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THE NUMBER OF MINIMAL COMPONENTS AND
HOMOLOGICALLY INDEPENDENT COMPACT LEAVES
OF A WEAKLY GENERIC MORSE FORM
ON A CLOSED SURFACE

I. GELBUKH

ABSTRACT. On a closed orientable surface Mg2 of genus
g, we consider the foliation of a weakly generic Morse form
w on M2 and show that for such forms c(w) + m(w) =
g — (1/2)k(w), where c¢(w) is the number of homologically
independent compact leaves of the foliation, m(w) is the
number of its minimal components, and k(w) is the total
number of singularities of w that are surrounded by a minimal
component. We also give lower bounds on m(w) in terms of
k(w) and the form rank rkw or the structure of ker [w], where
[w] is the integration map.

1. Introduction. Consider a closed connected orientable smooth
two-dimensional manifold M = M, 3 of genus g. Let w be a Morse form
on M, i.e., a closed 1-form with Morse singularities Singw, locally the
differential of a Morse function. This form defines a foliation F,, on
M \ Singw. A leaf v € F, is called compactifiable if v U Singw is
compact.

A Morse form is called generic if each of its non-compact compacti-
fiable leaves is compactified by a unique singularity [2, Definition 9.1].
The set of such forms is dense in any cohomology class [2, Lemma 9.2].
The term generic introduced in [2] is somewhat misleading because the
set of such forms is not open. We find it plausible that such forms are
the “majority” of Morse forms and thus their properties are in a sense
“typical,” though we are not aware of any proof of this.

Our results hold for a wider class of forms, which we call weakly
generic: the requirement for a leaf to be compactified by only one
singularity is only applied to the leaves not surrounded by minimal
components.
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The number m(w) of minimal components and ¢(w) of homologically
independent compact leaves are important topological characteristics
of the foliation. On M it holds [5] that

(1) 0<e(w)+mw) <y

and all such combinations are possible on a given M [4]. In particular, if
¢(w) = g, then the foliation is compactifiable, i.e., m(w) = 0, though the
converse is not true: there exist compactifiable foliations with ¢(w) < g.

In this paper, for weakly generic forms we give a precise expression
for ¢(w) +m(w) and better bounds on m(w). A useful characteristic of
a weakly generic form foliation is the number k(w) of singularities that
are surrounded by a minimal component; for a weakly generic form
k(w) is even (Corollary 7). Our main result states that, for such forms,
the inequality (1) becomes

k(w
) () + ml) =g )
(Theorem 5). In particular, for weakly generic forms on M, 92, g # 0,
the exact lower bound in (1) is

L<e(w)+mw) <g

(Corollary 6). On the other hand (2) gives a criterion for compactifia-
bility for weakly generic forms [11]: m(w) = 0 if and only if ¢(w) = g.

Inequality (1) gives an upper bound on the number of minimal
components: m(w) < g; this was also proved in [9]. For weakly generic
forms, (2) gives a better upper bound:

k(w)
3) mw) < g - =52,
We are not aware, though, of any lower bound on m(w) given in
literature, except that, if rkw > g (the rank of the group of periods),
then the foliation has minimal components: m(w) > 0 [11]. For weakly
generic forms, we give a lower bound on m(w), cf. (3):

(4) m(w) = g — ——= — h(ker [w])
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FIGURE 1. Foliations on T2 with one minimal component. Form (a) is weakly
generic, though not generic; form (b) is not.

(Theorem 10). Here, ker [w] = (2 € H (M) | [ w = 0) and h(x) is the
rank of a maximal subgroup consisting of non-intersecting cycles. We
calculate the value of h(ker [w]) (Lemma 8) and bound it in terms of
rkker [w] (Corollary 9).

Bound (4) is not exact; however, it becomes exact together with a
trivial observation that m(w) > 0 if k(w) > 0. All intermediate values
are also reached, except for m = 1 when k = 0 and h(ker [w]) = g¢; this
combination is impossible [6]. Our account of the relationships between
g, k(w), h(ker |w]) and m(w) is complete: we build a (generic) form
for any combination of these values within the corresponding bounds
(Lemma 14).

Since it may be difficult to investigate the structure of ker [w], we give
a weaker lower bound not involving h(ker [w]):

k(w)

m(w) >rkw—g— 5

(Corollary 12), which can, though, be easier to calculate. This estimate
is efficient only for large rkw, specifically, for rtkw > g¢g. However,
this is the “majority” of all forms: the forms in general position have
rkw = 2g.

The paper is organized as follows. Section 2 introduces some neces-
sary definitions and facts concerning a Morse form foliation. In Sec-
tion 3 we prove our main result: ¢(w)+m(w) = g — (1/2)k(w). Finally,
in Section 4 we give the bounds on m(w).
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2. Definitions and basic facts. Let us introduce, for future
reference, some necessary notions and facts about Morse forms and
their foliations.

2.1. Morse form. A closed 1-form on M is called a Morse form if
it is locally the differential of a Morse function. Let w be a Morse form
and Singw = {p € M | w(p) = 0} the set of its singularities; this set is
finite since the singularities are isolated and M is compact.

By the Morse lemma, in a neighborhood of p € Singw on M7 there
exist local coordinates (2!, 22) such that w(z) = +atdar! +22dz?. If the
sign is positive, then p is a center; otherwise, p is a conic singularity.
We denote the set of centers by €2y and that of conic singularities by 21,
so that Singw = Qo U;. By the Poincaré-Hopf theorem, the following
holds

(5) || — Q0] =29 — 2.

The rank of a closed 1-form w is the rank of its group of periods:

rkw:er{/ w,...,/ w},
zZ1 z

29

where z1,. .., 22,4 is a basis of H; (Mgz) For an exact form, rkw = 0.

2.2. Morse form foliation. On M \ Singw, the form w defines
a foliation F,. A leaf v € F, is compactifiable if v U Singw is
compact (compact leaves are compactifiable); otherwise, it is non-
compactifiable. If a foliation contains only compactifiable leaves, it
is called compactifiable.

The foliation F,, defines a decomposition of M into mutually disjoint
sets [5]; see Figure 2 (a), (¢):

(6) M = <Uc;na>‘) U <Uc;.ni“> U (U%g) U Sing w.

The mazimal components CM** are connected components of the
union of all compact leaves. On two-manifolds, the notion of maximal
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component coincides with the notion of periodic component [10]. If
Singw # @, each maximal component is a cylinder over a compact
leaf: C™@* 2 ~; x (0,1). Consider the group H,, C H,,_1(M) generated
by the homology classes of all compact leaves; H, = {[yi],v: € Fu) [3].
We denote by ¢(w) = rk H,, the number of homologically independent
compact leaves.

The minimal components C;-“i“ of the foliation are connected compo-
nents of the set covered by all non-compactifiable leaves. A foliation
consisting of exactly one minimal component (and no maximal com-
ponents) is called minimal. Each non-compactifiable leaf is dense in
its minimal component [1, 8]. We denote by m(w) the number of
minimal components. Par abus de langage, we say that a minimal
component C™" contains a leaf or singularity, or the leaf or singularity
is inside the minimal component, if it belongs to int (C™n). We denote
by k(w) = er;(lw ) |int (Cmin) NSing w| the number of singularities inside
minimal components; in Figure 5, k(w) = 2.

The components C*** and C;»“i“ are open; their boundaries lie in
the union (|J, 7{) U Singw of non-compact compactifiable leaves and
singularities. The number of components, as well as the number of
non-compact compactifiable leaves 72, is finite.

2.3. Weakly generic Morse form. While a foliation F,, is defined
on M \ Singw, a singular foliation F,, is defined on the whole M: two
points p,q € M belong to the same leaf of F, if there exists a path
a:[0,1] = M with a(0) = p, a(1) = ¢ and w(a(t)) =0 for all ¢ [2]. A
singular leaf contains a singularity.

On M\ Singw, F, differs from F,, only by possibly merging together
some of its leaves: indeed, non-singular leaves of F, are leaves of F,;
the number of singular leaves of Z,, is finite, and each such leaf consists
of a finite number of non-compact leaves of F,, and singularities.

A Morse form is called generic if each of its singular leaves contains
a unique singularity [2]. On M this means that each non-compact
compactifiable leaf is compactified by only one singularity. The set of
generic forms is dense in any cohomology class [2].

We call a form weakly generic if its non-compact compactifiable leaves
not lying inside a minimal component are compactified by only one
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singularity, while those inside a minimal component can form segments,
as 7° in Figure 1 (a). On M \ U int (C™") a weakly generic
foliation is generic: all its compact singular leaves are either centers
or figures of eight, and connected components of the boundaries of
minimal components are single-leaf circles; see Figure 2.

2.4. Foliation graph. The configuration formed by the mazimal
components in the decomposition (6) is described by the foliation graph.

Rewrite (6) as
M = (Uc;m) U (UPj>,

where Pj are connected components of the union P = (|JC*) U
(U~Y) USingw of all non-compact leaves and singularities.

Since 9C"** C P consists of one or two connected components,
each C"** adjoins one or two of P;. This allows representing M as
a connected graph I' with edges C}"** and vertices P;: an edge C;"** is
incident to a vertex P; if 9C"** N P; # J; see Figure 2.

We call those vertices PjI that consist solely of compactifiable leaves
and singularities I-vertices, see Figure 2 (b); Il-vertices P/' contain
minimal components, such as P, in Figure 2 (d). Note that I-vertices
are compact singular leaves (including center singularities). A Il-vertex
can contain several minimal components separated by compactifiable
leaves.

3. Total number of homologically independent compact
leaves and minimal components.

Lemma 1. Let P be an l-vertex. Then deg P =1 if and only if P is
a center.

Proof. If P is a center, in its neighborhood the manifold foliates into
circles. Thus, a unique cylinder adjoins P, and so deg P = 1.

Conversely, if P is not a center, then P = (|J;~?)U (U; s5), where o
are non-compact compactifiable leaves and s; € ;. In a neighborhood
of P the form is exact: w = df, f(P) = 0. The components covering the
areas {f > 0} and {f < 0} are locally distinct. Since P is a I-vertex,
these have to be maximal components, which means deg P > 2. O
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FIGURE 2 (a), (c). Examples of the decomposition (6). (b) Vertices of I" can
include singularities, non-compact compactifiable leaves, and (d) whole minimal

components.
P e L S g

FIGURE 3. Possible (a) and impossible (b) configuration of the leaves adjoining
the singularity s. Areas with different sign of f are shown in different colors.

Lemma 2. Let v € F, be a non-compact compactifiable leaf such
thtzt_70 Us is compact for some s € Singw. Then, in any neighborhood
of Y0 = 4% U s, there exists a compact leaf v € F,,.

Proof. Similarly, consider a small cylindrical neighborhood U of 40
such that UNSingw = {s}. In this neighborhood, w = df; let f(7°) = 0.
The set U \? has two connected components Uy, Us. Locally, there are
exactly four (non-compact) leaves adjoining s, and f changes sign when
crossing a leaf. Since U N Singw = {s}, the function f has a constant
sign in one of U; (see Figure 3); let f > 0 in U;. Then there exists a
t > 0 such that a connected component v of f~1(t) is a compact leaf
and lies in U. ]

The condition of Lemma 2 requires the leaf to be compactified only by
one singularity. For leaves compactified by more than one singularity
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FIGURE 4. Foliation on M22 = T?#T? (connected sum) with a compactifiable leaf
~9, two minimal components, and without compact leaves.

the conclusion of Lemma 2 may not hold: there exist non-compact
compactifiable leaves without compact leaves in their neighborhood;
see Figure 4.

Proposition 3. Let P be an I-vertex of a weakly generic form. Then
either P is a center or deg P = 3.

Proof. If P is not a center, then P = S'Vv, S, s € Q. Asin Lemma 2,
in a small neighborhood of P the form is exact, so leaves of the foliation
are levels of a Morse function. Since P contains a unique singularity,

close levels have one and two connected components, correspondingly.
Thus, deg P = 3. O

Proposition 4. Let P be a Il-vertex of a weakly generic form. Then:

(i) P contains a unique minimal component C™™;

(ii) each connected component of OC™ locally attaches to C™n
exactly one maximal component,

(iii) deg P = |0C™in N Sing w|.

Proof. Since P is a II-vertex, it contains a minimal component C™",
Each connected component 9; of OC™i" is compact and includes exactly
one s € Singw, which adjoins at least one non-compactifiable leaf and
at least one non-compact compactifiable leaf 7°, which adjoins only
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this singularity. Thus, 8; = 4° U s. By Lemma 2, there is exactly
one maximal component C** glued to C™" by d;; see Figure 3 (a).
Therefore, P consists of C™" with |0C™"NSing w| maximal components
locally attached to it (globally they can be different ends of the same
cylinder). O

Now we are ready to prove our main theorem:

Theorem 5. Let w be a weakly generic Morse form on M;. Then

clw)+m(w)=g— @

Proof. Denote by n; the number of vertices of degree i of the foliation

graph T'; n; = n! +n!l where nl, nll are the corresponding numbers for

I- and II-vertices. Similarly, denote ) and QI to be the sets of conic
singularities belonging to the vertices of each type.

Consider nf. By Lemma 1, it holds that n! = |Qq|; Proposition 3
gives ni = |Qf] and nf =0 for i # 1, 3.

Consider n!l. By Proposition 4 (i), each II-vertex contains a unique
minimal component, so Y, n{’ = m(w). Denote k; = [int (C};™) N
Singw|. By Proposition 4 (iii), |Q}f| = 3, in?—i—zj ki = in+k(w).

For the cycle rank m(I") = (1/2) Y _.(i — 2)n; + 1 [7] we have

2m(T) = —n11+n£+2in£1—22n£1+2

— Q0] + |94 + QY] — k(w) — 2m(w) + 2.

Since m(TI") = ¢(w) [5] and, by (5), this proves the theorem. o

Corollary 6. For weakly generic forms on Mgz, g # 0, the following
holds
1 < ¢(w) +m(w) < g;

for a given MgQ, the bounds are exact and all combinations of c¢(w) and
m(w) within these bounds are possible in the class of generic forms.
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FIGURE 5. Minimal foliation on M22 =124 T2.

Proof. If ¢(w) + m(w) = 0, then m(w) = 0, and thus k(w) = 0;
Theorem 5 gives ¢ = 0. That all intermediate values are reached for
generic forms was shown in [4]. In particular, on any M, 92, g # 0, there
exists a minimal foliation [4], see Figure 5, which shows the exactness
of the lower bound; the upper bound is reached on w = df. a

The condition for the form to be weakly generic in Corollary 6 is
important: on every MQQ, there exist not weakly generic forms with
c(w) +m(w) = 0; see Figure 6.

Theorem 5 and Corollary 6 give:

Corollary 7. For a weakly generic form on MQQ, k(w) is even. In
addition,

0<k(w)<2g—2

if g # 0; otherwise, k(w) = 0. On a given M;, the bounds are exact
and all (even) intermediate values are possible in the class of generic
forms.

4. Bounds on the number of minimal components. The
inequality (1) gives an upper bound on the number of minimal compo-
nents of a Morse form: m(w) < g; this fact was also proven in [9]. We
obtain a lower bound and a better upper bound on m(w) for weakly
generic Morse forms.
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()

FIGURE 6. Compactifiable foliation with c(w) =0 on (a) T2, (b) Mg2 = TZ.

Consider on Hy (M) the intersection of cycles:
 Hy (M) x Hy(M7) — Z;

it is skew-symmetric and non-degenerated. A subgroup H C H;(M, 92)
is called isotropic with respect to the intersection - if, for any z,2’ € H,
it holds that z - 2’ = 0 [12]. For an isotropic subgroup, rtk H < g.

For G C Hi(M?), denote h(G) = rk H, where H C G is a maximal
isotropic subgroup. For higher-dimensional manifolds M, this value
would depend on the choice of H; the maximal rank of an isotropic
subgroup is an important topological invariant of a manifold denoted
h(M) [3, 12]; h(M}) = h(H.(M)) = g [13]. For M7, though, this
definition does not depend on the choice of H:

Lemma 8. Let G C Hi(M7). Then

rk ||z -

hG) =1k G — 5 ,

where {z;} is a basis of G.

Proof. Obviously, rk ||z;-z;|| does not depend on the choice of the basis
{zi}. Let H C G be a maximal isotropic subgroup; denote n = rk G,
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h =1k H. Choose a basis {z} such that z; € H for i < h. Consider
A=z - 2]

Since H is maximal, the n — h columns of B are independent, and so

are the rows of C = —B7T and thus some n — h of its columns. The
corresponding 2(n — h) columns of A are independent, and no greater
system of columns is independent. Thus, rk A = 2(n — h). O

Corollary 9. The following holds:

kG
2

< h(G) < min{rk G, g}.

Consider the subgroup ker [w] = {z € H1(M?) | [, w = 0}; obviously,
rkker [w] = 2¢g — rkw, and thus

k
(7) 9— = < hlker[w]) < min{2g - ko, g}.
In particular,
(8) 0 < h(ker[w]) < g.

Since H,, C ker [w],
9) c(w) < h(ker [w]).
It can be shown [6] that, if k(w) = 0 and m(w) < 1, then

(10) h(ker [w]) = c(w) = g — m(w).
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A lower bound on m(w) can be given in terms of the structure of
ker [w]. Theorem 5, (9) and (10) give:

Theorem 10. For weakly generic forms w on M2, the following

g b
holds:

(11) g—@—h(ker w]) < m(w) Sg_@.

In addition,
(i) m(w) > 0 if k(w) > 0;
(i) m(w) # 1 if k(w) = 0 and h(ker [w]) = g.

On a given M, the bounds given by system (11) and (i) are ezact, and
all intermediate values are reached except for the case specified in (ii).

Exactness of the bounds and existence of all intermediate values are
shown in Lemma 14 below.

Note that, if k(w) = 0, then the left side of (11) is non-negative
(can be zero) and the bound given by (11) alone is exact. However, if
kE(w) > 0, then the left side of (11) can be zero or even negative and
(i) can give a better bound. As an example, consider the foliation in
Figure 5, assuming the periods (1, /2) in each torus; then h(ker [w]) = 1
and the left side of (11) is zero. Assuming the periods (1,+/2) and
(1, —v/2), we have h(ker [w]) = 2 and the left side of (11) negative.

Note also that, if k(w) = 0 and h(ker[w]) = g, then m(w) = 0,
/Ia273a"' 9.

Corollary 11. For a weakly generic form on Mgz, m(w) = 0 implies
h(ker [w]) = g.

The converse is not true; a counterexample is a connected sum 72472
with windings with the periods (1,v/2) and (1, —v/2), correspondingly.

Since H C ker [w] implies rk H < 2g — rkw, Theorem 10 gives:

Corollary 12. For weakly generic forms w on Mgz, the following
holds:
k(w)

m(w) >rtkw —g— 5
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Though this bound is weaker than (11), it is easier to calculate. This
bound is efficient for forms with large rkw, which are the “majority” of
all forms: a form in general position has rkw = 2g. In the general case,
a Morse form with rkw = 2g (i.e., ker [w] = 0) has ¢(w) = 0 [5] and
m(w) > 1 [3]. For weakly generic forms, Theorem 10 gives an exact
value:

Corollary 13. For weakly generic forms w on Mg2 such that rkw =
2g, the following holds:

Note that, for c(w), (7) and (9) give a bound not involving k(w):
c(w) < h(ker [w]) < 2g — rkw.

The following lemma shows that we have given a complete account
of the relations between g, k(w), h(ker [w]), and m(w):

Lemma 14. For any g > 0, k, m, and h satisfying the constraints
of Corollary 7, Theorem 10 and (8), on M? there exists a generic form
w such that k(w) = k, m(w) =m, and h(ker [w]) = h.

Proof. Consider g, k, h and m satisfying the constraints:

0<g,
Corollary 7: 0 ; Z <2g—2(k=0if g =0); k is even,
Theorem 10: 0<m<g— %k,
Theorem 10, (8): ¢<h<g; h<gifk=0and m=1,
where ¢ = g—(1/2)k—m. If g = 0, then k = m = 0, and the statement

trivially holds, so we assume g > 0. In the rest of the proof we assume
that all unspecified periods of w are incommensurable.

Let k = 0 and m < 1; then, h = ¢. An example is a connected sum
85_1T; of tori with a compact foliation each plus, if m = 1, a torus with
a minimal foliation. By (10), h(ker [w]) = h.
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FIGURE 7. Construction of the foliation in Lemma 14.

Let Kk = 0 and 2 < m < g. Consider a connected sum f# of m
tori Ti(m) with a minimal foliation and ¢ = g — m tori Tj(c) with
a compact foliation. Complete H,, to a maximal isotropic subgroup
H C ker[w] such that tk H = h. Namely, denote h(™ = h — ¢;
obviously, 0 < hm) < .

(i) Let h(™ = 0. Then just choose all incommensurable periods in
all 7™,

(ii) Let (™ = 1. Choose the periods (1,v/2) in Tl(m) and (1,/3)
in TQ(m). Then, ker [w|ﬁT‘<m)] = (211 — 221), where z;1, z;2 are the basic

cycles of Ti(m) corresponding to these periods.

(iii) Let h(™ = 2. Similarly, choose the periods (1,v/2) and (v/2,1)
in the first two Ti(m). Then ker [w|ﬁT_<m)] = (211 — 222,212 — 2921) is
isotropic. L

(iv) Let h(™ = 3. Choose the periods (1,v/2), (v/2,—1) and
(\/5 — 1,2\/5) in the first three Ti(m). By Lemma 8, the isotropic
subgroup (211 — 221 + 231, 212 + 222 — 231, 212 + 221 — 232) of ker [W|uT,(’"’>]
is maximal.

(v) Let (™ = 2n, n € N. Consider n pairs of tori with periods
(i, 2;v/2) and (;v/2, o), so that each pair behaves as in (iii) above,
but different pairs are incommensurable.

(vi) Let h™) = 2n + 1. Choose n — 1 pairs as in (v) and a triple as
in (iv).

By construction, we obtain h(ker [w]) = ¢ + h(™ = h.
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Now let k > 2; thus, g > (1/2)k+ 1. Construct a manifold M *) with
g®) = 1/2)k + 1, m(w®) =1, k(w®) = k as shown in Figure 5 and
a manifold M© with ¢(© = g — g™ mw®) =m -1, k(w®) =0
as discussed above; see Figure 7. Then M® M has the desired
properties. To obtain h(ker [w]) = h, M© is to be constructed with
RO = min(h,g(o)) and in M) the periods are constructed as in
(i)=(vi) above with h(®) = h — h(0) if positive. O

REFERENCES

1. Pierre Arnoux and Gilbert Levitt, Sur l'unique ergodicité des 1-formes fermées
stnguliéres, Invent. Math. 84 (1986), 141-156.

2. Michael Farber, Topology of closed one-forms, Math. Surv. 108, American
Mathematical Society, 2004.

3. Irina Gelbukh, Presence of minimal components in a Morse form foliation,
Diff. Geom. Appl. 22 (2005), 189-198.

4. , Number of minimal components and homologically independent com-
pact leaves for a Morse form foliation, Stud. Sci. Math. Hung. 46 (2009), 547-557.

5. , On the structure of a Morse form foliation, Czech. Math. J. 59 (2009),
207-220.
6 , Structure of a Morse form foliation on a closed surface in terms of

genus, Diff. Geom. Appl. 29 (2011), 473-492.

7. Frank Harary, Graph theory, Addison-Wesley Publishing Company, Mas-
sachusetts, 1994.

8. Hideki Imanishi, On codimension one foliations defined by closed one forms
with singularities, J. Math. Kyoto Univ. 19 (1979), 285-291.

9. Anatole Katok, Invariant measures for flows on oriented surfaces, Sov. Math.
Dokl. 14 (1973), 1104-1108.

10. Artemiy Grigorievich Maier, Trajectories on closed orientable surfaces, Math.
Sbor. 12 (1943), 71-84.

11. Irina Mel’nikova, An indicator of the noncompactness of a foliation on MQQ,
Math. Notes 53 (1993), 356-358.

12. , A test for non-compactness of the foliation of a Morse form, Russ.
Math. Surv. 50 (1995), 444-445.

13. , Maximal isotropic subspaces of skew-symmetric bilinear mapping,
Moscow Univ. Math. Bull. 54 (1999), 1-3.

DEPARTMENT OF MATHEMATICS, MOSCOW STATE UNIVERSITY, RUSSIA
Email address: gelbukh@member.ams.org




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


