ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 42, Number 6, 2012

PRIME FACTOR RINGS OF
SKEW POLYNOMIAL RINGS OVER
A COMMUTATIVE DEDEKIND DOMAIN

Y. WANG, A.K. AMIR AND H. MARUBAYASHI

ABSTRACT. This paper is concerned with prime factor
rings of a skew polynomial ring over a commutative Dedekind
domain. Let P be a non-zero prime ideal of a skew polynomial
ring R = D|z; o], where D is a commutative Dedekind domain
and o is an automorphism of D. If P is not a minimal prime
ideal of R, then R/P is a simple Artinian ring. If P is a
minimal prime ideal of R, then there are two different types
of P, namely, either P = p[z;0] or P = P’ N R, where p is
a o-prime ideal of D, P’ is a prime ideal of K[z;0] and K is
the quotient field of D. In the first case R/P is a hereditary
prime ring and in the second case, it is shown that R/P is a

hereditary prime ring if and only if M2 2 P for any maximal
ideal M of R. We give some examples of minimal prime ideals
such that the factor rings are not hereditary or hereditary or
Dedekind, respectively.

1. Introduction. Let D be a commutative Dedekind domain with
its quotient field K, and let ¢ be an automorphism of D. We denote
by R = D[x;0] the skew polynomial ring over D in an indeterminate
x.

The aim of the paper is to study the structure of the prime factor ring
R/ P for any prime ideal P of R, which is one of the ways to investigate
the structure of rings. If P is not a minimal prime ideal of R, then the
Krull dimension of R/P is zero ([15]), that is, it is a simple Artinian
ring. So we can restrict to the case P is a minimal prime ideal of R.

There are two types of minimal prime ideals P of R, that is, either
P = p[z;o] or P = P' N R, where p is a non-zero o-prime ideal of D
and P’ is a non-zero prime ideal of K{z;o].
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In the first case R/ P is always a hereditary prime ring. In the second
case R/P is a hereditary prime ring if and only if P ¢ M? for any
maximal ideal M of R, which is motivated by [9] and he only considered
in the case where P is principal generated by a monic polynomial and
o0 =1 (note that in this case, P is a minimal prime ideal and see [16]
and [13] for related papers). We give some examples of minimal prime
ideals P such that R/P is not hereditary or hereditary or Dedekind,
respectively, by using Gauss’s integers D = Z & Zi, where Z is the ring
of integers.

We refer the readers to [14, 15] for some known terminologies not
defined in this paper.

1. Notes on hereditary prime PI rings. Throughout this
section, let R be a hereditary prime PI ring with the center C, and
let @ be the quotient ring of R, which is a simple Artinian ring. It is
well known that R is a classical C-order in @) and that C' is a Dedekind
domain (see [15, (13.9.16)]).

In this section, we will shortly discuss some relations between the

maximal ideals of R and C, which are used in latter sections. For any
R-ideal A, we use the following notation:

(R:A)={qeQ[qAC R}, (R:A), ={qeQ[AqC R},
(A:A),={qe Q]| qAC A} = O;(A), the left order of A,
(A:A), ={qe Q| Ag C A} = O,(A), the right order ofA,

and

A, = (R:(R:A)) vA=(R:(R:A),),

which are both R-ideals containing A. Note that A, = A = LA,
because R is a hereditary prime ring. A finite set of distinct idempotent
maximal ideals M, ..., M,, of R such that O,.(M;) = O;(Ms),...,
O, (M,,) = O;(My) is called a cycle. We will also consider an invertible
maximal ideal to be a trivial case of a cycle.

It is well known that an ideal P is a maximal invertible ideal if
and only if P = M; N---N M,,, where My,... ,M,, is a cycle (see
[5, (2.5) and (2.6)]). Let P be a maximal invertible ideal. Then
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C(P) = {¢ € R | cisregular mod P} is a regular Ore set, and we
denote by Rp the localization of R at P (see [11, Proposition 2.7]).
We denote by Spec (R) and Max-in (R) the set of all prime ideals and
the set of all maximal invertible ideals, respectively. For any ring .5,
J(S) stands for Jacobson radical of S.

Lemma 1.1 (1) Let P € Max-in(R), and let p = PN C. Then
p € Spec (C).

(2) C is a discrete rank one valuation ring if and only if J(R) of R
1s the intersection of a cycle.

Proof. (1) Let P = MynN---N M, € Max-in(R). If m = 1, then
p=PnNC € Spec(C). If m > 2, then M; are all idempotents. Set
p = M; NC, then M; D pR, an invertible ideal. So

(R: M) = Oy(Ms) = O, (M) = (R: My), C (R: pR), = (R : pR);
imply
My = (Mg)v = (R : (R : Mg)l)r D) (R : (R : pR)l)T = ]JR

Thus My NC = p follows. Continuing this process, we have PNC = p.

(2) Suppose that C'is a discrete rank one valuation ring with J(C) =
p, the unique maximal ideal. Then J(R) 2 pR (see [18, (6.15)]). So
J(R) is invertible by [5, (4.13)]. Let J(R) = Py N---N Py, where P; €
Max-in (R). It suffices to prove that k¥ = 1. We assume that k > 2.
Then Rp, D Rand Z(Rp,) 2 Z(R) = C, where Z(Rp, ) is the center of
Rp,, so that Z(Rp,) = C. Since Rp, is a finitely generated C-module
(see [15, (13.9.16)]), there is a ¢ € C(P) with Rp, = ¢cRp, C R, a
contradiction. Hence, k =1 and so J(R) is the intersection of a cycle.

Suppose that J(R) is the intersection of a cycle. Then p = J(R)NC €
Spec (C) by (1). Let p1 € Spec (C). Then p; R = J(R)! for some [ > 1
by [5, (2.1)] and the assumption. It follows that p; C J(R)NC =p
and so p; = p, that is, C is a discrete rank one valuation ring.

The following proposition is just a generalization of a Dedekind C-
order to a hereditary prime PI ring (see, [18, (22.4)]).
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Proposition 1.2. Suppose that R is a hereditary prime PI ring.
Then there is a one-to-one correspondence between Max-in (R) and
Spec (C), which is given by: P —p = P NC, where P € Max-in (R).

Proof. Let P € Max-in(R). Then p = PN C € Spec(C) by
Lemma 1.1. Conversely, let p € Spec(C). Then there is a maximal
ideal M of R containing pR, an invertible ideal. So there is a P €
Max-in (R) with P D pR by [5, (2.4)]. This shows that PN C = p
by Lemma 1.1. To prove the correspondence is one-to-one, let P, P, €
Max-in (R) with PNC =p = P, NC. Then P,, P;, € Max-in (R,) and
Z(Rp) = Cy, a discrete rank one valuation ring. Thus P, = J(R,) =
Pyp by Lemma 1.1 and so P = P, N R = P, N R = P;. Hence, the
correspondence is one-to-one.

2. Prime factor rings of skew polynomial rings. Throughout
this section, let D be a commutative Dedekind domain with its quotient
field K, and let o be an automorphism of D. We always assume that
D # K to avoid the trivial case. Let R = D[z; o] be a skew polynomial
ring over D.

The aim of this section is to study the structure of the factor
rings of R by minimal prime ideals. It is well known that R is a
Noetherian maximal order in K (z;0), the quotient ring of K|x; o] and
gl.dim R = 2 (see [2, Proposition 3.3] and [15, (7.5.3)]). We denote by
Specg(R) = {P € Spec(R) | PN D = (0)}. It is well known that there
is a one-to-one correspondence between Specg(R) and Spec(K|[z; o)),
which is given by P — P’ = PK|[z;0] and P — P’ N R, where
P € Speco(R) and P’ € Spec(K[x;0]) (see [7, (9.22)]).

We start with the following easy proposition.

Proposition 2.1. (1) {p[x;0], P | p is a o-prime ideal of D and
P € Speco(R) with P # (0)} is the set of all minimal prime ideals of
R.

(2) Let P € Spec (R) with P # (0). Then P is invertible if and only
if it is a minimal prime ideal of R.

Proof. (1) Let P be a minimal prime ideal of R, and let p = PN D.
If p = (0), then P € Speco(R). If p # (0), then there are two
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cases; namely, either x € P or « ¢ P. Suppose that © € P. Then
P =p+ xR D xR, a prime ideal, which is a contradiction. So = ¢ P.
Then p is a o-prime ideal of D and p[z; o] is a prime ideal of R. Hence
P = p[x; 0] follows.

Conversely, let P € Speco(R). Then P is a minimal prime ideal of R,
because P’ = PK|[x;0] is a maximal ideal as well as a minimal prime
ideal of K[z;0]. Let P = p|x; 0], where p is a o-prime ideal. Then P
is invertible, because p is invertible and so P is a v-ideal. Hence P is a
minimal prime ideal of R (see [15, (5.1.9)]).

(2) Let P be a prime and invertible ideal. Then it is a v-ideal and so
it is a minimal prime ideal (see [15,(5.1.9)]).

Conversely, let P be a minimal prime ideal. If P = p[z; o], where p
is a o-prime ideal of D, then P is invertible. If P € Specg(R), with
P # (0) and P? = PK][z; 0], then since any ideal of K [z; 0] is a v-ideal
and R is Noetherian, we have

P' =P, = (K[z;0] : (K[z;0]: P'))) = (Klx;0]: K[z;0](R: P)),
=(R:(R: P)Z)TK[J?;O'] = P, K|z;0].

Thus, P = P'N R = P, follows and similarly P = ,P. Hence, P is
invertible by [4, page 324].

Proposition 2.2. (1) Let P be a minimal prime ideal of R with
P = p[x; 0], where p is a o-prime ideal of D. Then R/P is a hereditary
prime ring. In particular, R/P is a Dedekind prime ring if and only if
p € Spec (D).

(2) Suppose that o is of infinite order. Then P = xR is the only
minimal prime ideal of R in Speco(R) and R/P is a Dedekind prime
Ting.

Proof. (1) The first statement follows from [15, (7.5.3)]. If p €
Spec (D), then (R/P) = (D/p)[x; o] is a principal ideal ring so that
R/P is a Dedekind prime ring. If p ¢ Spec (D), then there is a maximal
ideal m of D with m D p and p = mNo(m)N---No™(m) for some
natural number n > 1. Set M = m + xR, a maximal ideal of R. Then
M = M? + P, because m?> + p = m. Thus, M/P is idempotent and
R/ P is not Dedekind.
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(2) Let P = zR. Then P is the only minimal prime ideal of R
in Speco(R) by [10, Theorem 2] and R/P is a Dedekind prime ring
because (R/P) = D.

Because of Propositions 2.1 and 2.2, we may assume that o is of finite
order to study the hereditariness of R/P. So in the remainder of this
section, we may assume that o is of finite order, say, n.

It is well known that K is separable over K, = {k € K | o(k) = k}
and [K : K,] = n (see [1, Theorems 14 and 15]). Furthermore,
D, = {d € D | o(d) = d} is also Dedekind domain by [6, (36.1)
and (37.2)] and D is a finitely generated D,-module by [20, Corollary
1, page 265]. Since the center Z(R) of R is D,[z"], it follows that
R is a finitely generated C-module, where C' = D,[z"]. Thus R
is a classical C-order in K(z;0) and so R is a prime PI ring with
K(R) = dim (R) = 2 (see [15, (6.4.8) and (6.5.4.)]), where IC(R) is the
Krull dimension of R and dim (R) is the classical Krull dimension of

R.
The following lemma is due to [19, (1.6.27)].

Lemma 2.3. Let o be an automorphism of K with order n. Then:

(1) there is a one-to-one correspondence between Spec (K [z;0]) and
Spec (K [2"]), which is given by P' — p’ = P' N K,[z"], where
P’ € Spec (K|[z;0]).

(2) If P' = zK[z;0], then p' = 2"K,[2"] and p'K|x;0] = P™. If
P’ # xK|x;0], then p’ = f(z™)K,[x"] for some irreducible polynomial
f(z™) in K [2"] different from ™ and p'K|[z;0] = P’.

Lemma 2.4. Let o be an automorphism of D with order n. Then:

(1) there is a one-to-one correspondence between Speco(R) and
Speco(C), which is given by P — p = PN C, where P € Specy(R).

(2) If P = zR, then P™ = pR, where p = PN C. If P # xR, then
P =pR, wherep=PNC.

Proof. (1) Let P € Speco(R). Then it is clear that p = P N
C € Speco(C). Conversely, let p € Speco(C). If p # z™C, then
P = pK[z;0] N R € Speco(R) by Lemma 2.3 and [7, (9.22)], and
sop € p; = PNC € Specy(C). Hence p = p; by Proposition 2.1.



PRIME FACTOR RINGS 2061

If p = 2"C, then P = zR € Speco(R) with p = PN C. Hence the
correspondence is onto.

To prove the correspondence is one to one, let P and P; € Specg(R)
with PN C = p = PLNC. We may assume that P # xR and
Py # zR. Then PK|z;0] and P1K[x;0] both contain pK|z;o0] €
Spec (K [z;0]) and so PK[z;0] = pK|x; 0] = P1K[z; 0] follows. Hence,
P =PKz;0]NR=P.

(2) P € Speco(R) with p=PNC. If P = zR, then P" = pR where
p = 2"C. Suppose that P # xR. Let P, be an invertible prime ideal
containing pR. By Proposition 2.1, P; is a minimal prime ideal of R. So
either P, = p;[z; o], where p; is a o-prime ideal of D or P; € Specy(R)
by Proposition 2.1. If P, = pi[z;0], then P, N C = (p1),[z"], a
minimal prime ideal of C[z"], where (p1)s = p1 N D,, containing p
so that p = (p1)s[2"], a contradiction, because P € Speco(R). Hence,
Py € Specy(R). It follows that p; = P, NC 2 p and so p; = p. Hence,
P = P; by (1). Since the invertible ideal pR is a finite product of
invertible prime ideals (see [4, Theorem 1.6 and Proposition 2.3]), we
have pR = P¢ for some e > 1. Then pK|z;0] = P°K|z;0] = P'’°
implies e = 1. Hence, P = pR follows.

Lemma 2.5. Let P € Speco(R) with P # xR. Then P, is principal
generated by a central polynomial in Cy, for any n € Spec (D).

Proof. Let p = PN C. Then p, is principal by [12, (3.1)], because
Cy = (Dy)n[2™] and (D, ), is a discrete rank one valuation ring. Hence,
P, is principal generated by a central element in C, by Lemma 2.4.

Lemma 2.6. Let P € Speco(R) with P # xR. Then the following
are equivalent:
(1) P ¢ M? for any mazimal ideal M of R.

(2) Py & (My)? for any n € Spec (D,) and for any mazimal ideal M
of R with M N (D, \n) =@.

Proof. (1) = (2). Suppose that there is an n € Spec(D,) and a
maximal ideal M of R with M N (D, \ n) = @ satisfying P, C (M,)?%.
Then there is a ¢ € D, \ n with ¢P C M? C M, which implies P C M
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and cR + M = R. Hence, P = (cR+ M)P C M?, a contradiction.
Hence, for any n € Spec(D,) and any maximal ideal M of R with
Mﬂ(DU\n):®7 Py ,@ (Mn)Q-

(2) = (1). Suppose that there is a maximal ideal M of R with P C
M?. Then M N D # (0) by Proposition 2.1 and so n = M N D, # (0),
which is a prime ideal of D, with M N(D,\n) = @. By the assumption,
Py € (M?), = M2, a contradiction. Hence, P ¢ M? for any maximal
ideal M of R.

Lemma 2.7. Let P € Specy(R) with P # xR and p = PNC. Then
Z(R/P) = (C/p).

Proof. Since Z(R/P) = Z(K|z;0]/P") N (R/P), it suffices to prove
that Z(K([z;0]/P’) = (Ky[z"]/p’), where p' = K, [z"] N P’. We set
K(x;0] = K[x;0]/P’. Tt is clear that Z(K|z;0]) 2 (K,[z"]/p’). To

prove the converse inclusion, let f(z™) € K,[z"] be a monic polynomial
with P’ = f(z™)K[z; 0] and deg f(z™) = nl. Write

f@") = 2™ 4+ a_12"Y 4+ 4 2™ 4+ ag,  where a; € K.

Suppose that ap = 0. Then f(2") = h(z™)a™, where h(z") =
2"=1) 4 ... 4 ay, shows that P’ C xK|x;0] and so P’ = zK|[x;0],
a contradiction. So we may assume that ag # 0. Note that

K[x,o'] gK@Kf@@KEnl_lv
as a ring and that
Enl _ —(alflfn(l_l) + -+ alf" =+ ao).

Let g(x) = b1~ + - + 01T + by be any element in Z(K[z; 0]),
where b; € K. Then, for any k € K, kg(z) = g(x)k implies
biot(k) = b;k for any i, 0 < i < nl — 1. Suppose that there is an i
with b; # 0 and ¢ = nj+ s (1 < s < n). Then b;0°(k) = b;k and so
o°(k) = k for all k € K, a contradiction. Thus, if b; # 0, then i = nj,
0<j<Il—1. Next,

9()T = boT + b1T2 4 -+ + bpyy_oT™ !

=n(l—1)

+ bpi—1(— a7 — o —aT" — ag)
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and
Zg(z) = o(bo)T + (b)) + - - + 0 (bpy_2)T" !
+ a(bnl,l)( —apq Y g — ao).

Since ZTg(x) = g(x)T, comparing the coefficients, we have o(b,—1) =
bni—1, that is, by—1 € K, and so o(b;) = b; for all 0 < i < nl — 2.
Thus, we have

g(@) = bo + baT" + -+ b7V and b € K,

Hence, g(z) € (K,[z"]/p").

Let P € Speco(R) with P # xR. Since Z(R/P) = (C/p) 2 D,
naturally, it follows from [18, (3.24)] that R/P is a hereditary prime
ring if and only if (R/P)n (= Rn/Py) is a hereditary prime ring for any
n € Spec (D, ).

Let m be any maximal ideal of C' with m D p. By lying over
and going up theorems (see [15, (10.2.9) and (10.2.10)]), there is
a maximal ideal M of R with M NC = m and M D P. Set
J = N{M | M is a maximal ideal of R with m = M N C}. Since
dim(R/J) = K(R/J) < K(R) = 2, M/J is a minimal prime ideal of
R/J and J is a finite intersection of those M’s, that is, J = MiN- - -NMj,
(see [15, (3.2.2)]). Thus, we have the following lemma.

Lemma 2.8. With the notation above, the following hold:
(1) P ¢ M? if and only if P € M2,.

(2) M; D M? for anyi (1 <i<k).

(3) glldim Ry, =2 and J(Rm) = Mim N -+ - N M.

Proof. (1) This is proved in the same way as in [13, Lemma 2].

(2) Set M = M; and mg = M N D # (0), because M D P. If x € M,
then M = mp + 2R and mg is a maximal ideal of D with mg D m2.
Thus, M? Cm+xR Cmg+xR= M. If z ¢ M, then mg is a o-prime
ideal and D/myg is a semi-simple Artinian ring. Since M D my[z; 0], we
have

M = (M/mglz;0]) € R = (R/mo[z;0]) = (D/mo)[2:5],
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which is hereditary by [15, (7.5.3)]. Since Z ¢ M, M is principal by [3,
Lemma 2.6]. So (M)? C M, and thus M? C M follows.

(3) It follows that 2 = gl.dim R > gl.dim Ry,. If gl.dim Ry, < 1, then
Ry, is hereditary, which is implies M, = Py,. Hence, M = M, N R =
Py, N R = P, a contradiction. Hence, gl.dim R, = 2. Since Ry
is a PI ring with the maximal ideals Myy,... , Mgm, it is clear that
J(Rm) = Mim N+ N M.

Proposition 2.9. Let o be an automorphism of D with order n, and
let P € Speco(R) with P # xR. Then, R = R/P is a hereditary prime
ring if and only if P ¢ M? for any mazimal ideal M of R.

Proof. First note that Z(R) = C = (C/p) by Lemma 2.7, where
p = PN C. Suppose that R is a hereditary prime ring. Then C is a
Dedekind domain (see [15, (13.9.16)]. Let M be a maximal ideal of R.
If P¢ M, then P ¢ M2 So we may assume that P C M. In order
to prove P ¢ M 2 we may assume that P is a principal generated
by a central element by Lemmas 2.5 and 2.6, and let m = M N C,
a maximal ideal of C properly containing p. Then there are a finite
number of maximal ideals My,..., My of R lying over m such that
J(Rs) = (M1)mN---N(Mp)m and Cx is a discrete rank one valuation
ring, where M = My, M; = M;/P and m = (m/p). If k = 1, then
Ry is a local Dedekind prime ring so that it is a principal ideal ring.
So M = @Rm for some a € My, and My, = aRn + Pn. Suppose
that P C M?2. Then My = aRm + Pu C aRyn + MuJ(Run) € M.
Hence My, = aR, by Nakayama’s lemma, which is invertible. It
follows from [8, Proposition 1.3] that Ry, is a principal ideal ring. So
gl.dim R, < 1, which contradicts Lemma 2.8. Hence P SZ M2 Ifk>2,
then My, ..., My is a cycle by Lemma 1.1, because Cx is a discrete
rank one valuation ring. Suppose that P C M?. Then My = M%
implies

My = (Mm)2 + Pn = (Mm)2 = Mi

Let m; be another maximal ideal of C. Then My, = Rm, and so
Ry, = (My,)? = (M?)y,. Hence, M = NMn,; = ﬂ(MQ)mj = M?,
which contradicts Lemma 2.8, where m; runs over all maximal ideals
of C. Hence, P ¢ M?.

Conversely, suppose that P ¢ M 2 for any maximal ideal M of R. Let
m be a maximal ideal of C' with m D p and n = mND,, a maximal ideal
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of D,. Since (Ry)m, = Rm and (Py)m, = Pm, we may suppose that
P is principal by Lemmas 2.5 and 2.6. It follows from Lemma 2.8 and
[13, Lemma 3] that Ry = Rum/Pn is a hereditary prime ring. Hence R
is a hereditary prime ring by [18, (3.24)].

Summarizing Propositions 2.1, 2.2, and 2.9, we have the following
theorem:

Theorem 2.10. Let R = Dlx; 0] be a skew polynomial ring over a
commutative Dedekind domain, where o is an automorphism of D, and
let P be a prime ideal of R. Then:

(1) P is a minimal prime ideal of R if and only if either P = plz; o],
where p is either a non-zero o-prime ideal of D or P € Specy(R) with
P #(0).

(2) If P = p[x; 0], where p is a non-zero o-prime ideal of D, then R/P
is a hereditary prime ring. In particular, R/ P is a Dedekind prime ring
if and only if p € Spec (D).

(3) If P € Specy(R) with P = xR, then R/P is a Dedekind prime
ring. In particular, if the order of o is infinite, then P = xR is the
only minimal prime ideal belonging to Speco(R).

(4) If P € Speco(R) with P # xR and P # (0), then R/P is a
hereditary prime ring if and only if P ¢ M? for any mazimal ideal M
of R.

3. Examples. Let D = Z®Zi be the Gauss integers, where i2 = —1,
and let o be the automorphism of D with o(a + bi) = a — bi, where
a,b € Z, the ring of integers.

In this section, we will give some examples of minimal prime ideals of
a skew polynomial ring over D, in order to display some of the various
phenomena in Section 2.

Let p be a prime number. Then the following properties are well
known in the elementary number theory:

(1) If p = 2, then 2D = (1 +)?D and (1 +i)D is a prime ideal.

(2) If p=4n+ 1, then pD = wo(m)D for some prime element 7 with
7D+ o(m)D = D.

(3) If p = 4n + 3, then pD is a prime ideal of R.



2066 Y. WANG, A.K. AMIR AND H. MARUBAYASHI

We let R = D[z;0] be the skew polynomial ring, P = (z* + p)R €
Speco(R) and R = R/P.

Lemma 3.1. If p =2, then R is not a hereditary prime ring.

Proof. Let M = (1 +4)D + xR be a maximal ideal of R. Then
M? =2D & (1+i)Dx ® 22R and so M? > 22 + 2. Hence R is not a
hereditary prime ring by Theorem 2.10.

In what follows, we suppose that p # 2 unless otherwise stated. Let
M be maximal ideal containing 22 4+ p. First we will study in the case
where M 3> . Then M = 7D+ xR for some prime element 7 of D with
either pD = wo(w)D and 7D 4+ o(m)D =D if p=4n+1 or pD = 7D
if p=4n+ 3.

Lemma 3.2. Let M = wD + xR be a mazimal ideal of R with
M D P. Then:

(1) If p=4n+1, then M? % 2> 4+ p and M = M? + P, that is, M is
idempotent.

(2) If p=4n+3, then M? % 2> +p and M D M? + P, that is, M is
not idempotent.

Proof. (1) It follows that M? = 72D +xzR, because D = 7D+ o(m)D.
Suppose that 22 +p € M2 Then p € 72D and so o(n)D = 7D
follows, a contradiction. Hence M? B 22+ p. Since rtD = M ND D
(M?+ P)ND 2 M?N D = 72D, we have either (M? + P)N D = wD
or (M2+P)ND =7%D. If (M?>+ P)N D = 72D, then M? + P >
72 4 22 — (22 + p) = 7% — p, which implies p € 72D, a contradiction as
above. So (M? + P)N D = 7D, and thus M?> + P D 7D + xR = M.
Hence, M = M? + P follows.

(2) Tt is easy to see that M? ¥ 22 + p since M? = p?>D + pxR + 2°R.
Suppose that M = M? + P. Then ¢ € M? + P and write ¢ =
P2+ pof(z) + 229(x) + (22 + p)h(z), where d € D, f(z) = 3" fya',
g(z) = Y giz' and h(z) = > h;x', where f;,gi;,h; € D. Then
1 = po(fo) + phi, a contradiction. Hence, M D M? + P.

Next, we will study a maximal ideal M with M Z x.
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Lemma 3.3. Let M be a mazimal ideal of R with M > z% + p and
M Z x. Then:

(1) There is a prime number q (# p) and a monic polynomial
f(x) € M with M = f(z)R+ ¢R.

(2) If deg f(x) > 2, then M = P+ qR, M? % 2% +p and M is not
idempotent.

(3) If deg f(x) = 1, then q = 2 and either M = (x + 1)R + 2R or
M = (z+1i)R+2R.

Proof. (1) Since M N D is a non-zero o-prime ideal, there is a prime
number ¢ with M N D = ¢D. Set R = R/qDlx;0] = D[x;5], where
D = D/qD = (Z/qZ) & (Z/qZ)i, a semi-simple Artinian ring. Since
M = M/qD|z;0] # &, it follows from [3, Lemma 2.6] that M = f(z)R
for some monic polynomial ﬂ;), where f(z) € M. So M = f(x)R+4qR,
and we may suppose that f(z) is monic. It is clear that ¢ # p, because
x ¢ M and 2% +p € M.

(2 ) If deg f(z) > 2, then P +p= Jf/(\;v/)givfor some d € D, and so
d=1. Hence, M = (224 P)R, and thus M = (224 p)R+qR = P+qR.
Suppose that 2? + p € M?. Then M = M? , a contradiction, because
M is principal. Hence, 22 +p ¢ M?. Since M? 4+ P = ¢?R + P, it
follows that M =GR D M = °R and so M is not idempotent.

(3) Suppose that deg f(z) = 1. Then f/(v) = T + «a for some nonzero
&€ D. Since M = (x—!—oz)R is an ideal, we have z(x—|—oz) (x—|—oz)6 for
some 3 = a+ bi € D with #£0, and so i = a(ﬁ) and ia = &B3. Thus,
@ =0and 2b = 0. Hence q = 2 follows. Then note that D[z;5] = Dl[x],
the polynomial ring over D.

Since D = {6,1?,2’?7} f(x) is one of {x—|—1m+z x +1i+ 1}

Let M = (x + i+ 1)R + 2R. ThenMa(x—I—z—i—l)(x—z—l) 72,
and so M > x. Hence, we do not need to consider the maximal 1dea1
(x+i+1)R+2R. If M = (x 4+ 1)R + 2R, then it is easy to see
that M # x, because M = (z + 1)R. Let p = 2l + 1 (note p # 2).
Then M > (z 4+ 1)2 4+ 2(l — z) = 22 + p. Similarly, we can prove that
(z+i)R+2R Fz and (x +i)R+ 2R 2 22 + p.

From the proof of Lemma 3.3, we have:
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Remark. M = (x+1)R+2R and N = (z+i)R+2R are both maximal
ideals of R containing 22 + p.

Lemma 3.4. Ifp = 4n + 3, then R is not a hereditary prime ring.

Proof. Let M = (z + 1)R + 2R be a maximal ideal of R. Then
M? 3> (z+1)2-2x+1)+4(n+1) = 22 + p. Hence, R is not a
hereditary prime ring by Theorem 2.10. O

Lemma 3.5. If p = 4n + 1, then R is a hereditary prime ring, but
not a Dedekind prime ring.

Proof. Let M = (z+1)R+2R and N = (z+4)R+2R be the maximal
ideals of R. By Lemmas 3.2, 3.3 and Theorem 2.10, it suffices to prove
that M? % 22 +p and N? ¥ 22 + p.

First we will prove that M? ¥ x2 4+ p. Suppose, on the contrary, that
M? > 22 +p. Then, since M2 = (x+1)2R+2(z+1)R+4R, considering
R/4R, and using the same notation in R, we may suppose that

2?41 = (2> + 22+ 1)f(x) +2(x + 1)g(x)

for some f(x) = foa™ +- -+ frz+ fo and g(z) = gpp12™ T+ gzt
go, where f;, g; € D. Comparing the coefficients of 27 (0 < j <n+2),
we have

1= fo + 2go,

0 = 20(fo) + f1 +20(g0) + 291,

1= fo+20(f1)+ fo+20(g1) + 292,

0= fi—2+20(fj-1) + fj +20(g;—1) +29; (2<j <n),
0= fu—1+20(fn)+20(gn) + 29n+1,
O:fn+20(gn+1)'

Here, if deg f(z) = 0, then f1 = fo = g2 = 0, and if deg f(z) = 1, then
f2 = 0. Adding the coefficients of 2/ and z?/*!, respectively, we have
the following equations:
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Case 1. n is an even number, say, n = 21.

o 2= 2(2 oy + io(f%_n)
) 7l+1
+2<ZQ2J+Z o (g2 1)

and
l
(2) 2(20 f2] +Zf2] 1)
=0
’ l I+1
+2< o(92;) +292j1)-
7=0 j=1

l
Set o =" oy, B= 01 foj1.7 =S hg g2 and § = 30T goj 1.
Then, adding (1) to (2), we have 2 = 2(a+o(a)+B8+0(B)+v+o(v)+
5+ () = 4c for some ¢ € Z, a contradiction. Hence, M? Z 2% + p.

Case 2. n =20+ 1.

I+1
(3) 2—2<Zf2j+§j o(faj- 1)
I+1 I+1
+ 2(2923‘ +> U(gzjl))
=0 =1
and
I I+1
(4) 0:2<Za(f2j)+2f2jl>
=0 =1
I+1 I+1
+ 2<Za(gzj) + Zgzj—l)-
=0 j=1

Adding (3) to (4), we have 2 = 4d for some d € Z, a contradiction.
Hence, M? ¥ 22 + p.
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Next, suppose that N? 3 z2+p. Since N2 = (22 —1)R+2(z+i) R+4R,
as before, we may suppose that
22+ 1= (2% — Dh(z) +2(z +i)k(x)

for some h(z) = hpa"+- - +hiz+ho and k(z) = kyp12" 1+ ko +
ko, where h;, k; € D. Comparing the coefficients of 27 (0 < j < n+2),
we have

1 = —ho + 2koi,

0= —hy1 + 20(ko) + 2k13,

1 = (ho — ha) + 20(k1) + 2ko1,
0="hj_o—h;+20(kj_1) +2kji (3<j<n),
0=hn-1+20(kn) + 2kn111,
0="hy+20(knt).

Here, if n = 0, then hy = hy = ky = 0 and, if n =1, then
ho = hs = k3 = 0. Adding the coefficients of 2% and 2?1,
respectively, we have the following equations:

Case 1. n = 2I.

(5) 2= 2i(ik2j) +2(Zl:a(k2j+1)>
(6) 022(2 k2j>+2z<§;k2jﬂ).

Operating o to (6) and multiplying it by 4,

™) (Zk) " 2(2 o)

7=0

Adding (5) to (7), we have 2 = 4i(Y_ k) + 40(X 5 g kajs1), @
contradiction.

Case 2. n =20+ 1.

(8) 2:2¢(§k2j)+2< ioakQJH)
(9) 0:2(2 kzj)+2z<§:)k2j+l>
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Thus, by the same method as in the case n = 2[, 2 = 4@(222) koj) +

40(2220 kaj+1), a contradiction. Hence N? # z2 + p, which completes
the proof. O

Lemma 3.6. Let S = {2"|i=0,1,2,...} be the central multiplica-
tive set in R, and let M be a mazximal ideal of R with M NS = & and
M D P. Then:

(1) M2 2 P if and only if M% D Ps.
(2) M? + P = M if and only if (M? + P)s = Mg.

Proof. (1) If M2 D P, then it is clear that (M?)s D Ps. Conversely,
suppose Mg D Pg. Then there is an s € S with sP C M?2. Since
sR+ M = R, we have P = (sR+ M)P C M?.

(2) This is proved in the same way as in (1).

Summarizing Lemmas 3.1-3.6, we have:

Proposition 3.7. Let p be a prime number and P = (2? + p)R.
Then:

(1) If p= 2, then R is not a hereditary prime ring.

_(2) If p = 4n + 3, then R is not a hereditary prime ring and
Rs = Rgs/Ps is a Dedekind prime ring, where S = {2 i =0,1,2,...}.

(3) If p = 4n+1, then R is a hereditary prime ring but not a Dedekind
prime ring.

Proof. (1) This follows from Lemma 3.1.

(2) By Lemma 3.4, R is not a hereditary prime ring. Let M be a
maximal ideal of R with M O P and M NS = @. Then, by Lemmas
3.2,3.3and 3.6, (M?)s 2 Ps and Mg D MZ2g. Hence, Rg is a Dedekind
prime ring by [15, (5.6.3)].

(3) R is a hereditary prime ring but not Dedekind by Lemma 3.5.
We will end the paper with two remarks.

(1) Let P = plx;0] be a minimal prime ideal of R, where p is a
non-zero o-prime ideal of D. Then there is a prime number p with
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p=pD. If p=4n+1, then R = E/P is a hereditary prime ring but
not Dedekind. If p = 4n + 3, then R = R/P is a Dedekind prime ring.

(2) Let P’ = (2? + 1/2)K|x; 0] € Speco(K[z; 0]), where K = Q & Qi
and Q is the field of rational numbers. Then P = P'NR = (222 +1)R €
Speco(R) and 222 + 1 is not a monic polynomial (as was mentioned in
the introduction, Hillman only considered monic polynomials).

REFERENCES

1. E.Artin, Galois theory, University of Notre Dame Press, Notre Dame, 1944.

2. M. Chamarie, Anneauz de Krull non commutatifs, J. Algebra 72 (1981),
210-222.

3. W. Cortes, M. Ferrero, Y. Hirano and H. Marubayashi, Partial skew polynomial
rings over semi-simple Artinian rings, Comm. Algebra, to appear.

4. J.H. Cozzens and F.L. Sandomierskis, Mazimal orders and localization 1, J.
Algebra, 44 (1977), 319-338.

5. D. Eisenbud and J.C. Robson, Hereditary Noetherian prime rings, J. Algebra
16 (1970), 86-104.

6. R. Gilmer, Multiplicative ideal theory, Queen’s Papers Pure Appl. Math. 90
(1992), Kingston, Ontario, Canada.

7. K.R. Goodearl and R.B Warfield, Jr., An introduction to noncommutative
Noetherian rings, Lond. Math. Soc. 16, 1989.

8. C.R. Hajarnavis and T.H. Lenagan, Localization in Asano orders, J. Algebra
21 (1972), 441-449.

9. J.A. Hillman, Polynomials determining Dedekind domains, Bull. Austral.
Math. Soc. 29 (1984), 167-175.

10. N. Jacobson, Pseudo-linear transformations, Ann. Math. 38 (1937), 484-507.

11. H. Marubayashi, A Krull type generalization of HNP rings with enough
invertible ideals, Comm. Algebra 11 (1983), 469-499.

12.
to appear.

, Ore extensions over total valuation rings, Algebras Represen. Theor.,

13. H. Marubayashi, Y. Lee and J.K. Park, Polynomials determining hereditary
prime Pl-rings, Comm. Algebra 20 (1992), 2503-2511.

14. H. Marubayashi, H. Miyamoto and A. Ueda, Non-commutative valuation
rings and semi-hereditary orders, K-Monog. Math. 3, Kluwer Academic Publishers,
Amsterdam, 1997.

15. J.C. McConnell and J.C. Robson, Noncommutative Noetherian rings, Wiley-
Interscience, New York, 1987.

16. J.K. Park and K.W. Roggenkamp, A note on hereditary rings, Comm.
Algebra 17 (1989), 1477-1493.

17. K.R. Pearson and W. Stephenson, A skew polynomial ring over a Jacobson
ring need not be a Jacobson ring, Comm. Algebra 5 (1977), 783-794.



PRIME FACTOR RINGS 2073

18. I. Reiner, Maximal order, Academic Press, New York, 1975.
19. L. Rowen, Ring theory I, Academic Press, New York, 1988.

20. O. Zariski and P. Samuel, Commutative algebra I, Van Nostrand, Princeton,
N.J., 1958.

COLLEGE OF SCIENCES, HOHAI UNIVERSITY, XIKANG ROAD1, NANJING 210098,
CHINA

Email address: yunxiawang@hhu.edu.cn

ALGEBRA RESEARCH GROUP, FACULTY OF MATHEMATICS AND NATURAL SCI-
ENCES, INSTITUT TEKNOLOGI BANDUNG, JL. GANESA 10 BANDUNG, INDONESIA,
40132; PERMANENT ADDRESS: MATHEMATICS DEPARTMENT, FACULTY OF MATHE-
MATICS AND NATURAL SCIENCE, HASANUDDIN UNIVERSITY, MAKASSAR INDONESIA
90245

Email address: s301_amir@students.itb.ac.id

FacuLTy OF ENGINEERING, TOKUSHIMA BUNRI UNIVERSITY, SHIDO, SANUKI,
Kacawa 769-2193 JAPAN
Email address: marubaya@kagawa.bunri-u.ac.jp




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


