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FORMAL GROUPS OF Q-CURVES
WITH COMPLEX MULTIPLICATION

FUMIO SAIRALJI

ABSTRACT. In this paper, we discuss formal groups of Q-
curves with complex multiplication by an imaginary quadratic
field K. We define the Hecke character of the idele group
I attached to a Q-curve, and we also define the L-function
by using its twisted L-functions. We generalize the result of
Honda [2] on formal groups of elliptic curves over Q to Q-
curves. The difference from the previous generalizations [1,
6, 7] is that Q-curves are not always defined over abelian
extensions of Q.

1. Introduction. Let E be an elliptic curve over Q. We associate
with E two formal groups. The first formal group is the formal comple-
tion E(z,y) of the Néron model over Z of E along its zero section. It
is defined over Z. The second formal group is the formal group Z(x, Y)
of the L-function L(F/Q,s) attached to [-adic representations on E.

~

Theorem 1.1 [2]. L(z,y) is defined over Z, and it is strongly

~

isomorphic over Z to E(x,y).

Deninger-Nart [1] generalized Theorem 1.1 to higher dimensional
abelian varieties A of GLo-type with real multiplication by using
certain matrix L-functions attached to A-adic representations on A.
Furthermore, the author [6] generalized these results to certain building
blocks B over finite abelian extensions of Q, by using some twisted
matrix L-functions attached to A-adic representations on the scalar
restriction of B.

In this paper, we discuss formal groups of Q-curves with complex
multiplication by an imaginary quadratic field K. Such Q-curves are
classified by Nakamura [5]. We define the Hecke character of the idele
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group Ix attached to a Q-curve, and we generalize Theorem 1.1 to
Q-curves by using its twisted L-functions (see Theorem 3.8). The
difference from the previous generalizations [1, 6, 7] is that such Q-
curves are not always defined over abelian extensions of Q.

In Section 2, we review a basic fact of Q-curves with complex
multiplication. In Section 3, we investigate the formal group structure.

2. Q-curves with complex multiplication.

2.1. Two-cocycles. Let K be an imaginary quadratic field with the
discriminant Dg # —3,—4. The roots of unity in its maximal order
Ok are £1. Let H be the Hilbert class field of K. Namely, H is the
maximal unramified abelian extension of K. By class field theory, the
ideal class group Clk of K is isomorphic to the Galois group Gp/ i of
H over K.

Let E be an elliptic curve over H with complex multiplication by K.

Definition 2.1. We call E a Q-curve if there exists a non-zero
isogeny ¢, over H from ?E to E for each o in Gp/q.

Theorem 2.2 [5]. There exists a Q-curve over H if and only if Dk
is not of the form

Dy = —4p1---pi—1 (1 >2),

where p1,... ,pi—1 are primes satisfying py = -+ = pr—1 = 1 mod 4.

Let E be a Q-curve over H with complex multiplication by K. For
each o in G'/q we fix a non-zero isogeny ¢, from “FE to E. We define
a mapping from G q X Gg/q to K* by

(2.1) (0,7) == o7 Pr 7,

which is a two-cocycle of G'/q. The cohomology class [cg] of ¢
in H2(H/Q, K*) is independent of the choice of ¢,. We note that
[ce] = [cr/] if E and E’ are isogenous over H.
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We fix an invariant differential wg of E. For each o we define o, in
H* by
rwp = 0, (WE).

Then we have
c(o,7) = a,"ara,} (Yo7 € Gpjq).
Definition 2.3. We say that the two-cocycle ¢ is symmetric on
Gh/k, if it satisfies
c(lo,7) =c(r,0) (Yo,7 € GH/K)-

Proposition 2.4 (cf., e.g., [3, Theorem 3.2]). If the two-cocycle ¢ is
symmetric on Gy, then there exists a one-cocycle

B: Guyx — Q
such that

(2.2) c(o,7) = B(0)B(1)B(o) " (Yo,7 € Gryk).

By using the equivalence between (1) and (3) of Proposition 2.6, as
below, we introduce Nakamura [5, Theorem 2] of the following form.

Proposition 2.5. Among the cohomology classes [cg] in H*(H/Q, K*)
associated to some Q-curve E, there are 2!~ classes represented by a
symmetric class on Gk -

Let 1 be the Hecke character from Iy to C* associated to the elliptic
curve E with complex multiplication (cf., e.g., [8, Section 5]).

Proposition 2.6. The following conditions are equivalent.

(1) The two-cocycle c is symmetric on Gk .
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(2) H(Eiors) C K.
(3) There exists a Hecke character ¢ from Ix to C* such that
b =¢oNpy/k.

Proof. The equivalence between (2) and (3) is due to [8, Theorem
7.44]. We show the equivalence between (1) and (2).

We first show

(2.3) 0 0o ("72) = 057 (7 )

for all x in E},,.s and for all o, 7 in Gk . Since Ey,,s is the compositum
of all the group FEla] of ideal section points, we may assume z is a
basis of E[a]. Since E[a] is a free Ok /a-module of rank one, there
exists an element a, in Ok /a such that ¢, (?x) = a,x. Thus we have
0T (T7x) = @r(as"x) = asarx. Similarly we have ¢,%¢-(°7x) =
aray. Hence, we have the assertion.

Secondly we show that (1) implies (2). Since ¢ is symmetric and
or =70 on H, we have ¢,." v, = ¢,%p; for all o, 7 in Gx. We take y
in Fiors such that ny = x, where n is the order of ker ¢, 7, . It follows
from (2.3) for y that "y — "y is in ker p,",. By multiplying by n,
we have °7x — 77z = 0. Thus, K () is contained in K.

Finally, we show that (2) implies (1). It follows from (2) that
9Ty = "% for all z in Ej,s and for all o, 7 in Gg. Thus, it follows
from (2.3) that ¢, ¢, = ps7¢-. Since o7 = 70 on H, the two-cocycle
c is symmetric on H. o

Proposition 2.7. Assume that the cocycle c is symmetric on Gk -
Then the equation |8(7)| = v/d, holds, where d. is the degree of .

Proof. On the one hand, by taking the degree on (2.1), we have
Nk,q c(o,7) = dodrd;}. On the other hand, by taking the absolute
value on (2.2), we have Ny ,q c(o,7) = |8(0)|?|8(7)|*|B(c7)| 2. Since
the mapping 7+ d./|3(7)|? is a homomorphism from the finite group
Gu/i to the group of positive real numbers, it must be the trivial
homomorphism. Thus, we have d, = |3(7)[*>. 0O

2.2. Hecke characters. Let F be a Q-curve over H with complex
multiplication by Og. As below, in this paper we always assume that
the two cocycle ¢ is symmetric on Gk . Furthermore, we assume that
1 = 1. Then, we have a; =1 and 5(1) = 1.
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By Proposition 2.6, the Hecke character v associated to E factors as
¥ = ¢o Ny for some Hecke character ¢ from Ix to C*. We construct
¢ explicitly.

We always fix a normalized isomorphism [|g from Ok to End (E),
that is,

[Wpwe = pws  ("n € Ok).
Then there exists an analytic isomorphism

¢ Cla— FE

for an ideal a in O by [8, Proposition 4.8].

Proposition 2.8 [8, Theorem 5.4]. Let o be an automorphism C
over K, let s be an element of the idele group Ix of K such that the
Artin symbol [s, K] for s in G v/ 15 equal to o on K. Then there
exists a unique isomorphism

¢: C/sta—E
satisfying the commutative diagram

3

Kla—* . F

(24) s_lJ \(U

We fix a given s in I. We put o := [s, K%]. Then there exists a
unique element v in K satisfying the commutative diagram

(2.5) K— s K/sla—* Lo




1028 FUMIO SAIRALJI

As below, we use the notation o, s instead of o, 7y in the case where
we need to clarify s.

Proposition 2.9. The equation vsy: = c¢(0s,0¢)yst holds for each s,
tin IK,

Proof. By composing the diagram (2.5) for s and the one for ¢, we
have
£oss T ImtT! = 90, 0500,00 0 .
Since 0595, = 7*Ye,0s 0N 7t Eyor,
-1

5 0 VsVtS = C(Jsv Jt)@ostast o 5

On the other hand, by using diagram (2.5) for st, we have
§o ’Yst(St)_l = Qo Ost 0 &.
Thus, the uniqueness of v in diagram (2.5) implies the assertion
Vst = (05, 0¢)Vst- O
Since the two-cocycle ¢ is symmetric, ¢ splits by a one-cocycle 5. By

(2.2) and Proposition 2.9, we can define the homomorphism ¢ from Ik
to C* by

L 'Yssc:ol
P(s) = 5o’

which is independent of choices of ¢,. We note that S(os)¢(s) is
independent of choices of 8(7).

Proposition 2.10. The function ¢ is a Hecke character of Ik .
Furthermore, the equation ¢ = ¢ o Ny i holds.

Proof. If s is in K*, then ¢ = 1 and f(c) = 1. We can take v = s,
and thus ¢(K*) = 1.

If s, = 1 for all non-archimedian primes p, then ¢ =1 and 8(o) = 1.
We can take v = 1, so that ¢(s) = st. Thus, ¢ is continuous on the
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archimedian part of Ix. On the other hand, suppose that s, is very
close to 1 at all p dividing a. Then s, ! is also close to 1, and

Since we must have
75‘1a =a,

it follows that v is a root of unity in K. If, in addition, we select s
such that o is the identity on E[N] for large N, then multiplication by
s on (K/a)y is the identity. Consequently, oy = 1 and 3(c) = 1, and
~ must also be 1. This proves that the kernel of ¢ contains an open
subgroup of the finite part of Ix. Thus, ¢(s) is continuous.

If s = Ng/gw for some x in Iy, then o5 = 1, ¢, = 1, B(o) = 1.
Thus, we have
¢o Ny () = 555 = (x)

by the definition of ¢ (cf., eg., [4, page 138]). m

Definition 2.11. We call ¢ the Hecke character attached to the
Q-curve E.

Let Oy be the completion of Oy at a prime B in H. We say 1 is
unramified at P if ¢(Oy) = 1. We note that ¢ is unramified at P if
and only if E has good reduction at 8 by [8, Theorem 7.42]. If ¢ is
unramified at B, we put

¢(§‘B) :¢( 71a77‘1371"")7

where 7y is a prime element of Oyz. We define ¢(p) similarly.

Proposition 2.12. Assume that P is a good prime of E. Put
a:= (p). The equation ¢(a) = p holds.

Proof. We fix a given odd integer v > 3, and we put N := p” — 1.
Then N > 2 and p¥* = 1 mod N. Let s be an element of Ix such
that s, = p” for all p dividing p, and s, = 1 otherwise (including
p = 00). Since H(E[N]) is the ray class field of K modulo N, o is the
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identity on H(E[N]). Then we see that o = p” on E[N], ¢, = 1 and
B(o) = 1. Since N > 2, we have v = p” in diagram (2.5). Thus, we
have ¢(a”) = p¥ for any odd integer v > 3.

Finally, since ¢ is a homomorphism and v is odd, we see that ¢(a) = p.
O

We restrict s to an element of I such that s, = 7, and sq = 1 for all
primes q # p. Then we have s~'a = p~ta in diagram (2.5). If Np = p,
we may assume that ¢, is a p-isogeny with the kernel 7 E[p], and thus
~ must be £p. Furthermore, if B is a good prime of E, we have

(2.6) Blo)p(p) =7 = +p.

Proposition 2.13. Assume that B is a good prime of E and p splits
completely in K. Then the equation ¢(p) = ¢(p) holds.

Proof. We note that ¢ is independent of the choices of ¢,. We may
assume that ¢, is a p-isogeny with the kernel 2 E[p]. By Proposition 2.7,

we have |3(0)| = /p. By using (2.6), we have [¢(p)| = /p. Now the
assertion follows from ¢(p)d(p) = p. O

2.3. L-functions. We define the L-function L(3, s) by

L(,s) = [J(1 = p(BNP~)~,
B

where the product is taken over all good primes P in H. Let L(E/H, s)
be the L-function attached to [-adic representations on FE over H. We
have

L(E/H,s) = L(¢,s)L(¢, s)

by [8, Theorem 7.42]. Furthermore, since the two-cocycle ¢ on G/
is symmetric, we have

L(,s) =[] L(ex. s),
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where the product runs through all characters X of the ideal class group
Clg. Thus, we have

L(E/H, s) HL X, $)L(PX, 5).
We define the L-function attached to (E,wg) as a Q-curve by

(2.7) (Bwps)= Y = ‘1ﬁ ZNag,

TEGH/K

where a is an integral ideal in K coprime to bad primes of E and
a ~ 7 means [a, K]y = 7. The L-function £(E,wg,s) is a linear
combination of L(¢X,s). We note that {(E,wg,s) is independent of
the choices of ¢, and B(7). Since S(7)¢(a) is in K, the L-function
&(E,wg, s) has coefficients in H.

3. The formal groups of Q-curves.

3.1. Notations and assumptions. Let £ be the Néron model over
Opn of E. We take a finite set S of primes of H satisfying the following
two conditions.

(1) The ring Op,s of S-integers is a principal integral domain.

(2) The set S is invariant by the action of G/q-

We fix a base wg of the Oy, s-module of invariant differentials Qé on
g =& @O g. The basis wg induces an isomorphism between the
formal completion of £g along its zero section and Spf O s[[z]]. This

determines the formal group E (x,y) of E over O g. We see that o,
in Op s for each 7 in G-

Proposition 3.1. The L-function £(E,wg,s) is a Dirichlet series
with coefficients in Op s.

Proof. Put u := a,—13(7)/c(r,771). We note that u is independent
of the choices of p,. We show u is a unit of the ring of S-integers
Ona(ry),s of H(B(r)). If 7 = 1, then v = 1, and thus u is a unit.



1032 FUMIO SAIRAILJI

Suppose that 7 # 1. Then there exists a prime ideal q of Ok such that
—1

q ~ 7. We denote the order of q in Clg by f Since ¢ @, - or
is an endomorphism of E with the kernel E[§/], we have

7 = (ar) () ' () = (B()).

It follows from u = B(7)/” as that g/ (u) and §/(u~!) are integral
ideals of Op(g(r)),s- Since there exists another prime ideal v such that

f-1

t ~ 7, ¥ (u) and ¥/ (u1) are also integral ideals. Thus, u must be a
unit of OH(B("')LS'

Since S(7)¢(a) is in Ok, the L-function £(E,wg, s) has coefficients
in OH,S- ]

As below, we always assume that 8 is not in S. We denote by o the
Frobenius automorphism for 9. We put p := PN K.

Suppose that P is a good prime of ¥ and p ramifies in K. Since H
is unramified over K, the order of the inertia group of P is two. We
denote its generator by 7. Since the inertia field H{™) of P does not
contain K and there exists a x in End (E) such that x # "k. Then we
have ko, # "k

Since F is a Q-curve, B is also a good prime of " E. Since the effect of
7 on the residue class field is trivial, the reduction modulo B of kK, is
equal to the one of ¢, " k. This leads to a contradiction to the injectivity
of the reduction map on Hom ("E, E). Hence, p is unramified if 3 is a
good prime of E.

In the case where p splits completely in K, we can take a p-isogeny
with the kernel ? E[p] as ¢, since the formal group E(z,y) and £ (x y)
is independent of choices of ¢, .

Here we give some properties on the numbers 3(0)é(p) and «a, in the
case where 8 is a good prime of F.

At first, we have
Blo)é(p) =~ = *p.
Indeed, if p remains prime in K, it follows from Proposition 2.12. If p
splits completely in K, it follows from (2.6).

Secondly, if p splits completely in K, we have
oy € (’)5‘3.
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Since p splits completely in K, B is an ordinary good prime. Since P
is a good prime, we see that o, is in Og. Since it follows from (2.5)
that ¢,0 = +p on the l-adic Tate module V;(E), the reduction of ¢,
modulo ‘B is separable, and thus «, is in (95‘3.

3.2. The formal group structure of E.

Proposition 3.2. If P is a good prime of E, E(z,y) over Og is of
type B(o)d(p) — as T/, where Np = p/.

Proof. By the commutative diagram (2.5), we have

FH a7 f(2™)) = f7H(vf(x))  mod P.

Since P is unramified, it follows from Honda [2, Proposition 3.3 and
Lemma 4.2] that

vf(x) — o f(2"P) =0  mod R,
B(o)d(p)f(z) — ao” f(2™*) =0  mod P.

That is, E(z,y) over Oy is of type B(c)¢(p) — aoT/. @
Proposition 3.3. IfP is a bad prime of E, E(x, y) over Oy is type
71'{]3.
Proof. Since E has complex multiplication, £ has additive reduction
at any bad prime. Thus, E(x,y) over Oy is strongly isomorphic over

Og to (A}a(m,y). O

3.3. The formal group structure of fA Let é\(x, y) be the formal
group of {(E,wE, s). For each 7 in Gk, we define

hr(z) :== B(1) Z %?mm.

hy(x) is in K|[[z]] and
W)=Y %hT(m)
T€GH/K ’

~

is the transformer of £(z, y).
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Proposition 3.4. Assume that P is a bad prime of E. Then E(x,y)
over Og is of type my.

Proof. Since P is a bad prime, the P-factor of L(¢, s) is equal to one.
The denominator Na of each coefficient of h,(x) is prime to . Thus,
we have mph(z) = 0 mod . O

Proposition 3.5. Assume that P is a good prime of E. If p remains
prime in K, then

B(0)$(p)hr () = hr(27") mod .
In particular, g(x, y) over Og is of type B(o)p(p) — T?.

Proof. Since p is principal, 3(c) = 1 and the left hand side is

B() Z %?xm = ¢(p)B(7) Z %az Z ¢Najp NP,
ar~T Clp?;’ anr~T

Since ¢(p?) = Np = p?, the right hand side is equal to
2 #(a) ,2n
4 _ TN D a
hr(2?) = B(7) C;NT Na * mod ‘B.

The last assertion follows from the first assertion. m|

Proposition 3.6. Assume that B is a good prime of E. If p splits
completely in K, then

B(e)p(p)hr(x) = (o, T)hor (27) mod P.

Proof. The left hand side is

B(r) Y %‘3 N

anyT

= oIS T A 4 (o)) 3 AR

a~T1 a~oT

Pta
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Since p does not divide a in the first term, the order at p of ¢(a) is equal
to the one of Na. Thus, the first term is congruent to zero modulo .
It follows from Proposition 2.12 that the second term is congruent to

o 7)hor (a?) = o, 7)) 32 Gedare

ar~oT

Proposition 3.7. Assume that B is a good prime of E. If p splits

o~

completely in K, then £(x,y) over Og is of type ¢p(p)B(c) — anT.
Proof.

(B(0)o(p) — aoT) * h(z)
= Z arie(o7) hor(2P) — Qo Or ! hr(2P) mod P

e el ()

-1
_ Z ar—lc(i‘vlT)hUT(xp)_c(JvT )_al"'r_lh.r(xp)mOd‘B
L el orr )

11
A ) B et e LSy ) P P

e(r, 1) c(or,o~tr1)

T€GH/K

—1.-1
_ Z c(o,7)  cloyo T ar—1hyr(2P) mod P.
c(r,7=1)  c(or,o 1171

T€GH/K

It follows from the two-cocycle condition (cf., e.g., [3, page 6]) that
clo,7)e(or, o ) — (o, 0 Ye(r,771) = 0.

Thus, we have the assertion. a

3.4. Main theorem. From Propositions 3.2-3.7, we have the
following.

~

Theorem 3.8. {(x,y) is defined over On.s, and it is strongly
isomorphic over Om,s to E(z,y).
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We define b,, in Og, 5 by

W = Z b tdz,

n>1

where z is the local parameter at the zero. We note that the right hand
side is the invariant differential of E(x,y).

Proposition 3.9. Assume B is not in S. If p splits completely in
K, the P-adic limit

Lim bTP"'H _ QS(E)O‘U

v=00 T (o)

for any natural number r coprime to p.

Proof. Since é\(x, y) over Ogy is of type B(o)é(p) — anT, we have
6(0)¢(p)p_1bnp - aaobn =0 mod mv+1,

where n = rp”. The assertion follows from Proposition 2.12. O
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