive integer. If
(p,q,7) = (2N, 2,4), then (%) has no solutions with Z =0 (mod 2).

Lemma 2.4 ([6] Lemma 10). Let N > 2 be a positive integer. If
(p,q,7) = (2N, 4,2), then (x) has no solutions.

Lemma 2.5 ([7] pages 489-490). Let N > 6 be a positive integer. If
(p,q,7) = (2,N,4), then (x) has no solutions.

Lemma 2.6 ([1]). If {p,q,7} = {2,4,6}, then (x) has no solutions.

Lemma 2.7 ([2]). Let N be a positive integer with N € {4,5}. If
(p,q,7m) = (3,3, N), then (%) has no solutions.

Lemma 2.8 ([3] Theorem 1.2). If (p,q,7) = (2,5,4), then (%) has no
solutions other than (S,T,U) = (£122, -3, £11), (£7,2,+3).

Lemma 2.9 ([16]). If (p,q,7) = (3,4,5), then (x) has no solutions.

The following result is on the Catalan’s equation.

Lemma 2.10 ([14]). The equation
XV -yV=1

has the unique solution (X, Y, U, V) = (3,2,2,3) in positive integers
X,Y,U,V > 2.
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3. Estimates of solutions. We consider (1.1) in the case where a,
b and c are relatively prime positive integers greater than one, one of
which is even and the others are odd. In this section we obtain several
upper bounds for solutions z, y and z of (1.1) in terms of a, b and ¢
for the following cases:

(1) z,y and z are even.
(2) z,y are even and z is odd.
(3) z,z are even and y is odd.

For cases (1) and (2), we should consider the case where ¢ is odd.
Indeed, in the case where ¢ is even, if (1.1) has a solution (z,y, z) for
which x and y are even, then ¢* is a sum of two squares of odd integers,
so it is exactly divisible by 2, which implies that z = 1.

For a prime number p and a non-zero integer m, we denote ord,(m)
by the exact power of p in m. Also, we define the p-part of m by

mp) = pordp(m).

For cases (1) and (3), we will use the following elementary fact on
2-adic calculations (cf., [15, page 11; P1.2]).

Lemma 3.1. Let U and V be distinct relatively prime positive odd
integers. Then, for any positive integer e, we have

ordy (U — V?¢) = ord (U + (—1)(UV+1)/2V) + orda(e) + 1.

Theorem 3.2. We consider the case where b is even. Let (x,y,z)
be a solution of (1.1). Assume that x, y and z are even. We write
x=2X,y=2Y and z = 2Z, where X, Y and Z are positive integers.
Then the following (I), (II) and (III) hold.

(1) If a is a prime power, then we have

(X.V.7) € log(2b + 1)717 log(b+1) ’
2loga log ¢

log(2¢ — 1) log(c—1) 1
2loga ' logb '
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(IT) If b is a power of 2, then we have

b2i b2i
(a,c,X,Y,Z) = ( 1 —1, T+17 1, i, 1)

for some i > 1.
(III) We suppose that a is not a prime power, b is not a power of 2,
and

v {

log(2b + 1) ) log(b + 1))

2loga 7 logc

log(2¢ — 1) log(c—1) 1
2loga = logb )’

b2i b2i
(a,c,X,Y,Z);é< -1, — +1, 1, 4, 1)

4 4
for any i > 1. Then the following (11I-1) and (IT1-2) hold.

(III-1) We have the upper estimates

< 2Y log(b/2) —log 4

7 < 2Y log(b/2) + 10g2'
loga

X
logc

)

(II1-2) Suppose that Y > 1. Then we have the upper estimate

_ logmin{a/p(a) + (-=1)“*V"2p(a), 2v/c—T}

Y
log b(g)

where p(a) is the least prime factor of a. Furthermore, if ¢ —1
is mot a square, ¢ — 1 has a prime factor not dividing b, or

y + orda(c—1) 42

2ordy(b)
then we have
logY
 log b(p)
- log(2log(b/2) +1/2log2) + 1/2log(c — 4) — loglog ¢
log by ’

where p is the odd prime factor of b for which b,y is minimum.
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Proof. By Lemma 2.1, we can write
a® =k* 12, by = 2kl, & =K+,

where k and [ are relatively prime positive integers of different parities
with k > 1. Since (k+1)(k — 1) = a® and ged(k + [,k — ) = 1, we can
write

k+1=u¥, k—1=v%,

where u and v are relatively prime positive integers with uv = a.

(I) Assume that v = 1. Thenk—1l=1,s0c¢? —b¥ = (k—1)2=1. It
follows from Lemma 2.10 that Y =1, Z =1 or (b,¢,Y, Z) = (2,3,3,2).
We remark that k — [ =1 if a is a prime power.

If Y = 1, then ¢Z = b+ 1, that is, Z = [log(b+ 1)]/loge. Since
a*X = c?Z —b? = 2b+ 1, we have X = [log(2b + 1)]/2log a.

If Z =1, then b¥ = ¢ — 1, that is, Y = [log(c — 1)]/logb. Since
a?X =2 —b?Y = 2¢ — 1, we have X = [log(2c — 1)]/2loga.

If (b,e,Y, Z) = (2,3,3,2), then a?>X = 3* — 26 = 17, which is absurd.

(IT) We assume that [ = 1. Then

k2 —aX =1, Z —k?=1.

Since a is odd, it follows from Lemma 2.10 that X = Z = 1. Hence,
we see that a = k2 — 1 =0"Y/4—land c = k? +1 =0?Y/4 + 1. We
remark that [ = 1 if b is a power of 2.

(I1I) In what follows, we assume that v > 1 and [ > 1, in particular,
a is not a prime power and b is not a power of 2. Then v > p(a) (since v
is a divisor of a). We claim that [ > 2Y -1 Iflis even, then 2! is a Y-th
power of a positive even integer since (21)k = b¥ and gcd(k,2l) = 1, in
particular, I > 2Y~1. If [ is odd, then [ is a Y-th power of a positive
odd integer since (2k)l = b¥ and ged(2k,1) = 1, in particular, [ > 3Y.
Hence, the claim is proved.

(ITI-1) Since [ > 2Y "1 and
a® < k=024,  Z <2k =bPY/(207),

we can obtain the desired upper bounds for X and Z.
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(ITI-2) Suppose that Y > 1. From Lemmas 2.3 and 2.4, we see that
both X and Z are odd. We will find two upper bounds for Y. Since

4kl = (k+ 1) = (k = 1)? = u*X — X,
we see from Lemma 3.1 that

ordy(b) Y = ordy(bY) = ordy(2kl)
u2X _ ,UQX 0x 0x
= ordy — 5 zordg(u —v )—1
- log(u + (—1)(@+D/2y)

— Ord2(u+ (_1)(a+1)/2v) lOgQ

Since a is not a prime power and v > p(a), we see that
ut (=)@ = afv+ (=1)FV 20 < afp(a) + (-1)1FDp(a);
hence, we obtain the first upper bound for Y:

- log(a/p(a) + (—1)(@+1)/2p(a))
- log b(2) '

Y

On the other hand, we rewrite k2 + [? = ¢Z as
(E4+1vV=1)(k—1v-1) =%

Since c is odd, we see that two factors on the left-hand side of the above
equality are relatively prime in the ring of Gaussian integers. Hence,

we can write
k+1vV—=1=(a; +bvV/—1)%

for some integers a; and b; satisfying aZ + bZ = c. We remark that
ay # by (mod 2). Since Z is odd, we see that

Z
k=ay <a12—1_ (Z_2>G1Z_3b12+"'

Z
:t(g)af b7+ Zblz_1> ,
(3.1)

Z
l=b (Zalzl— (Z_3>a123b12+-~-

c(D)atirr o),
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It is clear that a; divides k£ and b; divides [. In particular, a; and by
are relatively prime non-zero integers. Since a1 # by (mod 2) and z is
odd, we see from (3.1) that k/a; and I/b; are odd integers. Hence, we
find that

ordy(b) Y = ordy(bY) = ordy(2kl) = orda(2a1by).

We only consider the case where a1 is odd (the case where b; is odd is
similar). Since by is even and |b1| = \/c — af < v/c — 1, we obtain the
second upper bound for Y:

ords(2b) < log(2]61]) < log(2y/c—1)
orda(b) ~ ordp(b)log2 =  logbpy

In what follows, we only consider the case where a; is odd (the case
where b; is odd is similar). If a; = 1, then ¢ = af + b7 = 1 + b#; in
particular, any prime factor of ¢ — 1 (= b#) divides b. Further, we see
that

ords(2b;)  orde(4b2)  orda(4(c—1)) ordy(c—1)+2

orda(b)  2orda(b)  2orda(b)  2orda(b)

Finally, we suppose that ¢ — 1 is not a square, or ¢ — 1 has a prime
factor not dividing b, or

OI"dQ(C — 1) +2

v# 2 ordy(b)

Then, by the above remarks, we see that a; has an odd prime factor,
say p. From the first equation in (3.1), we observe that p divides k, but
p does not divide I since ged(k,l) = 1. We claim that

ord, (k)Y = ordy(a1) + ord,(Z).

From the first equation in (3.1), it suffices to show that, if Z is divisible

by p, then
ordp(<Z.> afl) > ord,(Z)
i

forv=3,5,...,Z. Since p > 3, ¢ > 3 and
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where | - | is the floor function, we see that

ordp<(f) af1> = ordp< 2z -1). 'Z.'!(Z mlAd) )

+ ordp(alifl)
=ord,(Z(Z —1)---(Z —i+1)) — ord,(!)
+ (1 —1)ordy(a1)

>0rdp(Z)—L+z—1
p—
=ord,(Z) + p-2 i—1
= ord, =
1
Zordp(Z)—i—?
> ord,(Z).

Hence, the claim is proved. Since b¥ = 2kl and gcd(2l,p) = 1, we see
that
ord, (b)Y = ord, (") = ord, (k) = ord,(a; Z).

Hence,
y < logla1|2)
log b(p)

Since |ai| = \/c — b < +/c—4, it follows from (III-1) that
1/2log(c —4) +1log Z

log b(p)
1/21og(c — 4) + 10g(2Y10g(b/2)+10g2)

Y <

logc
<

log b(p)
o log¥ N log(2log(b/2) + 1/21og2) + 1/2log(c — 4) — loglog ¢
~ log b(p) log b(p) ’

This gives the desired conclusion. ([

Remark 3.3. Under the assumption of Theorem 3.2, we cannot
generally deduce upper bounds for Y such as Y < Clogb, where C
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is an absolute constant. Indeed, the identity
2q—2 2 2 2q—2 2
(22972 — 1) + 220 =(2°97% 4 1)

holds for ¢ > 2.

Theorem 3.4. We consider the case where b is even. Put

2loga logb
logar 7 logby )’

. [2loga logb
m = min{ ——— ,
loga * logb(a)

M = max{

where o is the minimum of a(,) when p runs over the prime factors of
a. Let (z,y,z) be a solution of (1.1). Assume that x,y are even and
z is odd. We write x = 2X and y = 2Y, where X and Y are positive
integers. Then we have the upper estimate

log(c—1)
- 210gb(2) '

Further, we suppose that ¢ — 1 is not a square, ¢ — 1 has a prime
factor not dividing b, or the inequality

log b - log(c—1)
orda(b) ~ orda(c—1)’

holds, or

ords(c — 1)

2ords(b)
Then we may conclude that only one of the following estimates (I) and
(I1) holds.
W 1 4 1 1 1
XSM,ZSHHH og(c — )M+ , Ve—4,
log o log ¢ (c—1)M-mloge

(ID)
Xg?logz z <2M 2 Y

loga ’ log z logc+(c—1)M—m1ogclog(c—1)’ -
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FEstimate (1) is also valid if the inequality

s/c—llogc_ 1

M < log(c —1) (c—1)M-mlog(c—1)

holds.

Proof. Since ¢ = a?X + b?Y is a sum of two powers of relatively

prime integers, we may assume that ¢ does not have any prime factors
congruent to 3 modulo 4, particularly, c =1 (mod 4).

We rewrite (1.1) as
(aX + Y V=1)(a* —bYV—-1) =¢*.

Since ¢ is odd, we see that two factors on the left-hand side of the above
equality are relatively prime in the ring of Gaussian integers. Hence,

we can write
CLX —+ by\/ 71 = (CLQ + bg\/ 71 )Z

for some integers ap and by satisfying ai + b7 = c. We remark that
as # by (mod 2). Since z is odd, we see that

+ (;) a3 by + zbf_l) ,
(3.2)

b = b, (zafl — <z i 3>a223 b3 + - -

i(é) a3 b; %+ b;1> .

It is clear that as divides aX and by divides bY. In particular, as and
by are relatively prime non-zero integers. Then as is odd since a is odd,
o by is even. We can observe from the second equation in (3.2) that
bY/ by is an odd integer, in particular,

o Ordg(bg)
~ ordy(b)
Since |be| = /¢ — ad < v/c— 1, we obtain
< log(c —1)

— 2log b(2) ’
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We will consider the cases |az| = 1 and |as| > 1 separately. First, we
assume that |ap| = 1. Then ¢ = af + bZ = 1 + b3, in particular,
any prime factor of ¢ — 1 (= b2) divides b. Further, we see that
b*Y/(c — 1) = (b¥/ by)? is a positive odd integer, in particular,

log(c — 1) <y orda(c—1)

2logb — 2orda(b)
We suppose that ¢ — 1 is not a square, ¢ — 1 has a prime factor not
dividing b, or the inequality

log b - log(c — 1)
orda(h) ~ orda(c—1)’

holds, or
orda(c —1)

2ords(b)

Then, by the preceding remarks, we see that |as| > 1. We remark that
¢ # 5,80 ¢ > 13 (since ¢ does not have any prime factors congruent
to 3 modulo 4). Then as has an odd prime factor, say p. From the
first equation in (3.2), we see that p divides a, but p does not divide
by since ged(ag,by) = 1. Similarly to an observation in the proof of
Theorem 3.2, we see from the first equation in (3.2) that

ord,(a) X = ordy(az) + ord,(z).

Then, since |az| < v/c — b2 < \/c — 4, we see that
log |az|  log z
logp ' logp
2log max{|as|, 2}
logp
o 2log max{z,/c — 4}

logp

ordy(a) X <

SO

< 2log max{z,v/c — 4}

X
log a(p)

We put
a = a2/ loga(p)7 y = bl/log b(2) )
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We remark that M = log max{a’,b'} and m = logmin{da’,b'}.
We assume that z < /¢ — 4. Then we obtain
X < log(c — 4).
log a(p)
Since
¢ = CL2X +b2Y < a/log(c—l) +b/log(c—1)
. log(c—1)
_ max{a', b/}log(c—l) <1 + <mln{al7 bl} > >

max{a’,b'}

1
o log(c—1
= max{a’, b'}'°( )<1 + (C_l)M—m>

we see that

1
(logc) z < Mlog(c — 1) + log (1 + (c_l)Mm>
< Mlog(c—1)+ (c—DM=—m>
so we obtain
1 —
_logle—1) L .
log c (c—1)M-mloge

Hence, case (I) holds.

Finally, we assume that z > v/c — 4. We remark that z > +/c— 1.
In fact, if /e —4 < 2 < v/c — 1, then 1 < ¢ — 22 < 4. But this does not
hold since ¢ =1 (mod 4) and z is odd. Hence, we have
2log 2 v < log(c —1) < log z

X < , < < .
log a(p) 2log by) log b(2)

Since
& _a2X +b2Y < a/210gz+b/210gz,

we can observe that the above yields

< Mgy
z< —logz+ ——.
~ loge & 22(M=m) Jog ¢



UPPER BOUNDS FOR SOLUTIONS OF a® + bY = ¢? 317

Since z > /¢ — 1, we obtain

z . 2M n 1
logz ~ loge  (loge) 22(M=m) ]og ~
2M 2

~ logc + (c—1)M=m logc log(c — 1)

Hence, case (II) holds. Furthermore, since z > v/c — 1 > 2v/3 > exp(1),
it follows that

2yc—1 _ Ve—1 < 2M N 2
log(c—1) logye—1 ~ loge (c—1)M=7 logc log(c—1)’
0
M Ve—T1loge B 1

log(c —1) (c—1)M=-mJog(c—1)
]

Theorem 3.5. We consider the case where b is odd and b > 5. Let
(x,y,2) be a solution of (1.1). Assume that x and z are even and y
is odd. We write v = 2X and z = 2Z, where X and Z are positive
integers. Suppose that (a,b,c, X,y,Z) # (2,17,3,3,1,2). Then the
following (1) and (I1) hold.

(I) If b is a prime power, then we have

log(2a 4+ 1) log(a+1)
Xy, Z 1
( Y y7 ) E { ( ) logb 9 logc ?

log(c — 1) log(2¢—1) 1
loga °~  logb '

log(2a+1) log(a+1)
logb ~  logc

log(c —1) log(2¢c—1) 1
loga ’  logb ’
then we have

x < Ylog(b/p(b)) —log2
loga

(IT) If b is not a prime power, and

a2 ¢ { (1

)
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- log(b/p()
log ¢

< loga

Y= log(Vbr1-1)

where p(b) is the least prime factor of b. Furthermore, we have
x < 1o8(b/p(b) + (=1)**V2p(b)) — log?2
- log a(2)

;< loa(b/p(b) + (~1)"* p(b)) ~log?2
- log c(g)

?

X +1,

if a is even,

if ¢ is even.

Proof. From (1.1), we define positive odd integers D and FE as
follows:
b = DE,

where D = ¢Z +aX and E = ¢ — aX. It is easy to see that
ged(D, E) = 1. Hence, we can write

D =sY, E=1Y,
where s and ¢ are relatively prime positive integers with st = b. Then
Y+ tY =27, sY —tY =24,
We will consider the cases t = 1 and ¢ > 1 separately.

(I) If t = 1, then ¢Z —a® = E = 1. Since (a,b,¢c,X,y,Z) #
(2,17,3,3,1,2), we see from Lemma 2.10 that X = 1 or Z = 1.
Similarly to the proof of (I) in Theorem 3.2, we obtain the desired
conclusion. We remark that ¢ = 1 if b is a prime power.

(IT) We assume that ¢ > 1. Then b is not a prime power and
t > p(b) (since t is a divisor of b). Since a® < D/2, ¢? < D and
D =W/E, E > p(b)¥, we can obtain the desired upper bounds for X
and Z.

We claim that s > v/b+ 1+ 1. Indeed, since s > t + 2 and st = b,
we find that s2 > b+ 2s, so (s — 1)2 > b+ 1. Hence,

b Yy
2aX=sy—ty:sy—<)
s

>(Vb+1+1)"—(Vb+1-1)" > 2y(Vb+1-1)""",



UPPER BOUNDS FOR SOLUTIONS OF a® + bY = ¢? 319

o)
(Vb+1-1)"" <a¥,
Since b > 5, we have

loga

< —2 X+ 1
- log(\/bJrl — 1) *

Since 4a™ c? = 52Y — t?¥ and
s+ (=D = b/t + (1) < b/p(b) + (-1)"FD2p(b),
we see from Lemma 3.1 that
ordy(a) X + ordy(c) Z = orda(aXc?)
rdy(s?Y — 12Y) — 2
= ordy (S + ( (b+1)/2t) 1

- log (s + (—1)(0+1/2¢) B
- log 2

_ log(b/p(b) + (~1) )/ 2p(B)) oz
- log 2 ’

This gives the desired conclusions. O

In a similar manner to Theorems 3.2-3.5, we can also prove the
following result. Actually, we can further conclude that y = 1 if we use
the result in [8].

Proposition 3.6. We consider the case where b is even. Let (x,y,z)
be a solution of (1.1). Assume that x and z are divisible by 4. We
write x = 4X and z = 47, where X and Z are positive integers. Then
we have

logb X < log(b/b(2)) 7 < log(2b/b(2))
log byay’ 2loga 7’

2logec

Proof. By Lemma 2.2, we may assume that y is odd. From (1.1),
we define positive even integers D and FE as follows:

W = DE,
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where D = 2% + X and E = % — a?>X. It is easy to see that
ged(D, E) = 2, and that D is exactly divisible by 2 since it is a sum of
two squares of odd integers. Hence, we can write

D = 2sY, E =2Pv—1,
for some relatively prime positive odd integers s and t satisfying

28 st = b, where 3 = orda(b) > 1. We can easily show that s > 5.

Since a?>X < D/2, ¢*? < D and D < b¥/2%Y~! we can obtain the
desired upper bounds for X and Z.

We claim that 8 > 2 or ¢ > 3. Indeed, if 3 = 1 and ¢t = 1, then
2971 = (¢Z 4+ a¥)(c? — a¥), so ¢Z + aX = 2Y=2. This implies that
2s¥ = D < (¢ + aX)? = 2%~4 50 s < 4. This is absurd.

We rewrite ¢?Z + a?X = 2s¥ as
(? +a*V-1)(c? —a*V-1)=1+V-1)1——1)s".

It is easy to see that two factors on the left-hand side of the above
equality are relatively prime in the ring of Gaussian integers. Hence,
we can write

Z+a*V-1=1+evV-1)(d +evV/-1)

for some integers d; and e; satisfying dZ +e? = s, where ¢ = 1. Note
that dqy Z e; (mod 2). Let I and J be the real part and the imaginary
part of (dy + e;/—1)Y, respectively, that is,

I=d, <d1-"1 — <g) d¥ el 4.+ ye{“> ,

J=e¢ <ydfl — (g) ¥ Pel 4+ effl) .

Then aX = el + J and ¢ = I — eJ. Hence,
V=140 = B = (¢Z + ea®)(c? — ea™) = —4elJ.

Since y is odd and dy # e; (mod 2), we see that I/d; and J/e; are odd
integers. It follows that

By = orda(4elJ) + 1 = orda(4dier) + 1

log |d
~ ordy(dyer) +3 < gldel

log 2
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log(b/(2°%1 ¢ log b log ¢

<Og(/( ))+3: %2 _(B+20) 42
log 2 log 2 log 2

<logb7

~ log?2

where we used the fact that 2|d;e;| < dZ + e = s = b/(2°t), and that
B >2ort>3. |

4. Applications. In this section, we apply Theorems 3.2-3.5 to the
case of a®+b? = cor a®+b = ¢%. As a result, we obtain several sufficient
conditions for which equation (1.1), with divisibility properties, has a
unique solution. We begin by showing a basic, actually important,
lemma.

Lemma 4.1. Let A, B and C be positive integers greater than one
such that A+ B = C. Let x, y and z be positive integers satisfying
A*+ BY =C*. Ifz=1 ormax{z,y} < z, thenz =y =2z = 1.

Proof. Tt is clear that x =y = 1 if z = 1. If max{z,y} < z, then
A*+ B*<(A+B)*=C*= A"+ BY < A*+ B*.
This gives that A* + B* = (A + B)?, so z = 1; hence, z =y = 1.

First, we consider the case of a® + b? = c. It is easy to see that the
inequality

ve—1loge 1

M < log(c—1)  (c—1)M-mlog(c—1)

which appears at the end of the statement of Theorem 3.4, holds if
a’?+ b =c. ]

In what follows, we denote the ceiling function by [-]. Using
Theorems 3.2 and 3.4, we prove the following result.

Proposition 4.2. Let a, b and ¢ be pair-wise relatively prime positive
integers greater than one such that a®> +b%> = ¢ and b is even. Assume
that ¢ — 1 is not a square, or ¢ — 1 has a prime factor not dividing b,
or the inequality
logb log(c — 1)
orda(b) ~ orda(c—1)
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holds. We further assume at least one of the following conditions (i)—

(iv):
(1) a>b, [

log(7a2) S log(l + (a/b)Q)
2logb 2log b(2)

(ii) a is a prime power, and the inequalities

log(2b?) —‘ S log(1 + (b/a)?)

b
a<b [2loga loga

hold.
(iii) a is not a prime power and the inequalities
a < b,

2log(a/p(a)+(=1)“"D/?p(a)) log(b/2) 1 2
2 max{ log a log b2y log ¢ "log a }log(l +(b/a) )

hold, where p(a) is the least prime factor of a and « is the minimum
of ap) when p runs over the prime factors of a.

(iv) b>V2ad.
Then the exponential Diophantine equation
@2X L p2Y _
has the unique solution X =Y = z = 1 in positive integers X, Y
and z.
Proof. Let (X,Y, 2) be a solution of the equation
(4.1) a?X* 4% = ¢

where X, Y, z are positive integers. Since max{a?¥,b?¥} < ¢*, we see
that
2loga ¥ - log(c/a?) - log(1 + (b/a)?) X

X—z< X -

log ¢ logc logc
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2 log (1 b)?
Y—Z<Y—210ng:10g(C/b)Y: og( —|—(a/))Y
logc logc log c

We will obtain upper bounds for X and Y by using Theorems 3.2 and
3.4.

We claim that

v

log(2¢ —1) log(c—1) 9
2loga  logb )’

Suppose that a>X =2¢—1, b =c—1 and z = 2. Then

a2X_|_1

A+ =c= =bY +1.

From this, we easily observe that X > 1 and Y > 2. If a > b, then the
above implies that 4a® — 1 > a?¥, which implies X = 1. If b > a, then
the above implies that 2b%2 — 1 > bY, which implies Y < 2. This is a
contradiction. The claim is proved.

If

log(2b+ 1) 1 210g(b+1))

XY, z)=
(XY, 2) ( 2loga 7’ logec

then a>X =2b+1,Y =1 and ¢ =b> 4+ 2b+ 1. Then
(a®> +b0*)* =c* =b> +2b+ 1.
From this, we easily observe that z = 1. Hence, a? =2b+1, so X = 1.

First we assume that a is a prime power. By the above remarks, we
see from (I) in Theorem 3.2 that z has to be odd. Then, by Theorem 3.4,
we have |

X < og(c—4)’ v < log(c — 1)'
—  loga ~ 2logb(y)

Next we assume that a is not a prime power. If z is odd, then we

see from Theorem 3.4 that
c—4) v < log(c—1)

x < loal , .
- loga ~ 2logb(y)

Since
a/pla) + (1)@ 2pa) < a/3+3<a< Ve—1,
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we see from (III-1) in Theorem 3.2 that, if z is even, then we have

X < 2log(b/2) < log(c — 4) Cv=1,
loga log

or
X 2log(a/p(a) + (=1)*+V/%p(a)) log(b/2)

< log a log ba)

_ log(a/p(a) + (=1)“*V/%p(a))

- log b(g) '

)

Y

Therefore, we may conclude that

21 _1)(a+1)/2 1 9 B
X < maed 2198(0/p(0) + (D p(a)) log(b/2) - oa(e — 4)
loga logbs) log @

On the other hand, taking equation (4.1) modulo b%, we find that
a** =a*  (mod b?).
Since ged(a, b) = 1, it follows that
X2l =1 (mod b?).
Suppose that X — z > 0. Then a2(X=2) > 1 + 2b2, so

log(2b?)
2loga |’

Xz>[

Therefore, we see that if a is a prime power. Then

[log(%z) —‘ - log (1 + (b/a)?)

2loga loga

)

and that if a is not a prime power, then

[ log(2b%) —‘ < max{ 2log(a/p(a) + (—1)"31p(a)) log(b/2)

)

2loga log a log b2y log c

lo;a} log(1+ (b/a)?).
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We can easily observe that both the above two inequalities do not hold
if @ > b since the values of their right-hand side are less than 1. We
remark that both the values of their right-hand sides are greater than
or equal to p :=log(1 + (b/a)?)/log a. Furthermore, if b > v/2a%, then

S 2log(b/a)  log(b*/a*) < log(2a2b?)

loga 2loga — 2loga
~ log(20%) ) log(2b%)
~ 2loga 2loga |’

Therefore, we may conclude that X < zifa > bor b > V2a3. Also,
taking equation (4.1) modulo a?, we find that

V=2 =1 (mod a?).

Suppose that Y —z > 0. Then b*(Y =2) > 14742 (since a®> = 1 (mod 8)
and p*Y=%) =0 (mod 8)), so

log(7a?)
Y—z>|——]|.
°= [ 2logb

This implies that

log(7a2) - log(l + (a/b)z)
2logb 2log ba) '

We remark that the above inequality does not hold if @ < b since the
value of the right-hand side is less than 1. Therefore, we may conclude
that Y < z if a < b. To sum up, under each of the assumptions (i),
(ii), (iii) and (iv), we obtain X =Y = z =1 by Lemma 4.1. O

From Proposition 4.2, we may obtain the following corollary.

Corollary 4.3. Let a, b and ¢ be pair-wise relatively prime positive
integers greater than one such that a®> +b%> = ¢ and b is even. Assume
that ¢ — 1 is not a square, ¢ — 1 has a prime factor not dividing b, or
the inequality
log b log(c — 1)
orda(b) ~ orda(c—1)
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holds. We further assume at least one of the following conditions:

(i)
1

4§b/as{
b(2)—1

a? -1 if a is a prime power,

\/min{a, bi)}? —1 if a is not a prime power,

where a is the minimum of a,y when p runs over the prime factors

of a.
(ii) —— <b/a< V3.

(iii) 2a% < b.
Then, the exponential Diophantine equation
@2X LY

has the unique solution X =Y = z = 1 in positive integers X, Y
and z.

Proof. Case (ii) is an immediate consequence of case (i). Further,
case (iii) is just (iv) in Proposition 4.2, so we only consider case (i).

Assume that s :==a/b>1. If s < b(42) — 1, then we see that

2 2

log(1+5%) _, _ [ log(7a’) 7
2log by) — | 2logb

so the desired conclusion follows from Proposition 4.2 (i).

Assume that t := b/a > 1. Suppose that a is a prime power. If
t < va? — 1, then we see that

1 2 2
og(1+t%) co< log(2b%)
loga | 2loga

so the desired conclusion follows from Proposition 4.2 (ii).

Suppose that a is not a prime power. Since a > 15, p(a) > 3, b = at
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and ¢ = a?(t? + 1), we see that

2log(a/p(a) + (=1)*+1/2p(a)) log(b/2)
log a log b2y log c
< log(a/3+3) log(a®t?/4) 1
= loga  log(a?(t?+1)) logb)
1
log b(g) '

<

Hence, if t < \/min{e, b(2)}2 — 1, then we find that

1 1 log(1 + 2 log(2b2
max{ ——, —— s log(1 + t2) = o1 +#) o [los()]
loga’ log b(ay log min{a, b(2)} 2loga

so the desired conclusion follows from Proposition 4.2 (iii). g

Next, we consider the case of a? + b = ¢2. Using Theorems 3.2 and
3.5, we prove the following result.

Proposition 4.4. Let a, b and ¢ be pair-wise relatively prime positive
integers greater than one such that a®>+b = c? and b is odd. We assume
at least one of the following conditions (1)—(iv) :

(i) ¢ =2 (mod 4).
(ii) b is a prime power.
(iii) b is not a prime power, a is even and the inequalities

ax{ { log(3b) -" 2} . log (b/p(b) — p(b))

log a(z)loge

log(c/a),

[1og(2a2) -‘ - 2log(a/2) log(b/p(b) — p(b))
2logec | log a(z) log b log c

2loga

log(l + (c/a)12—1)

hold, where p(b) is the least prime factor of b.
(iv) b is not a prime power, c is even and the inequalities

ax{ FOg(%)-" 2} > log(b/p(b) + p(b)) — log2

2loga log a log c(2)

log(c/a),
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o[ 522]
N log(b/li(()bg)b-i-l fg(iiz)— log 2 1og<1 + (c/a)12—1>

hold, where p(b) is the least prime factor of b. Then the exponen-
tial Diophantine equation

Q2X 4 = 27

has the unique solution X =y = Z =1 in positive integers X, y
and Z.

Proof. Let (X,y,Z) be a solution of the equation
(4.2) a?X 1Y =%

where X,y,Z are positive integers. We remark that Z < 2y. This
follows from the relation

> (2 —a?) = = ( +a¥)(? —a®)>c? +aX >
In particular, we find that X =y=2=1ify=1.

(i) We assume that ¢ = 2 (mod 4). Then we see that b = ¢ — a? =
4 —1 = 3 (mod 8). Taking equation (4.2) modulo 8, we find that
1+3Y =47 (mod 8). If Z > 1, then 3 = —1 (mod 8), which does not
hold. Hence Z =1, so X =y =1 by Lemma 4.1.

(ii) We assume that b is a prime power. From Lemma 2.1, we see
that y has to be odd if ¢ is even. Then, by (I) in Theorem 3.2 and (I)
in Theorem 3.5, we have

log(2a + 1) log(a+1)
logb ' logc

log(c —1) log(2c—1) 1
loga *~  logb ’ '

b=c—a*>c? —(c—1)?=2c—1>2a+1,

(X,y,2) € {(1

Since

we conclude that c=a+1land X =y=27=1.
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In what follows, we assume that b is not a prime power. Also, by
the above remarks, we may assume that

(X,y.2) 2 (1,820 D) Joglat D (logle— 1) log(2e—1) |
log b logec loga log b

(iii) We assume condition (iii). Next we remark that b =1 (mod 4).
Since max{a?X,b¥} < ¢*Z, we see that

loga
X—-7Z<X-— =—1
< logc logc og(c/a),
logb log(c?/b)
-7 <
Y 2logc L logc

= gz (1 G )

We will obtain upper bounds for X and y by using Theorems 3.2 and
3.5.

Suppose that y is odd. By Theorem 3.5 (II), we have

log(b/p(b) — p(b)) loga log(b/p(b) — p(b))
X s log a(2) ’ y= log a(s) log(\/m — 1) L

Suppose that y is even. From Lemma 2.1, we see that ¢ has to be odd.
By Theorem 3.2 (III-1), we have

- 4log(a/2)

X =1
’ logb

or

logmln{b/p —p(b), 2\/7}

log Qa(2)
410g(a/2) log min{b/p(b) — p(b), 2v/c — 1}
log a(s) log b '

If the former case holds, then since b > 2a + 1, we see that

4log(a/2) < 4log(a/2)
logb  ~ log(2a+1)

)

so y = 2. This implies that a? + b% = (a? + b)Z. But this clearly does
not hold. Hence, the latter case holds. To sum up, we may conclude
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that
X < log(b/p(b) — p(b))’ ) < 4log(a/2) log(b/p(b) — p(b)).
log as) log a(z) log b
Therefore, we see that
log(b/p(b) — p(b
x _ 7 < oa(®/p(d) —p(b) log(c/a).
log a(z)logc
21 2) log(b/p(b) — p(b
o,  2log(a/2) log(b/p(b) — p(b) 1og<1+ 1 )
log a(2) logb log c (c/a)?> —1

On the other hand, taking equation (4.2) modulo b, we find that
a®** =a*?  (mod b).
Since ged(a,b) = 1, it follows that
X2l =1 (mod b).

Suppose that X — Z > 0. We will observe that this leads to a
contradiction. Then a2(X=%) > 1 + 3b (since a is even and b = 1
(mod 4)). We will show that X — Z > 2. Suppose that X — Z = 1.
We remark that y > 2 and Z > 2 (since (X,y,2) = (1,1,1) ify =1
or Z =1). It is clear that X or Z is even. Then y < 3 by Lemmas
2.2, 2.5 and 2.8. If y = 2, then, and since Z < 2y < 4, we find that
(X,Z) € {(3,2),(4,3)}. This contradicts Lemma 2.6. If y = 3, then
(X,72)€{(3,2),(4,3),(5,4),(6,5)}. This contradicts Lemmas 2.7 and
2.9. Tt follows that X — Z > 2. Hence,

X — 7 > max log(3b) , 20,
2loga
This implies that

{5 )<

Sloga log(c/a).

But this contradicts our assumptions. Hence, X < Z. Also, taking
equation (4.2) modulo a?, we find that

A2l =1 (mod a?).
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Suppose that y — Z > 0. Then ¢>¥=%) > 1 4 2a2. Tt follows that
2
g |18 ]
2loge
This implies that

log(2a?) 2log(a/2) log(b/p(b) — p(b)) 1
{ 2logc —‘ < log a(2) logb log ¢ 10g<1 + (¢/a)? — 1)'

But this contradicts our assumptions. Hence, y < Z. Therefore, we
obtain X =y =7 =1 by Lemma 4.1.

(iv) We assume condition (iv). We remark that b = 3 (mod 4).
From Lemma 2.1, we see that y has to be odd (since ¢ is even). Then,
by (II) in Theorem 3.5, we have

_ log(b/p(b) + p(b)) — log2
- log ¢(2) ’

Since max{a?X,b¥} < c?2, we see that

log ¢ Z
-7 Z—7Z=—1
< loga loga og(c/a)

log(b/p(b b)) —log2
og(b/p(b) +p(b)) —log log(c/a).
log a log c(9)

21 log(c /b
y—z<2le, , lelc/b) , log<1—|— )
1

<

log b log b log b c/a
log(b/p(b) +p(b)) —log2 | (1 1
log b log c(2) (c/a)2—1)"

Suppose that X — Z > 0. Similarly to (iii), we can observe that
a?X=2) > 14 8band X —Z > 2. But this contradicts our assumptions.
Hence, X < Z.

Suppose that y — Z > 0. We will observe that this leads to a
contradiction. Similarly to (iii), we can observe that ¢>¥=%) > 14742
We will show that y — Z > 2. Suppose that y — Z = 1. Since y is odd,
we see that Z is even. Then y < 3 by Lemmas 2.2, 2.5 and 2.8. Hence,
y=3and Z = 2. Since a® + b= c? and a*¥ + b% = ¢, we see that

(402 <) a®** + b3 = (a® + b)? < 4max{a?,b}%
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This implies that a?> > b. Taking the above modulo a?, we see that

b® = b? (mod a?), so b = 1 (mod a?) since ged(a,b) = 1. This is a
contradiction since a? > b and b > 1. It follows that

2
7> max] [ 208790 ] 51
2logc
This implies that

e[ ioge | 2}

2lo 2) log(b/p(b) — p(b 1
_ 2log(a/2) log(b/p(b) — (b)) 10g<1—|— 2 )
log a(s) log b log c (¢/a)?> —1
But this contradicts our assumptions. Hence, y < Z. Therefore, we
obtain X =y =2 =1 by Lemma 4.1. |

From Proposition 4.4, we may obtain the following corollary.

Corollary 4.5. Let a, b and c be pair-wise relatively prime positive
integers greater than one such that a®> +b = c and b is odd. We
assume at least one of the following conditions (i), (ii) and (iii):

(1) a=0 (mod 2), 1+ —— <c/a<a
a(2

(ii) ¢c=0 (mod 2), 1+ VE@)-

(2)
(ii) V2<cla<2.
Then the exponential Diophantine equation
G/QX + Y = CQZ

has the unique solution X =y = Z =1 in positive integers X, y and Z.

Proof. By Proposition 4.4 (i), we observe that case (iii) is an imme-
diate consequence of cases (i) and (ii). So we only consider cases (i)
and (ii). By Proposition 4.4 (ii), we may assume that b is not a prime
power.
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We assume that a is even. If u := c/a < a(), then, since
b/p(b) —p(b) <b/3 -3 < b< c? we see that

log(b/p(b) — p(b)) oz < 2logu <
log a(z)loge logag) —

Also, if u > \/1 + (1//@@zy — 1), then, since b/p(b) — p(b) < b, we see
that
21 2) log(b/p(b) — p(b 2
og(a/2) log(b/p(b) — p(b)) log(1+ 21 )< log(a?/4)
log a(2) log b log c u? —1 log a(z) log c

 log(a?/4) - log(2a?)
~ 2loge 2logc

a(2)

so the desired conclusion follows from (iii) in Proposition 4.4.

We assume that c is even. If u := c¢/a < /¢y, then, since
b/p(b) + p(b) < b/3+ 3 < b, we see that

log(b/p(b) + p(b)) — log 2 logb
1 ——— log ./
log a log c(2) oY log a log c() B V)

_ logb log(8b)
~ 2loga 2loga |

Also, if u > /14 (1/cf) — 1), then we see that

log(b/p(b) + p(b)) — log2 1 1 9
1 1 1 =2
log b log ¢(2) s\ w_1)° log ¢(2) 082 ’

so the desired conclusion follows from Proposition 4.4 (iv). ]

5. Proofs of Theorems F1 and F2. In this section, we prove
Theorems F1 and F2. Let {F,},>0 be Fibonacci numbers, defined by
Fy=0,Fy =1, F40 = Fj,41 + F,,. In the proofs of Theorems F1 and
F2, we will use Cassini’s identity:

Fn2 = (_1)n+1 + ananJrl

for n > 1 (cf., [12, page 74, Theorem 5.3]). This will play a crucially
important role in the proofs. In the study of Fibonacci numbers we
often observe that Lucas numbers {L, },>o work well, as well as in the
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proofs of Theorems F1 and F2. They are defined by Lo = 2, L1 = 1,
Ln+2 = Ln+l + Ly

5.1. Proof of Theorem F1. Let n > 3. We first note that F,, F},+1
and Fb, 11 are pair-wise relatively prime positive integers greater than
one. Let (x,y, z) be a solution of the equation

(5.1) EX+FY =F5

where x, y and z are positive integers. First, we determine the
parities of x and y by using congruence reductions. Further, we
obtain congruence relations among z,y and z. Actually, we do not
use statement (ii) in the following lemma (see Remark 5.4).

Lemma 5.1. The following hold:

(i) « and y are even.
(ii) X = z (mod Fy41) and Y = z (mod F,,), where X = /2 and
Y =y/2.

Proof. We first consider the case of n = 3. In this case, we rewrite
(5.1) as

(5.2) 927 4 3 = 137,
Taking (5.2) modulo 3, we have (—1)* =1 (mod 3), so x is even. Then,
taking (5.2) modulo 4, we have (—1)¥ = 1 (mod 4), so y is even. By

Corollary 4.3, we have X =Y = 2z = 1; in particular, (ii) also holds.
Hence the lemma holds for n = 3. Similarly, we can prove the lemma
for n = 4. Hence, it suffices to consider the case of n > 5.

For any m > 4, we see that F,,11 — F, = Fj—1 > F3 =2 > 1 and
F,, > 1. Hence, F,,, # £1 (mod F,;,+1). In particular, we find that

F,#+1 (mod F,41), Foy1=F,_1 #Z+1 (mod F,).
We write x = 2X + x7, where X is a non-negative integer and
x1 € {0,1}. By Cassini’s identity, we see that
Fn2:5+anan+156_FnFn+1 (mOdFrL2+1)7
where § = (—1)"*!. Hence, we observe that

2X 2X rhxy
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= (6 - FnFn+1)XFnI1
= (5X - 5X_1FnFn+l)anl (mod F73+1)7F2i+1 :(Fn2 + Fn2+1)z
= FnZz

= (5 - FnFn,+1)Z
=6"—-0""'F,F, 1z (mod F2,).

It follows from (5.1) that

(6% —6X"'F F

n

LED+EY =6 —6T'F,F,

nt12  (mod Fn2+1)'

Reducing this modulo Fj, 1, we have
§XF =6 (mod F,,,).

If 1 = 1, then F,, = &1 (mod F,,41), which is absurd. Hence, z; = 0,
that is, * = 2X. Then, 6¥ = §° (mod F,1). This implies that
6% =% since § = £1 and F,,;1 > 3. Hence, we find that

—6*'F X + FnyJ:ll =—0"""'F,z (mod F,,,).

Similarly, we can prove that y is even by taking (5.1) modulo F,? (for
this, we use the congruences F,2, = —0 + F,F, ; (mod F,?) and

Foy1 # £1 (mod F,)), and that

an_l + (_5)Y_1Fn+ly = (_6)Y_1Fn+lz (mOd Fn)’
where Y = y/2. Since & > 2 and y > 2, it follows from the above two
congruences that X =z (mod F, 1) and Y = z (mod F,,).

By Lemma 5.1, we can write x = 2X and y = 2Y, where X and Y
are positive integers.

It suffices to consider the case where Fy,, 11 is odd. Indeed, if Fo,, 41 is
even, then F,, and F,, 11 are odd, so F, | = F2X+F2' =2 (mod 4).
This gives that z = 1; hence, X =Y =1 (by Lemma 4.1). a

In what follows, we consider the case where Fs, 41 is odd. In order
to use Corollary 4.3, we show the following lemma.

Lemma 5.2. Fy,+1 — 1 has prime factors not dividing F,, and F,, 41,
respectively.
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Proof. We first remark that both F,, and L,, are prime to F;,+1, and
that both F, ;1 and L,1 are prime to F,. Since Fy, , = F?+ F2,
and L,, = Fy41 + F—1 for all m > 1, we see from Cassini’s identity
that

F,L,+1 if nis even,
Font1 —1= .
L,F,y1 ifnisodd.

This proves the lemma. O

Since Fy41/F, < 3/2, combining Corollary 4.3 (ii) with Lemma
5.1 (i) and Lemma 5.2, we obtain X =Y = z = 1. This completes the
proof of Theorem F1. O

Remark 5.3. Although we show in Lemma 5.2 that a condition of
Corollary 4.3 (essentially, of Theorem 3.4) holds, we can actually verify
the other conditions. Using the result in [9] (see also [4]), which states
that all of Fibonacci numbers being a square increased by 1 are given
by Fy = Fp =1, F3 = 2 and F; = 5, we may conclude that Fy,41 — 1
is not a square. Further, by easy calculations of 2-adic valuations of
Fibonacci and Lucas numbers, for example, in the case where Fj,; is
even, we can prove the inequality

orda(Fopy1 — 1) < 2( - log(Foni1 — 1))
ords(Fpy1) — log Fi 11 ’

Also, if the equality Y = (orda(Fop1+1 — 1))/(20rda(F),+1)) holds, then
we have Y = 1 by the above inequality. Then, by means of Baker’s
theory of liner forms in (two) logarithms, we can estimate the value of
X as X = O(log F,,). But the implied constant is much larger than the
one obtained from Theorems 3.2 and 3.4.

Remark 5.4. For a positive integer ¢, let {f,(t)}n>0 be the linearly
recurrence sequence defined by fo(t) = 0, fi(t) = 1, fai2(t) =
t fat1(t) + fu(t). Tt is clear that f,(1) = F,. According to [12,
Chapters 37, 38], the formula

Sn@)? 4 frs1 () = fonga ()

holds for n > 0. Also {f.(¢)}n>0 has a formula similar to Cassini’s
identity. Similarly to the proof of Theorem F1 (with congruence
relations similar to Lemma 5.1) (ii), we can prove the following result.
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Theorem P1. For each n > 3 and positive integer ¢, the exponential
Diophantine equation

fn@®)" + far1(t)Y = font1(t)”

has the unique solution (z,y,z) = (2,2,1) in positive integers z, y
and z.

This is a generalization of Theorem F1. We omit the proof.

5.2. Proof of Theorem F2. Let n > 3. We first note that F,, Fi, 12
and Fy, 1o are pair-wise relatively prime positive integers greater than
one. We remark that Fy, 40 = Fj,11L,4+1. Let (2,9, z) be a solution of
the equation

(5~3) an + Fzgl-s-z = Fnz+2

where x,y, z are positive integers. We prepare several lemmas. First,
we determine the parities of x and z by using congruence reductions.
Further, we obtain congruence relations among x, y and z.

Lemma 5.5. The following hold:

(i) z and z are even.
(ii) 3(X —y) = 0 (mod Fy42) and 3(Z —y) = 0 (mod F,), where
X =x/2 and Z = z/2.

Proof. We first consider the case of n = 3. In this case, we rewrite
(5.3) as

(5.4) 2% 4 21Y = 57,

Taking (5.4) modulo 3, we have (—1)* = (—1)* (mod 3), so z = z
(mod 2). Also taking (5.4) modulo 5, we have 2* = —1 (mod 5),
so x is even; hence, z is even. By Proposition 4.4 (iii), we have
X =y = Z = 1; in particular, (ii) also holds. Hence, the lemma
holds for n = 3. Similarly, we can prove the lemma for n = 4. Hence,
it suffices to consider the case of n > 5. Then, as observed in the
proof of Lemma 5.1, we see that F,, (= —F,4+1) # £1 (mod F,12) and
Foyo (= Fut1) £ 1 (mod F,,).



338 TAKAFUMI MIYAZAKI

We write x = 2X + z9, where X is a non-negative integer and
x9 € {0,1}. By Cassini’s identity, we easily see that

Fl == +3F,Fuys (mod F,),
where § = (—1)""1. Hence, we observe that
Fo = F2Xpo
= (=0 +3F,F,10) F
=((=6)* + (=6) X 13F, Fry2 X)F7>  (mod F2 ),
Fopi :(Fn2+2 - an)y

= (6 —3F,Fni2)Y
=6Y — 0¥ '3F,Fhioy (mod F2,).

It follows from (5.3) that
((=0)* + (—=6)* '3F, Fyp0 X)E
=Y+ 6V 13, Fyoy+ F7y (mod F2,).
Reducing this modulo F,, 2, we have
(=0)¥F™ = —§Y (mod F,,,).

If 2o = 1, then the above implies that F,, = £1 (mod F},12), which
is absurd. Hence, zo = 0, that is, z is even. Then (—§)% = —&¥
(mod F,,,). This implies that (—8§)* = —¢¥ since § = %1 and
F,+2 > 3. Hence, we find that

(=) 18F, Fa X = (—0)X 13F,Fryay+ F7, (mod F2,),

SO
(=6)X18F,(X —y) = F7,  (mod F,,,).

Similarly, we can prove that z is even by taking (5.3) modulo F,? (for
this, we use the congruences F2 , = —§ + 3F,F,;1 (mod F,?) and

Fhy2 # £1 (mod F,)), and that

(_5)X713Fn+2(z - y) = anil (mOd Fn)a
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where Z = z/2. Since z > 2 and z > 2, it follows from the above
two congruences that 3(X —y) = 0 (mod F,,42) and 3(Z —y) = 0
(mod Fp,). O

By Lemma 5.5 (i), we can write z = 2X and z = 2Z, where X and Z
are positive integers. We recall that, if y = 1, then X = Z = 1 (which
has already been shown at the beginning of the proof of Proposition
4.4).

We first consider the case where Fj, 1 is odd. Then Fy, 45 is also
odd. In this case, we can use Corollary 4.5.

Lemma 5.6. If F,, 11 is odd, then X =y=7 = 1.

Proof. Assume that F,y; is odd. First we assume that F,1; = 1
(mod 4). Then, F,, or F, 2 is divisible by 8. Since F,12/F, < 5/2, by
Corollary 4.5 (i), (ii) , we have X =y =2 = 1.

Next we assume that F,, 11 = 3 (mod 4). Then F,, = 2 (mod 4) or
Fr12 =2 (mod 4). By Proposition 4.4 (i), we may assume that F,, = 2
(mod 4). We claim y is odd. Suppose that y is even. We will observe
that this leads to a contradiction. We can write y = 2Y, where Y is
a positive integer. We remark that Fj, o has to be odd, so F;,, = 2
(mod 4). Then, we observe from Lemma 5.5 (ii) that Z is even. Hence,
Y is odd by Lemma 2.2. By Lemma 2.1, we can write

Fpio=k -1’  FZ,=K+0

for some relatively prime integers k and I. Since Fyp 40 = F,2 ,—F2=5
(mod 8), and Z is even, we see from the above two equations that

2% = (Fn2+2)z/2 — Fypo = 12/2 _5Y =4 (mod 8),

so [2 =2 (mod 4). But this does not hold. Hence, the claim is proved.
Since Fo,q12 = 5 (mod 8) and F,, 49 is odd, it follows from (5.3) that
4% =4 (mod 8). This implies that X = 1. By Theorem 3.5 (II), we
find that
log F},
<

Y=
log(\/FQTLJ,_Q +1-— ].)

so y = 1; hence, Z = 1. O

+1<2,
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Finally, we consider the case where F;,;1 is even. We shall first show
the following lemma.

Lemma 5.7. If F,, 11 is even, then X and Z are odd.

Proof. We assume that F), 11 is even. Suppose that X or Z is even.
We will observe that this leads to a contradiction. We remark that
y > 1. By Cassini’s identity, we see that

F2=6+F, 1Fp1=6—F,Fp1 (mod FZ ),
Flo=0+Fu1Fus=0+F,F,y1 (mod F2 ),

n

where § = (—1)""1. Hence, we observe that
F2X = (6 — FyFoy1)* =6% =6 'F,F, 11X (mod F2,),
F2l, = (6 + FyFoy1)? =67 + 677 'F,Fp1Z  (mod F2)).
Since Fopio = Fa1Ln41 and y > 1, it follows from (5.3) that
6% — X F,Fy1 X =67 + 677 F,FoiZ  (mod F2)).

Reducing this modulo F,,;, we have 6X = 6% (mod F,.1). This
implies that 0¥ = 6% since 6 = 1 and F,,; > 3. It follows from
the above congruence that

¥ F,(X+2)=0 (mod F,,,).

This implies that X + Z = 0 (mod F,41). In particular, we see that
X+Z>F,41 and X = Z (mod 2). Hence, both X and Z are even.
Applying Proposition 3.6 to the case of (a,b,c) = (Fn, Font2, Fri2),
we have
log Fop 2
3log2 ’
log(Fan+2/8)
log F,
log(Fonq2/4)
log i, 12

X < y < 2y,

Z < y < 2y.

This yields
4 log F2n+2

X+Z<4y—14
tasy < 3log2

—4< F7L+1-
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This is a contradiction. We conclude that X and Z are odd.

From (5.3), we define positive even integers D and E as follows:
(55) F2y71+2 = DEv

where D = FZ, + FX and E = F,Z, — FX. It is easy to see that
ged(D, E) = 2. O

We will consider the cases Fy, 11 =2 (mod 4) and F,, 11 =0 (mod 4)
separately. Those cases can be handled by use of Cassini’s identity.

Lemma 5.8. If F,,11 =2 (mod 4), then X =y=2=1.

Proof. We assume that F,, 11 =2 (mod 4). We remark that F, 11 =
2 (mod 8) since F,,, # 6 (mod 8) for all m > 0. It is easy to see
that F,, = 1 (mod 4), Fj,12 = —1 (mod 4) and ords(Fo,42) = 3. By
Lemma 5.7, we know that X and Z are odd. Hence, D = F,Z ,+ F,.X =
(=1)? +1 =0 (mod 4). Since ged(D, E) = 2, we see from (5.5) that
there exist relatively prime positive odd integers S and T such that

D=FZ,+FX=2%"1s  E=FZ,-FX=2T

n

Since the square of an odd integer is congruent to 1 modulo 8, we see
from the second equation above that

2r=Ff/,-FX=F, ,—-F,=F, ;=2 (mod8),
that is, T =1 (mod 4). Therefore, we find that
2% 28 =FZ2,-T=2 (mod 4).

This implies that y =1,s0 X = Z = 1. |
Lemma 5.9. If F,,11 =0 (mod 4), then X =y=2=1.

Proof. We assume that F,; 13 = 0 (mod 4). Then n > 5 and
L,11 is even. It is easy to see that F,, = F,1o = 1 (mod 4) and
B := orda(Fa,42) > 3. Since ged(D,E) =2 and D = FZ, + F,X =2
(mod 4), we see from (5.5) that E is divisible by 2%¥~!, in particular,
divisible by 4 (since Sy — 1 > 3y — 1 > 2).
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By Lemma 5.7, we can write X = 2X’ + 1 and Z = 27’ + 1, where
X' and Z' are non-negative integers. Then we find that

E:FnZ—&-QiFnXEFnZ*FnX :(FW?ZIiFV?XI)Fn

(mOd Fn+1)'

By Cassini’s identity, we easily observe that F,2 = § (mod F,, ),
where § = (—1)"*1. Hence,

E=(67 —6X)F, (mod F,1).

Reducing this modulo 4, we have 62 —§X" = 0 (mod 4), so 6% —6%X' =
0 since § = +1. Hence, E = 0 (mod F,,41). This implies that D/2 is
prime to Fj,11. We can rewrite (5.5) as

D . Lo\
(3)p=2"rm(5r)

Since D/2 is prime to 2F, 11, we see that D /2 divides (Lp+1/2)Y; hence,

E is divisible by 2¢~'F¥ . It follows that
y
D _ 2(Lni1/2)

E — 2 1RV,

y y y
—4 Ln+1 —4 l + Fn S 4 g 7
4F, 1 4 2F, 1 16
where we used the facts that L, 11 = F, 41 + 2F, and F,,/F,,+1 < 5/8.
The above gives that y < 2. Since F 4, + F, < D < 2(L,41/2)?, we

1<

have
Z< log(2(Ln41/2)* — F,) <2
1Og Fn+2
so Z = 1. Hence, X =y =1 by Lemma 4.1.
Lemmas 5.6, 5.8 and 5.9 complete the proof of Theorem F2. O

Remark 5.10. For a positive integer ¢, let {B,,(t)}n>0 be the linearly
recurrence sequence defined by Bo(t) = 0, Bi(t) = 1, Buya(t) =
t Bpt1(t) — Bp(t). It is clear that B,(3) = Fs,. According to [12,
Chapter 41], the formula

Bn(t)2 + Bapta(t) = Bn+1(t)2

holds for n > 0. Also, {B,(t)}n>0 has a formula similar to Cassini’s
identity. Similarly to the proof of Theorem F2, with the theory of linear
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forms in (two) logarithms (instead of the arguments in the proofs of
Lemmas 5.8 and 5.9), we can prove the following result.

Theorem P 2. For each n > 2 and positive integer t > 3, the
exponential Diophantine equation

Bn(t)m + BQn+1(t)y = Bn+1(t)z

has the unique solution (z,y,z) = (2,1,2) in positive integers z, y and
2.

This is a partial generalization of Theorem F2. We omit the proof.
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