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HOMOCLINIC ORBITS OF NONLINEAR FUNCTIONAL
DIFFERENCE EQUATIONS WITH JACOBI OPERATORS

ZHIGUO REN, YUANBIAO ZHANG, BO ZHENG AND HAIPING SHI

ABSTRACT. By using the critical point theory, the exis-
tence of a nontrivial homoclinic orbit which decays exponen-
tially at infinity for difference equations containing both ad-
vance and retardation is obtained. The proof is based on the
mountain pass lemma in combination with periodic approxi-
mations. Our results extend the results of 2007.

1. Introduction. As usual, N, Z and R denote the sets of all
natural numbers, integers and real numbers, respectively. For a, b
∈ Z, define Z(a) = {a, a + 1, . . . }, Z(a, b) = {a, a + 1, . . . , b} when
a ≤ b. l2 denotes the space of all real functions whose second powers
are summable on Z. ∗ is the transpose sign for a vector. I denotes the
identity operator.

Time symmetric electrodynamics contradicts experience because we
do not observe advanced interactions. A lot of papers are known about
differential equations with retarded arguments [15, 18, 22], including
the retarded equations of electrodynamics [27]. For advanced interac-
tions, many of the theorems do not hold. Wheeler and Feynman [32]
proposed that the universe acts to absorb advanced interactions, leav-
ing a residual radiation reaction. In time symmetric electrodynamics
Schulman [28] has studied the following equations

d2u(s)

ds2
+ ω2u(s) =

1

2
αu(s− τ) +

1

2
βu(s+ σ) + ψ(s), s ∈ R

(1.1)

and
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ds2
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where α, β, ω, τ and σ are given constants, τ, σ > 0 and ψ(s) is a
given function. An explicit solution was given to a boundary value
problem for equations (1.1) and (1.2), respectively. The approach used
in [28] was simply to give boundary values rather than initial values
for the solution. The solution was well behaved, even in the presence
of advanced interactions.

Equation (1.2) with ψ = 0 can be derived by variation of the action
[9, 17]

(1.3) J =
1

2

∫ [(
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(
s− τ

2

)]
ds.

Guo and Xu in [1] have given some criteria for the existence of peri-
odic solutions to a class of second-order neutral differential difference
equations as the following type

u′′(s− τ)− u(s− τ) + f(s, u(s), u(s− τ), u(s− 2τ)) = 0, s ∈ R,

with a boundary value problem by means of critical point theory. In
[29], using a variant of the mountain pass theorem, Smets and Willem
have proved the existence of solitary waves with prescribed speed on
infinite lattices of particles with nearest neighbor interaction for the
following forward and backward differential difference equation

c2u′′(s) = V ′(u(s+ 1)− u(s))− V ′(u(s)− u(s− 1)), s ∈ R.

Certainly, an immediate generalization of equation (1.2) is the fol-
lowing equation

(1.4) Su(s)− ωu(s) = f(s, u(s+ T ), u(s), u(s− T )), s ∈ R.

Here S is the Sturm-Liouville differential expression and ω ∈ R, T is a
given nonnegative integer, f ∈ C(R4,R).

In this paper, we consider the existence of a nontrivial homoclinic
orbit which decays exponentially at infinity for the following equation

(1.5) Lu(t)− ωu(t) = f(t, u(t+ T ), u(t), u(t− T )), t ∈ Z,



HOMOCLINIC ORBITS 1993

containing both advance and retardation. We may think of equa-
tion (1.5) as being a discrete analogue of equation (1.4) which includes
equation (1.2). Here the operator L is the Jacobi operator

Lu(t) = a(t)u(t+ 1) + a(t− 1)u(t− 1) + b(t)u(t),

where a(t) and b(t) are real valued for each t ∈ Z, ω ∈ R, f ∈ C(R4,R),
a(t), b(t) and f(t, v1, v2, v3) are all M -periodic in t for a given positive
integer M .

Jacobi operators appear in a variety of applications, see for example,
[31]. They can be viewed as the discrete analogue of Sturm-Liouville
operators, and their investigation has many similarities with Sturm-
Liouville theory. Whereas numerous books about Sturm-Liouville
operators have been written, only a few exist on Jacobi operators.
In particular, there is currently less research available which covers
some basic topics (like positive solutions, periodic operators, boundary
value problems, etc.) typically found in textbooks on Sturm-Liouville
operators.

For the case T = 1, Chen and Fang [5] have obtained a sufficient
condition for the existence of periodic and subharmonic solutions of
the second-order p-Laplacian difference equation

Δ(ϕp(Δu(t− 1))) + f(t, u(t+ 1), u(t), u(t− 1)) = 0, t ∈ Z,

using critical point theory.

In recent years, there has been much progress on the qualitative
properties of difference equations, which included results on stability
and attractivity [20, 34] and results on oscillation and other topics [1,
7, 24]. For the general background of difference equations, one can
refer to the books [1, 7, 16]. However, the results on the existence and
multiplicity of periodic solutions, subharmonic solutions, homoclinic
and heteroclinic solutions of difference equations are relatively rare,
see for example [8]. In the theory of differential equations, a trajectory
which is asymptotic to a constant state as |s| → ∞ (s denotes the time
variable) is called a homoclinic orbit. Such orbits have been found in
various models of continuous dynamical systems and frequently have
tremendous effects on the dynamics of such nonlinear systems. So
the homoclinic orbits have been extensively studied since the time of



1994 Z. REN, Y. ZHANG, B. ZHENG AND H. SHI

Poincaré, see [6, 14, 19, 21, 23, 25, 30] and the references therein. In
recent research we have found that the trajectory which is asymptotic
to a constant state as |t| → ∞ also exists in discrete dynamical systems.
We still call it a homoclinic orbit.

Some special cases of equation (1.5) have been studied by many re-
searchers via variational methods, see [2, 3, 11 13, 24, 33]. However,
to the best of our knowledge, no similar results have been obtained in
the literature for equation (1.5). Since f in (1.5) depends on u(t+ T )
and u(t− T ), the traditional ways of establishing the functional in [2,
3, 11 13, 24, 33] are inapplicable to our case. The main purpose of
this paper is to give some sufficient conditions for the existence of a
nontrivial homoclinic orbit which decays exponentially at infinity. The
main approach used in our paper is variational technique and the no-
table mountain pass lemma introduced by Ambrosetti and Rabinowitz
[4, 26] in combination with periodic approximations. One of our re-
sults is more general than the result in the literature [19]. In fact, one
can see the following Remark 1.3 for more detail.

Now we state the main results of this paper.

Theorem 1.1. Assume that the following hypotheses are satisfied:

(L) a(t) �= 0, b(t)− |a(t− 1)| − |a(t)| > ω, for all t ∈ Z;

(F1) there exists a functional F (t, v1, v2) ∈ C1(Z × R2,R) with
F (t, v1, v2) ≥ 0, and it satisfies

F (t+M, v1, v2) = F (t, v1, v2),

F ′
v1(t− T, v2, v3) + F ′

v2(t, v1, v2) = f(t, v1, v2, v3),

lim
ρ→0

F (t, v1, v2)

ρ2
= 0, ρ =

√
v21 + v22 ,

lim
r→0

f(t, v1, v2, v3)

v2
= 0, r =

√
v21 + v22 + v23 ;

(F2) there exists a constant β > 2 such that

0 < βF (t, v1, v2) ≤ F ′
v1(t, v1, v2)v1 + F ′

v2 (t, v1, v2)v2,

for all (t, v1, v2) ∈ Z×R2 \ {(0, 0)}.
Then (1.5) has a nontrivial homoclinic orbit.
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Remark 1.1. The above hypotheses imply that u(t) ≡ 0 is a trivial
solution of (1.5).

Remark 1.2. Assumption (F2) implies that there exist constants
a1 > 0 and a2 > 0 such that (F ′

2) F (t, v1, v2) ≥ a1(
√
v21 + v22)

β − a2,
for all (t, v1, v2) ∈ Z×R2.

Remark 1.3. Theorem 1.1 extends Theorem 1.1 in [19], which is the
special case of our Theorem 1.1, by letting T = 0 and a(t) < 0.

Theorem 1.2. The homoclinic orbit u of (1.5) obtained in Theo-
rem 1.1 decays exponentially at infinity:

|u(t)| ≤ Ce−γ|t|, t ∈ Z,

with some constants C > 0 and γ > 0.

2. Variational structure and some lemmas. In order to apply
critical point theory, we shall establish the corresponding variational
framework for (1.5) and give some lemmas which will be of fundamental
importance in proving our main results. Firstly, we state some basic
notations.

Let S be the vector space of all real sequences of the form

u = {u(t)}t∈Z = (. . . , u(−t), . . . , u(−1), u(0), u(1), . . . , u(t), . . . ),

namely
S = {{u(t)}|u(t) ∈ R, t ∈ Z}.

For any given positive integers M and m, Em is defined by

Em = {u ∈ S|u(t+ 2mM) = u(t), for all t ∈ Z}.

Then Em is a subspace of S and isomorphic to R2mM . Em can be
equipped with

(2.1) 〈u, v〉m =

mM−1∑
t=−mM

[(L− ωI)u(t) · v(t)] , for all u, v ∈ Em.
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Equation (2.1) allows us to deduce that the norm is

(2.2) ‖u‖m =

√√√√ mM−1∑
t=−mM

[(L− ωI)u(t) · u(t)], for all u ∈ Em.

It is obvious that (Em, 〈·, ·〉m) is a finite-dimensional Hilbert space and
linearly homeomorphic to R2mM .

In what follows, l2m defines the different norm on space Em equipped
with

‖u‖l2m =

( mM−1∑
t=−mM

|u(t)|2
)1/2

, for all u ∈ l2m.

Clearly, ‖u‖l2m is just the usual inner product norm ‖·‖ =
√
(·, ·), where

(·, ·) is the usual inner product in R2mM , | · | denotes the standard
absolute value in R. Moreover, l∞m denotes the different norm on space
Em endowed with

‖u‖l∞m = max
t∈Z(−mM,mM−1)

|u(t)|, for all u ∈ l∞m .

For all u ∈ Em, define the functional Jm on Em as follows:

(2.3)

Jm(u) :=

mM−1∑
t=−mM

[
1

2
(L− ωI)u(t) · u(t)− F (t, u(t+ T ), u(t))

]

=
1

2
‖u‖2m −

mM−1∑
t=−mM

F (t, u(t+ T ), u(t)),

where

(2.4) F ′
v1(t− T, v2, v3) + F ′

v2(t, v1, v2) = f(t, v1, v2, v3).

Clearly, Jm ∈ C1(Em,R) and, for any u = {u(t)}t∈Z ∈ Em, by the
periodicity of {u(t)}, we can compute the partial derivative as

∂Jm(u)

∂u(t)
= Lu(t)− ωu(t)− f(t, u(t+ T ), u(t), u(t− T )),

for all t ∈ Z(−mM,mM − 1).
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Thus, u is a critical point of Jm on Em if and only if

(2.5)
Lu(t)− ωu(t) = f(t, u(t+ T ), u(t), u(t− T )),

for all t ∈ Z(−mM,mM − 1).

Due to the periodicity of u = {u(t)}t∈Z ∈ Em and f(t, v1, v2, v3) in the
first variable t, we reduce the existence of periodic solutions of (1.5) to
the existence of critical points of Jm on Em. That is, the functional
Jm is just the variational framework of (1.5).

For convenience, we identify u ∈ Em with u = u((−mM), u(−mM +
1), . . . , u(mM − 1))∗.

Three lemmas should be stated here which will be used in the proof
of our main results. First, let us recall the Palais-Smale condition.

Let E be a real Banach space, J ∈ C1(E,R), i.e., J is a continuously
Fréchet-differentiable functional defined on E. J is said to be satisfying
the Palais-Smale condition (P.S. condition for short) if any sequence
{u(t)} ⊂ E for which {J(u(t))} is bounded and J ′(u(t)) → 0(t → ∞)
possesses a convergent subsequence in E.

Let Bρ denote the open ball in E with radius ρ and centered at 0,
and let ∂Bρ denote its boundary.

Lemma 2.1 (mountain pass lemma [4, 26]). Let E be a real Banach
space and J ∈ C1(E,R) satisfies the P.S. condition. If J(0) = 0 and

(J1) there exist constants ρ, α > 0 such that J |∂Bρ ≥ α, and

(J2) there exists an e ∈ E \ Bρ such that J(e) ≤ 0, then J possesses
a critical value c ≥ α, given by

(2.6) c = inf
g∈Γ

max
s∈[0,1]

J(g(s)),

where

(2.7) Γ = {g ∈ C([0, 1], E)|g(0) = 0, g(1) = e}.

Remark 2.1. In fact, the P.S. condition was developed by Palais and
Smale in order to deal with the existence of critical points of functionals
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defined on the Hilbert space with infinite dimensions. Of course, it can
also be used to cope with problems in finite-dimensional spaces. In our
setting, Em is just the Hilbert space, which is homeomorphic to R2mM .
So Lemma 2.1 can also be used to investigate the existence of critical
points of Jm.

Lemma 2.2. Assume that (L) holds. Then there exist constants λ
and λ, independent of m, such that the following inequalities are true:

λ‖u‖2 ≤ ‖u‖2m ≤ λ‖u‖2,(2.8)

λ‖u‖2l∞m ≤ ‖u‖2m.(2.9)

Proof. Let

mM−1∑
t=−mM

[(L− ωI)u(t) · u(t)] = (Pmu, u),

where

u = (u(−mM), . . . , u(−1), u(0), u(1), . . . , u(mM − 1))∗,

Pm =

⎡
⎢⎢⎢⎣
b(−mM)− ω a(−mM) 0 · · · 0 a(mM − 1)
a(−mM) b(−mM + 1)− ω a(−mM + 1) · · · 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · b(mM − 2)− ω a(mM − 2)

a(mM − 1) 0 0 · · · a(mM − 2) b(mM − 1)− ω

⎤
⎥⎥⎥⎦ ,

where Pm is a 2mM × 2mM matrix.

Define

λ = min
t∈Z(1,M)

(b(t)− ω − |a(t− 1)| − |a(t)|) > 0,

λ = max
t∈Z(1,M)

(b(t)− ω + |a(t− 1)|+ |a(t)|).

By matrix theory and simple computation, we know that all eigenvalues
of the matrix Pm satisfy λ ≤ λi ≤ λ, i ∈ Z(−mM,mM−1) and (2.8) is
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obviously true. By the definition of the norm ‖ · ‖l∞m and ‖ · ‖, together
with (2.8), (2.9) follows immediately.

Lemma 2.3. Suppose that (L), (F1) and (F2) are satisfied. Then
Jm satisfies the P.S. condition.

Proof. Let {un} ⊂ Em be such that {Jm(un)} is bounded and
J ′
m(un) → 0 as n → ∞. Then there exists a positive constant K

such that |Jm(un)| ≤ K. Thus, by (2.3), (F2) and the periodicity of
{u(t)} and F (t, v1, v2) in the first variable t, for n large enough, we
have

βK+‖un‖m ≥βJm(un)−〈J ′
m(un), un〉m

=
β − 2

2
‖un‖2m+

mM−1∑
t=−mM

[F ′
v1 (t−T, un(t), un(t−T ))un(t)

+F ′
v2(t, un(t+T ), un(t))un(t)−βF (t, un(t+T ), un(t))]

=
β − 2

2
‖un‖2m+

mM−1∑
t=−mM

[F ′
v1 (t, un(t+T ), un(t))un(t+T )

+F ′
v2(t, un(t+T ), un(t))un(t)−βF (t, un(t+T ), un(t))]

≥ β−2

2
‖un‖2m.

Since β > 2, it is not difficult to know that {un} is a bounded sequence
in Em. As a consequence, {un} possesses a convergent subsequence in
Em, and thus, the P.S. condition is verified.

3. Proof of the main results. In this section, we firstly prove
the existence of a nontrivial 2mM -periodic solution of equation (1.5),
known as a subharmonic solution [12]. Actually, we show that the
functional Jm possesses a nontrivial critical point. Secondly, we obtain
uniform estimates of um in Em, l2m and l∞m which are independent of
m ∈ N. Thirdly, we get {um}m∈N to pass to a nontrivial homoclinic
orbit and complete the proof of Theorem 1.1. Finally, we show that the
homoclinic orbit of (1.5) obtained in Theorem 1.1 decays exponentially
fast at infinity and completes the proof of Theorem 1.2.
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3.1. Existence of a subharmonic solution. For our setting,
clearly Jm(0) = 0. We have known that Jm satisfies the P.S. condition.
By (F1), there exists a δ > 0 such that |F (t, v1, v2)| ≤ 1/8λ(v21 + v22)
for t ∈ Z and v21 + v22 ≤ δ2. Letting ρ =

√
λ/

√
2δ, for any u ∈ Em and

‖u‖m ≤ ρ, we have |u(t)| ≤ ‖u‖ ≤ 1/
√
λ‖u‖m ≤ 1/

√
λρ = 1/

√
2δ, for

all t ∈ Z(−mM,mM − 1). Thus, we have (u(t + T ))2 + (u(t))2 ≤ δ2,
for all t ∈ Z(−mM,mM − 1), which leads to

Jm(u) ≥ 1

2
‖u‖2m − 1

8
λ

mM−1∑
t=−mM

[
(u(t))2 + (u(t+ T ))2

]

≥ 1

2
‖u‖2m − 2× 1

8
λ · 1

λ
‖u‖2m

=
1

4
‖u‖2m.

Taking α = (1/4)ρ2 > 0, we obtain

Jm(u)|∂Bρ ≥ α > 0,

which implies that Jm satisfies the condition (J1) of the mountain pass
lemma.

Next, we shall verify the condition (J2).

By (F ′
2), for all τ ∈ R and any given w ∈ Em \ {0}, ‖w‖m = 1, we

obtain

(3.1)

Jm(τw) =
1

2
τ2 −

mM−1∑
t=−mM

F (t, τw(t + T ), τw(t))

≤ 1

2
τ2 − a1|τ |β

mM−1∑
t=−mM

[√
(w(t+ T ))2 + (w(t))2

]β
+ 2mMa2.

Since β > 2, we can choose τ large enough to ensure that Jm(τw) ≤ 0.

All the assumptions of the mountain pass lemma have been verified.
Consequently, Jm possesses a critical value cm given by (2.6) and (2.7)
with E = Em and Γ = Γm, where Γm = {gm ∈ C([0, 1], Em)|gm(0) =
0, gm(1) = em, em ∈ Em\Bρ}. We denote um as the corresponding
critical point of Jm on Em. It is obvious that ‖um‖m �= 0 since cm > 0.
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3.2. Uniform estimates for ‖um‖m and ‖um‖l∞m . The next step
in the proof is to obtain estimates independent of m for cm and um.

Lemma 3.2.1. Suppose that (L), (F1) and (F2) are satisfied. Then
there exists a constant d independent of m such that

‖um‖m ≤ d,

for any m ∈ N.

Proof. Let e ∈ E1 \ {0} be such that e(−M) = e(M) = 0 and
J1(e) ≤ 0. Define em = {em(t)}, satisfying

em(t) =

{
e(t) t ∈ Z(−M,M),

0 M < |t| ≤ mM .

Then em ∈ Em \ {0} and Jm(em) = J1(e) ≤ 0. By the mountain
pass lemma, we know that gm(s) = sem ∈ Γm, for any m ∈ N and
Jm(gm(s)) = J1(g1(s)) = J1(se). Therefore, by (2.6),

(3.2)

0 < α ≤ cm ≤ max
0≤s≤1

Jm(gm(s))

= max
0≤s≤1

J1(g1(s)) = max
0≤s≤1

J1(se) = d1,

where d1 is a constant independent of m.

Estimate (3.2) leads to an a priori bound for um. Since J ′
m(um) = 0,

by (F2),

cm = Jm(um)− 1

2
〈J ′

m(um), um〉m

=

mM−1∑
t=−mM

[
− F (t, um(t+ T ), um(t))

+
1

2
(F ′

v1 (t− T, um(t), um(t− T ))um(t)

+ F ′
v2(t, um(t+ T ), um(t))um(t))

]

=

mM−1∑
t=−mM

[
− F (t, um(t+ T ), um(t))
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+
1

2
(F ′

v1 (t, um(t+ T ), um(t))um(t+ T )

+ F ′
v2(t, um(t+ T ), um(t))um(t))

]

≥
(
β

2
− 1

) mM−1∑
t=−mM

F (t, um(t+ T ), um(t)).

Combining with (2.3), we obtain a bound independent of m for ‖um‖m
as follows:

(3.3)

‖um‖m =

[
2cm + 2

mM−1∑
t=−mM

F (t, um(t+ T ), um(t))

]1/2

≤
(
2cm +

4

β − 2
cm

)1/2

≤
[(

2 +
4

β − 2

)
d1

]1/2
≡ d.

Lemma 3.2.2. Assume that (L), (F1) and (F2) are satisfied. Then
there exist positive constants ξ and η independent of m such that

(3.4) ξ ≤ ‖um‖l∞m ≤ η,

where

‖um‖l∞m = max
t∈Z(−mM,mM−1)

|um(t)| .

Proof. By (F1), we can find a δ > 0 such that

|f(t, v1, v2, v3)| ≤
1

2
λ|v2|,

for t ∈ Z and v21 +v22 +v23 ≤ δ2. Suppose that ‖um‖l∞m ≤ 1/
√
3δ. Then,

(um(t + T ))2 + (um(t))2 + (um(t − T ))2 ≤ δ2, t ∈ Z(−mM,mM − 1),
and we have

(3.5) |f(t, um(t+ T ), um(t), um(t− T ))| ≤ 1

2
λ|um(t)|.
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From the definition of Jm, we have

〈J ′
m(um), um〉m

= ‖um‖2m −
mM−1∑
t=−mM

f(t, um(t+ T ), um(t), um(t− T ))um(t) = 0.

Therefore, we get

‖um‖2m =

mM−1∑
t=−mM

f(t, um(t+ T ), um(t), um(t− T ))um(t)

≤ 1

2
λ

mM−1∑
t=−mM

(um(t))2 =
1

2
λ‖um‖2 ≤ 1

2
‖um‖2m.

Thus, we have um = 0. But this contradicts ‖um‖m �= 0, which
shows that there exists a constant ξ > 0 independent of m such that
‖um‖l∞m ≥ ξ for any m ∈ N.

On the other hand, by (2.9) and Lemma 3.2.1, we have

‖um‖l∞m ≤ 1√
λ
‖um‖m ≤ d√

λ
.

Taking η = d/
√
λ independent of m, we obtain the desired result.

3.3. Limit process for {um}m∈N. In the following, we shall give
the existence of a nontrivial homoclinic orbit.

Consider the sequence {um = {um(t)}} of 2mM -periodic solutions
found in subsection 3.1. Firstly, by (3.4), for any m ∈ N, there exists
a constant tm ∈ Z independent of m such that

(3.6) |um(tm)| ≥ ξ.

Indeed, since a(t), b(t) and f(t, v1, v2, v3) are all M -periodic in t,
{um(t + jM)} (for all j ∈ N) is also 2mM -periodic solution of (1.5).
Hence, making such shifts, we can assume that tm ∈ Z(1,M) in (3.6).
Moreover, passing to a subsequence of m’s, we can even assume that
tm = t0 is independent of m.
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Next, we extract a subsequence, still denoted by um, such that

um(t) −→ u(t), m −→ ∞, for all t ∈ Z.

Inequality (3.6) implies that |u(t0)| ≥ ξ and, hence, u = {u(t)} is a
nonzero sequence. Moreover,

Lu(t)− ωu(t)− f(t, u(t+ T ), u(t), u(t− T ))

= lim
m→∞[Lum(t)− ωum(t)− f(t, um(t+ T ), um(t), um(t− T ))]

= lim
m→∞ 0 = 0.

So u = {u(t)} is a solution of (1.5).

Finally, for any fixed D ∈ Z and m large enough, we have that

D∑
t=−D

|um(t)|2 ≤ λ−1‖um‖2m ≤ λ−1d2.

Since λ−1d2 is a constant independent of m, passing to the limit, we
have that

D∑
t=−D

|u(t)|2 ≤ λ−1d2.

Due to the arbitrariness of D, u ∈ l2. Therefore, u satisfies u(t) → 0 as
|t| → ∞. The existence of a nontrivial homoclinic orbit is obtained.

3.4. Proof of Theorem 1.2.

Proof. Take

λ̃ = min
t∈Z(1,M)

(b(t)− |a(t− 1)| − |a(t)|),

λ̃ = max
t∈Z(1,M)

(b(t) + |a(t− 1)|+ |a(t)|).

Operator L is a bounded and self-adjoint operator in l2. By the Jacobi

operators theory [31], it is easy to know that the spectrum σ(L) ⊂ [λ̃, λ̃]

and the frequency ω belong to a spectral gap (−∞, λ̃).
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It is obvious that the conclusion holds if u(t) = 0; in what follows,
we consider the case u(t) �= 0.

Let

v(t) = −f(t, u(t+ T ), u(t), u(t− T ))

u(t)
, t ∈ Z.

Then

(3.7) L̃u(t)− ωu(t) = 0,

where

L̃u(t) = Lu(t) + v(t)u(t).

By (F1) and u ∈ l2, we know that lim|t|→∞ v(t) = 0, the multiplication
by v(t) is a compact operator in l2. Hence,

σess(L̃) = σess(L),

where σess stands for the essential spectrum. Now (3.7) means that
u = {u(t)} is an eigenfunction that corresponds to the eigenvalue

of finite multiplicity ω /∈ σess(L̃) of the operator L̃. Therefore, the
result follows from the standard theorem on exponential decay for such
eigenfunctions, see, for example [31]. The proof of Theorem 1.2 is
complete.

4. Example. As an application of Theorems 1.1 and 1.2, finally, we
give an example to illustrate our results.

Example 4.1. For all t ∈ Z, assume that

(4.1) u(t+ 1) + u(t− 1)− (2 + ω)u(t)

= βu(t)
[
ϕ(t)

(
(u(t+ T ))2 + (u(t))2

)(β/2)−1

+ ϕ(t− T )
(
(u(t))2 + (u(t− T ))2

)(β/2)−1
]
,

where ω < −4, β > 2 and ϕ are continuously differentiable and
ϕ(t) > 0, T a given nonnegative integer, M a given positive integer,
ϕ(t+M) = ϕ(t).
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We have
a(t) = a(t− 1) ≡ 1, b(t) ≡ −2,

f(t, v1, v2, v3) = βv2

[
ϕ(t)(v21 + v22)

(β/2)−1 + ϕ(t− T )(v22 + v23)
(β/2)−1

]
and

F (t, v1, v2) = ϕ(t)(v21 + v22)
β/2.

Then

F ′
v1(t− T, v2, v3) + F ′

v2(t, v1, v2)

= βv2

[
ϕ(t)(v21 + v22)

(β/2)−1 + ϕ(t− T )(v22 + v23)
(β/2)−1

]
.

It is easy to verify that all the assumptions of Theorems 1.1 and 1.2
have been satisfied. Consequently, (4.1) has a nontrivial homoclinic
orbit which decays exponentially at infinity.
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Villars, Paris, 1899.

26. P.H. Rabinowitz, Minimax methods in critical point theory with applications
to differential equations, American Mathematical Society, Providence, RI, New
York, 1986.

27. C.K. Raju, Classical time-symmetric electrodynamics, J. Phys. Math. Gen.
13 (1980), 3303 3317.

28. L.S. Schulman, Some differential-difference equations containing both ad-
vance and retardation, J. Math. Phys. 15 (1974), 295 298.

29. D. Smets and M. Willem, Solitary waves with prescribed speed on infinite
lattices, J. Funct. Anal. 149 (1997), 266 275.

30. A. Szulkin and W. Zou, Homoclinic orbits for asymptotically linear Hamil-
tonian systems, J. Funct. Anal. 187 (2001), 25 41.

31. G. Teschl, Jacobi operators and completely integrable nonlinear lattices,
American Mathematical Society, Providence, RI, New York, 2000.

32. J.A. Wheeler and R.P. Feynman, Classical electrodynamics in terms of direct
interparticle action, Rev. Mod. Phys. 21 (1949), 425 433.



2008 Z. REN, Y. ZHANG, B. ZHENG AND H. SHI

33. J.S. Yu, Y.H. Long and Z.M. Guo, Subharmonic solutions with prescribed
minimal period of a discrete forced pendulum equation, J. Dynam. Diff. Eq. 16
(2004), 575 586.

34. Z. Zhou and Q. Zhang, Uniform stability of nonlinear difference systems, J.
Math. Anal. Appl. 225 (1998), 486 500.

Department of Information Engineering, Jieyang Vocational and Tech-

nical College, Jieyang 522000, P.R. China

Email address: rzhg-1225@163.com

Packaging Engineering Institute, Jinan University, Zhuhai 519070, P.R.

China

Email address: abiaoa@163.com

College of Mathematics and Information Sciences, Guangzhou Univer-

sity, Guangzhou 510006, P.R. China

Email address: zhengbo611@yahoo.com.cn

Modern Business and Management Department, Guangdong Construc-

tion Vocational Technology Institute, Guangzhou 510450, P.R. China

Email address: shp7971@163.com



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


