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ESSENTIAL NORM ESTIMATE OF
A COMPOSITION OPERATOR BETWEEN
BLOCH-TYPE SPACES IN THE UNIT BALL

HONG-GANG ZENG AND ZE-HUA ZHOU

ABSTRACT. Let Bn be the unit ball of Cn and φ =
(φ1, . . . , φn) a holomorphic self-map of Bn. Let p, q > 0, be
an estimate of the essential norm of a bounded composition
operator Cφ induced by φ between the p-Bloch space βp(Bn)
and q-Bloch space βq(Bn) given in this paper, as well as the
corresponding results between the little p-Bloch space βp

0 (Bn).
As a consequence, a necessary and sufficient condition for
the composition operator Cφ to be compact from βp(Bn) (or

βp
0 (Bn)) into βq(Bn) (or βq

0(Bn)) is obtained.

1. Introduction. The class of all holomorphic functions with
domain Ω will be denoted by H(Ω), where Ω is a bounded homogeneous
domain in Cn. Let φ be a holomorphic self-map of Ω, the composition
operator Cφ induced by φ is defined by

(Cφf)(z) = f(φ(z)),

for z in Ω and f ∈ H(Ω).

For Ω = Bn the unit ball of Cn, Timoney [10] shows that f ∈ H(Bn)
is in the Bloch space β(Bn) if and only if

sup
z∈Bn

(1− |z|2)|∇f(z)| < ∞.

This definition was the starting point for introducing the p-Bloch
spaces [21].
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Let 0 < p < ∞. We say that f belongs to the Bloch space βp(Bn), if
f ∈ H(Bn) and

‖f‖βp = |f(0)|+ sup
z∈Bn

(1− |z|2)p|∇f(z)| < ∞,

where

∇f(z) =

(
∂f(z)

∂z1
, . . . ,

∂f(z)

∂zn

)
.

It is an easy exercise to show that βp(Bn) is a Banach space with the
norm ‖ · ‖p for p ≥ 1; and for 0 < p < 1, βp(Bn) is a non-locally convex
topological vector space and d(f, g) = ‖f − g‖pp is a complete metric
for it. Its proof idea is basic; we refer the reader to see the proof of
Proposition 3.2 or the statement corresponding the Bloch-type space
for the unit ball in [21]. It is also clear that any polynomial functions
P (z) are contained in βp(Bn). We define the closure in the Banach
space βp(Bn) of the polynomial functions to be the little-Bloch space,
denoted as βp

0(Bn).

We recall that the essential norm of a continuous linear operator T
is the distance from T to the compact operators, that is,

(1) ‖T ‖e = inf{‖T −K‖ : K is compact}.
Notice that ‖T ‖e = 0 if and only if T is compact, so that estimates on
‖T ‖e lead to conditions for T to be compact.

In [4], Alfonso Montes-Rodriguez gave the exact essential norm of a
composition operator on the Bloch space in the disc and obtained a
different proof for the corresponding compactness results in [5]. About
the essential norm of a composition operator between Hardy spaces,
we refer the reader to see [2]. After that, Zhou and Shi generalized
Alfonso’s result to the polydisc in [19].

This paper gives some estimates of the essential norms of bounded
composition operators Cφ between βp(Bn) (βp

0 (Bn)) and βq(Bn) (βq
0

(Bnn)), and generalizes the results on the Bloch space for the unit disc
in [4]. Our main ideas of the proof come from [19].

In the following, we will use the symbol c to denote a finite positive
number which does not depend on variables z, a, ω and may depend
on some norms and parameters p, q, n, α, x, f , etc., not necessarily the
same at each occurrence.
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Our main results are the following:

Theorem 1. Let φ = (φ1, φ2, . . . , φn) be a holomorphic self-map of
Bn and ‖Cφ‖e the essential norm of a bounded composition operator
Cφ : βp(Bn) → βq(Bn); then there are c1, c2 > 0, independent of w, u
such that

(2)

c1 lim
δ→0

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

X(w, u) ≤ ‖Cφ‖e

≤ c2 lim
δ→0

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

X(w, u).

where

(3) X(w, u) :
�
=

(1 − |w|2)q
(1 − |φ(w)|2)p

{
Qφ(w),p(Jφ(w)u, Jφ(w)u)

Qw,q(u, u)

}1/2

and Jφ(w) denotes the Jacobian matrix of φ(w), Jφ(w)u denotes a
vector as following

Jφ(w) =

(
∂φj(w)

∂wk

)
1≤j,k≤n

,

Jφ(w)u =

( n∑
k=1

∂φ1(w)

∂wk
uk, . . . ,

n∑
k=1

∂φn(w)

∂wk
uk

)T

;

and Qw,q(u, u) denotes as following:

when q > 1/2, Qw,q(u, u) = (1− |w|2)|u|2 + |〈u,w〉|2;
when q=1/2, Qw,q(u, u)=(1−|w|2)|u|2 log2(2/(1−|w|2))+|〈u,w〉|2;
when 0 < q < 1/2, Qw,q(u, u) = (1− |w|2)2p|u|2 + |〈u,w〉|2.

The proof of Theorem 1 will be presented in Section 3.

By Theorem 1 and the fact that Cφ : βp(Bn) (or β
p
0 (Bn)) → βq(Bn)

(or βq
0(Bn)) is compact if and only if ‖Cφ‖e = 0, we obtain Corollary 1

at once.

Corollary 1. Let 0 < p, q < ∞, and let φ = (φ1, φ2, . . . , φn)
be a holomorphic self-map of Bn. Then the composition operator
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Cφ : βp(Bn) (or βp
0(Bn)) → βq(Bn) (or βq

0(Bn)) is compact if and
only if Cφ is bounded and

(4) lim
δ→0

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

X(w, u) = 0.

The following two corollaries follow from Corollary 1.

Corollary 2. Cφ : βp(Bn) → βq(Bn) is compact if and only if (2)
and (4) hold.

Proof. If (2) holds, by Lemma 4, we know Cφ is bounded. Since (4)
holds, it follows from Corollary 1 that Cφ is compact.

Conversely, if Cφ is compact, it is clear that Cφ is bounded, so by
Lemma 4, (2) holds, and by Corollary 1, (4) holds.

Similarly, by Lemma 6, Lemma 7 and Corollary 1, we have the
following corollary.

Corollary 3. Cφ : βp
0 (Bn) → βq

0(Bn) (or βq(Bn)) is compact if and
only if φr ∈ βq

0(Bn) (or βq(Bn)) for any multi-index r and (2) and (4)
hold.

2. Some lemmas. In order to prove Theorem 1, let us state a
couple of lemmas.

Lemma 1 ([15, Lemma 2.2]). Let p > 0. Then there is a constant
c > 0 such that, for all f ∈ βp(Bn) (or βp

0 (Bn)) and for all z ∈ Bn,
the estimate

(5) |f(z)| ≤ cGp(z)‖f‖βp

holds, where the function Gp(z) is defined as follows:

(i) If 0 < p < 1, then Gp(z) = 1;

(ii) If p = 1, then Gp(z) = ln(4/(1− |z|2));
(iii) If p > 1, then Gp(z) = 1/(1− |z|2)p−1.



ESSENTIAL NORM ESTIMATE 1053

Lemma 2 ([10, page 251], [19, Lemma 2.1]). Let 0 < p < ∞,
f ∈ H(Bn). Then f ∈ βp(Bn)(β

p
0 (Bn)) if and only if

sup
u∈Cn\{0}

z∈Bn

(1− |z|2)p|∇f(z)u|√
Qz,p(u, u)

< ∞;

furthermore,

‖f‖βp ≈ |f(0)|+ sup
u∈Cn\{0}

z∈Bn

(1− |z|2)p|∇f(z)u|√
Qz,p(u, u)

,

where M ≈ N means the two norms M and N are comparable, that
is, there exist two positive constants C1 and C2 such that C1M ≤ N ≤
C2M .

Lemma 3. If w ∈ {z ∈ C : |z| < 1}, l ∈ {1, . . . , n}, denote

fw(z) =
zl − w

(1− wzl)p
,

gw(z) =
a2z2 + · · ·+ anzn

(1− wz1)p
.

Then fw, gw ∈ βp
0(Bn).

Proof. Since

∂fw(z)

∂zl
=

1

(1− wzl)p
+

(zl − w)pw

(1− wzl)p+1
,

∂fw(z)

∂zk
= 0, (k �= l),

therefore,

(1− |z|2)p|∇fw(z)| ≤ (1− |z|2)p
(1− |zl|)p +

p(1− |z|2)p
(1 − |zl|)p

∣∣∣∣ zl − w

1− wzl

∣∣∣∣;
thus, we get ‖fw‖βp ≤ 1 + 2p(p+ 1), that is, fw ∈ βp(Bn). Since

(1− wzl)
−p =

∞∑
k=0

Γ(p+ k)

k!Γ(p)
(w)kzkl ,
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therefore

fw(z) = (zl − w)

∞∑
k=0

Γ(p+ k)

k!Γ(p)
(w)kzkl

=

∞∑
k=0

Γ(p+ k)

k!Γ(p)
(w)kzk+1

l −
∞∑
k=0

Γ(p+ k)

k!Γ(p)
(w)kwzkl

=
∞∑
k=0

Γ(p+ k)

k!Γ(p)
(w)kzk+1

l −
∞∑
k=1

Γ(p+ k)

k!Γ(p)
(w)kwzkl − w

=

∞∑
k=0

(
Γ(p+ k)

k!Γ(p)
(w)k − Γ(p+ k + 1)

(k + 1)!Γ(p)
(w)k+1w

)
zk+1
l − w

=
∞∑
k=0

(
Γ(p+ k)

k!Γ(p)
(w)k − Γ(p+ k + 1)

(k + 1)!Γ(p)
|w|2

)
wkzk+1

l − w.

Let

ak =

(
Γ(p+ k)

k!Γ(p)
− Γ(p+ k + 1)

(k + 1)!Γ(p)
|w|2

)
(w)k,

and write

Pn(z) =

n∑
k=0

akz
k+1
l − w;

then

fw(z)− Pn(z) =

∞∑
k=n+1

akz
k+1
l ,

∂(fw − Pn)

∂zl
=

∞∑
k=n+1

(k + 1)akz
k
l ,

∂(fw − Pn)

∂zs
= 0, (s �= l)

and

‖fw − Pn‖βp = |fw(0)− Pn(0)|
+ sup

z∈Bn

(1− |z|2)p|∇(fw − Pn)(z)|

= sup
z∈Bn

(1− |z|2)p
∣∣∣∣∂(fw − Pn)

∂zl
(z)

∣∣∣∣
≤ sup

z∈Bn

(1− |zl|2)p
∞∑

k=n+1

(k + 1)|ak| |zl|k
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≤
∞∑

k=n+1

(k + 1)|ak|

≤
∞∑

k=n+1

(k + 1)Γ(p+ k)

k!Γ(p)
|w|k

+

∞∑
k=n+1

Γ(p+ k + 1)

k!Γ(p)
|w|k+2.

Since |w| < 1 and the series
∑∞

n=1[p(p+ 1) · · · (p+ k − 1)]/k!|w|k con-
verges uniformly on any compact subset of Bn, therefore ‖fw−Pn‖βp →
0. This shows that fw ∈ βp

0 (Bn).

Similarly, we can also prove that gw ∈ βp
0 (Bn); we omit the details

here.

Lemma 4 ([15, Corollary 1.4]; [3, Theorem 1]). Let 0 < p, q < ∞
and φ = (φ1, φ2, . . . , φn) be a holomorphic self-map of Bn. Then
Cφ : βp(Bn) → βq(Bn) is bounded if and only if

(6) sup
u∈Cn\{0}

w∈Bn

X(w, u) < ∞.

where X(w, u) has been given at (3).

Lemma 5. Cφ : βp
0(Bn) → βq

0(Bn) (or βq(Bn)) is bounded if and
only if φr ∈ βq

0(Bn) (or βq(Bn)) for any multi-index r = (r1, . . . , rn)
and (6) holds.

Proof. First suppose (6) holds; by Lemma 4, we know that Cφ :
βp(Bn) → βq(Bn) is bounded. On the other hand, by the definition
of βp

0(Bn), for any f ∈ βp
0(Bn), there exist polynomial functions Pn(z)

such that ‖f − Pn‖βp → 0 (n → ∞). So, when n → ∞,

‖Cφf − CφPn‖βq = ‖Cφ(f − Pn)‖βq ≤ c‖f − Pn‖βp −→ 0.

But CφPn ∈ βq
0(Bn), by the assumption that φr ∈ βp

0 (Bn) for any
multi-index r = (r1, . . . , rn); thus, Cφf ∈ βq

0(Bn). This shows that
Cφ : βp

0(Bn) → βq
0(Bn) is bounded.
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It is clear that Cφ : βp
0(Bn) → βq(Bn) is bounded, because β

q
0(Bn) is

a subspace of βq(Bn).

Conversely, for any multi-index r = (r1, . . . , rn), zr = zr11 · · · zrnn
is a polynomial; furthermore, zr ∈ βp

0 (Bn). If Cφ is bounded, then
Cφz

r = φr ∈ βq
0(Bn).

On the other hand, since Cφ is bounded, thus ‖Cφ‖βq ≤ c‖f‖βp for all
f ∈ βp

0 (Bn). Notice that the test functions fw and gw used in Lemma 3
all belong to βp

0 (Bn); using the same method as that of Lemma 3, we
can show that (6) holds.

Lemma 6 ([19, Lemma 2.5]). If {fk} is a bounded sequence in
βp(Bn), then there exists a subsequence {fkj} of {fk} which converges
uniformly on compact subsets of Bn to a holomorphic function f ∈
βp(Bn).

Lemma 7 ([19, Lemma 2.6]). Let Ω be a domain in Cn, f ∈ H(Ω).
If a compact set K and its neighborhood G satisfy K ⊂ G ⊂ Ω and
ρ = dist (K, ∂G) > 0, then

sup
z∈K

∣∣∣∣ ∂f∂zj (z)
∣∣∣∣ ≤

√
n

ρ
sup
z∈G

|f(z)| (j = 1, . . . , n).

3. The proof of Theorem 1. Now we turn to the proof
of Theorem 1. In the following, we are dealing with the case for
Cφ : βp(Bn) → βq(Un), but if we note that the test functions fm
introduced below belong to βp

0(Bn) ⊂ βp
0∗(Bn) ⊂ βp(Bn), the results

in Theorem 1 also hold with minor modifications for the other cases.

To obtain the lower estimate in Theorem 1 we first prove the following
Proposition 1.

Proposition 1. For all w ∈ Bn satisfying |φ(w)| > √
2/3, and for

all u ∈ Cn \ {0}, there is a function gw,u(z) ∈ βp
0 (Bn) ⊂ βp(Bn) such

that

(i) there exist c1, c2 > 0, independent of w and u, such that

c1 ≤ ‖gw,u‖βp ≤ c2.
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(ii) {gw,u(z)} converges to zero uniformly for u ∈ Cn \ {0} and z on
compact subsets of Bn when |φ(w)| → 1;

(iii) There is a constant c > 0, for all u ∈ Cn \ {0} and w ∈ Bn,

(1 − |w|2)q|∇(gw,u ◦ φ)(w)| ≥ c ·X(w, u),

where X(w, u) is the same as Theorem 1.

Proof. For all w ∈ Bn satisfying |φ(w)| >
√
2/3 and for all

u ∈ Cn \ {0}, there exists a unitary transformation Uw to make

φ(w) = rwe1Uw, where rw = |φ(w)|, e1 = (1, 0, . . . , 0).

Next we break the proof into two cases.

(1) AssumeQφ(w),p(Jφ(w)u, Jφ(w)u) ≤ 2|〈φ(w), Jφ(w)u〉|2 (�). Tak-
ing

fw,u(z) =
1− r2w

(1 − rwz1)p
,

then

∂fw,u(z)

∂z1
=

(1 − r2w)prw
(1− rwz1)p+1

,
∂fw,u(z)

∂zk
= 0, k = 2, . . . , n.

It follows that

(1− |z|2)p|∇fw,u(z)| = (1− |z|2)p (1− r2w)prw
|1− rwz1|p+1

≤ prw(1− r2w)
(1 − |z1|2)p

(1 − rw|z1|)p+1

≤ prw(1− r2w)
(1− |z1|2)p

(1 − rw)(1− |z1|)p
= prw(1 + rw)(1 + |z1|)p ≤ 2p2p.

So fw,u ∈ βp(Bn). As in the discussion of Lemma 3, we get fw,u ∈
βp
0 (Bn).
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On the other hand, taking z0 = (z01 , 0, . . . , 0) = (rw , 0, . . . , 0) ∈ Bn.
Then

(1− |z0|2)p|∇fw,u(z0)| = (1− |z0|2)p (1− r2w)prw
|1− rwz01 |p+1

= (1− r2w)
p (1− r2w)prw
(1− r2w)

p+1

= prw > p
√
2/3.

It follows that

p
√
2/3 ≤ sup

z∈Bn

(1− |z|2)p|∇fw,u(z)| ≤ 2p2p.

Noticing that

‖fw,u‖βp = 1− r2w + sup
z∈Bn

(1− |z|2)p|∇fw,u(z)|,

by the above discussion we get

p
√
2/3 ≤ ‖fw,u‖p ≤ 1 + 2p2p.

At the same time, for fixed z ∈ Bn, it is clear that limrw→1 |fw,u(z)| → 0
uniformly for z on compact subsets of Bn and u ∈ Cn − {0}.
Let

gw,u(z) = (fw,u ◦ U−1
w )(z) = fw,u(zU

−1
w );

then

∇gw,u(z) = ∇(fw,u ◦ U−1
w )(z) = ∇(fw,u)(zU

−1
w )(U−1

w )T .

Since Uw is a unitary transformation (so is (U−1
w )T ), then we have

|∇gw,u(z)| = |∇(fw,u)(zU
−1
w )(U−1

w )T | = |∇(fw,u)(zU
−1
w )|.

Since z → zU−1
w is a one-to-one mapping from Bn to Bn, we have

sup
z∈Bn

(1− |z|2)p|∇gw,u(z)| = sup
z∈Bn

(1− |zU−1
w |2)p|∇fw,u(zU

−1
w )|

= sup
v∈Bn

(1− |v|2)p|∇fw,u(v)|.



ESSENTIAL NORM ESTIMATE 1059

So

‖gw,u‖βp = ‖fw,u‖βp .

This shows that (i) and (ii) hold.

For u ∈ Cn \ {0}, by Lemma 2 we have

(7) (1− |w|2)q|∇(gw,u ◦ φ)(w)|

≥ A1
(1− |w|2)q|∇(gw,u ◦ φ)(w)u|√

Qw,q(u, u)

= A1
(1− |w|2)q|∇gw,u(φ(w))Jφ(w)u|√

Qw,q(u, u)

= A1
(1− |w|2)q|∇fw,u(φ(w)U

−1
w )(U−1

w )T Jφ(w)u|√
Qw,q(u, u)

.

Since φ(w) = rwe1Uw, we get φ(w)U−1
w = rwe1, then

(8)

∇fw,u(φ(w)U
−1
w ) = ∇fw,u(rwe1) = ∇fw,u(rw, 0, . . . , 0)

=

(
(1 − r2w)prw
(1 − r2w)

p+1
, 0, . . . , 0

)

=

(
prw

(1 − r2w)
p
, 0, . . . , 0

)
.

Combining (7) and (8), we have

(1− |w|2)q|∇(gw,u ◦ φ)(w)|

≥ A1
(1− |w|2)q
(1− r2w)

p

prw|e1(U−1
w )T Jφ(w)u|√

Qw,q(u, u)
.

Since φ(w) = rwe1Uw and Uw = (U−1
w )T , we get φ(w) = rwe1Uw =

rwe1(U
−1
w )T ; thus,

(1− |w|2)q|∇(gw,u ◦ φ)(w)| ≥ A1
(1− |w|2)q
(1− r2w)

p

p|φ(w)Jφ(w)u|√
Qw,q(u, u)

= A1p
(1− |w|2)q
(1 − r2w)

p

|〈φ(w), Jφ(w)u〉|√
Qw,q(u, u)

.
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Therefore, from our assumption in (�), we get

(1− |w|2)q|∇(gw,u ◦ φ)(w)|

≥ A1p√
2

(1− |w|2)q
(1− r2w)

p

{
Qφ(w),p(Jφ(w)u, Jφ(w)u)

Qw,q(u, u)

}1/2

=
A1p√

2
X(w, u) ≥ cX(w, u).

So (iii) holds.

(2) Assume Qφ(w),p(Jφ(w)u, Jφ(w)u) > 2|〈φ(w), Jφ(w)u〉|2 (��).
Write Jφ(w)u = (ξ1, . . . , ξn)

T . For j = 2, . . . , n, let θj = arg ξj and
aj = e−iθj if ξj �= 0; or aj = 0 if ξj = 0.

Case 1. When q > 1/2, taking

fw,u(z) =
a2z2 + · · ·+ anzn

(1− rwz1)p

√
1− r2w,

then

∂fw,u(z)

∂z1
=

prw(a2z2 + · · ·+ anzn)
√
1− r2w

(1− rwz1)p+1
,

∂fw,u(z)

∂zj
=

√
1− r2w aj

(1− rwz1)p
, (j = 2, . . . , n).

By simple calculation we can get

(9) |∇fw,u(z)|

=

{∣∣∣∣prw(a2z2 + · · ·+ anzn)
√

1− r2w
(1− rwz1)p+1

∣∣∣∣
2

+

n∑
j=2

∣∣∣∣
√
1− r2waj

(1 − rwz1)p

∣∣∣∣
2}1/2

≤
√
1− r2w

|1− rwz1|p
{∣∣∣∣prw(a2z2 + · · ·+ anzn)

1− rwz1

∣∣∣∣
2

+ (n− 1)

}1/2

.
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Therefore,

(1− |z|2)p|∇fw,u(z)|

≤ (1− |z1|2)p
√
1− r2w

(1− rw|z1|)p
{
p2r2w|a2z2 + · · ·+ anzn|2

(1− rw|z1|)2 + (n− 1)

}1/2

≤ (1− |z1|2)p
√
1− r2w

(1− |z1|)p
{
p2r2w(n− 1)(|z2|2 + · · ·+ |zn|2)

(1− rw |z1|)2 +(n− 1)

}1/2

≤ 2p
√
1− r2w

{
p2r2w(n− 1)(1− |z1|2)

(1− rw |z1|)2 + (n− 1)

}1/2

≤ 2p
√
n− 1

√
1− r2w

{
1 +

p2r2w(1− |z1|2)
(1 − rw|z1|)2

}1/2

≤ 2p
√
n− 1

{
(1− r2w) +

p2r2w(1− |z1|2)(1− r2w)

(1− rw)(1 − |z1|)
}1/2

≤ 2p
√
(n− 1)(1 + 4p2).

So fw,u ∈ βp(Bn). As in the discussion of Lemma 3, we get fw,u ∈
βp
0 (Bn).

On the other hand, taking

z0 = (z
(0)
1 , . . . , z(0)n ) =

(
rw,

1√
2

√
1− r2w, 0, . . . , 0

)
.

Then

|z0|2 = r2w +
1

2
(1− r2w) =

1

2
(1 + r2w) < 1,

thus z0 ∈ Bn. By (9) we have

(1− |z0|2)p|∇fw,u(z0)|

≥ (1 − |z0|2)p
√
1− r2w

|1− rwz
(0)
1 |p

{ |prw(a2z(0)2 + · · ·+ anz
(0)
n )|2

|1− rwz
(0)
1 |2

}1/2

=
(1 − r2w)

p
√
1− r2w

2p(1− r2w)
p

∣∣∣∣ prwa2z
(0)
2

1− rwz
(0)
1

∣∣∣∣
=

(1 − r2w)
p
√
1− r2wprw

√
1− r2w

2p
√
2(1− r2w)

p(1− r2w)

=
prw

2p
√
2
≥

√
1

3

p

2p
.
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Since fw,u(0) = 0, we can get

√
1

3

p

2p
≤ ‖fw,u‖βp ≤ 2p

√
(n− 1)(1 + 4p2).

When z ∈ Bn is fixed, it is clear that

lim
rw→1

|fw,u(z)| −→ 0.

As in the discussion of Case 1, we get ‖gw,u‖βp = ‖fw,u‖βp . So (i) and
(ii) hold.

On the other hand, if ρw = |φ(w)| > √
2/3, notice that Jφ(w)u =

(ξ1, . . . , ξn)
T and φ(w) = ρwe1Uw, Uw = (U−1

w )T , then

|ξ1| = 1

ρw
|〈φ(w), Jφ(w)u〉|.

It follows from our assumption in (��) that

|ξ1| ≤
√
1− ρ2w
ρw

|Jφ(w)u|.

By simple calculation, it is easy to get

|ξ1|2 ≤ 1− ρ2w
2ρ2w − 1

(|ξ2|2 + · · ·+ |ξn|2).

Therefore,

(10)
|ξ1|2 + · · ·+ |ξn|2 ≤ ρ2w

2ρ2w − 1
(|ξ2|2 + · · ·+ |ξn|2)

≤ 2(|ξ2|2 + · · ·+ |ξn|2).
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It follows from (10) and Lemma 2 that

(1− |w|2)q|∇(gw,u ◦ φ)(w)|

≥ A2
(1 − |w|2)q|(∇fw,u)(φ(w)U

−1
w )(U−1

w )T Jφ(w)u|√
Qw,q(u, u)

= A2
(1 − |w|2)q
(1 − r2w)

p

{
(1− r2w)(|ξ2|+ · · ·+ |ξn|)2

Qw,q(u, u)

}1/2

≥ A2
(1 − |w|2)q
(1 − r2w)

p

{
(1− r2w)(|ξ2|2 + · · ·+ |ξn|2)

Qw,q(u, u)

}1/2

≥ A2(1 − |w|2)q√
2(1− r2w)

p

{
(1− r2w)(|ξ1|2 + · · ·+ |ξn|2)

Qw,q(u, u)

}1/2

=
A2(1 − |w|2)q√

2(1− r2w)
p

√
1− r2w|Jφ(w)u|√

Qw,q(u, u)

≥ A2

2
X(w, u) ≥ cX(w, u).

This is (iii).

Case 2. When q = 1/2, taking

fw,u(z) = (a2z2 + · · ·+ anzn) log
−1 1

1− r2w
log2

1

1− rwz1
.

Case 3. When 0 < q < 1/2, taking

fw,u(z) = (a2z2 + · · ·+ anzn)

{√
1− r2w −

√
1− r2w

(1− rwz1)p

}
.

By a similar discussion to Case 1, we can see that the functions above
are just what we want, and (i), (ii) and (iii) all hold. So, the proof is
completed.

Now, we are ready to prove Theorem 1. We begin by proving the
lower estimate.

Let

Fw,u(z) =
gw,u(z)

‖gw,u‖βp

,
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where gw,u(z) is defined as in Proposition 1. It is clear that ‖Fw,u‖βp =
1, and Fw,u(z) converges to zero uniformly on compact subsets of Bn

for all u ∈ Cn \ {0} when |φ(w)| → 1. Suppose K : βp(Bn) → βq(Bn)
is compact; then ‖KFw,u‖βq → 0 uniformly for u ∈ Cn \ {0} and z in
compact subsets of Bn when δ → 0 (this is because |φ(w)| → 1 when
δ → 0), so we have

‖Cφ −K‖ = sup
‖f‖βp=1

‖(Cφ −K)f‖βq

≥ sup
‖f‖βp=1

(‖Cφf‖βq − ‖Kf‖βq)

≥ sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

(‖CφFw,u‖βq − ‖KFw,u‖βq)

≥ sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

‖CφFw,u‖βq

− sup
u∈Cn\{0}dist (φ(w),∂Bn)<δ

‖KFw,u‖βq .

On the other hand, by Proposition 1, for |φ(w)| > √
2/3, we get

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

‖gw,u ◦ φ‖βq

‖gw,u‖βp

≥ 1

c2
sup

u∈Cn\{0}
dist (φ(w),∂Bn)<δ

‖gw,u ◦ φ‖βq

≥ 1

c2
sup

u∈Cn\{0}
dist (φ(w),∂Bn)<δ

sup
z∈Bn

(1− |z|2)q|∇(gw,u ◦ φ)(z)|

≥ 1

c2
sup

u∈Cn\{0}
dist (φ(w),∂Bn)<δ

(1− |w|2)q|∇(gw,u ◦ φ)(w)|.

By Proposition 1, when |φ(w)| > √
2/3 and for all u ∈ Cn \ {0}, we

have
(1 − |w|2)q|∇(gw,u ◦ φ)(w)| ≥ c ·X(w, u).

Therefore,

‖Cφ−K‖ ≥ c

c2
sup

u∈Cn\{0}
dist (φ(w),∂Bn)<δ

X(w, u)− sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

‖KFw,u‖βq .
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Letting δ → 0, we get

‖Cφ −K‖ ≥ c

c2
lim
δ→0

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

X(w, u).

It follows from the definition of ‖Cφ‖e that

‖Cφ‖e = inf{‖Cφ −K‖ : K is compact}
≥ c

c2
lim
δ→0

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

X(w, u)

= c1 lim
δ→0

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

X(w, u).

This is the lower estimate.

To obtain the upper estimate in Theorem 1 we first prove the following
Proposition 2. It derives from the paper [19], and the proof of (i), (ii)
and (iv) is similar to that in Theorem 1.1 of [19], so we omit the details
here.

Proposition 2. Let φ be a holomorphic self-map of Bn. For
m = 2, 3, . . . , we define the operators as follows:

Kmf(w) = f

(
m− 1

m
w

)
, f ∈ H(Bn), w ∈ Bn.

Then the operators Km have the following properties:

(i) for all f ∈ H(Bn), Kmf ∈ βp
0 (Bn) ⊂ βp(Bn);

(ii) For fixed m, Km is compact on βp(Bn) or βp
0(Bn);

(iii) If Cφ : βp(Bn) (or βp
0 (Bn)) → βq(Bn) (or βq

0(Bn)) is bounded,
then CφKmf ∈ βq(Bn) (or β

q
0(Bn)) and CφKm : βp(Bn) (or β

p
0 (Bn)) →

βq(Bn) (or βq
0(Bn)) is compact;

(iv) ‖I −Km‖ ≤ 2;

(v) (I −Km)f tends to zero uniformly on compact subsets of Bn.

Proof. (iii) By (i) and the fact that Cφ is bounded, the former is
obvious. By (ii) and noting that Cφ is bounded, we get that CφKm is
compact.
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(v) For any compact subset E ∈ Bn, there exists r (0 < r < 1) such
that E ⊂ rBn ⊂ Bn. Write rm = (m− 1)/m; then 0 < rm < 1 and for
all z ∈ E we have

|(I −Km)f(z)| = |f(z)− fm(z)| = |f(z)− f(rmz)|

=

∣∣∣∣
∫ 1

rm

d

dt
(f(tz)) dt

∣∣∣∣ =
∣∣∣∣
∫ 1

rm

n∑
k=1

∂f

∂wk
(tz) · zk dt

∣∣∣∣

≤
n∑

k=1

∫ 1

rm

∣∣∣∣ ∂f

∂wk
(tz)

∣∣∣∣ dt.

When t ∈ [rm, 1], |tz| = t|z| < |z| < r for all z ∈ E. But
(∂f/∂wk)(w) is bounded uniformly on rBn; therefore, for all z ∈ E,
|(∂f/∂wk)(tz)| ≤ M . So when m → ∞, we have

|(I −Km)f(z)| ≤ nM(1− rm) −→ 0.

Thus (I −Km)f tends to zero uniformly on compact subsets of Bn.

Let us now return to the proof of the upper estimate.

First, for some δ > 0, we denote that

G1 := {w ∈ Bn : dist (φ(w), ∂Bn) < δ}
G2 := {w ∈ Bn : dist (φ(w), ∂Bn) ≥ δ}
G′

2 := {z ∈ Bn : dist (z, ∂Bn) ≥ δ}.

Then G1∪G2 = Bn and G′
2 is a compact set of Bn, and z = φ(w) ∈ G′

2

if and only if w ∈ G2. For any f ∈ βp(Bn), write ‖f‖ = ‖f‖βp ; then
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by Lemma 2 and property (iv) of Proposition 2, we have

‖Cφ‖e ≤ ‖Cφ − CφKm‖ = ‖Cφ(I −Km)‖ = sup
‖f‖=1

‖Cφ(I −Km)f‖βq

= sup
‖f‖=1

[
sup

w∈Bn

(1− |w|2)q|∇[(I −Km)f ◦ φ](w)|

+ |[(I −Km)f ](φ(0))|
]

≤ c2 sup
‖f‖=1

[
sup

u∈Cn\{0}
w∈Bn

(1− |w|2)q|∇[(I −Km)f ◦ φ](w)|√
Qw,q(u, u)

(1−|φ(w)|2)p
(1−|φ(w)|2)p

√
Qφ(w),p(Jφ(w)u, Jφ(w)u)√
Qφ(w),p(Jφ(w)u, Jφ(w)u)

+ |[(I −Km)f ](φ(0))|
]

≤ c2 sup
‖f‖=1

[
sup

u∈Cn\{0}
w∈Bn

X(w, u)

(1− |φ(w)|2)p|∇[(I −Km)f ](φ(w))Jφ(w)u|√
Qφ(w),p(Jφ(w)u, Jφ(w)u)

+ |[(I −Km)f ](φ(0))|
]

≤ c2 sup
‖f‖=1

sup
u∈Cn\{0}

w∈Bn

X(w, u)(1− |φ(w)|2)p|∇[(I −Km)f ](φ(w))|

+ c2 sup
‖f‖=1

|[(I −Km)f ](φ(0))|

≤ c2‖I −Km‖ sup
u∈Cn\{0}

w∈G1

X(w, u)

+ c2 sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)(1−|φ(w)|2)p|∇[(I−Km)f ](φ(w))|

+ c2 sup
‖f‖=1

|[(I −Km)f ](φ(0))|

≤ c2 sup
u∈Cn\{0}

w∈G1

X(w, u) + I + II.
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By property (v) of Proposition 2 we know that [(I−Km)f ](z) converges
to zero uniformly on G′

2, so [(I −Km)f ](φ(w)) also converges to zero
uniformly on G2 for every fixed f . Next we prove that, for any w ∈ G2

and ‖f‖ = 1, I, II → 0 when m → ∞. Since

∣∣∣[(I −Km)f ](φ(0))
∣∣∣ =

∣∣∣∣f(φ(0))− f

(
m− 1

m
φ(0)

)∣∣∣∣,

Let F (t) = f(tφ(0) + (1− t)((m− 1)/m)φ(0)); thus,

∣∣∣[(I −Km)f ](φ(0))
∣∣∣ =

∣∣∣
∫ 1

0

F ′(t)dt
∣∣∣

≤
∫ 1

0

∣∣∣∣ ∂f∂ζk

(
tφ(0) + (1 − t)

m− 1

m
φ(0)

)
(
φk(0)− m− 1

m
φk(0)

)∣∣∣∣ dt
≤

∫ 1

0

∣∣∣∣∇f

(
tφ(0) + (1 − t)

m− 1

m
φ(0)

)∣∣∣∣
· 1

m
|φ(0)| dt

≤ 1

m

∫ 1

0

∣∣∣∣∇f

(
tφ(0) + (1− t)

m− 1

m
φ(0)

)∣∣∣∣ dt.

Since (1 − |z|2)p|∇f(z)| ≤ ‖f‖ = 1, we get |∇f(z)| ≤ (1 − |z|2)−p. On
the other hand, when 0 < t < 1, we have

(
1−

∣∣∣∣tφ(0) + (1− t)
m− 1

m
φ(0)

∣∣∣∣
2)−p

≤ (1 − |φ(0)|2)−p.

So

∣∣∣[(I −Km)f ](φ(0))
∣∣∣ ≤ 1

m

∫ 1

0

(
1−

∣∣∣∣tφ(0) + (1− t)
m− 1

m
φ(0)

∣∣∣∣
2)−p

dt

≤ 1

m
(1− |φ(0)|2)−p −→ 0 (m → ∞).

Letting m → ∞, we get II → 0.
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Letting w ∈ G2 and z = φ(w), then

I = c2 sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)(1− |z|2)p|∇[(I −Km)f ](z)|

= c2 sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)(1− |z|2)p
∣∣∣∣∇f(z)−m− 1

m
∇f

(
m− 1

m
z

)∣∣∣∣

≤ c2 sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)(1− |z|2)p
∣∣∣∣∇f(z)−∇f

(
m− 1

m
z

)∣∣∣∣

+
c2
m

sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)(1 − |z|2)p
∣∣∣∣∇f

(
m− 1

m
z

)∣∣∣∣

≤ c2 sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)(1− |z|2)p
∣∣∣∣∇f(z)−∇f

(
m− 1

m
z

)∣∣∣∣

+
c2
m

sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)

(
1−

∣∣∣∣m− 1

m
z

∣∣∣∣
2)p∣∣∣∣∇f

(
m− 1

m
z

)∣∣∣∣

≤ c2 sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)

n∑
l=1

∣∣∣∣ ∂f∂zl (z)−
∂f

∂zl

(
m− 1

m
z

)∣∣∣∣

+
c2
m

sup
‖f‖=1

sup
u∈Cn\{0}

w∈G2

X(w, u)‖f‖ = I1 + I2.

By Lemma 4 we get supu∈Cn\{0}
w∈G2

X(w, u) < ∞, and notice that

‖f‖ = 1, so it is easy to get that I2 → 0 when m → ∞.

By a similar discussion in [19, page 185], we can get that I1 → 0
when m → ∞. Now, letting m → ∞ and δ → 0, we get the upper
estimate:

‖Cφ‖e ≤ c2 lim
δ→0

sup
u∈Cn\{0}

dist (φ(w),∂Bn)<δ

X(w, u).

So, the proof of Theorem 1 is finished.

Acknowledgments. The authors would like to thank the referee
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