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A CONSTRUCTIVE PROOF OF
THE BISHOP-PHELPS-BOLLOBAS THEOREM
FOR THE SPACE C(K)

ANTONIA E. CARDWELL

ABSTRACT. In 1961 Bishop and Phelps proved that ev-
ery real Banach space is subreflexive; in other words, every
continuous linear functional can be approximated by a norm-
attaining functional of the same norm. In 1970, Bollobéas re-
fined the result to show that, if f is a norm one functional
that “almost” attains its norm at a point x, then f can be
approximated by a norm attaining norm one functional that
attains its norm at a point close to z. The original proof of
the Bishop-Phelps result is an existence argument. We give a
constructive proof of the Bishop-Phelps-Bollobés theorem for
the real space C(K).

1. Introduction. In 1961, Bishop and Phelps [1] proved their
well-known theorem that every real Banach space is subreflexive; in
other words, the set of support functionals for a closed, bounded,
convex subset S of a real Banach space X is norm dense in X*. In
1970, Bollobas [2] showed the following refinement of the Bishop-Phelps
result:

Theorem 1.1. Denote by S and S’ the unit spheres in a real Banach
space E and its dual space E’, respectively. Suppose v € S, f € S’ and
|f(z) — 1] <€2/2 (0 < e < 1/2). Then there erist y € S and g € S’
such that g(y) =1, ||f — gl < e and ||z — y|| < e + &2

In other words, if f is a norm one functional that “almost” attains
its norm at a point z, then f can be approximated by a norm attaining
norm one functional that attains its norm at a point close to x.

The result that follows relates to Bollobas’s formulation of the the-
orem. We begin by giving a constructive proof of the Bishop-Phelps-
Bollobés theorem in the real space C'(K).
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2. A constructive proof of the Bishop-Phelps-Bollobas the-
orem for C(K). In the original proof of the Bishop-Phelps theorem
the result is proved by an existence argument, in part using the Hahn-
Banach theorem. As a result, the exact structure of the desired func-
tional is not given. The question then arises of whether, in particular
spaces, it is possible to give a constructive proof of the Bollobés result.
The following is a constructive proof of this result for the real spaces
C(K), where K is a compact set in a Banach space. (Note that, while
the isometric result for the space ¢ = C(N U {oo}) is captured in this
case, the space ¢g is a proper subspace of ¢ and as such is not a special
case of the C(K) result. A constructive proof for the space ¢y can be
found in [3].)

The proof for the real space C'(K) is accomplished by recognizing that
the space C(K)* is isometrically isomorphic to the space of all regular

Borel measures on the set K. The duality is such that, for ¢ € C(K)*,
there is a Borel measure v on K such that

o(h) = /Khdz/

for every h € C(K). This is a classical result by Riesz.

Theorem 2.1. Let 0 < e < 1/4. Let fo € C(K) and p € C(K)* be
such that | foll = sup,cic lfo(@)] = L, gl = 1 and p(fo) > 1 £2/2.
Then there exist g € C(K)* and f € C(K) such that ||| = ||f|| =

S(F) =1, |- @l < 5e and || fo— []| <e.

Proof. The proof will be completed in three stages: the construction
of f; the construction of @; and finally a verification of the required
relations.

(1) Construction of f. Let S; = {z € K : | fo(z)| < 1 —&/3}, and let
So={z e K:|fo(x)] >1—¢/3} = K\S51.

As fp is continuous on K, it is uniformly continuous, and so there
exists § > 0 such that x,y € K, [z —y|| < d gives | fo(x)— fo(y)| < /3.
Cover the closed, and hence compact, set So with a finite number of
open balls {I; : ¢ = 1,...,n}, where each I; has diameter at most ¢
and a non-empty intersection with the set So. Let 7 = U}, I;.
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Note that |fo(z)| > 1 —(2¢)/3 for all 2 € T and |fo(x)| < 1 — /3 for
all z € K\Z.

Let 7 ={z € K:|fo(z)]<1—¢}. ThenZNJ = @.

Define f as follows:

R 1 if z €7 and fo(x) >0
fle) =< —1 if v €7 and fo(z) <0
fo(z) ifzeJ.

Then f is continuous on Z U J, so by Tietze’s extension theorem,
we can extend f continuously to all of K. Also, for all x € K\J,
|fo(x)] > 1 —¢, so we have that 1 —e < |fo(x)] < 1 for all x on the

boundary of each component of K\(Z U 7). Thus, we can extend f in
such a way that 1 —e < |f(x)| <1 for allz € K\(ZU J).

(2) Construction of @. Let v be the unique regular Borel measure on
K such that ¢(h) = [ hdv for every h € C(K). So |[v|[(K) =1 as
ll¢]l = 1. By the Hahn decomposition theorem, there exist subsets P,
and N, of K such that:

(a) P, is a positive set with respect to v, N, is a negative set with
respect to v, and

(b) P,UN, = K and P, N N, = &.
Let Py, = {z € K : fo(z) > 0} and Ny, = K\Py,. Define:

A= (P,NPs)J(N,NNy)
B = (P,, M Nfo) U (Nl, M Pfo)'

Then AUB =K and ANB =.

Define the measure A\ on K as follows: For every v-measurable set
C CK,let

A(C) = v(C'N A).

We will first prove three claims that we will use to construct .
Claim 1: |v|(B) < &2. Suppose not. Then |v|(B) > &2 and
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lv](A) <1—¢2 So:
52
- — = d d
1 2<90(f0) /Afo V+/BfoV
=/ IfoldIVI—/ ol dl] < 1 olllv(4) — 0
A B

Sl'(l_EQ)a

which is a contradiction.
Claim 2: |v|(S2) > 1 —3¢/2. Now,

2
1=5 <otz | [ o]+

/S2f0dl/

< (1 — %) |v|(S1) + 1 - |v](S2)

_ (1 - g) (1= [[(S2)) + [V](S2)

3 3

Thus,

ie.,

Claim 3: |A\|(S2) =M >1— (7¢)/4 > 9/16. (In particular, M # 0.)

By Claim 1, |v|(B) < &? so |v|(A) > 1 — &% which gives
M) = (K 1 A) = o] (4) > 1- &2
By Claim 2, |v|(S1) < 3¢/2. Thus,
M = [[(S2) = [A(K) = [A|(S1) > 1= — |v|(S1)
3e Te

1
>1_€2_7>1_Z ase<1.
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So |A|(S2) >1—(7e)/4 > 9/16 as e < 1/4.
Now, for every f € C(K), define

fd/\

where M = |A|(S2) # 0. Then ¢ € C(K)*.

(3) Verification of norms and relations. First we have that

1
18]l = sup —
IF1=1 M

=1

/ fdA} <y

Also note that Sy C Z, so |f(x)| =1 for all z € S3. Thus,

“ar ) S

( fdx + fdA)
SaNA SaNB

(w|(S2NA)+0) as A(SaNB) = v(Sa N BNA)=0

~ B |

M
L)
So ||2]l = #(f) = 1, and @ is norm attaining. Clearly ||f]| = 1.

Next, we have:

~

1o~ I = max|fo(e) - Flz)
= max{ma§|f0(x) — f(x)|,rnag( | fo(z) — f(x)|,

el zeJ

2¢
< max{g,o,s} =c.

max _ |fo(z) — f(a)|}

zeK\(ZUJ)
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Finally, for every f € C(K) such that || f|| = 1, we have:

(o — B = /de”‘%/&f‘“‘

1
- — fdv

M SoNA

fdu—!—/ fdv
SoNB

e dl
SaNA

M —
< |v|(S1) + |v[(S2 N B) + ‘

IN

1
|v|(S2 N A)

< (S + A(B) + L wI(52 1 4)

3 28
<§+ +§5 by Claims 2, 1 and 3

< be.
So
HSD - @H < 567

and this completes the proof. i

The following corollary shows that, if we start with a measure that is
singular (respectively, absolutely continuous) with respect to a positive
Borel measure, p, then the construction process yields a functional
defined by a measure that is also singular (respectively, absolutely
continuous) with respect to p.

Corollary 2.2. Let fy and ¢ be as in the statement of Theorem 2.1.

Suppose
:/ fdv
K
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for all f € C(K) and for some Borel measure v. Let @ and f be
constructed as in Theorem 2.1, and suppose that

B(f) = /deﬁ

for some Borel measure U. Let u denote a positive Borel measure on
K.

(1) If v is absolutely continuous with respect to p, then so is U.

(2) If v is singular with respect to u, then so is D.

Proof. (1) Suppose that v is absolutely continuous with respect to
w. Then, by the Radon-Nikodym theorem, there exists a u-measurable
function g such that

so(f)=/deV=/ngdu

for all f € C(K). In the proof of Theorem 2.1, notice that A and S,
are both measurable sets, so A N .Sy is also measurable. Also notice
that @ can be written as:

1

B0 =57 [ dar=; [ 1xsnaads

SaNA

where X is the characteristic function. So, if we let g = ﬁXSm A G,
then g is a p-measurable function and, as

@(f)z/dea:/Kfadu

for all f € C(K), we have that 7 is absolutely continuous with respect
to p.

(2) Suppose that v is singular with respect to p. Then there exists a
set F C K such that supp (v) C E and u(E) = 0. Note that if

N

(€)= TH(CNANS,),
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then

1 1
fdv=— fdv=— [ fdx=23(f)
/I{ M ANSy M Sa
and supp (V) C ENANSy C E. In other words, the support of 7 is
contained in a set of y-measure zero. Thus, U is singular with respect
to p. m|
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