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EXISTENCE AND ITERATION OF
POSITIVE SOLUTIONS TO THIRD ORDER
THREE-POINT BVP WITH INCREASING

HOMEOMORPHISM AND POSITIVE HOMOMORPHISM

DE-XIANG MA AND XIAO-ZHONG YANG

ABSTRACT. In this paper, we obtain the existence of
positive solutions and establish two corresponding iterative
schemes for the following third order three-point boundary
value problem{

(φ(u′′))′(t) + q(t)f(u(t)) = 0, 0 ≤ t ≤ 1,

u(0) = βu(ξ), u′(1) = 0,

φ(u′′(0)) = δφ(u′′(ξ)),

where φ : R → R is an increasing homeomorphism and
positive homomorphism. The main tool is the monotone
iterative technique. An example is given to show our results.

1. Introduction. The purpose of this paper is to consider the
existence of positive solutions and establish two corresponding itera-
tive schemes for the following third order three-point boundary value
problem (BVP for short),
(1){

(φ(u′′))′(t) + q(t)f(u(t)) = 0, 0 ≤ t ≤ 1,

u(0) = βu(ξ), u′(1) = 0, φ(u′′(0)) = δφ(u′′(ξ)),

where φ : R → R is an increasing homeomorphism and positive
homomorphism with φ(0) = 0. Here, the following conditions hold:

(H1) 0 < ξ, β, δ < 1;

(H2) f : [0,+∞) → R+ is continuous and nondecreasing;
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(H3) q ∈ L1[0, 1] is nonnegative on (0, 1), and q is not identically zero
on any compact subinterval of (0, 1). Furthermore, q satisfies

0 <

∫ 1

0

q(t) dt < +∞.

A projection φ : R → R is called an increasing homeomorphism and
positive homomorphism, if the following conditions are satisfied:

(a) if x ≤ y, then φ(x) ≤ φ(y) for all x, y ∈ R;

(b) φ is a continuous bijection and its inverse mapping φ−1 is also
continuous;

(c) φ(xy) = φ(x)φ(y) for all x, y ∈ R.

Remark 1.1. (i) φ−1(xy) = φ−1(x)φ−1(y) can be easily obtained.

(ii) We get by φ(0) = 0 that φ(x) ≥ 0 if x ≥ 0 and φ(x) ≤ 0 if x ≤ 0.

Remark 1.2. φ generates a p−Laplacian operator, i.e., φp(x) =
|x|p−2x for some p > 1.

Very recently, BVP (1) has been studied in [9]. As for the background
for BVP (1), we refer the reader to [9]. For more details about the
third order three-point BVP, we refer the reader to [2 5, 7 10] and
their references.

Now, we concentrate on [9]. The authors in [9] obtained the existence
of three positive solutions for BVP (1) by using the fixed point theorem
due to Avery-Peterson. They proved the following lemma (a key
lemma, which is critical in changing BVP (1) into an equivalent integral
equation).

Lemma (see [9, Lemma 2.1]). For h ∈ C([0, 1], R), the BVP{
u′′(t) + h(t) = 0, t ∈ I,

u(0) = βu(ξ), u′(1) = 0

has a unique solution

(2) u(t) =

∫ t

0

(1− s)h(s) ds+
β

1− β

∫ ξ

0

(1 − s)h(s) ds.



SOLUTIONS TO THIRD ORDER THREE-POINT BVP 541

Unfortunately, this lemma is wrong since we get u′′(t) + h(t) �= 0 by
(2). So the conclusions of [9] should be reconsidered. In fact, the same
mistake has also been made in Lemma 2.11 in [5].

We point out that the methods used in [2 5, 7 9] are all fixed
point theorems, such as Krasnoselskii, Leggett-Williams and Avery and
Peterson and so on. Completely different from the above references, in
this paper, by improving the classical monotone iterative technique of
Amann [1], we obtain not only the existence of positive solutions for
(1) but also give two iterative schemes approximating the solutions.

The paper is organized as follows. After this section, some lemmas
will be established in Section 2. In Section 3, we give our main result in
Theorem 3.1, and an example is also given to demonstrate our results.

2. Preliminaries. We consider the Banach space E = C[0, 1]
equipped with norm ‖w‖ = max0≤t≤1 |w(t)|. In this paper, a positive
solution w∗ of (1) means a solution w∗ of (1) satisfying w∗(t) > 0,
0 < t < 1. We recall that a function w is said to be concave on [0, 1], if

w(λt2 + (1 − λ)t1) ≥ λw(t2) + (1− λ)w(t1), t1, t2, λ ∈ [0, 1].

We denote

C2[0, 1] = {w : w′′(t) ∈ C[0, 1]},
C+[0, 1] = {w ∈ C[0, 1] : w(t) ≥ 0, t ∈ [0, 1]},

P =
{
w ∈ C[0, 1] | w(t) ≥ 0 is concave and

nondecreasing on [0, 1]
}
.

It is easy to see that P is a cone in C[0, 1]. For w ∈ P , we have
‖w‖ = w(1) and

(3) ‖w‖t ≤ w(t) ≤ ‖w‖, t ∈ [0, 1].

In the following, we always suppose (H1), (H2) and (H3) hold.

Lemma 2.1. Suppose y ∈ C2[0, 1] with φ(y′′) ∈ L1[0, 1] satisfies{
(φ(y′′))′(t) ≤ 0, 0 ≤ t ≤ 1,

y(0) = βy(ξ), y′(1) = 0, φ(y′′(0)) = δφ(y′′(ξ)).

Then, y(t) ≥ 0 is concave and nondecreasing on [0, 1], i.e., y ∈ P .
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Proof. Since (φ(y′′))′(t) ≤ 0, we know that φ(y′′)(t) is nonincreas-
ing; thus, we have φ(y′′(0)) = δφ(y′′(ξ)) ≤ δφ(y′′(0)), which means
φ(y′′(0)) ≤ 0, and then φ(y′′(t)) ≤ φ(y′′(0)) ≤ 0. As a result, y′′(t) ≤ 0,
i.e., y(t) is concave. Combining y′(1) = 0, we have y′(t) ≥ y′(1) = 0,
i.e., y(t) is nondecreasing. From y(0) = βy(ξ) ≥ βy(0), we get y(0) ≥ 0,
and then y(t) ≥ y(0) ≥ 0. Above all, y ∈ P .

For any x ∈ C+[0, 1], suppose that u is a solution of the following
BVP
(4){

(φ(u′′))′(t) + q(t)f(x(t)) = 0, 0 ≤ t ≤ 1,

u(0) = βu(ξ), u′(1) = 0, φ(u′′(0)) = δφ(u′′(ξ)).

Then, integrating both sides of equation (4) on [0, t], we have

φ(u′′)(t) = φ(u′′)(0)−
∫ t

0

q(s)f(x(s)) ds,

by the boundary value condition φ(u′′(0)) = δφ(u′′(ξ)), we have

φ(u′′(0)) = −δ/(1− δ)
∫ ξ

0
q(r)f(x(r)) dr; thus, we get

(5) u′′(t) = φ−1

(
− δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr −
∫ t

0

q(r)f(x(r)) dr

)
.

From equation (5), combining u(0) = βu(ξ) and u′(1) = 0, we have

(6)

u(t) =

∫ t

0

[∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

+
β

1− β

∫ ξ

0

[∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds.
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Now, for each x ∈ P , we define an operator T : P → E by
(7)

(Tx)(t) =

∫ t

0

[ ∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

+
β

1− β

∫ ξ

0

[ ∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds.

It is obvious that (Tx) ∈ E is well defined, and we may easily verify
that Tx is a solution of the following BVP
(8){

(φ(u′′))′(t) + q(t)f(x(t)) = 0, 0 ≤ t ≤ 1,

u(0) = βu(ξ), u′(1) = 0, φ(u′′(0)) = δφ(u′′(ξ)).

So now, to find a solution of BVP (1) in P is equal to finding a fixed
point of T in P . As for T , we have the following properties.

Lemma 2.2. T : P → P is completely continuous and nondecreas-
ing.

Proof. First we prove TP ⊆ P . For all u ∈ P , by the definition of
Tu, we see (Tu) ∈ C2[0, 1] and
(9)⎧⎨
⎩

(φ((Tu)′′))′(t) = −q(t)f(u(t)) ≤ 0, 0 ≤ t ≤ 1,

(Tu)(0) = β(Tu)(ξ), (Tu)′(1) = 0,

φ((Tu)′′(0)) = δφ((Tu)′′(ξ)).
By Lemma 2.1, we know Tu ∈P.
Since f : [0,+∞) → R+ is continuous and nondecreasing, q ∈ L1[0, 1]

is nonnegative on (0, 1) and, by the expression of Tu, we may easily
know T : P → P is completely continuous and nondecreasing.

3. Existence of two monotone solutions of BVP (1).

Theorem 3.1. Assume that (H1), (H2) and (H3) hold. If there exist
a θ ∈ (0, 1) and two positive numbers b < a such that
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(H4) f(a) ≤ φ(aA), f(θb) ≥ φ(Bb), where
(10)

A =
2(1− β)

φ−1((1/1− δ)
∫ 1

0 q(r) dr)
, B =

1∫ 1

θ [
∫ 1

s φ−1(
∫ τ

θ q(r) dr) dτ ] ds
.

Then, there are two sequences {wn} and {vn} in P which satisfy

bt = v0(t) ≤ v1(t) ≤ v2(t) ≤ · · ·
≤ vn(t) ≤ wn(t) ≤ · · ·
≤ w2(t) ≤ w1(t) ≤ w0(t) = a,

wn −→ w∗, vn −→ v∗,

w∗ and v∗ are two solutions of BVP (1) in P .

Proof. Denote P [b, a] = {w ∈ P : b ≤ ‖w‖ ≤ a}. We first prove that
TP [b, a] ⊂ P [b, a].

Let w ∈ P [b, a]. We have by (3),

0 ≤ w(t) ≤ ‖w‖ ≤ a.

min
t∈[θ,1]

w(t) ≥ θ‖w‖ ≥ θb.

So, by assumption (H2), we have

0 ≤ f(w(t)) ≤ f(a) ≤ φ(aA), t ∈ [0, 1],(11)

f(w(t)) ≥ f(θb) ≥ φ(bB), t ∈ [θ, 1].(12)

Thus, for any w ∈ P [b, a],

‖Tw‖ = (Tw)(1)

=

∫ 1

0

[ ∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

+
β

1− β

∫ ξ

0

[ ∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr
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+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

=

∫ 1

0

[ ∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds+ (Tw)(0)

≥
∫ 1

0

[ ∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

≥
∫ 1

0

[ ∫ 1

s

φ−1

(∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

≥
∫ 1

θ

[ ∫ 1

s

φ−1

(∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

=

∫ 1

θ

[ ∫ 1

s

φ−1

(∫ θ

0

q(r)f(x(r)) dr

+

∫ τ

θ

q(r)f(x(r)) dr

)
dτ

]
ds

≥
∫ 1

θ

[ ∫ 1

s

φ−1

(∫ τ

θ

q(r)f(x(r)) dr

)
dτ

]
ds

≥
∫ 1

θ

[ ∫ 1

s

φ−1

(
φ(Bb)

∫ τ

θ

q(r) dr

)
dτ

]
ds

= Bb

∫ 1

θ

[∫ 1

s

φ−1

(∫ τ

θ

q(r) dr

)
dτ

]
ds = b,

‖Tw‖ = (Tw)(1)

=

∫ 1

0

[∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

+
β

1− β

∫ ξ

0

[∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr
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+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

≤ 1

1− β

∫ 1

0

[∫ 1

s

φ−1

(
δ

1− δ

∫ ξ

0

q(r)f(x(r)) dr

+

∫ τ

0

q(r)f(x(r)) dr

)
dτ

]
ds

≤ 1

1− β

∫ 1

0

∫ 1

s

φ−1

(
1

1− δ

∫ 1

0

q(r)f(x(r)) dr

)
dτ ds

≤ 1

1− β

∫ 1

0

∫ 1

s

φ−1

(
1

1− δ

∫ 1

0

q(r) dr

)
dτ ds(aA)

=
1

2(1− β)
φ−1

(
1

1− δ

∫ 1

0

q(r) dr

)
(aA) = a.

Altogether, we get b ≤ ‖Tw‖ ≤ a for w ∈ P [b, a], which means that
TP [b, a] ⊂ P [b, a].

Let w0(t) = a, t ∈ [0, 1]; then w0(t) ∈ P [b, a]. Let w1 = Tw0. Then
w1 ∈ P [b, a] and we denote

(13) wn+1 = Twn, (n = 0, 1, 2, . . . ).

Since TP [b, a] ⊂ P [b, a], we have wn ∈ P [b, a], (n = 0, 1, 2, . . . ). From
Lemma 2.2, T is compact, so {wn}∞n=1 has a convergent subsequence
{wnk

}∞k=1, and there exists a w∗ ∈ P [b, a] such that wnk
→ w∗.

Now, since w1 ∈ P [b, a] ⊂ P , we have

0 ≤ w1(t) ≤ ‖w‖ ≤ a = w0(t).

By Lemma 2.2, T is nondecreasing, and we know that Tw1 ≤ Tw0

which means that w2(t) ≤ w1(t), 0 ≤ t ≤ 1. By induction,

· · · ≤ wn(t) ≤ · · · ≤ w2(t) ≤ w1(t) ≤ w0(t) = a.

Hence, we assert that wn → w∗. Let n → ∞ in (13). By the continuity
of T , we obtain Tw∗ = w∗, which means that w∗ is the solution of BVP
(1). Since ‖w∗‖ ≥ b > 0 and w∗ is a nonnegative concave function on
[0, 1], we conclude that w∗(t) > 0, t ∈ (0, 1).
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Let v0(t) = bt, t ∈ [0, 1]. Then v0(t) ∈ P [b, a]. Let v1 = Tv0. Then
v1 ∈ P [b, a], and we denote

(14) vn+1 = Tvn, (n = 0, 1, 2, . . . ).

Since TP [b, a] ⊂ P [b, a], we have vn ∈ P [b, a], (n = 0, 1, 2, . . . ). From
Lemma 2.2, T is compact, so {vn}∞n=1 has a convergent subsequence
{vnk

}∞k=1, and there exists a v∗ ∈ P [b, a] such that vnk
→ w∗.

Now, since v1 ∈ P [b, a] ⊂ P , we have

v1(t) ≥ ‖v‖t ≥ bt = v0(t).

By Lemma 2.2, T is nondecreasing, and we know that Tv1 ≥ Tv0 which
means that v2(t) ≥ v1(t), 0 ≤ t ≤ 1. By induction,

bt = v0(t) ≤ v1(t) ≤ v2(t) ≤ · · · ≤ vn(t) ≤ · · · .
Hence, we assert that vn → v∗. Let n → ∞ in (14). By the continuity
of T , we obtain Tv∗ = v∗ which means that v∗ is the solution of BVP
(1). Since ‖v∗‖ ≥ b > 0 and v∗ is a nonnegative concave function on
[0, 1], we conclude that v∗(t) > 0, t ∈ (0, 1).

vn(t) ≤ wn(t) can be easily obtained due to v0(t) ≤ w0(t) and the
fact that T is nondecreasing.

Corollary 3.1. Assume that (H1), (H2) and (H3) hold. If there
exists a θ ∈ (0, 1) such that

(15) lim
u→0+

f(u)

φ(u)
≥ φ(

B

θ
), lim

u→+∞
f(u)

φ(u)
≤ φ(A),

where A,B are defined as in (10), then, all the conclusions of Theo-
rem 3.1 hold.

Proof. It is very easy to verify that condition (H4) of Theorem 3.1
can be obtained from condition (15) in Corollary 3.1. We omit the
proof.

Example 3.1. Consider the following BVP,

{
(φ(u′′))′(t) + 1√

t
(
√
u+ 1

5u) = 0, 0 ≤ t ≤ 1,

u(0) = 1
2u(

1
4 ), u′(1) = 0, φ(u′′(0)) = 1

2φ(u
′′(14 )),

where φ(u) = u.
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We choose θ = 1/4, and then by (10), we have A = 1/4, B = 97/480.
Let a = 202 and b = (120/73)2. It is easily verified that all the
conditions of Theorem 3.1 are satisfied; thus, by Theorem 3.1, we can
get two sequences

wn(t) =

∫ t

0

[ ∫ 1

s

(∫ 1/4

0

√
wn−1(r) + (1/5)wn−1(r)√

r
dr

+

∫ τ

0

√
wn−1(r) + (1/5)wn−1(r)√

r
dr

)
dτ

]
ds

+

∫ 1/4

0

[ ∫ 1

s

(∫ 1/4

0

√
wn−1(r) + (1/5)wn−1(r)√

r
dr

+

∫ τ

0

√
wn−1(r) + (1/5)wn−1(r)√

r
dr

)
dτ

]
ds,

vn(t) =

∫ t

0

[ ∫ 1

s

(∫ 1/4

0

√
vn−1(r) + (1/5)vn−1(r)√

r
dr

+

∫ τ

0

√
vn−1(r) + (1/5)vn−1(r)√

r
dr

)
dτ

]
ds

+

∫ 1/4

0

[ ∫ 1

s

(∫ 1/4

0

√
vn−1(r) + (1/5)vn−1(r)√

r
dr

+

∫ τ

0

√
vn−1(r) + (1/5)vn−1(r)√

r
dr

)
dτ

]
ds,

where w0(t) = a, v0(t) = bt. Both wn and vn converge to the solution
of BVP (16). Figures 1 and 2 show the characteristic of the curves of
the successive iteration.

Remark 3.1. We recall that we have already used the technique of
iteration to study BVP with a p−Laplacian operator, for example [6,
10]. The following similar problem to BVP (1) has been studied in
[10],
(17){

(φp(u
′′))′(t) = q(t)f(t, u(t)), 0 ≤ t ≤ 1,

u(0) =
∑m

i=1 αiu(ξi), u′(η) = 0, u′′(1) =
∑n

i=1 βiu
′′(θi).
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FIGURE 1. Curves of successive iteration.
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FIGURE 2. Curves of successive iteration.
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But, in [10], when we rewrite the BVP (17) into an equivalent integral
equation, an unknown parameter must be included in the integral
equation. As a result, we can also give two sequences, which converge
to the solution of BVP (17) theoretically, but we cannot give the curves
of successive iteration due to the unknown parameter.

Acknowledgments. The authors thank the referee for his (or her)
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