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ESSENTIAL NORM ESTIMATE OF
A COMPOSITION OPERATOR BETWEEN
BLOCH-TYPE SPACES IN THE UNIT BALL

HONG-GANG ZENG AND ZE-HUA ZHOU

ABSTRACT. Let By be the unit ball of C" and ¢ =
(¢1,--.,%n) a holomorphic self-map of By,. Let p, ¢ > 0, be
an estimate of the essential norm of a bounded composition
operator Cy induced by ¢ between the p-Bloch space 8P (Bn)
and ¢-Bloch space $9(By) given in this paper, as well as the
corresponding results between the little p-Bloch space ﬁg (Bn).-
As a consequence, a necessary and sufficient condition for
the composition operator Cy4 to be compact from P (By) (or
BY(Br)) into B9(Bn) (or Bd(Bn)) is obtained.

1. Introduction. The class of all holomorphic functions with
domain Q will be denoted by H (), where Q is a bounded homogeneous
domain in C™. Let ¢ be a holomorphic self-map of €2, the composition
operator Cy induced by ¢ is defined by

(Csf)(2) = f(9(2)),

for zin Q and f € H(Q).

For Q = B,, the unit ball of C™, Timoney [10] shows that f € H(B,,)
is in the Bloch space 5(B,,) if and only if

sup (1 —[2*)|Vf(2)] < co.
z€B,,

This definition was the starting point for introducing the p-Bloch
spaces [21].
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Let 0 < p < co. We say that f belongs to the Bloch space 8P(B,,), if
f e H(By) and

1 £llge = £(0)] + sup (1 = |2*)"|V f(2)| < oo,

z€B,

where

o= (42 42)

It is an easy exercise to show that 8P(B,,) is a Banach space with the
norm || - ||, for p > 1; and for 0 < p < 1, BP(B,,) is a non-locally convex
topological vector space and d(f,g) = ||f — g[|} is a complete metric
for it. Its proof idea is basic; we refer the reader to see the proof of
Proposition 3.2 or the statement corresponding the Bloch-type space
for the unit ball in [21]. It is also clear that any polynomial functions
P(z) are contained in 8P(B,). We define the closure in the Banach
space P(B,,) of the polynomial functions to be the little-Bloch space,
denoted as 5(B,,).

We recall that the essential norm of a continuous linear operator T’
is the distance from T to the compact operators, that is,

(1) IT]|e = inf{||T — K| : K is compact}.

Notice that || T||e = 0 if and only if T is compact, so that estimates on
IT||e lead to conditions for T' to be compact.

In [4], Alfonso Montes-Rodriguez gave the exact essential norm of a
composition operator on the Bloch space in the disc and obtained a
different proof for the corresponding compactness results in [5]. About
the essential norm of a composition operator between Hardy spaces,
we refer the reader to see [2]. After that, Zhou and Shi generalized
Alfonso’s result to the polydisc in [19].

This paper gives some estimates of the essential norms of bounded
composition operators Cy between P (B,,) (85(By)) and B9(By,) (B¢
(B,n)), and generalizes the results on the Bloch space for the unit disc
in [4]. Our main ideas of the proof come from [19].

In the following, we will use the symbol ¢ to denote a finite positive
number which does not depend on variables z,a,w and may depend
on some norms and parameters p, g, n, a, x, f, etc., not necessarily the
same at each occurrence.
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Our main results are the following:

Theorem 1. Let ¢ = (¢p1, P2, ... ,dn) be a holomorphic self-map of
B, and ||Cg||e the essential norm of a bounded composition operator
Cy : BP(B™) — B(B"™); then there are ¢, c2 > 0, independent of w,u
such that

¢ lim sup X (w,u) <[|Cylle

=0 yecm\{o}
dist (¢(w),0B,)<8

) < ¢y lim sup X(w,u).
=0 yecm\{0}
dist (¢(w),0Bn)<8
where
s (1—JwP) {Q¢<w>,p<J¢<w>u, Jé(w)u) }“ 2
X =
(3) Xlww)= T w)Ep Qug )

and Jp(w) denotes the Jacobian matriz of ¢p(w), Jo(w)u denotes a
vector as following

_(200)
Jp(w) _< 8ka )1§j,k§"’

ot (320000, SO )

ow
k=1 k k=1

and Qu.q(u,u) denotes as following:
when ¢ > 1/2, Qu q(u,u) = (1 — |w|?)|u)? + |(u, w)|?;
when ¢=1/2, Qu.q(u, u)=(1—|w]*)|ul”log(2/ (1~ |w[*)+|{u, w)
when 0 < q < 1/2, Qu.q(u,u) = (1 — |w]?)?|ul?® + [(u, w)|?.

The proof of Theorem 1 will be presented in Section 3.

By Theorem 1 and the fact that Cy : 8P(B,,) (or 88(Bn)) — B84(B)
(or B¢(By)) is compact if and only if ||Cy||. = 0, we obtain Corollary 1
at once.

Corollary 1. Let 0 < p,q < oo, and let ¢ = (P1,b2,...,dn)
be a holomorphic self-map of B,. Then the composition operator
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Cy : BP(By) (or BY(Bn)) — BYUB,) (or BE(By)) is compact if and
only if Cy is bounded and

(4) lim sup X(w,u) =0.
=0 yec™\{o}
dist (¢(w),0Bn) <8

The following two corollaries follow from Corollary 1.

Corollary 2. Cy : fP(B,,) — B(By) is compact if and only if (2)
and (4) hold.

Proof. If (2) holds, by Lemma 4, we know Cy is bounded. Since (4)
holds, it follows from Corollary 1 that Cy is compact.

Conversely, if Cy is compact, it is clear that Cy is bounded, so by
Lemma 4, (2) holds, and by Corollary 1, (4) holds. o

Similarly, by Lemma 6, Lemma 7 and Corollary 1, we have the
following corollary.

Corollary 3. Cy : B5(Bn) — Bi(By) (or B1(By,)) is compact if and
only if ¢" € BE(By) (or B4(By,)) for any multi-index v and (2) and (4)
hold.

2. Some lemmas. In order to prove Theorem 1, let us state a
couple of lemmas.

Lemma 1 ([15, Lemma 2.2]). Let p > 0. Then there is a constant
¢ > 0 such that, for all f € BP(B,) (or B5(By)) and for all z € By,
the estimate

(5) |f(2)] < cGp(2)|I fllgv
holds, where the function G,(z) is defined as follows:
(i) If 0 < p < 1, then Gp(z) =1,
(ii) If p=1, then G,(2) = In(4/(1 — |2]?));
(iii) If p > 1, then Gp(2) = 1/(1 — |2|?)P~ L.
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Lemma 2 ([10, page 251], [19, Lemma 2.1]). Let 0 < p < oo,
f € H(By). Then f € 8P(B,)(85(By)) if and only if

1— [z[2)P
sup (1= 2PV f(2)u] <
ueC™\{0} Qzp(u,u)

z€B,,

furthermore,

Wllor ~ 1FO)] = sup L= EDIVIE
uec;\{o} Q2 p(u,u)
ZE n

where M ~ N means the two norms M and N are comparable, that
18, there exist two positive constants Cy and Cy such that C1M < N <
CoM.

Lemma 3. Ifwe{z€C:|z] <1},1e€{l,...,n}, denote

__asw
fw(z) = (1 _ @Zl)p’
(2) = agz2 + -+ apzn
Guwl?) = (1 —wz)P )
Then fw,gw S ﬁ([))(BTL)
Proof. Since
Oful(z) _ 1 (2 —wp®  Ofulz) _
8zl = (1 — le)p + (1 — wzl)p_;,_l? aZk - O, (k 7& l)a
therefore,
L= 2PP | p( e | 2w
— 2|2 < ( ;
R Py i gy e S

thus, we get || fuwllgr <14 2P(p+ 1), that is, f, € BP(By,). Since

W) P — —L(p+k) N
(1 l) ~ k'].—‘(p) ( ) [
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therefore

Tp+k+1
(k+D'T(p

Let

B F(p—i—k) Flp+k+1), o
“’“‘( MTG) (kT DI " ')( "
and write

Z akzkH w;
then

fw Z akzk+1v

k=n+1

8 w — In > 8 w n
(lePW: > (k+ Darzf, UTSP):O, (s #1)

k=n+1
and

[fw = Pallgr = [fu(0) — Pn(0)]
+ sup (1= [2*)?|V(fu = Pa)(2)|

z€B,,
a(fw - Pn)
= 1— [z]2)p| 2w~ n)
zseugl( |2]%) 07 (2)

< sup (L—[z*)? Y (k+ Dlag| 2"

#€Bn k=n+1
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= (k+ DT+ )
2 gy M

p+k+1 f2
Ly — )
k=n-+1

Since |w| < 1 and the series Y > [p(p+1)--- (p+ k — 1)]/k!w|* con-
verges uniformly on any compact subset of B,,, therefore || fu,,— Py ||g» —
0. This shows that f., € 85(Bn).

Similarly, we can also prove that g,, € 8% (B,); we omit the details
here. ]

Lemma 4 ([15, Corollary 1.4]; [3, Theorem 1]). Let 0 < p,q < o0
and ¢ = (¢1,02,... ,0n,) be a holomorphic self-map of B,. Then
Cy : BP(B™) — B4(B"™) is bounded if and only if

(6) sup X (w,u) < 0.
ueC™\{0}
weB,

where X (w,u) has been given at (3).

Lemma 5. Cy : 85(B,) — BL(By) (or B1(By)) is bounded if and
only if ¢" € BE(By) (or BUBy)) for any multi-index r = (r1,... ,7y)
and (6) holds.

Proof. First suppose (6) holds; by Lemma 4, we know that Cy :
BP(By) — B4(By) is bounded. On the other hand, by the definition
of B8 (By,), for any f € B5(B,,), there exist polynomial functions P,(z)
such that ||f — P,||gr — 0 (n = 00). So, when n — oo,

|Cof = CyPullps = |Co(f — Po)llge < |l f = Pullg» — 0.
But Cy4P, € B¢(B,), by the assumption that ¢" € g5 (B,) for any

multi-index r = (r1,...,r,); thus, Cpf € BE(B,). This shows that
Cy : B5(By) — BA(By) is bounded.
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It is clear that Cy : 8§ (B,,) — 89(B,,) is bounded, because 33(B,) is
a subspace of 8(B,,).

Conversely, for any multi-index r = (r1,...,7), 27 = 2]*---2l»
is a polynomial; furthermore, 2" € S8(B,). If C¢ is bounded, then
Cyz" = ¢" € B3(By).

On the other hand, since Cy is bounded, thus ||Cyg||ga < ¢|| f||g» for all
[ € BY(B,,). Notice that the test functions f,, and g,, used in Lemma 3
all belong to 85(B,,); using the same method as that of Lemma 3, we
can show that (6) holds. O

Lemma 6 ([19, Lemma 2.5]). If {fx} is a bounded sequence in
BP(By), then there exists a subsequence {fr,} of {fx} which converges
uniformly on compact subsets of By, to a holomorphic function f €

B (Bn).

Lemma 7 ([19, Lemma 2.6]). Let Q be a domain in C", f € H().
If a compact set K and its neighborhood G satisfy K C G C Q and
p = dist (K,0G) > 0, then

3. The proof of Theorem 1. Now we turn to the proof
of Theorem 1. In the following, we are dealing with the case for
Cy : pP(B,) — p4U™), but if we note that the test functions fp,
introduced below belong to 8% (B,) C B8.(B,) C fP(By,), the results
in Theorem 1 also hold with minor modifications for the other cases.

To obtain the lower estimate in Theorem 1 we first prove the following
Proposition 1.

Proposition 1. For all w € B, satisfying |p(w)| > /2/3, and for
all w € C™\ {0}, there is a function gy (2) € BE(Bn) C BP(By) such
that

(i) there exist c1, co > 0, independent of w and u, such that

c1 < |gw,ullgr < ca.
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(ii) {gw,u(z)} converges to zero uniformly for u € C™\ {0} and z on
compact subsets of By, when |p(w)| — 1;

(ili) There is a constant ¢ > 0, for allu € C™\ {0} and w € B,
(1 = [w) !V (gu,u 0 §)(w)] = ¢ X (w, ),

where X (w,u) is the same as Theorem 1.

Proof. For all w € B, satisfying |p(w)| > 1/2/3 and for all
u € C™\ {0}, there exists a unitary transformation U,, to make

o(w) = rye1Uy, where 1y, = |d(w)|, e1=(1,0,...,0).

Next we break the proof into two cases.
. (1) Assume Q y(w),p(JO(w)u, Jo(w)u) < 2[(d(w), Jo(w)u)|? (). Tak-

ing

1—r2
fw,u(z) - m’
then
Ofwulz) _ (L=ri)prw  Ofuwul?) _ o oy
071 (1= rypzr)Ptt’ 0z, ’ T
It follows that
2
B 2\p o _ 2 pw
(L= [2)PIV fuw,u(2)] = (1 = |2]7) 1 —ryz [Pt
(1— |z )P

2
<pro(l— TUJ)W

2y (I—laf?)?
< prw(l — Tw) (1 — 7,10)(11_ |21|)p

= prw(1 4 ry) (1 + |21])P < 2p2P.

So fwu € BP(Bn). As in the discussion of Lemma 3, we get fy,. €
B6(Bn).
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On the other hand, taking zo = (2{,0,...,0) = (74,0,...,0) € B,.
Then

(1 - 7‘121) )p"'w

- 2\p — (1 — 2\p
(1= L0l IV faa o)l = (1= o) s

2
_ (1 o ri)p (1 — Irw)prw
(st

= pry > py/2/3.

It follows that

pv2/3 < sup (1 — |z|2)p|Vfw,u(z)| < 2p2P,
z€B,

Noticing that

”fw,uHﬁp =1- 7‘1211 + SuBP (1 - |Z|2)p|vfw,u(z)|a
zeB,

by the above discussion we get
PV2/3 < | fwullp < 1+ 2p2°.

At the same time, for fixed z € B,,, it is clear that lim, 1 | fuw,.(2)] = 0
uniformly for z on compact subsets of B, and u € C™ — {0}.

Let
Gw,u(?) = (fwuo Umgl)(z) = fw,u(ngl);

then
Vgu,u(2) = V(fuwu o Uyp')(z) = V(fuu) U UG
Since U, is a unitary transformation (so is (U, 1)T), then we have
IVguu(2)] = [V (fu,u) Uy ) Uy )T = 1V (fuu) (2Ug ).
Since z — zU, ' is a one-to-one mapping from B,, to B, we have

sup (1= [2*)?[Vgu,u(2)| = sup (12U *)P|V fu,u(2U )]
z€B, z€By,

sup (1 — |U|2)p|vfw,u(v)|-

vEB,
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So
gw.ullgr = Il fu,ullgr-
This shows that (i) and (ii) hold.
For u € C™\ {0}, by Lemma 2 we have

() (1= [w)V(gwu 0 ¢)(w)]

> A, (1 = [w*)V (gw,u 0 @) (w)ul

Qu,q(u, u)
N G [w[*)1V g ,u(p(w)) Jp(w)ul
— A1
Qw,q(uvu)
' (1- |w|2)q|Vfw,u(¢(w)Uqll)(UJI)TJ¢(@U)U|.
Qu,q(u,u)

Since ¢(w) = rye1Uy,, we get ¢p(w)Uy ! = ryeq, then

Vfw7u(¢(w)U1;1) = Vfw,u(rwel) = Vfw,u(rw, 0,... ,O)
= (7(1_7“12“)1””” 0,... o)

(=)

_ Pruw
(20 0).

Combining (7) and (8), we have

(1= [wl*) |V (guw,u © ¢)(w)|

o (L= [0 pres (U To(w)ul

(1 - 7-121))10 Qw,q(ua u)

Since ¢p(w) = ryperUy, and U, = (U7, we get ¢p(w) = rpe Uy, =
rve1(UgH)7T; thus,
(1= [w[*)? ple(w)Jd(w)ul
(1 - T%v)p Qw,q(uvu)
(1 — w?)? [($(w), Jp(w)u))|
(1 - 7:120)[) Qw,q(uvu) .

(1 - |w|2)q|v(gw,u © ¢)(w)| > Ay

=Aip
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Therefore, from our assumption in (%), we get

(1~ [w]*)7V (gu,u © 6) (w)]
Arp (1= Jw]?) { Q) p(JS(w), Jp(w)u) }1/2
\/§ (1 - T%u)p Qw,q(u’ U)

== X(w,u) > cX(w,u).

>

N
hS]

S

So (iii) holds.

(2) Assume Q¢(1u)p(‘]¢(w)uaJ¢(w)u) > 2|<¢(w),J¢(w)u)|2 (**)'
Write Jo(w)u = (&1,...,&,)7. For j = 2,...,n, let §; = arg&; and
a; = e if & #0;0ra; =01if & = 0.

Case 1. When g > 1/2, taking

agzo + -+ apz
fw,u(z): - n\/l_rqguv

(1 - Twzl)p

then

Ofwu(z)  prw(agzs + -+ anzn)\/1 —12

821 (1 _ Tle)erl )
2 .
Ofwu(z) _ maﬂ, (G=2,...,n).
azj (]. — Twzl)p

By simple calculation we can get

9) |Vfw,u(z)|
_ { prw(asze + -+ apzn)\/1 — 12

(1 _Tquzl)p+1
Tl =rpzlP

2 n
>
j=2

2+<n_1>}”2.

Maj

(1 —ryz1)P

2}1/2

prw(asze + -+ + anzy)
1—ryz1
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Therefore,
(1= 2[*)P|V fuu(2)]

1—12  (p?r2|agzy + - + anznl? 2
< (1-— 2\p w w -1
S R { G—ry T

T— 12 (202 (n — 24 ... 2 1/2
< (1 _ |le2)p Tw {p Tw(n 1)(|22| + + |Zn| )+(n_ 1)}

(1= [z))P (1 —7ulz1])?

< QPM{p%%U(n “D0—Jal) |, 1)}”2

(1= 7ylz1])

P22 (1 — |2\
gzpm\/—urg{u—w }

(1 = 7rwlz1])?

, N (e i R
<2 M{(l—rw)‘f' (1 —7y) (1 —|21]) }

<2P4/(n —1)(1 + 4p?).
So fwu € BP(Bn). As in the discussion of Lemma 3, we get fiy,. €

56 (Bn)-
On the other hand, taking

20 = (z§0), - ’21(10)) = (rw,

VI=12,0,... ,o).

Sl

Then

1 1
2ol =72+ 51— r2) = 5(+72) < 1,

2
thus zg € By,. By (9) we have

(1= |20/*)?IV fu.u(20)]

o VI=To [ Ipru(asz” +- -+ onz AP
2 (1 - |Z0| )p (0)
|1 —ryzy [P |1—7“wz1 |2
(A =r2)P1—12 prwagzéo)
2P(1 —rZ)P 1— rwzio)

(1 =12)P\/1 —r2pry\/1—12
2’7\/_(1—7%) (1—-73)
o [To

/2
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Since fy,,4(0) = 0, we can get

Lp p 2
VAL <l <2/ G DT 7).

When z € B, is fixed, it is clear that

1i1rn1 | fu,u(2)] — 0.

Tw

As in the discussion of Case 1, we get ||gw,ullgr = || fuw,ullge- So (i) and
(ii) hold.

On the other hand, if p,, = |¢p(w)| > 1/2/3, notice that Jo(w)u =

(&1,...,&)T and ¢(w) = pwerUy, Uy = (Uz1)T, then

6] = piw|<¢<w>, Jé(w)yu)|.

It follows from our assumption in (%*) that

2
&) < —lepw [T (w)ul.

w

By simple calculation, it is easy to get

1 _p?u
& < mﬂfﬂz + - [6nl?).
Therefore,
2
2, 2 Pw 2, 12

< 2(|&f? + -+ [€al?)-
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It follows from (10) and Lemma 2 that

(1= [w)V (gu,u © 6) (w)|
> 4,0 W)UV fuou) ((w)U ) (U )T TP ()]

Quoq(u, )
- 2<1—|w|2>q{<1—r 26l + +|§n|>2}”2
(1 _r?u)p Qw,q(u U)
(1= [w])? [ (1 =r2)(& + -+ &)
Z A2y { Quog (1) }
As(L— [w?)9 [ (L= r2) (&l + - + €D
= A2y { quw ) }

A2 1—|’LU| \/ T'2|J¢
\/5(1 —r)P Qu,q(u, U)

A
> %X(w,u) > X (w,u).

This is (iii).
Case 2. When g = 1/2, taking

1

fwu(z) = (agz2 + - + anzn) log™

Case 3. When 0 < ¢ < 1/2, taking

f1u,u(2):(a22’2—|—...+anzn {m \/m }

(1 —7ryz1)P

By a similar discussion to Case 1, we can see that the functions above
are just what we want, and (i), (ii) and (iii) all hold. So, the proof is
completed. ]

Now, we are ready to prove Theorem 1. We begin by proving the
lower estimate.

Let

gw,u(z)

Fyu(z)= ,
wl®) = g e
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where g, (#) is defined as in Proposition 1. It is clear that || Fy .|| gr =
1, and F,, . (%) converges to zero uniformly on compact subsets of By,
for all w € C™\ {0} when |¢p(w)| — 1. Suppose K : fP(B,) — 81(B,)
is compact; then |KF, ||gs — 0 uniformly for v € C™ \ {0} and z in
compact subsets of B,, when § — 0 (this is because |p(w)| — 1 when
0 — 0), so we have
ICs = K[l = sup [[(Cyp — K)fllpa
1 £llsp=1

> sup ([|Cyfllga — 1K fllpa)

I Fllgp =1
> sup (ICs Fuw,ullgs = 1K Fuo ullga)
ueC™\{0}
dist (¢(w),0B,)<é
> sup 1CoFuw,ullge
ueC™\{0}
dist (¢(w),0B,)<é
- sup [ K Fuullga-
u€C™\{0}dist (¢(w),0Br)<d

On the other hand, by Proposition 1, for |¢(w)| > 1/2/3, we get

| gw,u © ¢l ga
sup —_—
ueC™\{0} ||gw,u||/31“
dist (¢(w),0Bp)<8
1
> — sup ||gw,u 0 ¢l ga

C2 ueC™\{0}
dist (¢(w),0Bp)<8

1
> — sup sup (1 — |2[*)7|V (gu,u © ¢)(2)]
C2 ueC™\{0} 2€B,
dist (¢(w),0Bn)<8
1
> — sup (1= [wl*) !V (gu,u © §) (w)]-

C2 uweC™\{0}
dist (¢(w),0Bp)<8

By Proposition 1, when |¢p(w)| > /2/3 and for all u € C™\ {0}, we
have
(1 = [w) !V (guw,u © o) (w)] = ¢ X (w,u).
Therefore,
c
1Cs— K| > — sup  X(w,u) = sup [|KFyulp-

C2 ueC™\{0} ueC™\{0}
dist (¢p(w),0B,)<d dist (¢(w),0B,)<d
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Letting § — 0, we get

ICy — K| > = lim sup X (w, u).
Co 6—0 ueC™\{0}
dist (¢p(w),0B,)<8

It follows from the definition of ||Cy||. that
[ICslle = inf{||Cy — K|| : K is compact}

> % lim sup X (w,u)

T Cg 60 ueC™\{0}
dist (¢(w),0B,)<é

=c; lim sup X (w, u).
=0 yec™\{0}
dist (¢(w),0B,)<é

This is the lower estimate.

To obtain the upper estimate in Theorem 1 we first prove the following
Proposition 2. It derives from the paper [19], and the proof of (i), (ii)
and (iv) is similar to that in Theorem 1.1 of [19], so we omit the details
here.

Proposition 2. Let ¢ be a holomorphic self-map of B,. For
m=2,3,..., we define the operators as follows:

Koflw) = 1(" o). FEH(B,), we By
Then the operators K,, have the following properties:
(i) for all f € H(By), K f € 85(By) C P (By);

(ii) For fized m, K., is compact on BP(B,) or 85 (By,);

(iii) If Cp : BP(By) (or B5(By)) — BYUBy,) (or BE(By)) is bounded,
then Co K, f € BY(By,) (or ¢(By)) and Cy Ky, : fP(By) (or B8 (Br)) —
BYU(By) (or BE(Bn)) is compact;

(iv) |1 — Kol <2

(v) (I = Kp,)f tends to zero uniformly on compact subsets of By,.

Proof. (iii) By (i) and the fact that Cy is bounded, the former is
obvious. By (ii) and noting that Cy is bounded, we get that Cy K, is
compact.



1066 H.G. ZENG AND Z.H. ZHOU

(v) For any compact subset E € B, there exists r (0 < r < 1) such
that £ C rB,, C B,,. Write r,;, = (m — 1)/m; then 0 < r,;, < 1 and for
all z € E we have

(I = Km)f(2)] = f(2) = fm(2)| = |F(2) = f(rm2)]|

1

d ~ Of
- Tma(f(tz ’ /kaz—a zkdt}
noo1
of
< ——(tz)| dt.
72‘/7, 8wk(z)
k=17"m
When ¢ € [rp,1], |[tz] = t|z] < |2| < r for all z € E. But

(0f /Ow)(w) is bounded uniformly on 7B,; therefore, for all z € FE,
[(Df /Owg)(t2z)| < M. So when m — oo, we have

(I = K f(2)] < nM(1 = 1p) — 0.

Thus (I — K,,,)f tends to zero uniformly on compact subsets of B,. O

Let us now return to the proof of the upper estimate.

First, for some § > 0, we denote that

Gi1:={w € B, : dist (¢p(w),0B,,) < 6}
Gy :={w € B, : dist (¢p(w),0B,,) > 6}
Gy :={z € B, : dist (2,0B,,) > §}.

Then G1UG2 = B,, and G} is a compact set of B, and z = ¢(w) € G}
if and only if w € Go. For any f € gP(B,), write || f|| = ||f]|gr; then
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by Lemma 2 and property (iv) of Proposition 2, we have

1Cslle < [Cy = CoKoml| = |C(I — Km)| = i [Cs(I = Kom)flla

= sup [ sup (1 — |[w|?)!|V[(I = Kpn)f o ¢)(w)]

I71=1 tweBn
+ (T = Km) f1((0))]

<o sup[ sup LT WP)IVIT — Kn)f o gl(w)
Ifll=1 LueC™\{0} Qu.q(u, )

webBy

(1=[p(w)[*)? V/Qo(w) p(J(w)u, Jo(w)u)
(1=[6(w) ) \/Q () p(TS(W)u, Jp(w)u)

- Km>f]<<z><o>>|]

< ¢y sup sup X (w,u)
Ifll=1 UEC"];{O}

(1 = |o(w)*)PIV[(I = Km) fl(¢(w))Jp(w)u]
VQo(w) p(Jo(w)u, Jop(w)u)

- Km>f]<¢<0>>|]

<cpsup sup X (w,u)(1 - |p(w)?)P VT = Kin) fl(d(w))]
IF1I=1ueC™\{0}

weBy,

+c2 sup [[(I = Km)f](4(0))]

I£l=1
<ol — Kn| sup X(w,u)
ueC"\{0}
weG1

+ep sup  sup X (w,u)(1=[p(w)[*)?|V[( = Km) fl(6(w))]
7=t ueCr (0}

+c2 ”7‘}”11:)1 I[(1 = Kn) f1(¢(0))]
<co sup X(w,u)+I+1II.

ueC™\{0}
weG
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By property (v) of Proposition 2 we know that [(I—K,,,) f](z) converges
to zero uniformly on G5, so [(I — Ky,) f](¢(w)) also converges to zero
uniformly on Go for every fixed f. Next we prove that, for any w € Ga
and ||f|| =1, I,II — 0 when m — oo. Since

7= K 160)]| = | 160) - 1(Z260)) |
Let F(1) = £(t9(0) + (1~ 1)(m — 1)/m)3(0)); thus,

= K si0)] = [ P

< ['[L (100 + 1 -0 o0)

e
1 (0) — 2 1¢k(0)>'dt
1 m—1
g/o Vf(t¢(0)+(1—t)7¢(0) ’
o)) de

01 vy <t¢(0) . t)mT_lqb(O)) ‘ dt

Since (1 — |z]2)?P|Vf(2)] < ||f|l =1, we get |[Vf(2)] < (1 —|z/*)7P. On
the other hand, when 0 < ¢ < 1, we have

)_ < (1— |p(0)2)

(1 - ‘tqﬁ(O) +(1- t)mT_laﬁ(O)

So

0= msieon] < 2 [ (1= o)+ -0 ™Lo0)

m

< %(1 —16(0)2)? — 0 (m — o).

Letting m — oo, we get 11 — 0.
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Letting w € G2 and z = ¢(w), then
I=cy sup  sup X (w,u)(1—[2[*)?|V[(I — Kn)f](2)]

[IflI=1 veC™\{0}
G
m—1 m—1
HPIVF(z)— — Vf< — z)

weba
=co sup sup X(w,u)(l—|z]%)
m—1
”Vf(z)—Vf( z)

<cy sup  sup X (w,u)(1l—|z[?)
Ifl=1 veC™\{0}

weG2

llFll=1 uEC"\{O}
m

weGa
vf(m—lz)‘
m
Vi) - Vf(m — lz)
m
2
)Pvf<m—1z>’
m
f m—1
321 - < m z)‘
+2 sup sup X(w,u)|f| =6+ L.

M| fll=1 ueC™\{0}
weGa

+2 sup  sup X (w,u)(l— |z]*)P
mfl=1 uECE"\{O}
weG,

<cy sup  sup X (w,u)(l—|z*)P
Ifl=1 veC™\{0}

weGz

-1
—|—C—2 sup sup X(w,u)(l—‘m z
| f]l=1 ueC™\{0} m

weG2

n

< co sup sup quz

I flI=1 ueC™\{0} =1
weGo

By Lemma 4 we get sup,ecm {o} X(w,u) < oo, and notice that
weG2
Il =1, so it is easy to get that Iy — 0 when m — oo.

By a similar discussion in [19, page 185], we can get that Iy — 0
when m — oco. Now, letting m — oo and § — 0, we get the upper
estimate:

|Cslle < c2 lim sup X (w,u).
—0

ueC™\{0}
dist (¢(w),0Bn)<8

So, the proof of Theorem 1 is finished. O

Acknowledgments. The authors would like to thank the referee
for his (or her) excellent suggestions.
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