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VECTOR-VALUED TREE MARTINGALES
TONG-JUN HE, QUAN YI AND YI SHEN

ABSTRACT. In this paper, we first introduce some inter-
esting nontrivial tree martingale examples. Second, we show
that, if 1 < a < 2, then X-valued predictable tree martingale

operators Sga) (f), o (a) (f) can be dominated by X-valued pre-
dictable tree martlngales f in a certain quasi-norm provided
the space X is isomorphic to a 2a-uniformly convex Banach
space.

1. Preliminaries and definitions.

Definition 1.1. Let T be a countable, upward directed index set
with respect to the partial ordering < satisfying the following two
conditions:

(1) for every ¢t € T, the set T? := {u € T : u <t} is finite;
(2) for every t € T, the set Ty := {u € T : ¢t < u} is linearly ordered.

Thus T is a tree set and every nonempty subset of T has at least one
minimum. The succeeding element of ¢ € T, namely, the minimum
element of the set T; — {t}, is denoted by ¢*. A tree T is also a special
partially ordered set with respect to the partial ordering <.

Let (Q,.7, 1) be a measure space (£2,.%), equipped with a finite
measure p, and let L'(Q,.7, 1) be the space of integrable functions
that are measurable relative to .. With the help of positive contractive
projections in L(£2,.%, i) spaces, the definition of tree martingales shall
be given as follows:

Definition 1.2. Let (P, ¢t € T) be a family of positive contractive
projections in L*(Q,.7, u) spaces. Then for every f € L'(£,.%, i), the
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family (P, f,t € T) is called tree martingales if s <,
(11) PtPS:PSPt:PS

for every pair of comparable elements (s,t) (that is, s <t or s = ¢) in
T, and

(1.2) PP, =P,P, =0

for every pair of non-comparable elements (s, t) (that is, s Z ¢ or s # t)
in T.

It is clear that Definition 1.2 is equivalent to the definition of tree
martingales introduced by Weisz [19] when the value space X of tree
martingales is a scalar space. A set Ty is defined by

(1.3) Ty def {to € T : either tg <t or o is non-comparable with

t for every t € T}

for every nonempty tree set T, then T is nonempty because of every
nonempty subset of the tree set T having at least one minimum.
Next, an element ¢, is defined for which ¢, < ¢ for every tyg € Ty,
and suppose Ptg is a common projection (i.e., Pto_ = 0) for which

P, Pto_ = Pto_ P, = Pto_' In this case, it is clear that (¢, )T = to. Let

(1.4) Ty €' {t; 1t < to for every tg € T} and T = T UT;.

Obviously, T is still a tree set. That is, the common sigma algebras
(ﬁtg,to_ € T, ) of tree martingales can be defined as well as that of
one-parameter martingales. Note that every common o-algebra ﬁtg
only contains one element &, where every common o-algebra ‘ng/a is
replaced by a corresponding common projection Ptg-

As one-parameter predictable martingales, we can define predictable
tree martingales as follows:

Definition 1.3. We say that an X-valued tree martingale Pf =
(P f,t € T) is predictable if there exists a family of A = (\;,t € T) of
nondecreasing, nonnegative and predictable functions such that

IPfll <A (teT),
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where nondecreasing functions mean that, for any comparable elements
s,t € T,if s <t then A; < \;; predictable functions mean that, for any
t € T, M+ is F-measurable. Such a A is called a prediction belonging

to f.

Inspired by the Vilenkin system [6, 12, 18, 20], tree martingales
and tree martingale transformation have been introduced by Schipp
and Weisz. We refer to Weisz’s exposition [19] and the successive
papers on tree martingales [7, 9-11]. In the 1980’s, Weisz and Schipp
[17, 19] showed that Burkholder-Gundy’s inequality of tree martingales
holds if 2 < p < co. Moreover, Weisz proved that the partial sums of
the Vilenkin-Fourier series of an integrable function can be dominated
by the maximal function of a suitable tree martingale transforms.
However, because of the fact that tree martingale transforms cannot
be defined as a one-parameter martingale and stopping times cannot
be introduced for tree martingales, the study of tree martingales faces
several difficulties. Weisz and Schipp [17, 19] obtained some results
by using convexity methods. The question is: Are there efficient ways
to overcome these difficulties? Here we study this problem.

By using graph-theoretic tricks, He and Shen [10] established a
theorem on the structure of the index set T of tree martingales. For
a tree T(V(T), E(T)), the set of the vertex of T is denoted by V(T),
and the set of the arcs of T is denoted by E(T).

Lemma 1.4. A tree set T is isomorphic to a directed infinite locally
finite forest. That is,

P (T} = T=T(V(T), E(T)) = P {T:(V(T:), E(T:))},

€2t 1€Z+

Ti Tl(V(TZ),E(Tl)), 1€ Z+,

12

where every T; is a locally finite tree set, and T;(V(T;), E(T;)) is a
directed infinite locally finite tree with root.

Based on Lemma 1.4, He and Shen [10] further established a decom-
position of tree martingales as follows:
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Lemma 1.5. Let Pf = (P.f,t € T) be a tree martingale. Then
+oo
(1.5) rf=EPPrr,
i=0

where P,f = (P,f,t € T;) is a locally finite tree martingale and {T;}32,
18 a sequence of locally finite tree sets for which

+oo
T=PT.
=0

Lemma 1.5 shows that some inequalities for tree martingales can be
obtained for locally finite tree martingales. Throughout this paper, we
always assume that tree set T is a locally finite tree with root.

In [7], He characterized the collection of o-filtrations (%,t € T)
on X-valued tree martingales by the positive contractive projections
when the tree set T is a locally finite tree and X is a scalar-valued
space. However, when X is a general Banach space and the tree set
T is a locally finite tree, it is difficult to characterize the collection of
o-filtrations (%, t € T) on X-valued tree martingales by the positive
contractive projections, because the structure of contractive projections
on a Lebesgue-Bochner space of X-valued functions L!(X) is a close
connection to the geometric structure of the Banach space X (the
structure of contractive projections is considerably complicated without
any assumptions of o-finiteness of LP(X)-space or separability of the
Hilbert space X (see [16]). Here, for simplicity, we assume directly
that (Q,.Z, P) is a complete probability space and

(1.6) Foo Ef\/ﬁt:a<U%>,

teT teT

where # = (F;,t € T) is a family of non-decreasing sub o-algebras
of %o with respect to the partial ordering <. Throughout this
paper, unless otherwise stated, we let E; be the conditional expectation
operator with respect to %, (X, ||.||) a Banach space, L1 (X) the space
of Bochner integrable measurable functions, any A € %, and the
indicator function of a set A is denoted by X 4.
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Let (¢¢,t € T) be a family of scalar complex-valued measurable
functions with |¢| = 1, and

(1.7) Pif = 0:E(fe), [ e Li(X)

for each t € T. Then, from Definition 1.2, we see that (P.f,t € T) is a
family of tree martingales.

For an X-valued tree martingale, we are going to introduce a quasi-
norm || - ||mre. Let f = (fi,t € T) be a family of F-measurable
functions (not necessarily a tree martingale) defined on the complete
probability space (Q, ., P). For any y > 0, we set

1/5 =inf{t € T: | f| >y}
Then it is easy to see that

{tevi}=fweQ: [f@l >y £ <y, forall s <},

where s < t means that s <t but s # ¢t. Note that 1/5 is generally a
subset of T, and if T is a total set, then Vg is a stopping time; but
if T is a partial set, then 1/5 is not a stopping time since, for a fixed
y >0, Vg is not the only one. Now, we may introduce the definition of
quasi-norm |[.||arpa by 1. For 0 < p,q < o0, let

p/ay 1/p
(1.8) IfIMm=zglgy</Q<ZX{teyg}> ) ,

teT
MP? = {f = (fi,t € T) : [ fllara < 00},

where X;c,ry is the indicator function of the set {t € v }.

Remark 1.6. Note that, for each fixed family of f = (f¢,t € T), the
quasi-norm || f||mr« is decreasing with ¢ increasing and increasing with
p increasing. Therefore, the limit does exist as ¢ — oo and satisfies

£ |Ilngeee = dim || fl[vees = supyP(f* > )P, 0 <p < oc.
q—o0 y>0
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In [19], it is verified that the map || - ||mre IS & quasi-norm, namely,
for any two families of functions f = (f;,t € T) and g = (g¢,t € T)
and for any A € C,

[AflInawa = [A[]]f[lvpa,
1S+ glivre < Kpg([|fllnara + [1glInra),

where 0 < p < 00, 0 < ¢ < oo and K, depends only on p and g.
Moreover, the map || - ||mrqs is nondecreasing in the following sense: if,
for all t € T, the inequality || f¢|| < ||g¢|| holds, then

[fllmra < llgllaea, 0 <p <00, 0<g < o0

Remark 1.7. Note that if T is linearly ordered, then the sets {t € v/}
(t € T) are pairwise disjoint and ), Xievly = X{r>v}5 in this case,

| fllvea = supyP(f* > y)V/P, 0<p<oo, 0<q<oo.
y>0

Denote by PP? the space of this kind of X-valued predictable tree
martingale and endow it with the following quasi-norm:

||f||qu :lan)\HMpq (0 <p<oo, 0<q§oo),

where the infimum is taken over all predictions A € MP? belonging to
f. For the reader’s convenience, throughout this paper, we always let

(S (f),t € T)l|aars = 15 (f) | naos,
(s ()t € T)llvaos = 159 (f) [ naos-

Next, some interesting tree martingale examples will be introduced in
Section 2.

2. Some examples of tree martingales.

Example 2.1. Dyadic intervals are defined by

L) =@2""h(@G+1)2", j=0,1,2,....,2" =1, n>1;
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furthermore, we define
I={L,(j), j=0,1,2,...,2" ' —1, n>1}.

Then the ordering < in Z is defined by set inclusion and it is clear that
the ordering < is a partial ordering. Define

%n(j)za< U I), j=0,1,2,...,2" ' -1, n>1.
ICI,(j)
IeT

Obviously, (E(f|Z1,.)), In(j) € Z) is a family of tree martingales for
any f € L'(X).

Example 2.2. Let m = (mg,k € N) be a sequence of integers,
each of them not less than 2. Let Z,,, denote the myth discrete cyclic
group. Z,, can be represented by the set {0,1,... ,my—1}, where the
group operation is the modmy, addition and every subset is open. The
measure on Z,,, is defined such that the measure of every singleton is
(k € N)/myg. By means of these cyclic groups, we define the so-called
Vilenkin group G, as the complete direct product of these Z,,,, i.e.,

(2.1) Gm = X3Z0Zm-

Then G,, is a compact Abelian group with Haar measure 1, whose
elements are of the form (zy,k € N), with z, € Z,,, (kK € N). The
group operation on G, (denoted by +) is the coordinatewise addition
(the inverse operation is denoted by —), the measure (denoted by )
and the topology are the product measure and topology. Consequently,
G, is a compact Abelian group. If sup,,cn mn < 00, then we call G, a
bounded Vilenkin group. If the generating sequence m is not bounded,
then G,, is said to be an unbounded Vilenkin group. A base for the
neighborhoods of Gy, can be given as follows: for x € G,,, n € N—{0},

I()(J)) = Gm,

2.2
(22) I,(z) ={y = (yp, k € N) € Gy, : yr, = x, for k < n}.

The set of intervals on G, is denoted by

(2.3) I={l,(z):neN,z € Gp}.
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The Haar measure of I,, (t) is M,,, where the generalized powers M, (n €
N) are defined in the following way:

n—1

(2.4) My=1, M,=]]m; (neN-{0}).
j=0

Then each natural number n can be uniquely expressed as

[ee]
(2.5) n=> n;M;, 0<n;<mj, (nj € Zm,,j€N),
j=0
where only a finite number of n’s may differ from zero. Notice that,

under the identification of Gy, with [0, 1), the interval I,,(j) corresponds
to the interval [jM, 1, (j + 1)M,; 1) provided 0 < j < M,,. Let

J = {In(])vo <Jj< Mp,n=> 1}7

%n(j)za< U J), 0<j< M, n>1.
JCIn(5)
JeT
Obviously, (E(f|Z1,)) In(j) € J) is a family of tree martingales for
any f € L'(X). When my = 2(k € N), (E(f|Z1,()). In(j) € J) is a
family of tree martingales as that in Example 2.1.

Example 2.3. Let T = (V(T), E(T)) be a tree. If e, € E(T) is
an arc of T, e, = (t,t), tT is called the trail of e; and ¢ is called the
head of e;. Now, we put i.i.d. random variables with mean zero on the
edges, that is,

5(6,5) = ft, teT

is an independent random variable with mean zero for every arc e; €
E(T). Therefore, a directed network N = ({(et),er € E(T)) is
obtained. Furthermore, note that

+

T = (V(T"), E(T"))

is a directed locally finite subtree of the tree T; the weight of each
vertex in the tree T is defined by

(2.6) e =Y ten= Y &

et €B(TH) teTt"
t#£tt
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for every element t € T. We define

Fr ¥ o(fir), teT,

which is a family of o-algebras generated by the weighted function
fe+ of every vertex in the tree T; then a family (f;+,t € T) of tree
martingales is obtained. Obviously,

fo=(fer|F2) and  fiv = (fre| Fos),

namely, (f;,t € T) is a family of tree martingales with respect to the
family (%t € T) of o-algebras.

3. The main results. For any X-valued tree martingales f =
(fe,t €T), f=(fs,s € Ty) is a sequence of X valued one-parameter
martingales. Their maximal functions are defined, respectively, by

def def
F = sup || fll, f* = sup || fi|.
seTy teT

X-valued tree martingale differences are defined by

def

(31) dtf = Pt+f_Ptfv tET,
furthermore, for 1 < a < oo, we define
(3.2)
@) 1/a @ 1/a
SO =( S hasl) 0= (X Elae)
se€Ty seT;
S (1) = sup S{7 (1), s@(f)  sup st (f).
teT teT

When @ = 2, the two operators S(®(f) and s (f) are, respectively,
extensions of quadratic and conditional quadratic variations of one-
parameter martingales in the tree martingale case. For the two opera-
tors, Weisz [19] established an analogue of Burkholder-Davis-Gundy’s
inequalities for tree martingales when X is a scalar space. With the
help of a family of positive contractive projections in L' spaces, He [7]
proved the tree martingale Doob’s inequality provided X is a scalar
space.
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Bourgain [1] and Burkholder [2, 3] have shown that there are some
relations between X-valued martingale inequalities and the convexity
of martingale’s valued space X if X is a Banach space. Next, Piser
[15] and Kwapien [14] further point out that, if Burkholder-Gundy’s
inequality for X valued one-parameter martingales holds, provided X
is a Banach space, then the Banach space X is a Hilbert space. So the
research of quadratic variation and conditional quadratic variation for
general Banach space X-valued martingales is trivial. Piser [15] proved
the following two theorems for X-valued one-parameter martingales

f = (fs; S € Tt)

Lemma 3.1. Assume that X is a Banach space, 2 < a < 00,
1 < p < oo. Then the following conditions are equivalent:

(1) X is isomorphic to a a-uniformly convex space;

(2) there exists a constant C' > 0 depending only on a and p such that

(3.3) 1SS ()l < CIlFE s
(3.4) 15 ()l < CILEF s

for any X -valued one-parameter martingales f = (fs,s € Ty).

Lemma 3.2. Assume that X is a Banach space, 1 < a < 2,
1 < p < oo. Then the following conditions are equivalent:

(1) X is isomorphic to a a-uniformly convex space;

(2) there exists a constant C' > 0 depending only on a and p such that

(3.5) CIfElly < 1S5 () s
(3.6) Ol < Is8™ ()l

for any X -valued one-parameter martingales f = (fs,s € T).

He and Shen [9] tried to investigate the tree martingale transform
operator and have shown that the maximal operators of X-valued tree
martingale transforms are norm-bounded in LP(X), provided X is a
UMD space. In [8], He and Hou have shown that, assuming that X
is isomorphic to an a-uniformly convex space, (2 < a < o0). Then,
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for an X-valued predictable tree martingale f = (fi,t € T) and
p > 1,max(a,p) < ¢ < oo, we have

(3.7) 1(S{(f)t € T)|aamoe < Cpgllfllpoas
(38) (i), € T)llmr < Cogll fllora,

where Cp, depends only p and g. It is well known that if the measure
space is granular in the sense that one has a lower bound p(E) > C >0
for all sets E of positive measure, then functions are prohibited from
being arbitrarily narrow, and lower norms control higher norms:

£l < If1lpcMP=A/P) \whenever 0 < p < ¢ < oo.

Now, suppose a probability space (Q, o, P) is granular and f €
L'(X) with f > ¢ > 0. Then

. 7 >
tlél'{“ E(f|%:) > c.

Since Lemma 3.2 shows that if 1 < a < 2 then LP(X)-norms of the
operators Séa)(f),sga)(f) control LP(X)-norms of maximal function,
but LP(X)-norms of maximal function do not control the L? (X )-norms
of the operators St(a) (f), sff”) (f) in the one-parameter martingale case,

as some functions in a granular probability space, for some X-valued
tree martingales f = (f;,t € T) with

i >
nf (7)) 2 ¢> 0,

do (3.7) and (3.8) still hold when 1 < a < 27 In this paper, we shall
investigate this problem.

Theorem 3.3. Let f = (fi,t € T) be a family of X-valued
predictable tree martingales for which E[S® (f)] < oo, E[s(®(f)] < oo
and infier||fi]| > ¢ > 0. A= (M, t € T) is a prediction belonging to f,
and

Qi dZEf X{)\t>y, As<y, s<t} (Svt € T)
Suppose X is isomorphic to a 2a-uniformly convex space (1 < a < 2).
If there exists a constant ag € (1,00) such that 3, p(Ea;)Y/* < oo,
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then for any p > 1 and max(a,p) < ¢ < oo,

(3.9)
1(SE) ()t € Tl < Coq([Ifllpar + I1FIE0" + | &P,
(3.10)
(s (£),t € Tllmse < Cog(| Fllpar + | FIELD" + || £I1EED/),

where Cpq depends only on p and q.

4. Proof of the main results. Our proof of Theorem 3.3 requires
a series of preliminary lemmas. Let f = (f;,t € T) be an X-valued
tree martingale and € = (e4,¢t € T) a sequence of functions for which
each &; is .Z;-measurable. Define

1/a
S (f >=( 3 ||srdrf||“) ,

t<r<s
(4.1) e
(X Bledalr)
t<r<s
and
(4.2) S (f) = sup S (f), S = sup S (),
s>t teT
(4.3) sE(f) = sup S (f), s = sup S (f).
s>t teT

He and Hou in [11] extended Weisz’s result [19] to the following case.

Lemma 4.1. Suppose that f = (fi,t € T) is an X -valued predictable
tree martingale and that X = (A, t € T) is a prediction belonging to
[ Let er = X{z<, <20} (t € T) for any real number x > 0 and
e=(e,t €T). If 1 <a< oo, then

(4.4) SE(f) < sup @YY (f) + 42X re 5y,
te
(4.5) s{(f) < sup ast™ (f) + 42X re sy,

teT
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where (ou,t € T) is defined as in Theorem 3.3 and \* = sup,ep A¢ is
the maximal function of .

Since ), Fa; can be viewed as a nonnegative function on Rt,ie.,
> et Fay is a nonnegative function depending on y, some subsets on
R™ are defined by

Alz{y€R+:1<ZEo¢t§oo},

teT
Ay = {yeR+ .Y Ba, < 1},
teT
As = {y€R+ : ZEat: 1}.
teT

It is clear that
(46)  AiNA;=09(i#j; i,j=123) and UL, A;=R".
We can also define their indicator functions in the form

XAi(y):layEAi and XA,(ZJ):OJJ??A“ 7':1’273

Lemma 4.2. Let f = (ft,t € T), A= (M\,t € T) and (o, t € T) be
defined as in Lemma 4.1 and 1 < p < q < co. If there exists a constant
ag € (1,00) for which ZteT(Eozt)l/o‘O < 00, then there also ezists a
constant B > 1 such that

1+(q/p)
(4.7) > (xa, Bay)/? < (ZX&E“) ’
teT teT
p/q
(4.8) > (Xa,Bay)'P < (ZXA2Eat) .
teT teT

Proof. Using Holder’s inequality, we can derive that, for any a,b > 1
with (1/a) 4+ (1/b) =1,

(4.9) Eoy < (BEay)'* (teT).
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Let Q(z) = 3, cp(Bay)Y/® (z > 1); then, by (4.9), we see that

(4.10) Y Ea; <Q(z) (z>1).

teT

On the other hand, since 0 < Eay < 1(t € T), if 1 < 21 < 2 then
(Eay)Y® < (Eay)Y/®2 for any t € T. Thus,

(4.11) D (Ba)'m <Y (Bag)™2, de., Q(z1) < Q(az).

teT teT

Moreover, it follows from the assumption (there exists a constant
ap € (1,00) such that 3, pn(Ea;)/* < oo) and (4.10), (4.11) that
Q(z) satisfies on interval [1, ag]

(4.12) ZEat <Q(z) < Q(apg) = Z(Eozt)l/o‘o < 0.

teT teT

Therefore, by (4.11) and (4.12), we see that Q(x) is a finite increasing
function with respect to x on interval [1, ap]. And, by (4.12), we further
see that

(4.13) lim Q(z) = lim+z Y/ = ZEat,

z—1t z—1
teT teT

that is, the series Q(z) = Y, cp(EBay)/® converges to Y-,.p Eay as
x — 17 on interval [1,a9]. If y € Ay, then 1 < )7, .p(Xa, Fay) < 0.
It is easy to see that

1+(q/p)
(4.14) Z(XAlEat) < [Z(XAIEOZt):| < 00.
teT teT
Also, it follows from (4.13) that
(4.15) lim Z(XAlEat Yz ZXAlEat < 0.

z—1t
teT teT

Therefore, from (4.14) and (4.15), one can see that there exists a
constant 3’ € (1, ap] such that

, 1+(q/p)
Z(XAlEat)l/ﬁ < (ZXAlEat> .

teT teT
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If y € Ay, then 0 < >, 1(Xa,Fa¢) < 1. Furthermore, since
0 < (p/q) < 1, we have

p/q
ZXAQEO% < <ZXA2E()¢,5) < 1.

teT teT

In the same way, we can show that there is a constant 5" € (1, o] such

that
1" p/q
S (Xa, EBa)?" < <ZXA2E0415) .

teT teT
Set 5 = min{/’, 3”}. Then § is a constant satisfying (4.7) and (4.8). o

A decomposition of martingale differences of an X-valued tree mar-
tingale f = (f;,t € T) is expressed in terms of

(4.16)  u® = (", t € T) = (Xgzrcjay<aeey, t€T), keZ

It is clear that, for an X-valued tree martingale f = (f;,t € T), we
have

@17)  (def P =Y w1 ldef =Y M de g1

keZ keZ

Lemma 4.3. Let f = (fi,t € T), A= (M\,t € T), ande = (g4, t € T)
be defined as in Lemma 4.1. If S (f)|la < o0, |5 (f)]la < oo,
infier||fell > ¢ >0 and 1 < a < p, then

/a
(4.18) E[E(Z > erugk)|drf|a)p } < Oz,

r>t k<—1

/a
(4.19) E[Et<z > uﬁ,k)ETHsrdrﬂa)p } < Cz?e,

r>t k<—1

Proof. Case 1: x < ¢/2. From the definition of a predictable tree
martingale f = (f;,t € T), we easily see that

(4.20) [l <A el €A <A (r 2858 €T,
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and by £, = X{z<x , <2,} and (4.20), one can further derive that

(4.21) ot I+ 1 frll < 4.

Using (4.21) and infier || fi|| > ¢ > 0, we can derive that > ¢/2; this
is an antinomy with the assumption = < ¢/2. Therefore,

(4.22) €r = X{aw<, 4 <22} < X{| s |+ frlI<aa} = O

We easily get the following equality from (4.22)

p/a
B|E (X X wlleasi) | <o

r>t k<—1

This implies (4.18) as desired.

Case2: x > ¢/2. By [19, Theorem 2.10, page 22] and ||s(*)(f)|, < oo,
we can also derive that

p/a
BB (X X wE ) |
>t k<—1
p/a
< Of;E[(Z > 5rﬂ5k)lldrf||“) ]

>t k<—1
< CP|lsC ()
< Cz?r.

In the same way, we can show that (4.19) holds. The proof is now
complete. ]

Lemma 4.4. Suppose that the conditions of Theorem 3.3 are met,
and let ¢ = (er,t € T) be defined as in Lemma 4.1. If p > 1,
max(a,p) < q < oo, then for all real numbers z,z € RT,

(4.23) P(Y > zz, Ay) < Cpgz % P|A| D
(4.24) P(Y > zz, Ay) < (quz—qxq—(pB/qz)”/\”515)32,

where Y denotes one of the functions sup,cr ath? (f), supser atsglt) (f).
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Proof. Let Y = sup,e at(y)se:¢(f). It follows from |¢| = 1 that

1/a
S () —sup( S B e (d f)ll“)

1569

s>t t<r<s
(4.25) e
< (Zenlasalr)
r>t
Substituting (4.25) into this and by [19, Theorem 2.10, page 22], we
have
0/a
B6S ) < B[ Samlarar) |
r>t
(4.26) »
<m[(Salasrr) |
r>t

(k)

for any 6 > a. By the definition of u, ', we can derive that

I f1" = > aPlde 1"+ ul|d, f]|

E<—1 k>0
(4.27) ) )
< D uPlde fI* + 3w £
E<—1 k>0

Choose a constant a > 1 such that 1/a+1/8 = 1 (where 8 is required
in Lemma 4.2). Since 2 > a > 1, we must have 2a > 2. Substituting
(4.26) and (4.27) into this, and applying Lemma 3.1 , [19, Theorem
2.10, page 22] and Jensen’s inequality to the one parameter X-valued
martingale (f,¢,,7 > t) (r,t € T), one can further derive that, for any

0>a,

(4.28)

B < ot (Sl s “”)WGDQ

r>t

(60)/a
<cm|(Telasl) |

r>t
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< cgEtKZsr< > uld, £l

>t k<1
(200) /(2a)
+Zu£"'>||drf||2a)) ]
k>0
Ba)/a
<cn|(X X eulasl) |
r>t k<—1
(20) /2a
[(Zw f||2“) ]
r>t
Ba)/a
<cn|(X X eulaslr) |
r>t k<—1
GBI e Bt - B
r>t
(0a)/a
=Cé"Et[(Z > eruﬁf“’mrﬂa) }
>t k<—1

GBI s - £IP2).

r>t
Set

ro =min(r >t : A+ > ), n=min(r >t: A+ > 2x).
By the definition of ¢, and (4.28), we have

azy) PG <G5 B](X X ulasi) WG]

r>t k<-1
+ Ca 29a

Taking the expectation and substituting (4.18) of Lemma 4.3 into this
yields that
(4.30)

(a)/a
BB <GB | (X X en®lafle) |
>t k<—1
+ CényG(y

< 09$29a + CényG(y < 09$29a



VECTOR-VALUED TREE MARTINGALES 1571

On the other hand, by Chebyshev’s inequality and [19, Theorem 2.10,
page 22|, for any 6 > ¢, we have

P(Y > zz) < (z2) " Esup a,(sL% (f))?
teT

q/0
(431) < a0 (L a0

teT

< cq<zx>qE(Z atEt(8§?t)(f))9>q/9-

teT
Since 0 < ¢/ < 1, using Jensen’s inequality we get

a/0

p(Semstor)” < (B ansto)

teT teT

(4.32) a/0
< (Z Bams@00) "

teT

and since 1/a+1/8 = 1, using Holder’s inequality and (4.30), we have

Bl B (s (1))°] < (Ba) P (B[(E(s99)(f))?)°])

(4.33)
S 093329 (lgOét)l/ﬁ .

Set 0 = ¢*/p; substituting (4.32) and (4.33) into this yields that

p(Semoin?) < (Sammay)”

teT teT

qa/0
< <ng292(Eat)l/B> .

teT

(4.34)

Next, since (p + q)/p > 1, by Jensen’s inequality, (4.7) of Lemma 4.2
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and (4.34), one can show that

q/0
(4.35) FE ( Z XAlatEt(sgl;lt)(f))9>
teT
(p+a)/p\ /0
< Ce$2q<(ZXA1EOét> )

teT

(p+a)/p
< 09332(1XA1 {E < Z Oét>:|
teT

(p+4q)/q
< ngquA1E<Zat) .
teT

By the definition of the quasi-norm ||.||pre+aqa, one can derive that

Z (p+a)/q Z (p+a)/q
E( at) = E< X{)\t>z,AS§z,s§t})
(436) teT teT

= x—(;l?-i'q) HAHg\;‘/}—(’_pq«zq)q

Using (4.31) and substituting (4.35) and (4.36) into this, one can further
show that

/0
P(Y > zz, Ay) < C’g(zx)qE(ZXAlatEt(si?t)(f))e)q

teT

4.37 (p+a)/q
( ) < Cpqz_qquAlE<Zo¢t>

teT

—q +
< Cpgz "2 P MIRg G ara-

On the other hand, since ¢/p > 1, by using Jensen’s inequality, (4.8)
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of Lemma 4.2 and (4.34), one can show that

q/0
(4.38) (ZXAQOZtEt 9 (f)) )
teT
p/ay /0
<Cex2Q<(ZXA2Eat> >
teT

(r/9)*
< Cpa? {XA2E<Z at)]
teT
a/p1 (p/9)°
<ot |(£( T )|
teT

a/p1 (p/0)°
< |B( o) |
teT

By the definition of the quasi-norm ||.||nmr« we can also derive that

[ Z a/pq (p/0)® Z a/pq (p/9)®
e R R
(4.39) teT

teT
< 2P N

Using (4.31) and substituting (4.38) and (4.39) into this, one can further
show that

a/o
P(Y > zz, Ag) < Cq(zx)" XA, E (ZatEt oe( )

teT
4.40 a/p (0/9)°
( ) < Cpgz 129X A, {E(Z at> ]
teT
< Cpgz 12 W/ AR

The proof is complete. o
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Proof of Theorem 3.3.

Proof. To prove Theorem 3.3 we need to verify the following inequal-
ity

3 2
(441)  yPP(s)(£) > 99) < CoqIMRgar + NI + 1N Kgtrtars)-

We divide the proof of (4.41) into several steps.

Step 1. We need to verify that, for any y € RT, choose j € Z such
that 2/ < y < 2971, Then

(4.42) yPP(sY(f) > 9y) < | A|Rgpee + y”P(ZYk > 2]').

k<j

Equation (4.42) has been proved in Theorem 2.2 ([11, page 226] or [19
page 151]).

Step I1. We shall discuss this step by dividing into the following three
cases.

Case 1: y € A;. Applying (4.23) of Lemma 4.4 to

(4.43) Yi =supafs) (f), keZ

teT

we get for any k € Z and z; > 0 with 2 = 2F

(4.44) P(Yi > 22", A1) < Cpozg 277 N80,

By (4.42) and (4.44), we can show that the following inequality holds
in the same way as in the proof of Theorem 2.2 ([8, pages 225-227]):

(4.45) Y'P(Y > 9y, A1) < Cog NIGH,.-

Case 2: y € As. Applying (4.24) of Lemma 4.4 to

(4.46) Y = fgp o 5(03) t(f) kel
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we get, for any k € Z and z;, > 0 with z = 2%,
(4.47) P(Yi > 225, Ay) < Cpgzy 920~ /a Dk \ |27 /4"
And it follows from (4.42) that

(448)  PP(Y > 9y, As) < [\ + pr(ZYk >0, AQ).
k<j

(i) j > 0. For any k € Z, when k < 0, we shall consider the following
equation

(k) _ 1
(4.49) co, k@%:{m 2 =5
where 67 > 0 and cp, = (1 —2791)/2. Set
(4.50) 2,28 1= 29 g, 201 (F=0) = ¢y 2(O1= 1) (ki) gk,
Then

(4.51) Z};qg(q—(pg/qQ))k < Cp,y~P2la—p@/a)* a1 =Dlk+p+a(02-1)]j

Next, we shall consider the following inequality

{q —pp/a)®* —q(01—1)>0
lg —p(p/a)* — q(01 = 1)] /v = —[p+ q(61 — 1)].

We obtain by solving the inequality

01 <2—(p/q)?
0, = PY_? + ﬁ

=24 L -5t (reZh)

v—1lgq

moreover, there exists a #; such that the inequality above holds, because
for a fixed pair p,q (¢ > p > 1), there exists a 7o € Z* such that

p\’ —2 1 p\’ P
2—(—) >0 =20y <—> -0 Py,
q Y—1 ~v-1\¢ Y —1gq
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and

(4.52) [q - p(§>2 —q(br — 1)] k+[p+q(6r—1)]j

Afrp) -an )
+[p+a0r—1)j

el (€

Substituting (4.52) into (4.51) yields that

(4.53) 29200/ Nk < 0 Pt/ o= Dlatp(1=(p/))*)] (k)

By using (4.53), one can derive that

(4.54)
Z Zk—qg(q—(pg/qQ))k < Chy? Z 21/ (vo=Dla+p(1=(p/2)*)](k—3)
k<min{j,0} k<min{j,0}

< Cpey™?.

Substituting (4.53) into (4.47) yields that
(4.55)

P(Yi > 2128, Ag) < Cpgy P2V (0= Dla+p(1=(p/a) (k=3 y|£ /7"

Combining (4.54) and (4.55) yields that

(4.56) 3 P> 225 Ag) < Coay IR -
k<min{j,0}

For any k € Z, when k > 0, we shall consider the following equation

. 1
(4.57) Co, Z 202(k=7) = o
0<k<jy

where 63 > 0 and cg, = (1/2)(1 —27%2)/(1 — 27 U+1)02)_ Set

(4.58) 228 = 27,202 (k7)) — ¢y 202~ 1) (k=5) gk,
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then

—19(a—(P*/a*)k < —p9la—p(p/a)® —a(92—1)lk-+[p+q(2—1)];
(4.59) z.92 < Cyy P2 .

And let 6 = 1 — (p/q)3. Then we can derive that

{q_pG)Q — (6 — 1)]k = gk,
(4.60) [p+q(02 —1)]j = p[l - <§>Q]j,

29200/ ENk < 0y o PoaktPll= (/0]
and by (4.60) we can further derive that

2p[1=(p/0)*]i [2a(i+1) _ 1]
29 —1

(4.61) Z 21200/ ENk < ¢ gyp
0<k<j

On the other hand, since E[s(®)(f)] < oo, we must have s(*)(f) < oo
almost everywhere. Then P(s(®(f) = oo) = 0. Therefore, there exist
a constant yp € R and 0 < yg < oo such that

5 (Pl = supyPY > )7 = yoP(Y > yo)'/7.
y>
Furthermore, there is a fixed jo € Z such that 2/ < yo < 2jo+1 If
j > jo and j € Z, then for any y with 2/ <y < 2/ we have y > yo

and
yP(Y >y, Ag)V/P < yoP(Y > yo, Ag)'/P.

In this case, if we can show that the following inequality holds
2
yoP(Y > yo. A2)"? < Cog([ Ml + [NIRFE ).
then the following inequality must also hold:
2
yP(Y >y, A2)"? < Cog|[Mlmaw + NI ).

Consequently, we only need to verify that if j < jo and 27 < y < 2/F1,
then the following inequality holds:

2
(4.62)  yP(Y >y, A)Y? < Cpp(I M Inar + ML),
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In fact, it is not difficult to show that (4.62) holds by the results above.
For any j < jo, by (4.61) we can derive that

(4.63)
: 9p[1=(p/9)*]jo [9a(jo+1) _ 1
Z zkffIQ(q*(zﬁ'/qﬂ)k < Cpqyip o [_ - ] < Cpqyfp.
0<k<j

Substituting (4.47) and (4.63) into (4.62) yields that
(4.64) Y P(Vi > z2F Ay)
0<k<j
< Chy? Z zqug(q—(p?’/qQ))k”)\”5’[{122
0<k<j
-p :Ds/q2

< Cpqy H)‘Hqu .
On the other hand, it follows from (4.49) and (4.57) that
(4.65) co, » 200 gy, Y 2% =

k<0 0<k<j
Combining (4.65), (4.50) and (4.58) yields that
(4.66) ) — 2091 901(k—j)9j + Z 0922920@7]’)2]’ — szQk.
k<0 0<k<j k<j

That is, if >2,; Ve > 2/, then 3, Yy > 35, ;22" In addition,

Y}, > 0 and ;2% > 0; thus, there exist kg € Z and ko < j at least such
that Yy, > 2x,2%. Therefore,

P<ZYk > 27, A2> < P(Yi, > 21,27, Ag)

(4.67) k<
<) P(Yi > 22", Ay).
k<j

Substituting (4.56) and (4.64) into (4.67) yields that
P(ZYk > 27 A2> < > P> 2k Ay)
k<j k<min{j,0}
(4.68) + > P(Yi> 2k, Ag)
0<k<j

3 2
< Cpgy PIINIRLE
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(ii) j < 0. For any k € Z, since k < j, we must have k£ < 0. In this
case, we shall consider the following equation:

(4.69) cogy 200D =1,

k<j
where 6 > 0, cg = 1 — 279 By (4.69), we can show that the inequality

(4.68) holds by using the method in the proof of Theorem 4.7 [19, pages
150-152]).

Finally, we substitute (4.68) into (4.48) and note that [[A||}jppee <
[ Alager (refer to Remark 1). Therefore,

3 2
(4.70) Y P(Y > 9y, Az) < Cog(IMRgor + INIRE ).

Case 3. y € As. By Jensen’s inequality (¢ > p > 1), we can derive

that
q/p q/p
1:2Eat:<ZEat) gE(Zat) .

teT teT teT

Thus, it follows from y € R* that

(4.71) y < y[E<tz;at>q/p] Uq.

By the definition of |A||mer and (4.71), one can further derive that

sup yP(Y > 9y)1/p < sup y

yEA3 yEA3
(4.72) a/p1/q
< sup y[E(Zat) } < || Al -
yEAs teT

Because of (4.72), one sees that

(4.73) y"P(Y > 9y, A3z) < qu||)‘||zz\)/1qp~

Step I11. By (4.45), (4.70) and (4.73), we can show that (4.41) holds.
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Finally, taking the minimum over the quasi-norm |[A||pee of all
predictions A = (A, t € T) belonging to f by (4.41), we have

2
(s (f)st € T)llnare < Cpg(|fllpar + [ FIEHD) + || FIEEDP),

as required. Now (3.10) of Theorem 3.3 is proved. We can also show
that (3.9) of Theorem 3.3 holds in the same way. The whole proof is
now complete. a
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